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SEMI-STABLE KERNELS OF VALUATED GROUPS 

ROBERT O. STANTON 

ABSTRACT. A characterization of semi-stable kernels of valuated 
abelian groups is given. 

1. Introduction. The concept of valuated groups has recently been 
developed extensively by Richman and Walker [2]. (Throughout this 
paper, the term "group" will mean abelian group.) If A is a subgroup 
of the group B, the /^-height function of B restricted to A gives rise to a 
valuation on A. This relation has been quite useful in determining the 
structure of certain classes of groups. (For a more detailed discussion, 
see the introduction of [2].) Richman and Walker [1] have developed a 
theory of Ext in pre-abelian categories, and have applied this in [2] to 
valuated groups. The notions of semi-stable kernels and semi-stable 
cokernels are fundamental to this theory. While semi-stable cokernels 
are classified in a satisfactory way in [2], the question of classifying semi-
stable kernels is left open. In this paper, a characterization of semi-stable 
kernels is given. 

2. Valuated Groups. In this section, we summarize some definitions and 
results on valuated groups. Most of this discussion originated in [2]. Let 
G be an abelian group and p be a prime. The p-height function on G is 
characterized by 

hpx = sup{hpy + 1 : x = py} 

where hpx is either an ordinal or oo. We say GO < oo and a < oo for any 
ordinal a. 

DEFINITION. Let A be a group and p be a prime. A p-valuation vp on 
A is a function on A satisfying the following properties : 

1) VpX is an ordinal or oo 
2) vp(x + y) è min(v/,x, vpy) 
3) vppx > vpx 
4) vpnx = vpx ifn is not divisible by p. 

If A is a subgroup of B, then the ^-height function on B, restricted to A, 
is a p-valuation on A. We will restrict our study to/7-local valuated groups, 
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that is, valuated groups A such that A[q] = 0 and qA = A, whenever 
q i=- p. Thus we will drop reference to the prime /?, and speak of the 
valuation v on A, or vA if there is need to specify the group. If/: A ->> B 
is a one-to-one mapping such that vf(x) = vx for each a e A, we say / i s 
an embedding. A subgroup A of B is a valuated subgroup if the inclusion 
map is an embedding. A valuated subgroup A of B is called nice if each 
coset of A contains an element of maximum value. If X is a function on 
A whose values are ordinals or oo, there is always a least valuation on 
A which dominates X. We can describe this valuation after fixing some 
notation. Let 

paA = {xe A: hx ^ a} 

A(a) = {x e A : vx ^ a} 

Aa = {2rt-xt-: Xx{ ^ a for each /} . 

LEMMA 1. ([2], Lemma 2.) Let A be a p-local group and suppose X is a 
function on A whose value is an ordinal or oo. Then the smallest valuation 
on A such that va ^ la for each a e A is given inductively by 

A(a + 1) = p(A(a)) + Aa+1 

A(ß) = P) A(a) if ß is a limit ordinal 

va = sup{(x: a e A(a)}. 

The (/?-local) valuated groups form a pre-abelian category. Thus every 
map has a kernel and a cokernel. 

THEOREM 2. ([2], Theorem 3.) Iff: A -+ B is a map of valuated groups, 
then the kernel off is the group kernel with the induced valuation from A. 
The cokernel of fis the group cokernel K with the smallest valuation v such 
that vx ^ sup{v&: x = (j)b), where <f> is the natural map of B onto K. 

A map / : A ->> B in the category of valuated groups is said to be a 
semi-stable kernel if for any pushout diagram 

(*) 
A ^ B 

C-^D 

the map/ ' is a kernel, fis a semi-stable cokernel if for any pullback diagram 

C—^£> 

-UB 
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the map / ' is a cokernel. A sequence A-+f B -+gC is exact if / = ker g 
and g = coker / . An exact sequence is stable if / is a semi-stable 
kernel and g is a semi-stable cokernel. In this case, / is called a stable 
kernel and g is a stable cokernel. The stable exact sequences constitute 
Ext(C, A). 

The semi-stable kernels are those subgroups A c B such that every 
pushout(*)is an embedding. Since C ->f D is one-to-one, we may consider 
C as a subgroup of D. Thus ^ ç 5 i s semi-stable if, whenever we have a 
pushout (*), vcc = vDc for every ce C. 

Semi-stable cokernels are characterized by the following concept. An 
onto map <f> : A -• B is semi-nice if whenever è G 5 and a: < vb, then there 
is a e y4 such that <ßa = b and va > a. 

LEMMA 3. ([2], Lemma 5.) A cokernel is semi-stable if and only if it is 
semi-nice. 

THEOREM 4. ([2], Theorem 6.) The inclusion A^B is a stable kernel if 
and only if it is a nice embedding. 

The following result is a partial characterization of semi-stable kernels. 

THEOREM 5. ([2], Theorem 7.) If A ç B is a semi-stable kernel, then 
every coset of finite order in B/A contains an element of maximum value. 

Examples showing that the converse of Theorem 5 is false and that a 
semi-stable kernel need not be nice are given in [2]. However, the question 
of classifying semi-stable kernels is left open. This question will be an
swered by Theorem 6. 

3. Semi-Stable Kernels. In this section we characterize semi-stable 
kernels. 

DEFINITION. A valuated subgroup A of B is nearly-nice if, for each ele
ment be B satisfying 

(1) a = supfl^A v(b 4- a) > v(b + a) for all a e A 

then v(pk+1b + a) ^ a + k, for all a e A, k ^ 0. 

A necessary and sufficient condition for A being a valuated subgroup 
of B that is not nearly-nice is that there is an element be B satisfying (1) 
and 

(2) v(pk+1b + e) > a + k 

for some e e A and k ;> 0. In lieu of replacing b by p*b and k by k — /, 
where / is the least integer such thatv(pi+lb -f a) ^ a for some a e A, 
we may assume that there exists e' e A such that 

(3) v(pb + e') ^ a. 
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This characterization will be useful in the following theorem. 

THEOREM 6. Let A be a valuated subgroup of B. Then A -> B is a semi-
stable kernel if and only if A is nearly-nice in B. 

PROOF. First assume A is not nearly-nice in B. We will show A -• B 
is not semi-stable. There are elements be B, e e A, e' e A, and k ^ 0 
satisfying (1), (2) and (3). We now construct a group 

C = (A/A(a)) 0 [c], 

where [c] is an infinite cyclic group. If <f>: A -• (A/A(a)) ® [c] maps a to 
(a -f A(a), 0), C will be valuated as follows: 

Vc(<j>Pire' + PiJrlrc) = a 4- /, 

whenever / ^ 0 and p\r\ 

vc{(j)a -h re) = Vß(a + rZ?) 

otherwise. Whenever <f>a = 0, we must choose a = 0 as the representa
tive in B. We first show that vc is well defined. The hypothesis on b shows 
that if vB(a 4- so) ^ a, then /?|s. If vB(a 4- /?.rf>) ^ a:, we claim that 
ö = se' + a', where A' G A(a). This is true because 

a - se' = (a + /we) — C?e' -f psb), 

the difference of two elements whose value is at least a, and so a — se' e 
A(a). In this case, the first formula defines the valuation of vc(<f>a + psc). 
On the other hand, if vB{al + sb) < a and <f>ax — <f>a2, then 

vB{ax + sb) = v^fli - a2 4- a2 + ró) = vß(a2 + ró), 

since vß(fl! — a2) ^ a.So vc is well defined. 

We now verify that vc is a valuation. The only condition that merits 
discussion is 

^cO + y) ^ min{vcx, vcj;}. 

If min{vcx, vc>>} < a, the condition clearly holds, so suppose vcx ^ a, 
vcy ^ a. We may write 

x = <f>p<rie' + pi+1ric, p\rx 

y = ^ V + pj+lr2c, pKr2 

and assume / ^ y. Then 

vc(* + y) = vc((f>pKri + PMr^ef + ^ + 1 Ci + P^r2)c) ^ a -h i. 

Therefore vc is a valuation. 



SEMI-STABLE KERNELS 633 

Let D be the valuated group completing the pushout diagram : 

A >B 

A I 
C >D 

Then /) = ( 5 0 C)/H9 where 

(4) H = {(a, -<f>a)eB®C:ae A}. 

The valuation on D is the cokernel valuation. We wish to show C -• D 
is not an embedding. Since vc((f>pke' 4- pk+1c) = a 4- k, it will suffice to 
find some k ^ 0 for which vD((j)pke' 4- pk+1c) > a + k. We have 

sup{vB@c(-.(ò 4- a), ^a 4- c)} = a, 

since vc{(j)a 4- c) = vß( — (ò 4- a)). Therefore 

vz>(- P*+1£ + Pk+1c + H) > a + k 

whenever k ^ 0. By (2), there is k > 0 and e e ^ such that 

vB(pk+1b + e) > a + k. 

Hence vD(pk+1b + e + H) > a + k. Since e — pke' e A(a), we have 
(f>e = <j)pke'. The element 

- (/>*+1Z> 4- e) 4- (j>e 4- /7Ä+1c = - (pk+1b + e) + <f>pke' + pk+1c 

is a representative of —pk+lb 4- /?*+1c 4- 77. Thus (ßpkef 4- /?*+1c is the 
sum of two elements of D, each with value greater than a 4- k. Therefore 

vD{(j)pke' + pk+lc) > a 4- k, 

so A -^ Bis not semi-stable. 
Conversely, suppose A -> B is not semi-stable. Then there is a pushout 

diagram 

A >B 

A 
C >D 

and an element ce C such that a = vcc < vDc. D = (B © C)///, where 
H is given by (4) and D has the cokernel valuation. We may assume a is 
the least ordinal j for which there is e' e C for which vcc' < vDc'. Since 
vD(c) ^ a + 1, we have 

c = px + y 

where x e D(a) and y e Da+h by Lemma 1. There is a representative 
£' + c' of y such that v#@c(ò' 4- c') ^ a 4- 1. Let b" 4- c" be any repre-
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sentative of x. Considering c as an element of B © C and splitting into 
components, we have 

0 = pb" 4- V + e 

c = pc" 4- c' — $e9 

where e is some element of A. Because vB(b') > a, we have 
vB(pb" 4- e) > a. 

We now wish to show vB(b" + a) < a for all a e A. First suppose 
vß®c(£" + c") = <x. Then vc(/?c") ^ a 4- 1 and vB{pb") ^ a 4- 1. Since 

c = /*:" + c' 4- 0Q>6" 4- b') 

we have vc(c) ^ a + 1, a contradiction. Therefore vß@c(6" + c") < a. 
Now suppose vB(b") ^ a:. Since v^^" + c" 4- H) ^ a, we have vD(c") ^ a. 
Therefore vcc" ^ a: by the minimality of a. This implies vB@c(b

,f 4- c") 
^ a, which is again a contradiction. Hence vB{b") < a. Since b" -f c" was 
chosen to be an arbitrary representative of x, we have vB(b" + a) < a 
for all a G A. 

We now define a sequence {X{} of subsets of B inductively. Let Xx = 
{&"}. If A^.! has already been defined, let Xn = {beB: vB{pJb -h h) > 
vB(b + a) 4- y, for some he A,j > 0 and every a e A, pb + g = bx + b2, 
where g e ,4, òx G Ä ^ and satisfies 

vß(jP**i 4- ai) > r + fc 

where ax is an element of A and 

(5) 7- = mvaŒAvB(b 4- a), 

andZ?o is an element of B such that vBb2 > y}. Let X = [j î i<<y 
and 7- is defined by (5), then there is an element e e A and k ^ 0 such 
that vB(pk+1b + e) > j + k. This clearly holds for b" with /: = 0, so sup
pose b G Xi, i > 1. Then 

/?*+16 + /?*g + 0J = /?*&! 4- #i + pkb2 

is an element of the required form. Thus every element of X satisfies (2). 
If there is an element of X which also satisfies (1), the proof would be 
complete. So suppose that no elements of X satisfy (1). Then for each 
xe X, there is ax e A such that vB(x 4- ax) = supaŒAvB(x + a). Let 

Y = {xe X: vD(x 4- c 4- H) > vB(x 4- ax) for some c G C}. 

Since vB(b" + a) < a for all ae A but vD(b" 4- c" + H) 7± a, we have 
b" G Y. Hence Y is a non-empty set. Let ß be the least ordinal such that 
vB(x 4- ax) = ß and xe Y. Since vD(x 4- c 4- //") è ß 4- 1 for some c G 
C, we have 
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x + c + HepD(ß) + Dß+1. 

Therefore we may write 

x -f- c + a2 - (j>a2 = p(bA + c4) + b3 + c3, 

where vß(^c(^3 + c3) ^ /3 + 1, bA + c4 is an arbitrary representative of 
64 + c4 + H, and #2

 G ^- In particular, 

x + a2 = /?̂ 4 + Ò3. 

Thus vBpb± ^ /3, and vBb4 < ß. We claim 64 e X. Since è4 was an arbi
trary representative of its coset, vB(bA -f a) < ß for all a e A. Therefore 
supaey4vß(64 + a) ^ ß. Since x e X, there are h e A,j > 0 such that 

VsO'x + h) > ß +./, 

so pb± — a2 = x — b3is the required representation. Moreover, 

vB(p^lbA - pia2 + h) > ß + j ^ vß(64 + A) + y + 1 

for all a e ^ . Thus Z?4 e Z. It is now easily seen that &4 e F, contradicting 
the minimality of ß. This completes the proof of the theorem. 
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