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EXPRESSING GROUP ELEMENTS AS COMMUTATORS

ROBERT M. GURALNICK.

Let G be a group. If x, y € G, the commutator of x and y, [x, y], is
defined to be the element xyx—1y—1. These elements generate a character-
istic subgroup, called the commutator subgroup of G, and is denoted G'.
It is not true in general that G’ consists only of commutators. Thus we
define A(G) to be the smallest integer n such that every element on G’ is
a product of » commutators.

Perhaps the first example of a group G with A(G) > 1 was given by
Fite [1]. He discovered a group G of order 256 with G’ elementary abelian
of order 16 containing only 15 commutators. In [2] a group G with
|G| = 240, G’ cyclic of order 60, and A(G) = 2 was exhibited. This was
later shown to be the smallest such example in the case G’ is cyclic (cf. [3]).

Then the question naturally arises: what are the groups G with |G| or
|G’| minimal satisfying A(G) > 17 In [3] the author has partially answered
this question by proving the following theorem.

THEOREM 1. If (i) G’ is abelian and |G| < 128 or |G'| < 16, or (ii)) G’
is nonabelian and |G| < 96 or |G’| < 24, then A(G) = 1.

In this paper, we construct groups to show that the bounds in Theorem
1 can not be improved. The next two lemmas will be useful in determining
which elements are commutators.

LEMMA 1. If G isa group and x, y, z € G, then

@) [xpz] =[x, 3]y [x, 2] y?

(i) [xy, z] = x[y, z] x71 [x, z].

(i) If y and [x, y] commute, then [x, y¢] = [x, yle.
(iv) If x and [x, y] commute, then [x¢, y] = [x, y]e.

Proor. (i) and (ii) follow by writing out the elements. (iii) and (iv)
follow by a straightforward induction. For details see [6].

LEMMA 2. Suppose G is a group with a subgroup H such that H =2 G’
and G = {H, x). If w is a commutator in G, then w = [axe, b] for some
a,be Hande e Z.

Proor. We first note that if g € G, then g = hxm for some 4 e H and
me Z. Also, if hy, hy € H, then
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(hx)(hax')” = hihgxy* (mod G)
since G/G’ is abelian. Thus since H 2 @,
(hyx%)(hext)r = hsxs*rt for some k3 € H.

Now suppose w = [gy, g»] is a commutator in G. Then g; = A;xs and
g2 = hyxt, where hy, hye H. If t = 0, we are done. Suppose s = 0. Then
by Lemma 1 we have

w = [hy, hyx'] = [hy(hyx?), hyx]
= [Ihox', hox(hyhyx')1] = [hyhpx?, hi'].
The proof now proceeds by induction on k& = min{|s|, |¢|}. If &k = 0,

we are done as above. Suppose |s| = |¢]. By the division algorithm,
s = gt + r,where 0 < r < |t|. Hence as above,

w = [h1x3, hoxt] = [(hyx*)(hyxt) ™4, hyxt]
= [hgxs9!, hpx'] = [h3x", hyx'].

Since r < |t| < s, we are finished by induction. A similar argument works
if |s] < [t].

Let G = {u, v, w, x, ), where u?2 = v2 = w2 = x8 = y2 = |, uvu = vw,
uxu = x~1, vxyv = x%, and w, ye ZG. Then G' = (w, x2, xty) =
{w, x2, y> =~ Cy x Ky (where C, is the cyclic group of order »n and K| is
the Klein group of order 4).

CLAIM. y is not a commutator in G.

PrOOF OF CLAIM. Suppose y is a commutator in G. Applying Lemma 2
with H = {u, w, x, y ), we have

y = [xeyfweuhvk, xayrwsut].
Using Lemma 1 repeatedly, we obtain
y = [xeuhvk, xu']
= [x, u']e [ur, x]2 [v, x]* [v, u]k
= [x, ut]e [uh, x]9 xtkayka wht,

Since the only term involving y is y*4, we must have that kK = g = |
(mod 2). Hence w* = ] and so ¢ = 0 (mod 2). Thus we have
y = [uh, x]axty.

If 4 is even, then u* = 1, and y = x*y, a contradiction. If 4 is odd, then
[u, x] = x72 and since g is odd, y = x2y or x8y, a contradiction. Hence
y is not a commutator in G.
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Note that G = {x, y) {u, v, where {x, y> (| {(u,v> = 1 and {x, y)>
is normal in G. Hence G is isomorphic to a semi-direct product of {x, y)» =~
Cs x Cyand {u, v) = D, (where D, is the dihedral group of order 2n).
Thus G is a group of order 128 with G’ abelian of order 16 and A(G) = 2.
This shows that (i) of Theorem 1 can not be improved. It can be shown
[3] that if |G'| = 16 and A(G) > I, then either G’ =~ C, x K, or G' =

K4 X K4.
We now construct a class of examples. Let G; = {a, b, x), where
at =bt=x3=1, xaxl=b, xbx!=ab, a?2 =052 and abal =

b1(G; = SL,(3), the group of 2 x 2 matrices of determinant 1 over the
field of 3 elements). Then G, = (Hy, x), where H; = G, = {a, b) =
Qg (where Qg is the quaternion group of order 8).

Cram. If u, v e Hy and [uxe, v] = a2, then e = 0 (mod 3).

ProoF OF CLAIM. Suppose not. Note that since 3 /e, [x¢, v] has order 4,
unless v € {a?>. If [x¢, v] has order 4, then [ux¢, v] = [u, v]u[x?, vlu~! has
order 4, a contradiction. Hence v e <{a?) and so [ux¢, v] = 1, also a con-
tradiction.

Choose G, to be any nonabelian group with a normal abelian subgroup
H, of index 3. Then there exists y € G, such that G, = (Hj,, y> and y3 € H,.
Let G be the subgroup of G; x G, generated by H; x H, and the element
(x, ). Note G’ = G| x G,.

PropPOSITION. A(G) > .

Proor. Choose | # ce G, We will show that (a2, ¢) is not a com-
mutator in G. By Lemma 2 with H = H; x H,, if (&%, ¢) is a commutator,
then

(@2, ) = [(hy, hp)(x¢, yo), (ky, k2)],

where (1, ), (ky, ko) € Hy x H,. Hence a® = [hyxe, kil and ¢ = [hyy?, ky].
By the previous claim, ¢ = 0 (mod 3), and thus y¢ € H,. Hence ce H, =
{1}, a contradiction, yielding the result.

The group G constructed above has order 24 |H,|. If we take G, to be
Ay, the alternating group on 4 letters, then H, = A, = K,. In this case
|G| =96 and G' = Qg x K;. In fact there are exactly 2 groups of order
96 with A(G) > I(cf. [3]). We can also take G, to be any nonabelian group
of order 27. Then |H,| = 9 and G; =~ Cs. Hence G’ = Qg x Cj, and so
G’ is nonabelian of order 24. These two examples show that (ii) of Theorem
| can not be improved.

For other examples of groups G in which some element of G’ is not a
product of a fixed number of commutators, one can consult [3], [4], [5],
and [7]. An open question in this field is whether G simple implies A(G) = 1.
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