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SOME ¢-SERIES IDENTITIES
RELATED TO THE ¢-TRIPLICATE INVERSE

ZHIZHENG ZHANG AND NA LI

ABSTRACT. The g-triplicate inverse series relations are
obtained by Zhang and Chen, who used the g¢-finite difference
method. By applying the (f, g)-inversion formula by Ma in
[19], the purpose of this paper is to give a simple proof of the
g-triplicate inverse and derive some g-series identities. These
results generalize Zhang and Chen’s results [20].

1. Notation and introduction. We employ the notation and
terminology in [10], and we always assume that 0 < |q¢| < 1. The
g-shifted factorial is defined by

1) (a:q)o = L (a; ) = [[ (1 — ag®).

k=0

For brevity, we adopt the usual notation

(2) (a1,a2,. - 0m; Q)n = (0150 (025 Qn -+ (Am; O

The g-binomial coefficient is defined by

3) [Z] __ (@9

(6 Dr(@ Dn—r

As usual, the basic hypergeometric series ,1¢, is defined as

[e'S)

A1,A2y . 3 Ap41 (a17a27"' aar+1;q)n n
4 10 |: P ’ i q z:| = z".
( ) r+ ” bl,bZ,--- ,br » 1 ot (q7b17b27"' ,br,q)n
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Recall that an inversion formula or a reciprocal relation in the context
of combinatorics is defined to be a pair of infinite dimensional lower-
triangular matrices F = (fnk)nkez and G = (gn,k)n,kez Over the
complex field C such that

Z fn,i9ik = On,k

n>i>k

for all n,k € Z, where ¢ denotes the usual Kronecker delta, Z denotes
the set of integers. Assume that (f,x) and (gnk) are two lower-
triangular matrices that are inverse of each other; then the system
of equations

(5) > fanA(k) = B(n),
k=0
is equivalent to

(6) S gnkB(k) = A(n).
k=0

As many facts display, the inversion formulas, just as the celebrated
Lagrange inversion formula and its g-analogues, have already been
proved to be a powerful tool in finding general or basic hypergeometric
summation and transformation formulas. After Gould and Hsu dis-
covered the very general matrix inversions [13] and Carlitz found the
g-analogue of Gould-Hsu inversions [9], Gessel and Stanton [11, 12]
used matrix inversion to derive a number of basic hypergeometric sum-
mations and transformations. Chu used the inversion formulas to get
many identities in his papers [5-9]. The reader may refer to them for
more details. For other relevant research, see [1-4, 14-18].

For the open question presented by Chu [6], Zhang and Chen estab-
lished and proved the g-triplicate inversion formula with the g-finite
difference method in [20]. The objective of this paper is to use the
(f,g)-inversion in Ma [19] to prove the g¢-triplicate inverse formula
which is simpler than the g-finite difference method used by Zhang
and Chen in [20]. Then we apply the g-triplicate inverse series to Wat-
son’s transformation formula on g¢7 series in [10, (II1.17)] and get some
formulas which generalize the results of Zhang and Chen [20].
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The following two lemmas play important roles throughout the paper.

Lemma 1.1 [19]. Let f(z,y) and g(z,y) be two arbitrary functions
over the complez field C in variables z, y. Suppose that g(z,y) is
antisymmetric, i.e., g(z,y) = —g(y,z). Let F = (fnk)nrez and
G = (9n.k)n,kez be two matrices with entries given by

[T fla,br)

7 DS )
; i [Tizh i1 9(bs, bi)
and

(®) Gnk = F(wr, be) Tlizpsr f (i, 0n)

f(@n, by) H?:_klg(bhbn) ,

respectively. Then F = (fnk)nkez and G = (Gnk)nkez 1S matriz
inversion if and only if f(z,y) € Aéqs(g)) or f(z,y) € As, where Aé¢(9))
and A3 denote the sets of functions f(z,y) such that for all a, b, c,
zeC,

(9) g(a, b)f(mvc) - g(a, C)f(mvb) + g(b, C)f(.’L‘, a’) =0
and

(10) f(av b)f(w’c) - f(a’ c)f(xv b) + f(b’ c)f(xv a) =0,

respectively.

Lemma 1.2 (Watson’s transformation formula on g¢7 series [10,
(II1.17)]):

(11)
é a qa'/? —qal/? b c d e f . a?q?
8T a/?  —a'’? aq/b aq/c aq/d aql/e aq/f’ D bedef
_ (aqv G'Q/dev G'Q/efv G'Q/dfa q)OO ¢ |:aq/bc d e f . q q:|
(aq/d,aq/e,aq/f,aq/def; @)oo =" ° aa/b aqfe deffar ] "

2. A simple proof of the (f,g)-inversion for the ¢-triplicate
inverse formula. In this section, we will use a simpler method to
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prove the g-triplicate inverse formula which was obtained by Zhang
and Chen in [20]. As defined in [20],

n—1

$i(¢%0) =1,  ¢i(gsn) = [[ (Air + ¢°Bir),

k=0

i=0,1,2; n=1,2,..., where {A4;;|B;;},1=0,1,2; §=0,1,2,... are
two complex sequences. For convenience, products of the form H;L;i

are defined to be equal to 1, and when u > v — 1, a product H;’;i by
definition is equal to 0. They obtained

Theorem 2.1 (The g-triplicate inverse formula). Suppose ¢;-
polynomial is defined as above. Then the system of equations
(12)
Aoy + ¢3F By,
Q(n) = —1)3k [ i ] 2 f(z
(=2 (=0 | 3 bo(q™; k)p1(q™; k)2(q™ k + 1) (=)

k>0

_ _1)\3k n A+ q3k+lBlk
’“ZZO( K [1 * 34 Go(@ M1 (@5 + Doalarik + 1))

3k M Aok + ¢** 2By,

s equivalent to the system of equations

(13) f(n) = (-)* [3,;‘] 0"+ Vo (a";m)61 (a5 m)da (¥ m) QR),

k=0

(14)

3n+1

gm)=> (=1)* 7, ]q(m;k)aﬁo(qk;n)¢1(q’°;n)¢z(qk;n+l)Q(k),

3n+1 |:
k=0

(15)

) =30 22 O D gu(ah o a n Don( 10200

3n+2 [
k=0
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Proof. By Lemma 1.1 and the inverse formulas (5), (6) we get the
following

s e fGan g,
gn g O

is equivalent to

x 7b miabn
Z ko bx) I3z kj—llf( )F(k)
=0 f(@n, bn) ITiZy 9(bi, bn)
In this case, we suppose f(z,y) = = + y,g(x,y) = = — y, obviously,
f(z,y) € A:(f(g)). ‘Giving the following sequences: {z;},{y:}, where
z; = (a;/b;),b; = ¢*, respectively, then
n—1, kp.
g = (=1 g ("7 Hizg (ai £ 76)
(45 Dn—k

and

n,k —

(ar + qkbk) H?:k+1(ai + qkbi)
(an + q"by) (4 @) n—r

Using (z + y, ¢ — y)-inversion we get a pair of equivalent formulas:

(-1)"G(n)
(q;Q)
o i (ai + 40 [1: - (ai + ¢*b:)
B Z (¢ Dn—r { (4 9k F(k)}

if and only if

10, (ai + 4"b;) P
(¢ Dn

~—

(n

< (ak + ¢°bk) [Tiop 1 (@i + ¢7bi) (—1)*G(k)
Z (an + ¢"00) (¢ @ n—k (Gr

k=0

Rewriting them as

a6) 6l =3¢} [T+ o) F (1)
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if and only if

(17) P = (-1}

k=0

] ar + q"by,
[T o(ai + qnb;)

Then we split the identity (17) into three sums:

(18)
3kb
F(n) — Z(_I)Sk |:3k:| MG(E}]C)
k>0 Hz olai +q"bi)
ask+1 + @ bsiy
- G(3k +1)
%
Z [3“1] 254 (ai + qnbs)
ask+2 + ¢F2bsp o
+) (-1 [ ] G(3k +2).
k>0 3k +2 H3i+2(az +qnb;)
Substituting asx = Aok, bsx = Bok, ask+1 = Ak, bax+1 = Bik,

asg+2 = Aok, bsk+2 = Bok, G(3k) = f(k), G(3]€+1) = g(k:), G(3k—‘r2) =
h(k), F(n) = Q(n) into (18), after some easy transformations and
simplification, we get the following identity:

_ n Aok, + ¢*F Boy,
fn) = (-1 [3k] Bo(q™; k)p1(q™; k)d2(q™; k + 1)f(k)

k>0
~3 (-1 [ ] A, + ¢* 1By a(k)
= 143k | do(q™k)¢1(q"s k + 1)da(gm; k+1)
Aok + ¢** B
+ h(k).
2. o o] Er DD

By (16), we have

G(an) = X1 [ " Doulaimion ot miatas (1),

k>0 L
G(Bn+1) = Z(_l)ak 371,:- 1 q(uag,k)

k>0 L i
x ¢o(q";n)¢1(q;n)p2(q";n + 1) F(k),

G(?)’I’L + 2) = Z(fl)Sk 377/]:‘ 2 q(2+32n—k)
k>0 L |

x ¢o(q";n)¢1(a";mn + 1)pa(q";n + 1) F (k).
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Substituting G(3n), G(3n + 1), G(3n + 2), F(k) into f(n), g(n), h(n),
Q(k) respectively, we can easily derive that

f(n) = (-1)* :3: ] a7 g0 (¥ m)d1 ("5 )2 (g m)QUR),
g(n) = Z(_l)gk :377,]:— 1] q(1+32n—k)

o xoldmala s mdalasn + 1D)Q(R),
h(n) = Z(,l):sk 3n+ 2 q(z+32n_k)

x ¢o(q";n)1(d";n + 1)pa(q";n + 1)Q(k).

The proof is completed. O

In [20], Zhang and Chen chose parameters «, 3, v € {0, —1, —2}, and
a, B, v are distinct. They got the following two corollaries which play
important roles. Similarly, they are very important in Section 3 of our
paper.

Corollary 2.2. The system of equations

(19)
1— aqu:Jr'y
Q(n)= —1)3 [ i ] k
(n) ]§)( ) 3k | (ag" 3 ;3) 4 (ag" 3 +8;¢%) 1 (aq™ 303 et f(k)
_ _1\3k n
I;)( 2 [1+3k}
X 3 3 - gQGH?B 3 g(k)
(agqnt3+e; ¢ (ag™ 3755 ¢3) 1kt 1(aq™ 75 43 )kga
_1\3k n
+ I;)( 2 [2 + 314
1— aq6k+5+a
f(k)

X
(aq™ 3+ ¢%) kg1 (aq™ 385 ¢3) kg1 (aq™ 7543 )
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s equivalent to the system of equations

(20)
3n  —3n. k k+1. k+v. .3
— (32") (¢ kg (ag ;q)3n(agq ) q )nQ k
f(n) =q o (@ 9)r (agh+3+7;¢3), (k),
(21)
B (1+3n) 3n+1 (q73n71;q)qu kbl ) ki alk
9(n) =q kZ:O W(aq $@)3n(1 — ag”77)(k),
(22)
(6% kg

x (ag"*5q)3n (1 — ag®™ FTH) (1 — ag™tT)Q(k).

Corollary 2.3. Then the system of equations
(23)

1 — ag®+7
Q(n)= -1 3’“[ " ] k
" 1;)( N [ e R R
- 1\3k n
S| Iy
1 — qgbk+1+8
a g(k)

(aq™r; ¢®)e(ag™P; ¢®)kt1(aq™ 5 ¢3) kg1
_1\3k n
2.1 [2 + 3k]
k>0
1— aq6k+2+a
(aq™"; ) et1(aq™P; ¢®)kt1(ag™ 5 ¢3) kg1

f(k)

1s equivalent to the system of equations
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;q)qu( k-2, 1 3ntk+7) () (k
— ..~ \agq 19)3n (1 — ag )QUE),

3. Some applications of ¢-triplicate inverse relations. Replac-
ing ¢ by ¢, then settingd = ¢ ", e = ¢ "}, f = ¢ "*? in Lemma 1.2,
we establish that

3 (a,¢°Va, —¢°Va,bc, g " g " g )y <a2q3+3”>k
= (¢* va,—Va,aq’/b,ag?/c,aq™t', ag" 2, aq" 3 ¢%)\ be

~ (a;¢*)n(ag; Q) ag®/be g™ g "L g2 4
4¢3 73n+3/a7q yq | -

(a; q)2n aq3/c aqS/c q
Letting
(27)

_ (a’; q3)n(aq; Q)n aq3/bc q_" q—n+1 q_n+2 .

W(n) N (a, q)2n 4¢3 (],q3/c aqs/c q—3n+3/a 9,9 |,
(28)
T(n) _ (aa b7 G q, q2; qs)n a2q3 "

(1-a)(ag®/b,ag®/b;q®), \ bc )’
then we can get

n (_1)3k 6k (3k)

2 = 1 T,
29wl Z [379] (agnt1, aq™t?, aqnt3; q3)k( aq”*)q\ /T (k)

k>0
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Equation (29) can also be reformulated as
w(n)
(1 - agnty

~—

{n} (=1)**(1 — ag®*7)

= [3k] (aqmt3+%, aqm 348 ¢%)k (aq™ 5 ¢%)

%

(1 —agb) (s
mq (5 )T(k),
then through Corollary 2.2, the following summations can be derived
3n

G0 Y (7™ @)rq” (ag" ™ q)3n (ag" 317, q3)n_1w(k)
= (@G (ag" 347, ¢%)n
(1 —aq®)
= T
(1 — agbnt7) (n),
3n+l  _3p-1. k
(31) @ SO (i gy, (k) = 0,

= (@G

3n+2 (q73n72. q)qu
32) 3 ML IR gkt gy (1 - ag I (k) = 0.
pr SR C O

Considering that
(a5 ¢*)k = (a'/?,w'/%, w0 ?; g,
(a; q)?k = (\/67 _\/aa Vagq, —/a ;q)ka

where w := €27/3_ the above identities (30), (31), (32) can be simplified
to give Theorem 3.1.

Theorem 3.1.
3n

(33) Y. (", ag® 1, ag® ™, a!/3, wal/?, w2al/3;q)
k=0 (q7 aq1+’y+3n, \/—7 _\/aa vV aq, WV aq; q)k
3 —k —k+1 —k+2
aq’/bc ¢ q q .3 3
X 4¢3 [ ai®lc  ag®lc ¢ *+3/a 34754 ]
B (1—ag®)(1 — ag® ) (a,b,¢,q,4% ¢%)n <a2q3>"
(1= ag®)(1 — agb"*+7)(a; q)sn(ag®/b,aq®/c;¢%)n \ be )’
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(34)
3n+1 _3n—
nZ (g*',aq a ,wal/s,wzal/?,;q)k k

k=0 (Qa \/—7_\/67 \/a—a_\/a—a(J)k

ag’/be g F g FThg M2 g 8] g
aq3/c aq3/c q73k+3/a7 ) )

3n+1 ,1/3
)

X 4¢3

(35)
3n+2

Z (372, ag®™ 1, ag®" 48 al/3, wal/3, w?al/3; q),
k=0 (qa aq3+ﬂ+3n, \/_7 _\/aa vV aqg, —4/ag; q)k
ag®/bc g7k gTRFL gTk+2 PP =0
ag®/c ag®/c q73*F3/a’ 7

k

X 4¢3

When v = 0, 8 = —2, the identity (33) can be reduced to

3

(36) Zn: (q—njaqn’al/ 7wa1/37w2a1/3;q)k k
= (0va,—Va,\/ag, —/ag; q)k

3 —k —k+1 —k+2
ag’/be ¢ q q .3
><4¢3[ aq3/c aq3/c q_3k+3/aaq »q
(a,b,¢,0,4%:0%) /3 23\ /3
— } @a)n(ad®/b,ad%/cia%)n /s (abg ) if n =0mod 3
0 if n # 0 mod 3.

In particular, for be = ag®, the identities (33), (34), (35), (36) can be
simplified to the results in Zhang and Chen [20, (3.2)—(3.5)] as follows.

Corollary 3.2.

(37)
g3 agtl et a3 wall3 w2al/3
6¢5|: agPn ity va —va &g \/@;QaCI]
_ (1=ag™)(A —ag™™*7) a™(¢,¢* @)
- (1 —ag® ) (1—ag®)  (a5q)3n
(38)
g3l gt Gl/3 gl/3 24173
5¢4[ NN _m;q,q}O,
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(39)
g2 ggntl  gBntHatB  G1/3 ,q1/3  (,241/3
6¢5 |: aq3n+3+3 \/E _\/— \/— \/— 54, q:| 0
(40)
¢ |:q—n a1/3 wa1/3 w 1/3 :|
5%P4 \/_ \/_ \/— \/— aqv

a™/3(a .
{ Plegs i~ 0mod 3
0 if n # 0 mod 3.

According to the factorization technique, see [20, (4.2)],

2n+a 1 _ n+3k+a ) (

1 — aq = m(l aq "+3k+ﬂ)

1—aq

a 6k+a+1 1— B—a—1

+ q6k ( q6k )1(1_q
(1 — g +P)(1 — agbktetl)

% (1 o aqn+3k+a)

6k+a+1

n73k)

aq n—3k n—3k—1
- W(l —q"")(1—gq )-
Using the above identity along with (29), we get

(1 = ag***)w(n)
(1 —agq"t*)(1 - ag"*tP)(1 — agnt7)

6k+'y)

-y [ ] (—1)**(1 —agq
=5 L3k ] (agmte,aqm 75 ¢*)k(aq™ 75 ¢ )kt

(1 - ag®)q(*) T (k)

(1 _ aq6k+B)(1 _ aq6k+7)
Dol s (1P agt+1+P)
3k +1] (ag"t;¢®)k(aq™ P, aq™*7;¢*) k1
_aq6k+a+1(1 _ aqu)(l _ q3k+1)(1 _ q,b’—a—l

x ) CHTk)

(1 g ) (1 ag® )L~ aghhFad)

( 1)3k(1 q6k+2+a)
+Z [3k+2] (agnte, ag™th,aqnt7;¢®)

k+1
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_aq6k+a+1(1 _ aq6k)(1 _ q3k+1)(1 _ q3k+2) )

x (1 — aq6k+a+1)(1 _ aq6k+2+a)

T(k).

By Corollary 2.3, we get the terminating summation formulas

3 _ _
(g7, ad® % q)ka” (ag®* ¢k w(k)
P (¢ 9)x (ag*;¢*)k (ag; @)k
-~ (1—ag®™) T(n)
(1 —ag®)(1 - ag®*P)(1 — ag®*7) (ag; q)3n—3’
3n+1 _ _ _

"Z (a1 ag® 2, ag®™ 75 @)g” (ag® ¢k w(k)
k=0 (¢, ag®"*7; @)k (ag*;¢*)e (ag; @)k
_ (1-ag®™)(A—g*"t)(A—q"t*~#) ag®™ P T(n)
(T=aq® ) (1-aq*) (1-aq® ) (1—ag® ) (T—ag" o7 7) (agid)an—s ’

3In+2
nZ (@73 2,0¢°"%,0¢®" ' 8.0) 1 d* (a®" T T i0)k (ad®T¥56%) ik w(k)
(¢,0¢3"P5q)k (ag®t759)k  (ag™;¢%)r  (ag;q)k
k=0
—aq®(1—ag")(1—¢*"t1)(1—-¢3"+2) T(n)

~ U—a® P (1=ag®7) (1—aq™) (1—aq® ToT 1) (1=ag® +77%) (aqiq)an—s °
Through reducing, we have

Theorem 3.3.

(41)

3n
} : (q’3”7aq3"’27q\/aq"7—qvaq°‘7a1/37wa1/37w2a1/3;4)kqk
(¢,v/aq™,—v/aq™,\/a,—v/a,\/aq,—\/aq;q)k
k=0
3 —k —k+1 —k+t2
X a3 aq”[be P iq°,q°
3 3 3k43, 349 s
ag®/c ag*/c q *Ft?/a
3n 2 3 3 a2g®\"
(1+ag°™)(9,97,aq" ,b,c59" ) n | 52
= T ag®)(T—ag®FP)(1-aq®F7)(aq? /b,aq%/¢:a)n (a30)sn 2’

(42)

3n+1
2 : (@*"1ag*" " 2,ag®" ! g/ O‘,—q\/aq“7a1/3,wa1/37w2a1/3;q)kqk
k=0

(g,a43"17,3/aq™,—\/aq™,\/a,—+/a,\/aq,—/aq;q)x

aq3/bc q—k q—k+1 q—k+2

. 3
><4¢3[ aq3/c aq?’/c q_3k+3/a’q’q
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a1 BB (140 (1—g®mH) (1— gl T2~ F)
— (I—ag® ) (1—aq®)(1—aq®"TP)(1—aq®nT1+8)(1—agbnt1Tx)

% (4,4%,04° b,¢36%)n (S )™
(ag®/b,ag?/c;q®)n(a;q)zn—2"’
(43)
3In+42
Z (q73n727aq3n727aq3n+5+17aq3n+w+1’q ’rq“,7q\/m,a1/3,wa1/3,w2a1/3;q)k k
pa (¢,a¢®"*P,a¢®"+7,\/aq™,—/aq® \/a,—/a,\/aq,~\/aq;q) k q

3 —k —k+1 —k+2
ag’/bc g q q .3 3
X 4¢3 aq3/c aq3/c q73k+3/a7q »q
—a" g% (1+ag®™) (1—¢*"t1)(1-¢°"*+?)

(1—ag3"tP)(1—ag®"+7)(1—ag™)
x (l _ aq6n+1+a)(l _ aq6n+a+2)
w (@:4%,0° b.c;a*)n(ag® /be)"
(ag3/b,aq3/c;q®)n(a;q)an—2"

In fact, setting ag® = be in (41), (42), (43), we obtain the results of
Zhang and Chen [20, (4.4)—(4.6)] as follows.

Corollary 3.4.

(44)
¢ |:q—3n aq3n—2 QW _QW a1/3 wal/B w2a1/3-q q:|
s Var —va  va  —va yag —Jag'?
(1 —ag™) a™(a,4,4% ¢%)n
(1 —ag*)(1 — ag®*F)(1 — ag®+7) (a;q)3n—2 "~

(45)
¢ q—3n—1 aq3n—2 aq3n+7+1 q\/m 7q\/m a1/3 wa1/3 w2a1/3 :|
897 ag3nt Vag® —Vaq?¥ Vva -va Jag —./aq 44

an+1q3n+,6’(1 _ aan)(l _ q3n+1)(1 _ q1+a—ﬂ)
(1 ag®+7)(1 — ag*)(1 — ag"*P)(1 — agsn+1+P)(1 — agbntlte)
(a,q,4%¢%)n

(a59)3n 2

?
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ode —an=2 aqsz;; aq3z:f+1 ag® 7t g\/ag®  —q\/aq®
aq ag®™ Vag®  —ag®  a
al/3  wall®  W2al/3

—-Ja NG —\/a—q’q’q

_ —a" g% (1-ag®") (1-¢>"*")(1-¢°"*?) (¢.4%,05¢*)n
(1-ag®+P)(1-ag®"+7)(1-aq*)(1—-ag®nTiTe)(1-agf™+2+2) (a;q)sn-2 °

Employing the factorization technique, see [20, (4.7)],

. q3k(1 _ aqn+3k+a)(l _ aqn+3k+ﬁ)
T = (1 — ag® ) (1 — agth+h)
q3k(1 _ a2q12k+ﬂ+a+1)(1 _ qn—3k)(1 _ aqn+3k+a)
(T ag™ )1 — ag )(1 — agitror)
aq9k+a+1(1 _ qn—3k)(l _ qn—Bk—l)
(1 _ aq6k+a)(1 _ aq6k+a+1)

Applying the above identity to (29), we get

g"w(n)
(1 —ag™"t®)(1 — ag"tB)(1 — ag™t7)

= [?ZC] e (=1)**(1 — ag®**7)
aqnTte

~ ,aq" 75 ¢*)k(ag" 5 4%k

(1= ag™)q(= )1 (k)
X (1 _ aq6k+a)(1 _ aq6k+,8)(1 _ aq6k+"/)
B n (—1)3k(1 _ aq6k+1+ﬂ)
P

3k + 1] (ag"t*;¢®)k(ag™t?, ag"t;¢%) k11

k>0

(1 — ag®)(1 — ¢®F+1)(1 - a2q12k+ﬁ+a+1)q(sz’“)+3kT(k)
(1 — ag®*+e) (1 — agfk+8) (1 — agbk+1+8) (1 — agbk+1+e)

-1 3k 1—a 6k+2+a
+Z [3]{;” 2:| 7E+a) Ez—i—B qn+’y. 3)
o L3k + 2] (ag"™®, aq™*F, ag™ 5 6% )
3k
ag®te+1(1 — ag®*) (1 — g3F+1)(1 — q3k+2)q( 2 )T(k)
(1 — agfkte) (1 — agbk+1+a)(1 — qgbh+2+a)

X
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By Corollary 2.3, the following three summation formulas are obtained:

i": (%", a¢® % )k ¢*Fw(k)
P (¢ 9)x (ag; @)k
_ (1—ag™) ¢"T(n)
(1 —ag®+e)(1 — ag®*+F)(1 - ag®*7) (ag; ¢)3n-3
¢*"T(n)

(1 —ag®"1)(1 - ag®"2)(ag; q)3n-3’

3n+1 _ _ _
"Z (¢ *" 1, ag® % @)k (ag® 1475 q)k ¢*Fw (k)
= (¢ @) (ag®t75q)r (ag; @)k

_ (1—ag®™)(1—g*" 1) (1—a2qi2nTB+atlyT(n)
(T-ag® 7)) (1-ag®m+*)(1-aq"TF)(1-agtT1+F) (1—ag®"+1¥*)(ag;q)an 3’

3n+2 _ _ _
"z: (a2 ag® % @)k (ag® 4P, ag® 1175 q), P (k)
(a5 Q) (ag® P, a® 7 q)r  (ag; @)k

- (1iaq6n)(17q3n+1)(17q3n+2)aq3n+aT(n)
- (liaq3n+ﬁ)(liaq3n+w)(liaq6n+a)(liaq6n+1+a)(17aq6n+2+a)(aq;q)3n73 .

k=0

By arrangement and reduction, we have

Theorem 3.5.

3n . _3n _ 3n—2 _1/3 1/3 ,,2.1/3. 2k
(47) Z (q ,aq , @ , Wa , W a 5q)kq

k=0 (g, Va, —/a, Vagq, —y/ag; 9k

aq3/bc q—k q—k+1 q—k+2 .q3 q3
aq3/c aq?’/c q_3k+3/a’ ’

X 4¢3

_ (2,.4%,0,b,¢:¢%)n a2 \"
T (1-a)(1—aq® 1) (1-ag%"~2)(aq;q)3n—2(ag®/b,aq®/c;g®)n \ bec ’

3n+l  _3np-1 2 3n4y+1 2k
b)

() Y (q ,aq®" %, aq a3, wal’3, w?a'/?; q) g
k=0 (g,ag*"*7,\/a, —/a, Vaq, —\/a $q)k
3 —k —k+1 —k+2
aq’/bc  q q q .3 3
X 43 [ ag®/c agd/c q73k+3/aaq »q ]

o (1+aq3n)(17q3n+1)(17a2q12n+ﬁ+a+1)
= Tag ) A—aqom @) (1—ag - o 1) (I—agom ¥ P) (I—agom P ¥1)

(a,4%,a4%,b,¢;¢%)n (a2q3>"
(a5 q)3n—2(aq®/b,aq®/c;¢%)n \ bc )’

1/3 1/3

X




SOME ¢-SERIES IDENTITIES 1391

3n+2
(49) Z (73" 2,ag3" 2 ag®HAHL gBntrtl g1/3 ,q1/3 ,241/3,4), o2F
k=0

(g,a43"*P,aq3"+7,\/a,—/a,\/aq,—/aq;q)x

an/bC q—k q—k+1 q—k+2 ” q3
aq3/c aq3/c q73k+3/aa ’

_ aq®(1+ag®™) (1—g*" 1) (1—¢*"+?)
(1—aq3"TP) (1—aq3"7) (I—aqd™+ =) (1—aq™ To+1) (I—agbn+ 1 2)

><4¢3[

(2,9%,0¢%,b,¢:¢° ) n (a2¢16 )"
(a;9)3n—2(aq®/b,aq®/c;q3)n \ bec / °

Putting ag® = bc and reformulating the identities in Theorem 3.5, we
obtain the results of Zhang and Chen [20, (4.8)—(4.10)] as the following
corollary.

Corollary 3.6.

—3n 3n—2 1/3 1/3 2,.1/3
q aq a wa w?a 2
50 $q,
(50) 5¢4[ va —va ag —ag'? q]
n 3n

a"¢*"(q,9% a;¢%)n
(1—ag®=1)(1—aq®=2)(a; q)sn—2’

(51)
¢ q73n71 aq3n72 aq3n+'y+1 a1/3 wa1/3 w2a1/3 . 9
6¥5 aq3n+"/ \/a _\/a \/a—q _maqvq

(1 o aq6”)(1 o q3n+1)(1 o a2q12n+B+a+1)
(l_aq3n+7)(1_aq6n+a)(1_aq6n+a+1)(1_aq6n+ﬂ)(1_aq6n+ﬂ+1)
L 24, 0% a5 ¢%)n

(CL; Q)3n72
5 g 312 qgBn—2  gg3ntBEl  ge3ndatl  G1/3 0 ,01/3 ,2,1/3 ) 9
( ) 7¢6 agdnts agdnty va va Jag ~Jag 54,9

(1 _ aqﬁn)(l _ q3n+1)(1 _ q3n+2)
(1-ag®*#)(1-ag®+7)(1—agsm**)(1—agSmto+l)(1—agtrtot?)
a1t (q, 4%, a; ¢%)n

(a59)3n—2

X
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