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ON A PAPER OF RICHMAN AND WALKER 
ROBIN KUEBLER AND J. D. REID* 

This note was inspired by a paper of F. Richman and E. A. Walker 
[5] in which, among other results, is the theorem that an abelian 
p-group with an unbounded basic subgroup is determined by its en­
domorphism ring. In fact these authors do more than give a new proof 
of this well-known theorem. They construct the group as a module 
over its endormorphism ring, not merely as Z-module. They also 
point out that if the group is bounded, then it is isomorphic to the left 
ideal of the endomorphism ring generated by any primitive idempotent 
of maximal additive order; thus in this case, too, constructing the 
group, as module, from the ring. This leaves the problem of deter­
mining the group as module over its endomorphism ring, in the case of 
a bounded basic subgroup but non-zero divisible subgroup. We give a 
solution to this problem for divisible groups in § 1, and show there too 
that if G = D © H with D divisible and H reduced, then the modules 
D and R = GID over E = Homz(G, G) are determined from E. Thus, 
knowing E, we then know the E-modules D and R and will know the 
E-module G once we know the element of Ext^^R, D) determined by 
the exact sequence 0-» D—• G—> R—> 0. 

It turns out (§ 2) that Ext^^R, D) is a cyclic module over a certain 
ring r with the class of the sequence above as a generator. Moreover 
two exact sequences 0—• D —»X* —»R-»0 of E-modules have iso­
morphic modules Xi if and only if their classes are multiples of each 
other by p-adic units. Finally, in § 3 it is shown that T is the ring of 
p-adic integers. In this way G is determined, as E-module, by E. Thus, 
in case R is bounded, we have answered the question which motivated 
us but no restriction on R is necessary (thanks partly to the referee — 
cf. § 3) so that we obtain a much more general result than we sought. 
Clearly, however, we require D ^ 0. 

1. The Modules D and R. The object of this section is to show how 
the modules D and R = GID can be constructed from E = Homz(G, G) 
when D is the maximal divisible subgroup of G. These results, taken 
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with our structure theorem for Ex t^ f t , D) will yield the determina­
tion of G as E-module. Here, as Z-module, G = D 0 ft. We have at 
our disposal, not this splitting, but rather the exact sequence 0-> D 
—» G—> R-* 0 of E-modules; for D is clearly an E-submodule of G so 
that ft, by definition the quotient G/D, is too. As indicated in the in­
troduction, our interest is in the case D ^ 0, so this will be our as­
sumption henceforth. 

In case G= D, write Dn for the pn layer of D, 

Dn = {xGD\pnx = 0}, 

and En for the endomorphism ring of Dn. Then Dn is an E-submodule 
of D and, since D is injective, restriction is a homomorphism of the 
ring E onto En. Since D is divisible the kernel of this restriction map 
is pnE. Write Jn for the restriction map, Pn for multiplication by pn 

and view En as an E module via Jn to obtain the exact sequence of 
E-modules 

If n = m + k, k ^ 0, then there is a unique map <pm
n G Hom£(Em, 

En) making 

0 ^ £ ?? £^>Em -* 0 

0 - > E - » E - + E n - > 0 

commutative. We then have a direct system {Em, <pm
n} of E-modules, 

uniquely determined by E. 
Now if e is a primitive idempotent in E, then en = Jn(e) is a primi­

tive idempotent in En of maximal additive order. We have 

<Pmn(em) = <pm
nJm(e) = Jrfn-m{e) = P " " ™ ^ " ^ ™. 

Thus if 17 = /w(p) G Em, then 

? m n f a O = <PmnJm(pe) = P^Vnipe) = P^VnipK-

Since the inclusion Dm^Dn had image pn~mDn, this yields the com­
mutative diagram of E-modules 

IS // 
D m >Dm , 

so that D = lim Emem. In this way D is determined as an E-module by 
its endomorphism ring E. 
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Now consider the case in which G ^ D j£ 0. From the remarks 
above it is clear that, if we can construct the endomorphism rings 
E(D) and E(R) of D and R as homomorphic images of E = E(G), then 
we can construct the E-modules D and R. Restriction takes E onto 
E(D) with kernel X — {a G E \ <xD = 0}, and it is equally clear that 
every endormorphism of R is induced by one of G, the kernel of this 
representation being A = { a £ £ | a G Ç D}. Thus it suffices to 
determine the ideals A and X of E. Moreover, if 8 is a projection of G 
onto D, then X is simply the left annihilator of 8 in E while A = 8E. 
This shows also that X is the left annihilator of A as well, and A is the 
right annihilator of X in E. 

Our problem then is to characterize, in ring theoretic terms, the 
projections of G onto its maximal divisible subgroup D. Two such 
characterizations are contained in the simple result below, for whose 
statement, however, we need a bit of notation. We denote by 1(E) the 
set of idempo tents in E and recall that 1(E) is a partially ordered set 
under the relation defined by writing u ^ v, for u, v G 1(E), provided 
uv = vu = u. For v G 1(E), we put L(v) = { u £ 7(E) | u ^ v}. 

PROPOSITION 1.1. Let G be a p-group with endomorphism ring E 
and maximal divisible subgroup D, and let T be the torsion ideal of E. 
Then the following are equivalent: 

(i) 8 is a projection of G onto D; 
(ii) 8 is a maximal element of the set {v G 1(E) | L(v) fi T = 0} or­

dered by^; 
(iii) 8 is a maximal element of the set {v G 1(E) \ vEv D T = 0} or­

dered by ^ . 

PROOF. It is clear that the relation « ë u o n 1(E) is equivalent to the 
inclusions im u C im v, ker u D ker v. Thus if 8 is a projection of G 
onto D and if u S 8, u ^ 0, then u(G) is a summand of D, hence un­
bounded, so u $ T. Hence L(6) ( 1 7 = 0 , If 8 < v for some v G Z(E), 
then t) — 8 is a projection of G onto a reduced subgroup which in turn 
has finite summands. Such a finite summand of (v — 8)G is a summand 
of G as well, providing therefore an id empotent u of finite order with 
W ^ D , We conclude that (i) implies (ii). On the other hand, if 8 satis­
fies (ii), then from L(8) H T = 0 it is clear that 8(G) has no bounded 
summands, so is divisible. The maximality of 8 now forces 8(G) = D. 
Hence (i) and (ii) are equivalent. 

The equivalence of (ii) and (iii) follows from the easily-established 
fact that the conditions L(v) H T = 0 and vEv fi T = 0 are equivalent. 

We note in passing that the ideals X and A admit neater descrip­
tions in special cases. For example, it is easy to show, for any p-group 
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G with first Ulm subgroup G1, that Hom(G, G1) (viewed as subset of E) 
is the right annihilator of the torsion ideal of E. Therefore if R has no 
elements of infinite height, so G1 = D, then A is the right annihilator 
of the torsion ideal of E and of course 2 is the left annihilator of A. If 
R is bounded, then 2 is the torsion ideal. 

To summarize, given E we can construct the E-modules R and D. 
We note too that the Z-module G can now be recaptured from E; 
G=R@D. 

2. ExtE^RjD). In this section we establish the basic structure 
theorem for E x t ^ R , D). From above we have the ideals A = 
{a £ E I aG C D} and X = {a E. E \ aD = 0} given, once E is given, 
in ring theoretic terms. The fundamental object from our point of 
view, however, is the ideal L = A H X, which, of course, is now also 
determined from E ring theoretically. On the other hand, in terms of 
R and D, L may be viewed as Homz(R, D) made into an E-bimodule 
in the usual way. It is our assumption here that D ^ 0, so the center 
of E is the ring / of p-adic integers. We view E as /-algebra and now 
adopt the standard convention of viewing E-bimodules as modules 
over the enveloping algebra Ee of E. Recall that Ee = E ®; £*, where 
E* is the opposite ring to E, and the action of Ee on, for example L, is 
given by a ® ß* : A -> akß, a,ß G E, k G L. Recall also the 
definition of the cohòmology groups Hn(E, L) = E x t ^ ( ^ ^)-

Because Ext;
n(R, D) = Extz

n(R, D) = 0 for all n, it follows that 
Hn(Ey Hom;(R, D)) — ExtE

n(R, D) for all n. This is known ( [1], ch. IX 
(4.4)), but since it seems to arise in the literature immersed in contexts 
of one sort or another, we give a proof for the case n = 1, which is all 
we need, later. In any case, we have Hom;(R, D) = Homz(R, D) « L, 
so that ExtßHR, D) « Hl(E, L). 

The augmentation map e : Ee -» E given by € : a ® ß* —» aß yields 
the exact sequence of Ee modules 0—»7—»E^-^E—»0 from which 
we obtain 

0-» HomEe(E, L) -» HomE,(E«, L) -> Hom£,(Z, L) -> Ext£ t(E, L) - • 0 

since Ee is projective over itself. Since HomE
e(E, L) C Home(E, E) = 

/ , HomEe(Ee, L) ~ L, and no element of/ annihilates D, it follows that 
HomEe(E, L) = 0. It is well known that in the sequence above, 
HomEe(I, L) is isomorphic to the group Der(E, L) of derivations of E 
into L and the image of HomE^(Ee, L) is the subgroup of inner deriva­
tions. These remarks admittedly assume a little diagram chasing, but 
given such, and the isomorphism E x t ^ R , D) « Ext| t(E, L), we ar­
rive at the exact sequence 

0 -* L -> Der(E, L) ^ E x t ^ R , D) - • 0. 
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Put r = HomEe(L, L). We can now prove that Ext^^R, D) is a cyclic 
T-module. 

PROPOSITION 2.1. Ext^fl , D) is a cyclic T-module. Explicitly, if 8 is 
a projection of G onto D and ß = 1 — 8, then the map 23 : a -» 8aß is 
a derivation of E into L, and every derivation of E into L is congruent 
to a multiple of 23 by an element ofT, modulo the inner derivations. 

PROOF. From the facts that X = Eß, A = 8E and 2 A = 0, it follows 
thatL = S D A = AX = 8Eß. Thus the function 23 defined by 23(a) = 
8 aß maps E into L, and it is easy to verify that 23 is a derivation. 
Moreover, since ß G X and ô G A, we have ßE8 Q XA = 0. Thus the 
two-sided Peirce decomposition of E relative to the idempotents 8 
and/3 is E = 8E8 0 8Eß 0 ßEß. 

Now let d G Der(E, L). Then for aGE, 

d(8a8) = 8d(a8) + d(8)a8 

= d(a8) 

= ad(8) + d(a)8 

= ad(8) 

since d(E)Q L = 8Eß, 8 Ë A and LA = 0. A similar argument 
gives dißaß) = d(ß)a. Butß = 1 - 8 so that d(ßaß) = -d(8)a. Hence 
for any a G E, 

d(a) = d(8a8 + Saß + j3aj3) 

= ad(8) + d(8aj3) - d(8)a 

= ad(8) - d(8)a + d(8aß). 

Writing £ = d(8) G L and denoting the restriction of d to L by y, we 
have 

d(a) = at, - fa + y ° 23(a), 

and it remains only to show that y G T. For this, let a G E, X G L. 
Then 

y(oX) = d(oX) = od(X) -h d(a)X = ad(k) = oy(X) 

y(Xa) = d(Xa) = Xd(a) -h d(X)a = d(\)a =y(X)a 

since L2 = 0. 

Thus every derivation of E into L is, up to an inner derivation, a 
multiple of 23 by an element of T. Clearly Der(E, L) is a T-module 
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and the set of inner derivations forms a submodule. The exact se­
quence preceding the statement of the proposition now shows that 
ExtE

 l(R, D) is generated by the image of !£> as T-module. 
In order to add a few details to Proposition 2.1, we give one indica­

tion of how the isomorphism E x t ^ R , D) ~ Hl(E, L) might be ob­
tained. We assume given the E-modules D and R and construct first 
canonical representatives for the elements of Extg^R, D). 

Let 0 -* D —> X —• R —>0 be any short exact sequence of E-
modules. Then since Extz^R, D) = 0, there is a Z-isomorphism 
p.X-+G such that the diagram 

0 - > D - > X - > R - > 0 

ii " i i 
0 - > D - + G - > R - > 0 

is commutative. Here the bottom row is the Z-split sequence of § 1. 
By definition of E = Homz(G, G), G is an E-module, but we can now 
give G a different E-module structure, via p, by defining 

a * g = pop~ lg, a G E, g E G. 

Since the map g i-*a *g is an endomorphism of G, it is given Dy some 
element <P(QL) of E. Clearly the map a H» <p(a) is a homomorphism of 
the ring E into itself, and it is easily checked that (p(a) and a induce the 
same maps on D and on R. We denote the module so obtained by 
(G, <p) and observe that p is an E-isomorphism from X to (G, <p), so that 
the sequence given is equivalent to 0 —> D —> (G, <p) —» R —» 0. 

Since a and <p(a) induce the same maps on D and R, the map 
d: a -+ (p(a) — a has range contained in L. Using the facts that <p is 
a homomorphism and L2 = 0, it is easy to see that d is a derivation of 
E into L. One can check too that two sequences 0 —> D —> (G, <p{) 
—» R —• 0 (i = 1,2) are E-equivalent if and only if the corresponding 
derivations differ by an inner derivation. This gives tjie correspon­
dence between EXÌE1(R> D) and Hl(E, L). We omit further details 
because this is more or less known. 

However, we do wish to make two observations. The first is that, if 
if is the homomorphism of E into itself corresponding to the deriva­
tion ^b of Proposition 2.1, then the sequence 0 —» D —> (G, <p) —> R 
—* 0 is equivalent to our original sequence 0—»D—»G—»R—»Oof 
E-modules. Thus our original sequence determines a generator of the 
T-module E x t ^ R , D). On the other hand, there are many generators, 
and until we know more about T we have not determined our se­
quence as precisely as we would like. We consider this in the next 
section. 
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The second observation is that two modules (G,<p) and (G,<pr) 
might be isomorphic, yet determine distinct elements of E x t ^ R , D). 
To clarify this situation one notes that if 6: (G, <p) —> (G, <p') is an 
E-isomorphism, then the restriction of 6 to D is an E-automorphism of 
D since D is the maximal divisible subgroup of G. Thus $ induces an 
E-automorphism 6 of R as well. Since, however, every endomorphism 
of the groups D and R is induced by some element of E, the maps 
$\D and 6 are in fact central automorphisms. These are simply multi­
plications by suitable p-adic units, say u and v respectively. Now it is 
easy to check that the element of E x t ^ R , D) corresponding to (G, <p) 
is the multiple by u~lv ofthat determined by (G, <p '). The converse is 
even more immediate. We summarize these remarks in 

PROPOSITION 2.2 The sequence 0 - * D — » G — > R —» 0 yields a 
generator of the cyclic Y-module ExtE

 l(R,D). Two sequences 
0 —> D —» (G, <Pi) —> R —» 0 (i = 1, 2) have isomorphic middle mod­
ules (G,(Pi) if and only if the elements ofExtE

l(R, D) they determine 
are multiples of each other by p-adic units. 

3. Identifying I\ In order to identify the E-module G in a more 
explicit way, we must know more about the ring T = HomE

e(L, L). 
The following Proposition settles the issue. In our original statement 
of this result, R was a direct sum of cyclic groups, which would cover 
comfortably the case of bounded R which motivated us. This was 
subsequently generalized to totally projective R. However, we wish 
to thank the referee for a suggestion which simultaneously simplified 
our proof and extended its applicability to the general case. 

PROPOSITION 3.1. If y is any bimodule homomorphism of L into it­
self then there exists a p-adic integer a such that y(<p) = a<p for all 
<pEL. 

PROOF. We consider projections n of G onto summands with rank 1 
complements, and let A(n) = {a G. E | cm = 0} be the left annihilator 
of IT in E. Let K be the union of all these left annihilators. If 0 ^ 
<p G A(n) H L, then, since tp annihilates D, the image of IT actually has 
a cyclic complement and it is clear that the kernel of <p has the form 
IT G © pm(l — TT)G for some m. Thus there are endomorphisms a£ E, 
for example a = TT + p™(l — n), such that ker <p = ima. On the other 
hand, the image of <p is cyclic, say [ d] with d G D, and there is an 
epimorphism 6 : D —> D with kernel [d]. We may define ß = 68 + 
(1 — 8), with 8 a projection of G onto D, and obtain im <p = ker ß. 

From these two remarks, we conclude that, for all y £ T and 
<p G KD L, the inclusions ker <p Q ker y(<p), im y(<p) Q im <p hold. 
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They in turn imply that the map <p(g) —» [y(<p)] (g) is a (well-defined) 
endomorphism of the cyclic group <p(G), so that y((p) = mp for some 
integer n. Moreover, if <pb <p2 G K fi L, it is easy to find ^ G K f l L 
and Of, ft G E such that j3#>o* = <ft, i = 1, 2, so that, if y(Y) = mp, then 
y(^i) = n<Pi as well. 

It follows from the paragraph above that there exists a p-adic integer 
a such that y(<p) = c*p, at least for all <p G K fi L. But if <p G L and 
K G K are arbitrary, then ^ K E K H L SO y(<p)#c = op*. Thus 
[y(<p) — a<p]K = 0 for all K G K, which clearly yields y(<p) = â > as 
required. 

COROLLARY. If R is unbounded, then T is the ring J of p-adic 
integers. If Ris bounded with exponent k then T is the ring Jl(pk). 

Our main result now follows from the result of Richman and Walker 
mentioned in the introduction (indeed only the reduced case is 
needed) along with Propositions 2.1, 2.2 and 3.1. 

THEOREM. Let G be a p-group with endomorphism ring E. Then G 
can be constructed, as E-module, from E.IfG has divisible subgroup 
D satisfying 0 ^ D ^ G, then the E-modules D and R in 0 —» D 
—> G —» R - * 0 are determined by E. The group Extß^R, D) is a 
cyclic p-adic module—free of rank 1 if Ris unbounded, of order pk if 
R has exponent k — with generator determined by the above sequence. 
Two E-exact sequences 0 —• D —» Xi —» R —» 0 have isomorphic 
modules X{ if and only if the corresponding elements ofExt£l(R, D) 
generate the same p-adic submodule. 
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