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SOME OSCILLATION CRITERIA FOR FOURTH
ORDER DIFFERENTIAL EQUATIONS

DAVID LOWELL LOVELADY
1. Introduction. In [2, Theorem 11.4, p. 374], W. Leighton and Z.
Nehari showed that if q is a continuous function from R* = [0, ®) to

(0, ), and if

M [ eqydi= =,
then every solution of
(2) u"" +qu=20

is oscillatory. (We call a continuous function f from R* to R=
(— o, ») oscillatory if and only if the set {¢: ¢ is in R* and f(t) = 0}
is unbounded. See the book of C. A. Swanson [4] for an excellent
discussion of the work of Leighton and Nehari and many other authors).
We shall give herein an oscillation criterion for

(3) (ps(pa(pre’)')’)' + qu=10
which includes [2, Theorem 11.4]. In particular, with respect to
4) (ru")" + qu =0,

our results generalize [2, Theorem 11.4] by showing that if

(5) [ o rds =
and
©) [i (], ¢=ororas )qeyde= =,

then every solution of (4) is oscillatory.

We shall also show that (6) can be weakened to

) J: ( J; (t — s)sr(s)~lds )q(t) dt = o,
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if we hypothesize the existence of a bounded solution of (4). In par-
ticular, this says that (1) can be weakened to

® [ Pawar=

and still ensure oscillation for (2) if we hypothesize the existence of a
bounded solution of (2). Finally, we shall point out that results of
Leighton and Nehari can be coupled with work of the present author
[3] to obtain a condition ensuring that every solution of (2) is un-
bounded and nonoscillatory.

2. Results. Let g be a continuous function from R* to R, and if
kisin {1,2,3} let p; be a continuous function from R* to (0, ) with

9) [C i rde= e
By a solution of (3) we mean a differentiable function u from R*
to R such that p,u’ is differentiable, py(p,u’)’ is differentiable,
pa(pa(pru’)’)’ is differentiable, and (3) is true.

Tueorem 1. Suppose that each of (H1), (H2), and (H3) is true.
(H1):

[ [ (i [ i) a) o= o

(H2): If

o [ o<
and if
(11) [ (s f: q(o) do )dt < =,
then . . .
J0<p2(3)‘1 L (Ps(g)‘l L q(o) do >d§ >d3= o,

@) [ ([ (p@ [ pato)do )t )qls) ds= .

Then every solution of (3) is oscillatory.
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Cororrary 1. Suppose that (H3) holds and

a2 [T ([ (ps® " [ pato)rdo )de )gs)ds=co.

0 0

Then every solution of (3) is oscillatory.

CoroLLARY 2. Suppose that r is a continuous function from R* to
(0, ®) such that (5) and (6) hold. Then every solution of (4) is oscilla-
tory.

THEOREM 2. Suppose that r is a continuous function from R* to
(0, ) such that (5) urd (7) hold, and suppose that q has only positive
values. Suppose also tha: there exists a bounded nontrivial solution
of (4). Then every solution of (4) is oscillatory.

CoroLLary 3. Suppose (8) holds, q has only positive values, and
there exists a bounded nontrivial solution of (2). Then every solution
of (2) is oscillatory.

THEOREM 3. If
(13) lim sup t4q(t) < 1,

t— o

and (8) holds, then every nontrivial solution of (2) is unbounded and
nonoscillatory.

CoroLLARY 4. If (13) holds and
lim inf t4q(t) > 0,

t— o
then every nontrivial solution of (2) is unbounded and nonoscillatory.

The proof of Theorem 1 is our longest and most involved proof, so
we shall defer it to the end of the paper. Note that if (10) fails, or if
(10) holds and (11) fails, then (H2) is trivially satisfied. Also, if (10)
fails, then (H1) and (H3) follow immediately from (9), so we have an
extension of a classical conclusion of W. B. Fite [1]. If (10) and (11)
hold, and ¢ is in R*, then two successive applications of integration-
by-parts give

[y (patorr [ (Ps(f)“‘f: glo)do ) df )ds

0
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= ([, pras) (f7 (m@ [ qora0 ) )
[0 paerrae Yot ([ g de )as

z [ ([ perrae oot ([ arat )as

= ([ ( p [ pat-rag ) oas )([ g )

+IL<JZ<P“@” ﬁihwr*dr)cﬁ)w@ds

z [ ([ (po® [0 pato)-rdo ) ag qts)as

Thus (12) implies (H2). Now (9) and two applications of L’Hopital’s
Rule say that

. [} (pa® 1 [ pato)rde ) at Y

T (p@ Lm0 pmrar )do )a

so there is ¢ in R* such that

[ (p@ [ (pator [ pumrdr ) do )i

[ (pot®t [ pato)do)at

0

v

whenever s = ¢, and we see that (12) implies (H1), and Corollary 1
is immediate. Note that if p, = p; then (12) is the same as (H3), so,
in this case, (12) implies that every solution of (3) is oscillatory. If
ris as in Corollary 2, then let p; = p; = 1 and p, = r. Now (9) follows
from (5) and (12) is the same as (6), so Corollary 2 is immediate from
the above observations.

Note that Corollary 2 says that ife < 1 and

(14 [ gy de =,
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then every solution of (t°u”(t))" + q(t)u(t) = 0 on (0, ®) is oscillatory.
To see this let a > 0 and put r(t) =a* if 0=t =a and r(t) = t if
t>a. Now (6) and (14) are clearly equivalent. In particular, this
says that if p is a number and p= o — 3, then every solution of
(teu"(t))" + tru(t) = O on (0, ») is oscillatory.

In Theorem 2 and Corollary 3 it is possible that there are no
bounded solutions; compare Theorem 3 and Corollary 4. In particular,
if there is @ > 0 such that q(t) = Bt~—* whenever ¢t = a, where 0 <
< 1, then (8) holds and all nontrivial solutions of (2) are nonoscilla-
tory and unbounded. On the other hand, as is evidenced by u"” + u
= 0, it is certainly not the case that the hypotheses of Theorem 2 and
Corollary 3 preclude the existence of bounded nontrivial solutions.

Proor oF Tueorem 2. It follows from [3, Theorem 1] and the
hypotheses of Theorem 2 that every bounded solution of (4) is oscilla-
tory. Since there exists a bounded nontrivial solution of (4), we thus
see that there exists a nontrivial oscillatory solution of (4). But [2,
Corollary 9.10, p. 367] says that if one nontrivial solution of (4) is
oscillatory then every nontrivial solution of (4) is oscillatory, and the
proof is complete.

Corollary 3 is an obvious consequence of Theorem 2.

Proor oF THEOREM 3. According to (13) and [2, Theorem 11.1, p.
371], (2) has no oscillatory solutions. But according to (8) and [3,
Theorem 1], every bounded solution of (2) is oscillatory. Thus every
nontrivial solution of (2) is not only unbounded but also nonoscillatory,
and the proof is complete.

Corollary 4 is now obvious. It remains to prove Theorem 1.

Proor oF THEOREM 1. Let u be a nonoscillatory solution. If u is
eventually negative, we can replace u by —u, so we assume that u is
eventually positive. Find a = 0 such that u(t) > 0if t= a. On [a, ®),
letv, = u,v, = pyv,’,v3 = pavy’, and vy = psvz’'. Now the system

v = 02/P1
Vg = v,/
(15) 2’ 3/P2
03" = v4lpy
vy’ = —qu,

is satisfied. Clearly v, is nonincreasing. If there is b= a such that
vy(b) < 0, then
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(16) oea(®)= 0 1(@) + [ (onlper(s)) ds

and (9) say that vg(t)—> — o, vy(t)> —o, and v (t)—> —® as
t— +o, a contradiction. Thus v,= 0 on [g, ®), s0 v4(®)=
lim,_, «v4(t) exists and v,( )= 0. Also, vy(b) > 0 if b is in [a, »).
For if vy(b) = 0, then v4(t) = 0 whenever t= b. Thus, from (15),
v,'(t) = 0 and q(¢) = 0 whenever ¢= b. But this violates (H1), so
vy >0 on [a, ). Thus v; is increasing on [a, ). Now we take
cases. Suppose v; < 0 on [a, ®). Now vg(®) =0, and if v3(®) <0
then (16) again gives a contradiction, so vg(®) = 0. Now v, is de-
creasing on [a, © ), and vy(®) < 0 is impossible, so vy(®)=0. If
s= t= a,then

o) = o)== [ qu(e) dg,

SO

v() = oit) = = [ q(oule) de,

4

o) Z [~ qléu(e) dt
Since vy, > 0, u is increasing, so

o) Z u(@) [ q(é) dt

whenever t = q. If (10) fails, this is a contradiction, so assume (10)
holds. Since v;() = 0,

oslt) = = [ (u(slipsls)) ds

whenever ¢ = a. But the preceding inequality says that if (11) fails
this is a contradiction, so assume (11) holds. If t = q, then

0slt) = o) = | (0x(6)pa(6)) dt

== [ (mo [ ©dolplo) do ),
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So

—o@)= = [ (p& [ (wulolpate)) do )de,

v

vy(a)

[, (pa@" [ wilorpsion do )at
zua) [ (p@ [ (pstor [“qmdr )do )de

This contradicts (H2), and we are through with the case “v3 < 0 on
[a, »)”.

Since v; is increasing, the case “vg < 0 is false” ensures that there
is a number b = a with v; positive in [b, ©). Now v, is increasing
on [b,»). If vy =0 on [b, ©), then u is bounded. But (H1) and [3,
Theorem 1] say that every bounded solution of (3) is oscillatory, so
there is ¢ = b with v, positive on [¢, © ). Now, if t = ¢,

ut)= u(©) + [ ©)pi(s) ds

v

|| wxtslipon as

= f: pi(s)~! <02(c)+ f: (os(g)/pz(g))dg)ds

v

[ (P [ elpa@)a ) ds
= v5(c) rc (pl(s)—l K P2(§)_ldf)ds.

Ift=c,

0 < vy(t) = vy(c) + jt v,'(s)ds

c

t

= o0~ [ qlous)ds,

SO
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v4(c) = r q(syu(s) ds
(17) ’

zo0) [ ([ (p@ [ pulo)rdo )ag Ygis) s

But, according to L'Hdpital’s Rule,

[ (m@ [ pato)-rdo)ae
lim =5 £ =1,

T (m@ [ patorrdo Ya

0

so (H3) implies the divergence of the integral in (17) as t— ®, we
have a contradiction, and the proof is complete.

REFERENCES

1. W. B. Fite, Concerning the zeros of the solutions of certain differential
equations, Trans. Amer. Math. Soc. 19 (1917), 341-352.

2. W. Leighton and Z. Nehari, On the oscillation of solutions of self-adjoint
linear differential equations of the fourth order, Trans. Amer. Math. Soc. 89 (1958),
325-377.

3. D. L. Lovelady, On the oscillatory behavior of bounded solutions of higher
order differential equations, J. Differential Equations 18 (1975).

4. C. A. Swanson, Comparison and oscillation theory of linear differential
equations, Academic Press, New York, 1968.

Frorpa StaTE UNIVERSITY, TALLAHASSEE, FLORIDA 32306



