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MATRIX SUMMABILITY METHODS AND
WEAKLY UNCONDITIONALLY CAUCHY SERIES

A. AIZPURU, C. PEREZ-ESLAVA AND J.B. SEOANE-SEPULVEDA

ABSTRACT. We study new sequence spaces determined
by series in normed spaces and a matrix summability method,
giving new characterizations of weakly unconditionally Cauchy
series. We obtain characterizations for the completeness of a
normed space, and a version of the Orlicz-Pettis theorem via
matrix summability methods is also proved.

1. Introduction. Let X be a real normed space. A series ) . x; in
X is said to be unconditionally convergent (uc) if ) ; z(;) converges for
every permutation 7 of N. We say that ), ; is weakly unconditionally
Cauchy (wuc) if, for every permutation 7w of N, we have that the
sequence (> -, T (i))n is weakly Cauchy. It is a well-known fact, see
[5], that >, x; is wuc if and only if >, |f(z;)| < oo for every f € X*,
where X™* denotes the dual space of X. The following results are also
well known, see [3, 5, 6]:

Let X be a Banach space, and let ). z; be a series in X. Then:
1. >, z;isucif and only if ), a;x; is convergent for every (a;); € loo-
2. >, x;jis wucif and only if ), a;x; is convergent for every (a;); € co.

3. There exists a series ) . z; wuc and not uc in X if and only if X
has a copy of cy.

The following concepts and definitions can be found in [4].

A matrix method of limit is defined by a matrix 4 = (i;) @, j)eNxN
of real entries in the following way: If (z;); is a sequence in a normed
space X, we say that Alim; xz; = =z if, for every i € N, the series
Zj a;jx; is convergent and lim; Zj QT = Zo.
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A matrix method of summability is also defined by a matrix A =
(ij)(i,j)enxn, and we will say that AY", x; = o if Alim, (37 | 2;) =

xp, that is,
J
lim <Z%’j(2$k>> = xg.
J

k=1

We will also say that a matrix A = (a;)(; ;) is regular ([4]) if:
(i) sup; Ej |aiz| < oo,
(ii) lim; ay; = 0 if j € N, and
(iii) lim; Z]. a;; =1
In this paper, all regular matrices will be considered to have nonnega-
tive entries.

We have that (i), (ii) and (iii) above are equivalent to saying that if
lim; z; = g, then Alim; z; = xzp, and also equivalent to saying that if
> ;Ti = xo, then AY . x; = xo. On the other hand, it can happen that
Alim; z; = z¢ and that lim; z; does not exist in X.

Let X be a normed space, ) ; =; a series in X, and let A = (a;)(,5)
be a matrix. In this work we will study the following subspaces of [,

SA(Z@> = {(ai)i € lo :A;aixi exists},

i

SAw(Z-Ti> = {(ai)i €l :wAZaixi exists},

i

and

SA*w<Zfi> = {(ai)i Elo % — wAZaia:i exists},

endowed with the sup norm, where wA) , a;z; and * — wA) . a;x;
denote, respectively, the limit in the weak topology and in the weak
beginning topology of the sequence

(Ses(Gewm),

i
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In [7] the authors study these spaces in the case of the usual convergence
and, in [1], these spaces are studied in the particular case of the Cesaro
convergence.

We will give necessary and sufficient conditions for normed spaces
to be complete by means of the previous spaces S4(}_,z;) and
Saw(D_; i), and we will characterize the series ). x; that make the
previous spaces complete. A version of the Orlicz-Pettis theorem via
wA-summability and matrix methods is also presented. As usual, Sx=«
and Bx« will denote, respectively, the unit sphere and the unit ball
of X* (the dual of X). Also, cop denotes the space of sequences with
finitely many nonzero terms.

2. The A-summability space. In the following result we give a
sufficient condition for the space S4(>_; z;) to be complete:

Theorem 2.1. Let X be a normed space, ), x; a series in X, and
a matriz A = (ij) @, ;) of real entries. If

1. X is complete,

2. Y, x; is wuc, and

3. sup; Y |euj| = M >0,
then Sa(3°; x;) is complete.

Proof. Let us first observe that, if (a;); € lo, then, since ) . z; is
wuc, we have that the sequence (> °7_, axzy); is bounded. Therefore,

S ()]

J

for every ¢ € N.

Let (a™), be a sequence in S4(>"; z;), a™ = (a™(i));, and suppose
that for some a® = (a®(i)); we have that lim,, [|a” — a®|| = 0 in lo,. We
will show that a® € S4(}"; #;), and we will do this by showing that the

(Seo(Zewm))

K3

is a Cauchy sequence.
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Now, and since ) . z; is wuc, there is an H > 0 such that

sup{ Zaiwi
i=1
Let ¢ > 0, and fix m € N such that ||a™ — a°|| < ¢/(4MH). Now,

and since the sequence (3 ai;( 1:1 a™(k)xy)); is convergent, there
exists ng € N such that, if p, ¢ > ng, we have

S -eu(fn)] <5

:n €N, |ai|§1ifi6{1,...,n}}—H

> (e = ) > o) |

j k=1

< ' ;(am‘ _aqj)<,;1(a0(k) _am(k))mk> H
+‘ Zj:am Qgj (/;“m mk)H

On the other hand, if » € N, we have
1(@®(1) — a™()z1 + - + (a®(r) — a™(r))z,|| < H - []a® — a™|.

Therefore, if h € N, we obtain the following:

Ehj (s — ) (ki(a%k) ~am ()|

S lops — aqa| - [[(a”(1) — a™ (D)) + ...
+lopn — agn| - [(a®(1) —a™(1))z1 + -+ + (a”(h) — a™ (h))za|

(Z|am|+z|aqg|) CH -l — am))

< 2MH]||a" — a™|| < 5
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Now, and from the convergence of the previous series and taking limits,
we obtain that (x) < e if p,q > ng, and we are done. O

The theorem that follows gives us a characterization of wuc series.
In order to obtain this characterization, we will need to add an extra
condition to our matrix A.

Theorem 2.2. Let X be a normed space, Y, x; a series in X, and
let A = (auj),5) be a matriz of real entries such that:
(i) sup; Zj |aij| =M >0, and
(i) if (B;); is a nondecreasing sequence of real numbers with lim; 3; =
+00, then lim;(}; @ijf3;) does not exist.

If, in addition, X is complete, then we have that ), x; is wuc if and
only if Sa(D,; i) is complete.

Proof. Tt suffices to prove that, if S4 (3, ;) is complete, then ), z; is
wuc. Suppose that there exists an f € Sx« such that ), | f(z;)| = +o0.
Let us take m; € N with > [f(z;)] > 2-2. Ifi € {1,...,m}, we

define
1/2  if f(x;) > 0, and
a; = .
-1/2 if f(z;) <O.

Similarly, we can choose my > my such that Y372 | f(z;)] > 2%.2%,
and, if i € {m; +1,...,my}, we can also define

- { 1/2° iff(z;) > 0, and
CL-1/22 i f(w) <O,

Following this process, we can carry on and construct a sequence
(a;); € cp such that

aif(z;) >0 for every ¢, and Zaif(xi) = +4o00.
Define now, for every j € N, 8; = Zgzl a; f(z;). We have that (3;); is a

nondecreasing sequence with lim; 3; = +o0; therefore, lim;(3_; ai;5;)
does not exist.
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On the other hand, let us denote by e; the ¢th canonical vector. Then
e; € Sa(d°; ;) for every i, but, and since S4(},; ;) is complete, we
deduce that co C S4(>_; x;) and, therefore, (a;); € Sa(>_; z;), reaching
a contradiction. O

Remark 2.3. 1. Now, we will see that condition (ii) of the matrix
A from the previous theorem holds if A is regular (and of nonnegative
entries, as considered in this paper). That is, A enjoys the following
properties:

(a) a;; > 0 for each i,j € N and sup; ), a;; < oo,

(b) lim; oj; =0 if j € N, and

(C) hmz Z] Qi = 1.
Let us show the previous assertion. Take (5;); any motonotic nonde-
creasing sequence, and divergent to co. Without loss of generality, we
can suppose that Zj a;; > 1/2 for every ¢ € N and that 8; > 0 for

every ¢ € N. Next, and since lim; a;; = 0, there exists k3 € N such
that ax,1 < 1/4, and we have that

1
g, 101 + o282 + apy3fBs + - > (o2 + gz + -0 ) B2 > 1/32-

Now, since lim;(a;; + a;2) = 0, there exists ks > k1, ko € N, such that
Qky1 + Qy2 < 1/4, and we have

1
Qpy1P1 + Qky22 + Qi3 B3 + QpafBa+ -+ > (Qpys + ppa+-++ ) B3 > ZBS'

Proceeding in this way, we obtain that the sequence (} i a;jf3;); has a
subsequence, which is divergent to co.

2. If the matrix A is regular and if
S = {(ai)i Ely: Zai:ci converges},
then we have that S C S4(>_; z;) but, in general, S # Sa(}°, ;).

3. If A is regular and X is not complete, then we can show that
there exists a wuc series ) . ; in X so that S4 (3, ;) is not complete.
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Indeed, let Y. z; be a series in X so that ||z;|| < 1/i2¢ for every
0<ieNand) ),z =z € X*\X. Clearly, it willbe A", z; = z**.
Now, let us consider the series Zi z; defined as z9; 1 = ix;, and
z9; = —ix; for i € N. Then ), z; is wuc. Let (a;); € ¢y be the
sequence given by ag;—1 = 1/(2¢) and ag; = —1/(2i). We have that
> aizi € X**\ X; therefore, (a;); € Sa(}_; z:) and, thus, S4(3°, ;)
is not complete.

4. Let X be a normed space, ), x; a series in X, and A = (i) )
a regular matrix. Let us also define the following linear mapping;:

T:SA<;xi>—>X

a +—T(a) = AZai:ci.

We will show that T is continuous if and only if ", x; is wuc. Indeed,
let us suppose that 7" is continuous. We have that coo C Sa(>°; ;)
and, if a € ¢gp with ||a]] <1 and a; = 0 for all 4 > n, we have that

larzy + -+ + anaal| = [ Tal| < ||T1,

and we obtain that
n
sup{ Zaimi
i=1
Conversely, let us suppose that ), x; is wuc, and let us call
n
> ai
i=1
Consider a = (a;); € Sa(d_; z;) with |la|| < 1. If ¢,p € N, we obtain

that ,
p J
> e (Ywwan )| < v
j=1 k=1

where M = sup;(3_; |e;|). From here, it follows that ||T(a)|| < MH
and that T is continuous, with ||T|| < H.

neN,a<1,ie {1,...,n}} < ||

H:sup{ :nEN,ai|§1,i€{1,...,n}}<oo.
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From the previous results and the above remarks, we can give the
following corollary, which characterizes the wuc series by means of the
completeness of S4 (D, z;), amongst other consequences.

Corollary 2.4. (a) Let X be a Banach space, Y, x; a series in X,
and let A = (aij)(,5) be a reqular matriz. The following are equivalent:

(i) >, ; is wuc.
(ii) co € Sa(d; xi)-
(ili) Sa(>_; ) is complete.
(iv) A, |f(xs)| exists if f € X*.

(b) Let X be a normed space, ), x; a series in X, and let A =
(@ij)i,j) be a reqular matriz. The following are equivalent:

J
(i) X is complete.
(ii) If 3, x; is wuc, then Sa(>°, x;) is complete.

3. The weak A-summability space. In this section we will
see that some of the results seen in the previous section can also be
extended for the weak topology. We start with the following result.

Theorem 3.1. Let X be a Banach space, ), x; a series in X, and let
A = (@ij)(i,j) be a matriz with real entries and sup; (3_; |aij|) = M > 0.
We have that, if Y, z; is wuc, then Sa., (", z;) is complete.

Proof. First of all, let us call

H:sup{

:nEN,ai|§l,i6{l,...,n}}<oo,

n
E (77
i=1

and suppose that (a"), € Saw(d; i), a™ = (a"™(i));) for n € N.
Let us also suppose that for some a’ = (a°(i));) € lo, we have that
limy, [|[a™ — a°|| = 0. We will show that a® € Saw(}; 7).

For every m € N there is a 2, € X such that wA Y, a™()z; = zm.
(zm)m is a Cauchy sequence. Indeed, let ¢ > 0. There exists a kg € N
such that, if p, ¢ > ko, we have ||a?—a?|| < ¢/(HM). Consider p, q > ko.
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There is an f € Sx- such that

hm<2a”(z () a0 ) )|

k=1

Hzp*ZqH = |f(zp | =

On the other hand, for every h,i € N we have

’ (Z%(Z AN

k=1
j
<Z (aP(k) — a¥(k a:k>H<MH||ap—aq||<5

Next, and since X is complete, there is a zp € X such that lim,, z,,, =
zo. We will now prove that wA ", a®(i)z; = zo.

Let f € Bx~«, and let € > 0. Fix any r € N such that ||z, — z0|| < &/3,
and |la” — a®|| < e/(3MH). Now, let i1 € N be such that

\(Zaij(ga%)f(xk))) e

Thus, if i > i1, we have that

<

if ¢ >15.

w| m

Next, we present the weak-topology version of Theorem 2.2.
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Theorem 3.2. Let X be a normed space, ), x; a series in X, and
let A = (auj)(,j) be a matriz of real entries such that:

(i) sup; >_; |ej| = M >0, and

(ii) if (B;); is a nondecreasing sequence of real numbers with lim; 5; =
+o00, then lim; (3 a;;B;) does not ezist.

If, in addition, X is complete, then we have that ), xz; is wuc if and
only if Saw(d_; xi) is complete.

Proof. By Theorem 3.1, it suffices to prove that, if S4., (>, ;) is
complete, then >, x; is wuc. Suppose that there exists an f € Sx-
such that ), |f(z;)| = +o0. Similarly as in the proof of Theorem 2.2,
we can obtain a sequence (a;); € c¢p such that a;f(z;) > 0 for all
i, and Y. a;f(x;) = +oo. For every j € N, let 8; = >.7_, a;f(w;).
By hypothesis, we have that limi(zj a;;0;) does not exist. Now,
and since we supposed Sa,(D; ;) to be complete, we deduce that
co C Saw(d_; i) and, from here, it follows that lim;(; a;;3;) does
exist, which is a contradiction. a

Remark 3.3. 1. If the matrix A is regular and if Sy, = {(a;); € lwo :
w Y. a;z; exists}, then we have that S, C Saw(>_; z;) but, in general,
S’w 7é SAw(Zi mi)-

2. If A is regular and X is not complete, we can take the series
from Remark 2.3 (3), and consider the same sequence (a;); € ¢co. We
obtain that (a;); ¢ Saw(d_; z:), since, if f € X*, thenwA ", a; f(z;) =
f(™).

3. Let X be a normed space, >, x; be a series in X, and let
A = (a4j)(,5 be a regular matrix. We can now define the following
linear mapping:

T:SAw<in>—> X

a +—T(a) = wAZaiaci.

As we did in Remark 2.3 (4), one can see that T is continuous if and
only if the series ), z; is wuc.
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4. Let ), f; be a series in X*. It is a known fact, see, e.g. [5], that
if X is complete, then )", f; is wuc if and only if ), |f;(z)| < oo for
every ¢ € X.

Now, if ), fi is a series in X*, and A = (ayj)(; ;) a regular matrix,
we can define the subspace of [, given by

SA*w(Zfi> = {(ai)i Ele: % — wAZa,-mi exists}.

Counsider the following assertions:

(a) >, fi is wuc.

(b) SA*fw(Zi fi) =l

(c)Ifxe X,and M C N, then AY ,_,, fi(x) exists.
We have that (a) = (b) = (c¢). Indeed, in [7] it is shown that, if )", f;
is wuc, then the limit * —wA )", a;x; exists, for every (a;); € lo. This
implies that Sa.— (D, fi) = l. Is is straightforward to prove that
(b) = (c)-

If the normed space X is barreled, then we have that (a), (b), and (c)

are equivalent. In order to do this, it suffices to notice that (c) implies
(a), and for this we will show that

E:{Zaifi:neN,ai|§1,ie{1,... ,n}}

is pointwise bounded. Suppose not. Then we have that there would
be an € X such that >, |fi(z)| = +00. We can assume that the set
M = {i € N: fi(z)} is infinite and that ), _,, fi(z) = +oo. This is in
contradiction with the existence of A,/ fi(z).

To finish this section we can obtain, from Theorem 3.2 and the
previous remarks, the following corollary.

Corollary 3.4. (a) Let X be a Banach space, Y, x; a series in X,
and let A = (aij)(,5) be a reqular matriz. The following are equivalent:

(i) >, x; is wuc.

(i) co C Saw(D; xi)-
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(ili) Saw(X_; i) is complete.

(b) Let X be a normed space and A = (ij)q ;) a regular matriz.
Then we have that X is complete if and only if for every wuc series
> Ti we have that Saw(D; ;) is complete.

4. Some versions of the Orlicz-Pettis theorem for wA-
summability. Let us remember that the Orlicz-Pettis theorem ([5,
6]) says that if X is a Banach space and ), z; is a series in X, then
>, i is uc if and only if w ), X (i)x; exists for every M C N, where
X is the sequence given by Xpr(7) = 1if ¢ € M and Xp (i) = 0 if

In this section we study the Orlicz-Pettis theorem in the case of the
weak A-summability.

Theorem 4.1. Let X be a Banach space, ), z; a series in X, and
let A = (ij)i,;) be a regular matriz. Then ), x; is uc if and only if
wA Y, X (i)z; exists for every M C N.

Proof. We have that, if ). x; is uc then w ), Xps(7)z; exists for every
M C N, and, since A is regular, the limit wA )", Xas(4)z; also exists if
M C N.

Conversely, let ). x; be a series in X so that the limit wA )", Xar(4)x;
also exists if M C N. Let us first show that ) . x; is wuc. Suppose
that there is an f € X* such that ), |f(x;)| = +o00, and consider the
sequence (g;); so that g; = 1 if f(z;) > 0, and ¢; = —1if f(z;) < 0. It
is clear that ), ; f(x;) = 400 and that A) . &, f(z;) = +oo.

Let M = {i e N:g = 41} and N = N\ M. We have that there
exist y; and yp so that wA Y, Xy (i)z; = y1 and wAY , X (i)z; =
y2. Thus, we will have that wA), e;x; = y1 — y2, and it will be
AY e f(z;) = f(y1) — f(y2), and this is a contradiction.

We will now show that, if M C N, then w)_, X (i)z; exists and,
from here, we will have that (by the classical Orlicz-Pettis theorem)
> ;i is uc. Indeed, let M C N, and f € X*. We have that there
exists a yo € X such that wA Y, Xa(7)z; = yo. On the other hand,
since ) ., x; is wuc, the series Y . Xar (%) f(x;) is convergent, and we will
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have that

ZXM(i)f(iUi) = AZXM(i)f(:c,-) = f(vo)-
Thus, w_, Xm(i)zi =yo. O

As a consequence of the previous theorem, we have the following
result:

Corollary 4.2. Let X be a Banach space, ), x; a series in X, and
A = (aij)i,j) a regular matriz. The following are equivalent:

1. ),z is uc.
2. SA(Zi ZL'Z') = loo
3. Saw(d; i) =loo-

To finalize, let us make a last remark.

Remark 4.3. Let X be a Banach space, A = (ai;)(,;j) a regular
matrix, and let ). x; be a wuc series in X. It is clear that, if
(a;); € le, then ) . a;x; is wuc. From here, it follows that, if
(a;); € Sa(d>,x;) then > .a;x; is wuc and A) . a;x; exists. So,
therefore, wA ), a;x; also exists. From this last fact, together with
the fact that ), a;z; is wuc, we obtain that w )", a;x; exists. Thus,
we have that S4(>°, zi) C Sw(>_; zi), where

sw(;ml) _ {(ai)i loiwYu exists}.

On the other hand, we do not know a necessary and sufficient condition
for the equality Sa (3", zi) = Sw (>, xi) to be true.
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