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ALTERNATING SUBSETS MODULO m

TOUFIK MANSOUR AND AUGUSTINE O. MUNAGI

ABSTRACT. We enumerate increasing combinations of
{1,2,... ,n} according to parity statistics defined on pairs of
adjacent elements. Generating functions are used to devise a
framework that addresses all questions on adjacencies of par-
ities with respect to any modulus m > 1. In particular, we
give a generalization of a classical result on alternating sub-
sets which was previously known for the modulus 2. We also
compute some generating functions for the number of combi-
nations possessing special adjacent parity patterns.

1. Introduction. Enumeration of alternating parity sequences (also
known as “alternating subsets”) of integers have received considerable
attention in the literature. These are finite integer sequences

(c1,¢0,...,¢k), €1 <cog<-+<cp,
that fulfill the condition
(1) C; 5_'5 Ci—1 (InOd 2), > 1.

The empty sequence and the 1-term sequence are also alternating
sequences by convention.

The number h(n, k) of alternating k-subsets of {1,2,...,n} is well
known (see for example [2, 12]):

2) hin, k) = (L(n +kk)/2J) N (L(n+kk— 1)/2])7

where [ V| denotes the greatest integer < N. Moreover, » .., h(n, k) =
F, 3 — 2, where F,, is the nth Fibonacci number (F,, = F,,_1 + F,,_o
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with Fy = 0 and F; = 1). We will adopt the notation [n] = {1,2,...,

Equation (2) has been extended to the enumerator of (a, f)-
alternating subsets, that is, combinations consisting of a sequence of
blocks of lengths «, 8, a, 3, ..., in which the first « elements have the

same parity, the next § elements have opposite parity, and so on [9,
10].

A famous specialization of (2) relates to the problem of Terquem (see
[10, page 17]) which asks for the number of k-combinations of [n] with
odd elements in odd positions and even elements in even positions. This
was generalized by Skolem (see [8, pages 313-314]) as follows: find the
number of k-combinations in which the jth element is congruent to
j modulo m, where m > 1 is a fixed integer. Church and Gold [3]
obtained a proof of Skolem’s generalization by counting lattice paths
in a rectangular array.

Abramson and Moser [1] obtained a further generalization by finding

a formula for the number of combinations (z1, ... ,zx) of [n] satisfying
(3)

c1 =1+m;  (mod m), ¢ =cj—1+1+m; (modm), 1<j<kEk,
where mq, ma, ... ,mg, 0 <my; <m—1,is a fixed sequence of integers.

Goulden and Jackson [5] also discovered a generating function solution
to the problem characterized by (3). Recently, Munagi [10] found
a simple solution by studying the cardinalities of residue classes of
individual elements.

However, there was no known direct generalization of equation (1) to
a higher modulus; the following natural question appears to have been
omitted.

Given an integer m > 1, how many combinations (c1, ... ,c), k > 1,
of [n] fulfill the condition:

(4) ¢i Zci—1 (mod m), foralli>1?

A combination satisfying (4) will also be called mod-m alternating. We
will obtain the generating function for the number of mod-m alternating
combinations of [n] as a corollary of a more general theorem. We
also prove, by elementary combinatorial argument (see Section 4), that
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mod-m alternating combinations are counted by partial sums of the m-
generalized Fibonacci numbers £m (also known as Fibonacci m-step
numbers), defined for any positive integer, m, by,

E™ =0, ifn<0,
(5) F™ =" =1, i =2,
Em) = ngfz, n > 3.

i=1

In the sequel we treat a combination as a word over the alphabet
[n] in which the letters are strictly increasing from left to right and
then define parity statistics on pairs of adjacent letters ¢;, ¢; 1. So the
word notation cjcs - - - ¢ will also be used to represent the combination
(c1,...,cx). Note that, in classical combinatorial language (see, for
example, [4]), the pair ¢;c;41 is a rise since ¢; < ¢;41 for all 4.

We say that a rise ¢;c;+1 is endowed with the statistic
Rop
if and only if

ci=a (modm) and ¢4 =0 (mod m).

Our first objective is to enumerate combinations of [n] according
to the statistics Ros. We denote the number of k-combinations
(c1,¢2,...,¢k) of [n] such that the number of rises ¢;c;11 with ¢; = «
(mod m), ¢;+1 = B (mod m) is equal to Rapg by

C(n’v ka R) = C(n’v ka ROO) BRES) RO(mfl)v SRRL R(mfl)()v SRR R(mfl)(mfl))v

where R = ROO, N aRO(mfl)v N 7R(m71)0a ‘e 7R(m71)(m71)-

In Section 2 we obtain an expression for the generating function
of C(n,k,R). Sections 3 and 4 are devoted to a few interesting
applications, in the form of specializations, of the general theorem. In
particular, we state enumerative generating functions for combinations
avoiding certain adjacent parity conditions.
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2. A general theorem. In the following generating function
construction, our statistics are marked by indeterminates ¢.p, the
number n, representing the alphabet [n], is marked by z, and the length
of a word by y. Hence, we can write the corresponding generating
function for C(n, k,R) as

m—1m—1

(6) C(z,y,q) = > 2y TT TT €25,

£>0
#(Rap)20,
a,8e{0,1,...,m—1}
Where q = qOO’ AR 7q0(m—1)’ AR 7q(m—1)0’ AR ’q(m—l)(m—l)'

Let C(n;y,q | a1---a,) denote the generating function for the
number of nonempty k-combinations cicz - cp—ras -+ -a, of [n] (i.e.,
each combination ends at the subword a; ---a,). Clearly, C(n;y,q |
a) = C(a;y,q | a) for all 1 < a <n. We define

Cp = Cg(x,y, q) = Z C(a;y,q | a)z”.
a=p (mod m), a#0

Lemma 2.1. The generating function C(z,y,q) is given by

C(z,y,q) = ﬁ (1 + mi:l Cﬁ(x,y,q))-

=0

Proof. Define C(0;y,q | a) to be 1 if a = 0 and 0 otherwise. Then
from the definitions we have

Clx,y,a) =Y Y Clniy,ala)z™ =Y > Clay,ala)z”

n>0a=0 n>0a=0

1 a
= EZC(a,y,an)x

a>0

m—1
1

=0

as claimed. O
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Lemma 2.2. Forany f=0,1,... ,m—1,

m—1
Cy=—2 {xaﬁ) £ 3 gt modmg, |

1 — m
z a=0

where e(—i) =m — i and e(i) =i fori >0, and e(0) = m.

Proof. From the definitions, we have

Cs= Y. Clay.qlaa
a=f (mod m)
a#0

(),

€T a
ST > D Clay.alba)

a=p (mod m) b=1
a#0

/3>y i

— + Z Z Z mod m)*C(a;y,q | ba)z®

a=0 a=p3 (modm)b 1

a#0
By m—1 .
=T tUD s D > Clyalbe
a=0 a=p (mod m) b=1
a#0 b=a (mod m)
e(B) pe(B—a (mod m))
_ Y . b
—1_xm+y2qa5 > Cy.qlb)
b=a (mod m)
b0
2By pe(B—a (mod m))
=1_xm+y2qa5 Ca,
as required. a
Define the following m X m matrix
1
B = 1—am
qoox™ qor ! qo2? o gogmenyx™ !
qroz™ ! Q™ qr2z! Qe
X

Um-10T"  Am-11%"  Qm-1)22" - Qm—1)(m-1)2"
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that is, the (4,§) term of the matrix B,, is given by [gqgxc(mH-a(medm))]/
(1 —2z™). Let A,, =1,, — yB,,, where I,, is the unit m x m matrix.
Then, Lemmas 2.1 and 2.2 give the following result.

Theorem 2.3. The generating function C(x,y,q) is given by

Cla,y,q) = —— (1 + mf Cs(z, v, q)) ,

1—2z =0
where
m m—1 T
Co,Cye Crp) T = (Ag) L 2 2 V)
(0) 1 ) 1) ( ) (1_xm51_xma al_x,m

This theorem embodies extensive specializations as we indicate in the
next two sections.

3. Combinations avoiding adjacent parity statistics. In this
section we apply the general result stated in Section 2 to count com-
binations of [n] with restricted adjacent parity statistics. For example,
when n = 2, the generating function for combinations cjcg - - - ¢ of [n]
avoiding the statistic Ro1 (i.e., avoiding rises c¢;c;+1 of type even-odd)
is given by C(z,y,q) = C(x,y,1,0,1,1). Other variations are similarly
interpreted. We give a detailed account of only the cases m = 2 and
m = 3 in this section.

3.1. The case m = 2. Theorem 2.3 for m = 2 gives

Oy = (1 — 22 + y(qro — quz?))ya?
(1—22)2 —22(1 — 22)(qo0 + ¢11)y + 22 (g00q112% — qo1¢10)Y?
O = (1 — 2 — ya*(qoo — qo1))xy

(1 —22)? — 22(1 — 22)(qoo + q11)y + 22(qooq112% — qo1¢10)y?’
which implies that

(7) C(z,9,q)

— L (1 4 ( (1—2*)(1+x)zy—2> (112> —qo12+900 —q10)y> )

B 1—22)2—22(1-22)(goo+q11)y+22(q009112? —q01910)y?

1—=z
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TABLE 1. Generating functions for the number of combinations of n satisfying
R = 0 with o8 = 00,01, 10, 11.

q C(z,1,q)
(0,1,1,1) | =25
(1,0,1,1) | H2e=ze
(1,1,0,1) | Urie)
(1,1,1,0) | Sl

Example 3.1. Equation (7) for goo = ¢11 =0 and y = go1 = q10 =1
gives that
1

C(x,1,0,1,1,0) = Tt

which implies that the number of nonempty mod — 2 alternating
combinations of [n] is given by F,;45 — 1 (i.e., combinations avoiding
Roo and R11). For a reconciliation of this result with the one stated in
Section 1, namely F, 13 — 2, see Remark 4.3 below.

Moreover, equation (7) for different substitutions gives the specific
generating functions shown in Table 1.

3.2. The case m = 3. If m = 3, we deduce from Theorem 2.3 that

Ty Cy = $29A2

00:—7 Clz A ) A )

where

Ao = (1-2)? — (1 - 2°)(qu12® + g222° — q20 — quo)y

+ (Q11QQ2$6—Q10Q22$3—Q21Q12$3+Q1OQ21$3—QQOQ11$3+Q20(]12)Z/2,
Ay =(1-2")7—2°(1—2%)(qo0 — qor + 22 — g21)y

- xS(QO1QQ2£C3 +QO0(]21$3 —QQ1(]02£C3 —(]22(100$3 —420401 +QOQQQO)Z/27
Ap=(1—2)2 — (1 —2%)(q12® — go22® + qooz® — q12)y

+ 2% (go0q112° — qo2¢11 > — q12q00 + Go1 012+ G02G10 — G10G01 )Y,
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and

A=(1- x3)3 - xB(l - xB)Q(QOO +qi1 + q22)y
+$3(1—$3)($BQ11QO0+$3qQQQO0+333qQ2(111—%1@10-%2%1-%2@20)2}2
—$3($6QOOQ11QQ2 + 2°q02q10g21 — T3 q00g21q12

—153(101(]10(]22 - x3Q02Q20(J11 + QO1(]20(]12)3J37

which implies that

1 23yAg + zyA + 22yA
®  Clapa) = o (14 TSR,

Examples of generating functions for the numbers of combinations
avoiding several parity statistics, modulo 3, are shown in Table 2.

TABLE 2. Generating functions for the number of combinations of [n] satisfying
R, =0, for certain af € {00, 01,02,10,11,12, 20, 21, 22}.

q Clz,1,q)
14+2z442°
(05171517151715171) w[} .
(1,0,1,1,1,1,1,1,1) | H2eHpete2e 4z
1+2w+4w274m5
(1,1,0,1,1,1,1,1,1) TTsoiEa
(1,1,1,0,1,1,1,1,1) | (=sliip2etie)
ztde®—at 245
(15171517051715171) %
(1,1,1,1,1,0,1,1,1) | Li2etdeiog 20 4o
(1,1,1,1,1,1,0,1,1) | U=ei{2etia])
(1,1,1,1,1,1,1,0,1) | 1H2ztde 2o —do?
1+2z+42°—22°
(15171517151715170) T 1—8x3+4x%
1
(0,1,1,1,0,1,1,1,0) WE_%_TS)
(05171507151705171) %
1+2z+412+3z3—z4—2r5
(15071517051715071) (17w3)(174w3)
1+2z+312+r3+2r4—2z5
(1,1,0,1,1,0,1,1,0) e
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4. Mod-m alternating combinations. We first obtain an efficient
corollary from Theorem 2.3. Denote by CP(z,y,qo,...,G¢m-1) the
generating function for the number of k-combinations of [n] according
to the statistics ps = E\af,@\:s Rus, s = 0,1,...,m — 1, that is,
combinations cjcg - - - ¢ according to the number of rises ¢;c;41 such
that ¢;11 —c¢; = s (mod m). Theorem 2.3 for ¢; j = ¢;—j (mod m) gives
that

m—1
1
CP(z,y,q0, .- ,qm-1) = m<1+ ;) CPj),
where CP; = Cj(z,y,90, .- ,g¢m—1) and

xmy xy xm—ly T
1—xm’ 1 —gm’ 1 —gm '

A, (CPy,CPy,...,CP, 1) =

Therefore, by summing all the equations of this system of equations,
we obtain

1—gm 1—gm ’

<1_qoxmy +qaly +o+ qmlwm‘1y>m§f op,— (@+a? +- -+ 2™y
7=0
which implies that

mz_:lcpl— (x+22+ -+ 2™y
S =) (A= (qor™y + gty +ot g™ ly) [ 1—am)

Hence, we can state the following result.

Corollary 4.1. The generating function CP(x,y,qo, ... ;qm—1) for
the number of k-combinations of [n] according to the statistics ps is
given by

CP(xvyaqu e 7qm71)

L (a4t am)y
a 1—33 1—.’13m—qO.’Emy—qlxy_QQmQy_..._qm_lmm—ly .
For instance, Corollary 4.1 for m = 3 gives that the generating

function CP(z,vy, g0, ¢1,42) is given by

r(1+z+2%)y )

1
CcP = 1
(xvyaQO;qlqu) 1— 7 < + 1_x3_q0x3y_q1xy_q2x2y
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In particular, CP(x,1,1,1,1) = 1/(1 — 2z), which agrees with the fact
that the number of all combinations of [n] is 2™.

As another example, Corollary 4.1 forgg =0and g1 = --- = gp-1 =1
gives that the generating function for the number of mod-m alternating
combinations of [n], with respect to any length, is given by

AC(z,y) = CP(x,y,0,1,1,...,1)
1—am™ 4+ 2™y
A=)l —am —ay—a%y — - — a1y
1+ [z"/( =™y
Q-z)(I-(@+a?+--+am)/1—amy)

Moreover, by finding the coefficient of y* in the generating function
AC(z,y), we obtain that the generating function for the number of
mod-m alternating k-combinations of [n] is given by

(J) + 332 4t Z‘m_l)k_l(l‘ + 332 4t mm) Z‘k(l _ mm—l)k—l

(1—x)(1 —am)k (1 = )k — gm)h—1T

Let h,(n, k) be the number of mod-m alternating k-combinations of
[n], and let hp,(n) = >, hm(n, k). Then

1
1l—2)(1—2—-—am)

> hp(n)z™ = AC(z,1) =

n>0

This result can be explained combinatorially by the following theorem.

Theorem 4.2. For all n > 0,

n+1

(9) hin(n) =3 F™.
j=1

Proof. Let H,,(j)* denote the set of mod-m alternating combinations
of [j] with last term j > 0. Then, each member of H,,(j)* may be
constructed by appending j to a member of H,,(v)*, where j > v and
v # j (mod m), and then including the singleton {j}. In other words,
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the sets contributing to H,,,(j)* \ {j} form blocks of m — 1 contiguous
objects which are separated by the sets Hy,(u)*, u = j (mod m). This
results in the following equation of cardinalities of sets:

tm—1

U U Hm(j—i)*UA(j,m)‘,

t=14i=(t—1)m+1

(10)  [Hm()" \ {5} =

where j =mq+7r,0<r <m—1, and A(j,m) is the only incomplete
block,

r—1

A(j,m) = U Hp(r—s)".

s=1
Note that A(j, m) is empty for r = 0, 1. Since the sets on the right-hand
side of (10) are disjoint, we have

tm—1

) [Hn()*\{iH = Z Yo Hal i)+ AG m)).

t=14i=(t—1)m+1

Now we consider the difference |H,, (5)* \ {7} — [Hm (G —m)*\ {j —m}|.
This can be evaluated using equation (11). Since j = j —m (mod m),
it follows that the sets of contributing blocks to H,,(j ) \ {7} and
H,,(j — m)*\ {j — m} coincide except for the (extra) first block of

Hin(7)" \ {7}, namely,

Hence, we obtain

[ Hp ()" \ A3} = [Hm (5 —m)" \ {5}| = Z [Hin(j — s)
That is,
(12) |Hom (5)"] = f:l [Hin (5 = 5)7|

The initial conditions are |H,,(1)*| = 1, |Hp(2)*| = 2, since H,,(1)* =
[{1}} and Ho(2)* = ({2} {1,2}}.
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Thus, |H,,(j)*| satisfies the same recurrence relation as the number

F J(_Tl) (see (5)) and fulfills the same initial conditions. Hence,

(13) [Hom (5)7] = Fjyi-
(m)

Lastly, since H,,(j)* is nonempty, we have h,,(n) — 1 = Z] 1V Fiios
which proves the theorem. ]

Remark 4.3. e It can be shown that ha(n) = Z?ill F(Q) = F,(,LQJ)r3
This formula includes the empty combination {&} enumerated as a
single object. Thus the number of nonempty mod-2 combinations of
[n] is F,(,LQJ)r3 — 1. However, there is a convention in the literature to
assign a count of 2 to {@} since this is consistent with the recurrence

relation for h(n, k) (see for example [6]). This clarifies the formula for
ha(n) = .50 h(n, k) stated in Section 1.

e Equation (11) corresponds to the following Fibonacci identity

m—

(14) Fm =14 Eq:

t=1 i=

1

(m) (m)
E™) i ym ZFM
1
where n=mq+7r,0<r<m—1.

Lastly, we observe that

n+1

hin(n) =Y ™ = F(m)+Z(F(m) —cl )

Jj=1 Jj=2
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Thus, h,,(n) satisfies the following equivalent recurrence relations,
where h,,(n) =0if n <0, and h,,(0) = 1.

(15) h(n) =14 hp(n =),
=1
(16) hm(n) = 2hm(n — 1) — hpy(n —m — 1).

Acknowledgments. The authors wish to thank an anonymous ref-
eree for several valuable comments leading to a substantial improve-
ment in the exposition of the paper.
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