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PROJECTIVE MAPPINGS ON
DIFFERENTIABLE MANIFOLDS

NIRMALA PRAKASH

ABSTRACT. A mapping f : M — M’ between two
C*-manifolds is quasi-projective if it carries geodesics to
geodesics, and if, in addition, it preserves the projective pa-
rameter, it is called projective. Such a mapping is known to
relate the symmetric affine connections of M and M’, and is
characterised by a relation between the Schwartzian differen-
tial (for the parameters) and the Ricci curvatures of Mand
M’'. We use these facts to establish the non-existence and
existence of projective maps. For instance we show that f is
not projective if there does not exist a solution to the non-
linear non-homogeneous equation given by the Schwartzian
differential and the Ricci tensor; it is projective if f is a dif-
feomorphism and the Schwartzian differential formed by the
projective parameters is zero. We also use the collection of
projective maps on M to define an action integral on it and
show that the extremal of this action is a Levi-Civita con-
nection. Finally, we prove that if energy-momentum tensors
and sectional curvatures are suitably restricted then a quasi-
projective (projective) mapping can be volume (distance) de-
creasing.

Given a C°-manifold M, consider the group Diff (M) of diffeomor-
phisms of M. Let I(M) and A(M) denote the group of isometrics
and affine mappings on M. Then the following inclusion relation is a
classical fact:

I(M) c A(M) c Diff (M).
A diffeomorphism which (1) carries geodesics to geodesics and (2) pre-
serves the projective parameter p (up to linear fractional transforma-
tions) is called projective. The set of all these diffeomorphisms is a
group denoted P(M). It is easy to see that

I(M) c A(M) c P(M) c Diff(M).

The class of diffeomorphisms which does not necessarily satisfy (2) also
forms a group denoted P (M), evidently P(M) D P(M). Thus we have

I(M) c A(M) Cc P(M) c P(M) c Diff(M).
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Let (M, V) and (M', V') be two different C°°-manifolds (dim M not
necessarily equal to dim M’) with symmetric affine connections. It is
known that a smooth mapping f : (M,V) — (M',V’) which carries
geodesics of M to geodesics of M’ preserves the projective parameter
p only if f is a diffeomorphism. The connection V' in this case is the
image of V under the diffeomorphism, and V, V' are called projectively
equivalent. We must mention, however, that f being a diffeomorphism
is not a sufficient condition for the projective invariance of p. We shall
see in §1 that a 1-form w on M (an essential ingredient of projective
equivalence) has to be a gradient in this case.

For all manifolds M which are diffeomorphic to spherical or pseudo-
spherical space-forms, the question of P(M) and P(M) is pretty much
settled throughout their covering manifolds. But for manifolds other
than that, not much is known, even though the concept of pro-
jective connection (normal projective connection) and projective pa-
rameter can almost be referred to as ancient in the present context
[20,2,5,17,21,17].

Recently, Kobayashi [12,13] has used the concept of projective equiv-
alence to define the pseudo-distance djs (associated with symmetric
affine connections) by mapping Poincare-type intervals (i.e., the inter-
val -1 < u < 1 with metric ds? = 4du?/(1 — u?)?%) into the manifold
M. He has shown that if Ricps (Ricci tensor of M) is negative and
bounded away from zero, then das is a complete distance.

Replacing the interval by a complete Riemannian-manifold these
mappings have been shown to be distance decreasing when Ricci cur-
vatures of M and M’ are suitably restricted [12,9]. In each of these
papers the equality (to be explained later)

(2) {p,s} R’U ds E

has played an important role. Even though this equality was derived
some five decades earlier, in our understanding, it has not been ex-
ploited exhaustively. Since projective diffeomorphism between two
manifolds leads to a relation between their Ricci tensors, and Ricci
tensors in turn are related to matter, we expect that this simple study
with (i) as its starting point will be of physical interest.
We raise and answer the following questions:

1) What are the conditions for a C°°-map between two manifolds to
be projective; also when does f € P(M) (F € P(M) will be referred to
as ‘quasi-projective’.) (§1)?
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2) Are there manifolds which cannot be projectively related (§2)?

3) Is there any relation between projective maps and other better
known maps such as affine, harmonic (§1) or conformal (§4)?

4) How does a projective map influence the metric (§3)?

5) Does the presence of matter affect projective maps (§5)?

6) What is the requirement on the geometry of a manifold so that an
incomplete connection of one manifold may be projectively equivalent
to a complete one on this manifold (§4)? The answer to this question
suggests that projective maps can be used as a mechanism to obtain
manifolds with complete connection from those with incomplete ones.

As the study of projective maps is indeed the study of a vector space
defined by (f*V’ — V) that reduces to the subspace given by w ® df for
a 1-form w on M, we treat w ® df as basic and obtain its local descrip-
tion in §1. The techniques that we use in this study are variational or
Bochner-type. We begin the paper with preliminaries designated as §0.

0. Throughout the paper all objects are C*°, and all manifolds
which may or may not be equi-dimensional carry symmetric affine
connections. The vector fields/tangent vectors are denoted as U,V or
X,Y and 1-forms as w,n. The very same alphabets with appropriate
indices are used to denote their local counterparts. The set{e;} denotes
an orthonormal basis. The notations for the Riemannian (curvature),
the Ricci and the scalar curvature are the standard R, Ric and S.

Recall (Theorem of Weyl) that the torsion free linear connections V’
and V on M are projectively equivalent if and only if there exists a
1-form w on M such that

(0.1) LV =YV =wU)V +w(V)U.

This result translated for distant manifolds reads: A mapping f :
(M,V) — (M',V') is quasi-projective if and only if there exists a 1-
form w on M such that [9,16]

(0.2) V}.Uf.V - £:VuV =wO) i,V +w(V)f.U.

In terms of the tangent vector v to a curve v = ~(t) this equation can
be put as

VY fo ALV = 2 fa(),



514 N. PRACKASH

and therefore, if f.4 # 0 and ~ is a geodesic, this gives,

(0.3) w(3) = (V4 o) %

For suitable choice of frames of references, (0.2) reduces to the familiar
classical equation (see §2)

(0.4) e =Tk + 6fw; + 6w

for quasi-projectively related connections. Also, simple computations
based on (0.2) lead to the following relation between the Riemannian
tensors of M and M":

R'(f.U, V)W =f{RU, V)W + dw(U,V)W

0% F@UWW - @V, W)0),
where

(0.6) @)U, V) = (Vo - w@w)(U, V)

and

(0.7) (dw)(U,V) = (Va(U,V) = (Vo)(V,U).

The trace: tr(U — R(U,V)W) = Ric (V,W) gives the relation
(0.8) f+ Ric’ = Ric+dw+ (n - 1)w.

When f is projective, (0.8) simplifies to

n—

1
2 S

(0.9) (f* Ric')(%,%) = Rie (1,9) -

where Sy = {¢,t} denotes the Schwartzian differential of the affine pa-
rameter ¢ used for parametrisation of fo~y =+

Equations (0.8) and (0.9) are derived in the next section. The follow-
ing results about projective mappings between equidimensional mani-
folds are known [9].

THEOREM A. Let M be complete and let the Ricci curvatures of M
and M’ be bounded below and above by constants -A and -B < 0. If
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M and M' are Riemannian and A > 0, then f is distance decreasing
1
up to a constant (A/B)3.

THEOREM B. If f is quasi-projective, then under the same hypothesis
[ 13 volume decreasing up to a constant (A/B)™/2.

1. Let f: (Mp,V) — (M, V' ) be a mapping which carries the paths
(geodesics) in M to paths (geodes1cs) in M’. We use the word path
to emphasize that M, and M, may not necessarily be Riemannian.
They are ¢®°-manifolds with symmetrlc affine connections. A local
description of f is obtained as follows: Take coordinate neighborhoods
{U,z}(i = 1,2...n) of M and {V,y*}(e = 1,2...p) of M’ in such
a manner that f(U) C V. Suppose that in the choice of charts f is
represented by the equations

(1.1) y* =y%(zt,...,2"), a=1,...,p.

Then, writing

Ay*(zt...z")
1.2 a _ 29\ T
(12) B; o

we note that df = f, is represented by the matrix (B{).

Accordingly, any function 1 on M’ can be identified with a function
Yo f on M and a vector field X on M with local representation
X=X a_)?f is mapped locally to (B"‘X’)W on f(M). We denote
the components of V and V' by '}, and I'j, and write the covariant
derivative of B* with respect to V thus

oB¢
(1.3) V;Bf = —— + B/ B]T§, - BiTY;.
We denote it as B% noting that B% = Bf and that (B3 X?Y") ;2 is
the local expressxon of some vector field Z defined along f(M).

Now a geodesic v : I — M given by 2* = z*(t) satisfies the equation
d?zt _ dzd dz* o )d_z‘
az T a - Va
for some function a(t), which by a suitable choice of parameter ¢ (called
affine) can be reduced to

d’zt dz? dz*

15 -
(1.5) 57t g =0

(1.4)
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In view of our definition of f, the image fo~y : I — f(M), written
locally y* = y®(2*(t)), satisfies a similar equation,

d?*y® dyP dy” dy®
. —— +TI§, ——— = A(t)——
(L6) dez " P dt dt )&
for some function A(t) on the geodesic 4/ = f o~. But using (1.3) we
have

(1.7)

Py po WA pa(d2b L datde) g, dotde?
dt? Brde dt — TR\ de2 Y4t dt Udt dt

This shows that if ¢ is an affine parameter for +/, then

dy®  _,dz*dz?

(1.8) AW g =B5%arar

Since f is defined on an arbitrary geodesic v we can write (1.8) as
(1.9) A(t)Bfn' = Bgn'n’

for any direction n = n;(32r) at any point (covered by {U,z'}) of
M. This implies that there exist local functions w; in U which are
components of a 1-form w on M and which satisfy

(1.10) B} = w; B + w; B}
We have thus shown

PROPOSITION 1.1. A mapping f : (MnV) — (M, V') carries
geodesics to geodesics if and only if (1.10) holds [17].

From the above equation we can compute the relation between the
curvature tensors on U and f(U) and the components of a differential
1-form.

If M and M’ are equidimensional and f is non-degenerate we can
also write the Ricci-curvature relation from

(1.11) 'Rg,sBiB] Bl — R, BR = VB — V; By,
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by multiplying it with —B-; (the inverse of Bf) and summing up for
repeated indices. We thus have

(1.12) ’quBgB;-y - Rkj = (w]',k - wk,j) + (n - 1)(w_1,k - ijk).

Returning to equation (1.8), we observe

PROPOSITION 1.2. The parameter t which s affine parameter for V-
geodesic vy will be affine for V'-geodesic f oy =~ as well, if and only
)

o —

(1.13) il 0.

The mapping f in this case is called affine. We are however interested
in the projective parameter and the mappings which preserve the
projective parameter. We recall that simple examples of projective
parameter are provided by the Poincare and Klein models of hyperbolic
space H™. In the first case the projective parameter p = tanh s(-1 <
p < 1), where s is the hyperbolic arc-length of the geodesic circle
orthogaonal to the rim. In the second case, geodesics are segments of
straight lines, and p is the Euclidean arc-length.

To illustrate the point that we made in the introduction that all
diffeomorphisms which satisfy condition (1) do not necessarily satisfy
(2) we first consider quasi-projective mappings. We shall therefore
prove

PROPOSITION 1.3. A quasi-projective mapping f : (M,V) —
(M',V') is projective only if f is a diffecomorphism between M and
M'. In preparation for proving this result we recall the classical concept
of projective invariance of the projective parameter. For projectively
related connections

T’ = Dig + Slwi + 6w;
on a manifold, the Ricci tensors (3_; Ry,) are given by
(1.14) "Rij = Rij + (wi,j — wij) + (n — 1)(wi; — wiwy).

It is apparent that both of these are symmetric simultaneously if and
only if the covariant vector w; is a gradient. If s and § denote the
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affine parameters for the geodesics represented by I‘;- x and I‘;k, an easy
computation leads to the functional relation

ds da?
— e2f w;dx’

(1.15) =

which shows its dependence on w;, the convector of the projective
relation. On the other hand, the projective parameters p and p
which are solutions of the non-homeogeneous third-order non-linear
differential equations

2 dz* dz’?
(1.16) {ps}=— Ry~
2, drtdd’

(117) {p1 8} = n—1 J ds ds

(Ri; and 'R;; both being symmetric) are related to each other by a
linear fractional transformation, e.g.,

(ap +b)
(cp+d)’

p=

where a, b, ¢, d are real numbers > 0 constrained by ad—bc # 0. (Trans-
formations of this nature (referred to as conformal Mobius transforma-
tions in the case of the 2-plane) have a long history. For a more recent
study see [0].) The elimination of a,b,c,d leads to the third order
differential equation

35, dp d%., dp\*® _ .
(1.18) (372’) Z—z—g((ﬁ)/ﬁ) = {f,p} =0.

This equation, called the Schwartzian differential equation, has been
derived and used in different context ever since 1834, (see [7]), though
its use for the projective parameter was made for the first time in 1931
by Whitehead [21].

In the lemma given below we show that (1.16) and (1.17) lead to the
projective invariance of the parameter p.

LEMMA 1.4. Let p and p be projective parameters for the system of
geodesics given by projectively related connections. Then {p,p} = 0.
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PROOF. It is easy to check that any three variables u, v, w related by
a Schwartzian differential satisfy the identity

2
(1.19) o) = () (5) + fuoh
We use it appropriately for variables s, 3 and p,p. Thus,
(1.192) 5.3 = 5.0 () + 0.8
and

. ds\? .

(llgb) {p73} = {p’ 3} % + {Sv S}'
Or

dp 2 ds\?
1) 5= () +oa(F) +e0
We then substitute the values of {p, s} and {p, 5} from (1.16) and (1.17)

to obtain
dp\? 2 dzt dz? . (d3\?
(1.21a) {m}(d—’s’) = (£+R) L7 +{s,s}(d—j) .

This can be written as

o (P Z 2 p o podEdr
(L21b)  {pp}(F) = Ry + Ry) o8},
in view of the identity {s,5}(%)? = ~{5, s}. But

(1.22) {é,s}=—(log(Z—Z)) 3 (5 (e %))

Hence using the value of 2 given by (1.15) and the fact that the 1-form
w is a gradient there, we have

dz 1 dzt dz?
{8,8} = ( tds ) 2 (4% “ids )

_9 Ow; dz’ dz? d’z 9 ww‘c_i:c_"d_zf_’
=N\ o7 ds ds TYids il ds

(1.23) Lot o i
z* dz . dz dz
= 2(%1 + mem) 75 2o T el —=)
dzt dr? dx* dx?
- 2w,~wj£E- = 2(wi,j — Wiwy) —— 15 ds
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Finally, in view of (1.14) and (1.23), we observe that the right side of
(1.21) is zero, and since Z£ # 0 we have the required result

{p,p} =0.

A transformation of M with this property is called a projective trans-
formation.

The following simple corollary is self-evident from (1.14), (1.15) and
(1.21b).

COROLLARY 1.5. Ewvery affine transformation is a projective trans-
formation.

Before proceeding further, we would like to point out that to write
the equations of geodesics using the projective parameter p, we shall
have to replace the connection coefficients I'}x by connection coefficients

I_[Z,y of an (n + 1)-dimensional manifold. This is done by introducing

a variable z° given by
o 1 ds

and (n? 4+ n)/2 point functions I‘?k satisfying the equation

T

dz? dz*
{p,s} = 2ATj; T ds

The functions I'), are symmetric tensors and A is an arbitrary constant.
The coordinate transformation rule in the (n+1)-dimensional manifold
is given by

dz 0 =dz% + iwid:ri
m
L o (OF ...z
T =z (le)(maéO)

We must add, however, that this embedding is not required for the
study that we are pursuing in this paper.

PROOF OF PROPOSITION 1.3. We note that, in proving the above
lemma, (1.21b) played a crucial role. This means that to prove this
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proposition we must establish a similar relation between the Ricci
tensors of M and M’.

Since f is quasi-projective we have (1.10) and the subsequent equation
(1.11) satisfied by the Riemannian tensors of M and M’. Evidently,
equation (1.12) relating the Ricci tensors follows only when f is a
diffeomorphism.

We obtain in the next proposition the sufficiency condition for the
diffeomorphism f to be a projective map.

PROPOSITION 1.6. Let f : (M,V) — (M',V’) be a diffeomorphism
which carries geodesics to geodesics; f 1is projective if one of the
following conditions holds

1) Ricy s symmetric and the equation

. dz? dz¥

(124) {5,3} = 2(&)]5(.0]' — Wk ])Eg

has a solution.
2) Ricy is not symmetric, and the equation

. dz? dz*
(1.25) {5,5} = {2wjwr — (wjik + wk,j)}gg
has a solution.

PROOF. We prove 2). Let p, s be the projective and affine parameters
of a V-geodesic 4 and p, § be that of the V’-geodesic fo~. We have to
show that {p,p} = 0.

In order to use the Schwartzian differential we have to symmetrise
Ricy; and although there will be two different cases, e.g., Ricy, is also
not symmetric and Ricy: is symmetric, both will give the same result.

We symmetrise Ricy in (1.12) to obtain the expression

(n-1)
2

(1.26) Rﬁ,,BfBZ = AJ'k + (wj,k + Wk, — 2wrwk),
where R]'k = (R + Rk])/2 etc.

Multiplication by d’s 4z° Jeads to
(1.27)

5 dyPdyvy(ds\? o n-1 dz? dzk
(Rm ds ds)(%) = (Bjk + 2 (Wik + Wi,j = 2“-’ka))d I
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The condition given by (1.25), when applied to (1.27), gives

(59 = (e G e (7))

This can be interpreted to say that (1.16) and (1.17) have solutions.
Further in view of (1.21b) it implies {f,p} = 0, i.e., f is projective.

It is easy to check that Ricy and Ricy: are simultaneously symmetric
only if the 1-form w is closed.

Hence we have

PROPOSITION 1.7. A ¢®-map f : (M,V) — (M', V') is a projective
diffeomorphism if and only if the assiciated 1-form w 1s closed.

COROLLARY 1.8. If V and V' are Riemannian connections, then the
diffeomorphisms f which carries geodesics to geodesics is projective.

REMARK. From Proposition (1.7) it is evident that if w is a closed
form, equations (1.24) and (1.25) are identical; moreover, the right
sides of these equations are the negative of the right side of (1.23).
Accordingly, retracing our steps from (1.23) to (1.15) we know that the
solution exists; it is

§=c+/e2f“”'d’jds.

From proposition (1.7) we also conclude that a diffeomorphism f :
(M,V) — (M',V’) which carries geodesics to geodesics is not projec-
tive if the 1-form associated with f is not closed.

Denoting the right side of (1.24) or (1.25) by ¢(s) we conclude
that f From proposition (1.7) we also conclude that a diffeomorphism
f : (M, V) — fails to be projective if

(1.28) {8,5} = 8(s)

fails to have a solution [10]. Evidently f € P(M).

These maps (which satisfy only condition (1) as already indicated
are ‘quasi-projective’. In §2 we shall see that any two quasi-projective
maps can be composed to give another such map on suitable domains.
In particular we shall show that P(M) is a group.
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When f is projective we formulate the relation between Ricci tensors
and the Schwartzian differential by using specific geodesics in M and
M.

For obvious reasons (§0) we are using ¢, to denote the affine param-
eters and S, to denote {¢,t} in the following paragraphs.

Suppose that the geodesics v = ~7(t) in M with 4(0) = V is
parametrised by the projective parameter p, then its image ' =
fo~qot! (t being an affine parameter t — (f o exp)(tV)) can be
parametrised by the projective parameter p, and our assumption on f
implies that

Sﬁof = SP'

Using the chain rule for differentiation we can write S;,; as (S; o

t~)(g—f)2 + ;. Since (1.16) in terms of the tangent vector V can be
written as S, = (24y) Ric(V,V) and

_(di\? 2 .,
(S5 ot)(a) S CXTAAD)

——] ( ) ——] C (j't b f‘ ) S ?
Itlc L b ‘ It‘l t

or, equivalently,

n_
2

(1.29) (. Ric)(V,V) = Ric(V,V) - " Ls..

Thus if f is a projective map, the difference between the Ric on M and
the pullback of Ric’ on M’ is given by the Schwartzian differential of
affine parameters of geodesics on M and M'.

We next wish to examine the relation between harmonic and projec-
tive maps.

Suppose that M and M’ are equidimensional and f : (M,V) —
(M',V') is a projective map. For each fixed a, (B}) defines a symmet-
ric matrix (Bg}). It is known that a diffeomorphic map f is harmonic
if the trace of this matrix is zero for every a [4]. Hence we have

PROPOSITION 1.4. A projective mapping between equidimensional
manifolds can be harmonic if and only if M admits a coordinate cover
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such that, in every coordinate patch, the covector field induced by f
satisfies

1.30 Bfw; =0 a=12...n.
( ;

1

In other words, the w;’s must be the solution of the system of equations
given by (1.30). It is not hard to see, however, that there exists no
non-trivial solution of this system of equations. Thus we conclude that
projective and harmonic maps are incompatible as maps on a pair of
manifolds, meaning, thereby, that f can either be projective or it can
be harmonic.

2. In this section we list a few simple facts about projective mappings
between equidimensional manifolds. Let {e;} be an orthonormal frame
field on M’ induced under the mapping f by the frame field {e;} on M
(i.e., for every 7, f.(e;) = 6Fe}), and let w(ex) = wk. Then (0.2) gives

V;: — fVe,6; = wifu(e;) +wjfu(e:)

(2.1)
(T} = TH)ek = (wibf + w;6f)ek

(2.1a) Tk =T% + wibk + w,;6F.

The relation above shows that the difference of the pullback of
connection coefficients on M’ and the connection coeflicients on M
is a linear combination of components of a co-vector field on M.

On the other hand these equations lead to relations between their
curvature tensors, e.g., equation (1.11) or (1.29). We use these relations
to prove the following proposition and some results in §4.

PROPOSITION 2.1. Let f; : (Mi—1,Vi—1) = (M, V)i = 1,2,...)
be quasi-projective/projective mappings; then fa o fi : (Mo, Vo) —
(M2, V2) is quasi-projective/projective. We denote fa o f by F.

PROOF. Condition (1) of our definition can be interpreted as follows:
Given f; : (Mp, Vo) — (M;,V,) for each ~p-geodesic of Vo, f1 0 7o f1
is a reparametrisation of a geodesic of V1, hence there exists a strictly
increasing C*°-function h; on an open interval such that f; o vy o h;
is a Vi-geodesic. Similarly, fo : (M1,V;) — (M2, V2) implies that,
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for every Vi-geodesic 7;, there must exist a C*®°-function hs on an
open interval such that fy o y; o hy is a Va-geodesic. In particular,
writing fi o vg o hy for «;, we note that (fz2 o f1) o y9 o (k1 © h2) is
a Va-geodesic for suitable choice of open intervals. Since h; o hg is
a C°°-function on an open interval, the V,-geodesic obtained in this
manner is a reparametrisation of a Vy-geodesic o under the map F.
Hence, by definition, F is quasi-projective.

To prove that fy o f; is projective we use (1.29) for the mappings f;
and f; to write

(2.2) Rici (f1+70, f1+70) = Rico(¥0,%0) —

(2.3) Rica(f2e41, f2s71) = Ricr (1, M) —

where we have denoted h;! and h;! by ¢1 and ¢2. From v, =
f10700¢7! it is easy to check that

d
= fi« (—) op;!, Dy, = a%

and
Rics (i1, 31) = (Rics (fu+o f130)) 75z © 9™

Similarly,
Rica(f2: 1, foen) = (Ric?(h‘f“ﬁo’fz‘fl';m))(D¢ )? °0r

Substituting these in (2.3) and using (2.2), we have

. . . -1 1
(Ricz(FiAo, Fuo)) = (R‘C0(7°’7°) - - 2 $¢') (D¢1)?

)oé1

1
(D¢1)?

or

-1
(2:4) Rica(Fuio, F.30) = Rico (50, Jo) =5 (Son +(D1)(S,061)).
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In view of the chain rule for Schwartzian derivative, the second term
on the right side equals

n—1
(2.5) — =5 Stz06:-

Consequently, (2.4) is analogous to (2.2); the Ricci tensor is now
evaluated for the tangent vector of the reparametrised geodesic fy o
fioyoohiohy = Foygog ! ogy!. Since this is the condition that the
projective parameter be preserved under F, we have proved the result.

COROLLARY 2.2. Let f; : (M;—1,Vi—1) — (M;, Vi)t = 1,2) be
quasi-progective diffeomorphisms on M. Then fao f1 : (Mp,Vg) —
(M2, V3) 13 quasi-projective.

This shows that if fi, fo € 13(M), then fy o f; as well as f; o f3 also
belongs to p(M).

3. Let M be an oriented compact manifold without boundary and
let ¢ denote a section (¢I'(E)) of an arbitrary bundle 7 : E — M.
Consider an action

(3.1) 1(¢) = /M L(#)+1.

An extremal of (3.1) is obtained by varying the sections ¢, and ¢ is an
extremal if it satisfies the Euler-Lagrange equation written notationally
as

(3.2) eL(¢) = 0.

In this section we use the bundle of affine connections to form our
Lagrangian for the following reason. Projective maps between two
manifolds essentially relate to their symmetric affine connections quite
independently of their metric, hence (as we shall soon see) a connection
dependent Lagrangian on a manifold M is an equally appropriate object
of study. Moreover, since a projective map can be expressed locally
by means of equation (2.1), one can interpret a result based on the
Lagrangian L(I‘}k) as a result on the projective maps.

Let P(M) denote the collection of all projective maps that can be
defined from M to a fixed manifold (M’, V’'); we call a projective map
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f on M an eztremal (or a critical point of P ) if the connection I' on
the right side of (2.1a) is the solution of the Euler-Lagrange equation
eL(T%,) =0.

Since the projective map also implies the relation (0.8) we can write
the Lagrangian as a function of the Ricci-tensor and the convector
field. Thus the connection dependence of L turns out to be via the
Ricci tensor. It is in this case that we have the following result.

PROPOSITION 3.1. Given a fized (M',V',g') let P(M) be the col-
lection of projective maps f : (M,V) — (M’,V') and let L(f* Ric)
be the Lagrangian (computed with respect to f*g') on M associated to
the collection ﬁ(M) Then the critical point f of P(M) determines
the Levi-Civita connection whose metric 1is given by al%%zlé provided the
covector field induced by f 13 parallel.

PROOF. We use equation (0.8) to write the Lagrangian L(f* Ric).
In view of equation (1.12) the local expression for the Lagrangian is

(3.3) L(f* Ric') = L(Rij, wi,wi ;)

where R;; = (R}, )n=k equals

ort.  ort
= 5t ~ g ol ~TanlE:
Using the symmetry of I, which implies T}, = (I} +T7,), and

denoting AT, /dz* by T'%,, we can write the expression for R;; as

(34) R;;

(3.5) Rij = (Thom + ThmDRe) (6576867 — 87656T).
Accordingly, the Euler-Lagrange equation

5} ( oL ) _ 0L
dzm \grk, /= ork,

(3.6)

can be simplified by writing
0L 1 0L OR;
BT 2985 0T,y
= P (876565 — 6567")

= 6™ — 6apt

(3.7)
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and
(38) ark, ~ 2" Brt,
= p7 - (Cam TR {67656 — 67867 }),
arke

where we have denoted % as PY and have used the fact that w; is
parallel. A careful matching of indices in

0
o (87 PH — L PF™)

with (3.8) shows that (3.6) is indeed the covariant derivative
(3.9) Pt =o.

If now we interpret the tensor density £TL.-, = PY as a contravariant
density of the metric tensor defined as

(3.10) P = X\/gg",
for some constant A, then (3.7) is the metricity condition

(3.11) Jke,h =0

for the connection I'};, showing that this is a Levi-Civita connection.
The following proposition based on Hamilton [8] and DeTurck’s [3]
findings leads to a similar result. The hypothesis in this case, though,
is more stringent.
Let f : M,, — M/, be an arbitrary C*°-map and let 45 and A/, denote
the spaces of affine symmetric connections on M, M’. Consider a map
¢ [HAYD® As ® AY(M) — S%(T*M ® T* M) defined as

(3.12) #(V',V,w) = (f* Ric' —dw — (n — 1) w)sym.
Suppose that ¢ is non-zero at every point p € M, then we can prove
PROPOSITION 3.2. Given f : My, — M), and a map ¢ defined above,

there exists a unique metric g on M with respect to which f is quast-
projective provided M 1is simply connected.
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PROOF. We use the local expression (see (1.14)) for the right side of
(3.10) to write

n—1

(3.13) Sij ='R(ij) - ( ){(w,-,j +wji) — 2wiw;},

where '/ R(ag)B{"Bf is denoted 'R;;) and the covariant derivative w; ;
of w is computed with respect to V € A,.

On account of our assumption on ¢, S;j(p) = S(p) is not zero, i.e.,
S71(p) is defined. Thus in view of the result: “Given a symmetric C*°-
tensor field S;; in a neighborhood of a point p on a manifold, if S™*(p)
exists, then there is a Riemannian metric g such that Ric(g) = S in
a neighborhood of p” (3], it follows that there is a unique metric g in
the neighborhood of p, the Ricci curvature pertaining to which equals
Si;. But this is the requirement that f be a quasi-projective map in
the neighborhood of p. As M is simply-connected, we have our result.

4. In this section we examine the relation between projective maps
and topological invariants of the manifold. Our first result deals with
the non-existence of a projective map.

PROPOSITION 4.1. Let M and M’ be two manifolds such that
Ricps > 0 and Ricpyy < 0. If M is compact, orientable and without
boundary then there does not exists a map f : M — M' which is
projective or quasi-projective.

PROOF. Suppose that there exists a map f : M — M’ which is at
least quasi-projective; then, using the local description in symmetrised
form (1.16), we have

n-—1

(4-1) d agB?Bf = Ri]' - (w,‘,]‘ + w]‘,i) + (n - l)wiwj.

Now, Ricasr < 0 implies'RapBF B < 0, and Ricy > 0 implies that
R;; > 0.

Hence, integrating the equation with respect to the metric on M
and noticing that the term-(w; ; + wj;;) makes no contribution to the
integral, we obtain a negative term on the left side equated to a positive
term on the right side. This shows that our assumption on f is not
valid, i.e., there exists no projective map f : M — M'.
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COROLLARY 4.2. If M and M' are Einstein manifolds with scalar
curvatures S > 0 and S’ < 0, and if M 13 compact orientable and
without boundary, then there exists no projective/quasi-projective map
between M and M'.

PROOF. We write R;; = (%)gij and'R,p = ('f)g;ﬁ in (4.1), where
we have assumed that there exists a map f : M — M’ which is at least
quasi-projective. Suppose that the pullback metric f*¢’ is conformal
to g with A(z) as the scalar of conformality, then gaﬂBf‘Bf equals
A(z)gij. (We note that conformality is not required for the result.) The
integration over M gives the same conclusion as we had in Proposition
(4.1).

EXAMPLE 4.3. Let M be the S? C R® given by (CosuCosv,
SinuCosv, Sinv) and M’ be the hyperboloid of revolution defined as
(CosuCoshv, SinuCoshv, Sinhv). It is easy to check that the metric
tensor g;; =0, for 7 # 7, in both cases and that the Ricci tensor for M
and M’ is given by the relations

_ S _ 1 ) 2
Ry = Egll = (5 + Sin U)COS v

R = 2922 = (% + Sin”v)

’
= %—gu = %(1 + Cosh2v)Sech?2v
/ S’ / 1 2
R22 = 7 22 = ‘—5(1 + SeChZ’U)SeCh V.

Thus Ricas > 0 for all values of v and Ric), < 0 for all values of v.
The parameter v in the first case has a finite domain but in the second
case it has an infinite domain. It is known that there is no C*°-map f
which can carry geodesics of M which are great circles to geodesics of
M’ which are hyperbolas.

PROPOSITION 4.4. Let f : (M,V) — (M',V’) be a quasi-projective
map and suppose that Ricps is parallel with respect to V', then Ricpa
1s parallel with respect to V if and only if the second order covariant
tensor (dw + (n — 1) w) tnduced by f on M and df @ df on M’ are
covariantly constant.

PROOF. Let M and M’ be covered by suitable charts; then, using
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the covariant constancy of df ® df, we write the covariant derivative of
(1.12) as

(4.2) 'Rap 4 BE BY By = Rij ke + ((wi; —w5i) +(n—1) X (wi; —wiw;)).

The Ricci-curvature on M’ is parallel and it will be parallel on M if
and only if the second term on the right side is zero.

We can also prove the following result.

PROPOSITION 4.5. Let f : (M,V) — (M',V’) be a quasi-projective
map such that the tensor (dw + (n — 1) w) and df ® df induced by f
are covariantly constant on M. If M is a Riemannian manifold with
parallel Ricci-tensor and if Co(M) # Io(M), then if M’ is complete it
must be tsometric to a sphere.

PROOF. Nagano and Yano have proved that a complete Riemannian
manifold whose groups of conformal transformations and isometries are
distinct is isometric to a sphere if its Ricci tensor is parallel [14].

Since f, has constant rank and (dw + (n — 1)w) is covariantly con-
stant, equation (4.2) implies 'Ry, = 0, i.e., the Ricci-tensor on M’
is parallel. Using a local chart for the mapping f, it can be shown
that if the (connected) groups of conformal transformations and that
of isometries of M are distinct, then those of M’ are distinct as well.
Hence M’ satisfies the criteria required for it to be isometric to a sphere.

Using the hypothesis of the above proposition we can also state
COROLLARY 4.6. If M is complete, f maps a sphere to a sphere.

5. In this section we establish the conditions under which quasi-
projective (projective) mappings defined on space-time manifolds are
volume decreasing (distance-decreasing).

We choose time-oriented space-time Lorentz manifolds (M, V,g),
(M',V’,¢"), i.e., manifolds whose metrics are locally reducible to
(-1,+1,+1,+1) and whose time-like vectors can be labelled as future-
pointing or past-pointing.

We assume that the mapping f : (M, V) — (M’,V’), which is quasi-
projective or projective is also orientation preserving. It can be shown
that under suitable conditions a space-like 3-surface H imbedded in M
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can be mapped to a space-like 3-surface f(H) imbedded in M’. We
denote f(H) as H' [14].

The Einstein field equations on M and M’ in the presence of matter
can be written as

(5.1) RidX,Y) — gg(X, Y) = 82T(X,Y)
S/
(5.2) Ric(X', Y") - S-¢/(X',Y') = 82T'(X', Y"),

where T and T" stand for energy momentum tensors on M and M’.
Since space-like surfaces carry Riemannian structures we can prove
the following two results.

PROPOSITION 5.1. Let f : M — M’ be a projective mapping. Let
H be a non-compact complete space-like 3-surface embedded in M such
that the energy momentum tensor T restricted to H is bounded below
by a constant —A (A > 0) and scalar curvature S is positive on H. If
T’ is bounded above by a constant —-B (B > 0) on H' and S’ is negative
there, then fy is distance decreasing up to a constant (A/B)?.

PROPOSITION 5.2. Let f : M — M’ be a quasi-projective mapping
other conditions remaining the same as in Proposition %5.1); then fy
18 a volume decreasing mapping up to a constant (A/B)%.

PROOF OF 5.1. Since the scalar curvature S is positive on H, equation
(5.1) implies that Ric cannot be less than 87T at any point of H; this
means that Ric can be considered as bounded below by a constant
—~A/8n. Similarly, since the scalar curvature S’ is negative on H', the
bound on T can be used to say that the Ric’ on H’ is bounded above
by a constant —B/8x. Thus, bounds on Ricci curvatures on H and H'
are the same as in Theorem (A), except for the constant %w. Hence the

map F is distance-decreasing up to a constant (A/B)?, as is already
known according to Theorem (A).

A proof of proposition (5.2) follows by repeating the above argument
and using the result of theorem (B) for n = 3.
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