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REMARKS ON BASIC CLASSES OF C "-FUNCTIONS 

R. B. DARST 

Relationships between analytic functions, basic classes of infinitely 
differentiable functions, Fourier series, moment problems, and asymp
totic series have been investigated for many years (e.g. [1, p. 95]). 
Recently I established a new relationship [2] which will be described 
below. 

Let !BS denote the set of Borei subsets of a Borei subset S of the set 
R of real numbers. Recall that f : I = [0, 2n] —> R is a Borei func
tion if / - 1 ( S R ) = { / - I ( S ) : S G i S f i } C i S / . A Borei function / is 
bimeasurable if f^Bi) C !BR. Let &s denote the set of probability 
measures /x defined on !BS, let ^ ^ denote the set of /^-measurable sub
sets of S, and s e t ^ s = D {JW^ : fi G <PS}. 

The set C °° of infinitely differentiable functions defined on I is de
composed into basic classes C{Mn} by putting the following growth 
conditions on successive derivatives: Mn = (flJLiM'j)-1» where 1 = ^ 
> /Lt2 > ' • ' —» 0, and / G C{Mn} if there exists F G R such that 
11/11 « ê F and ll/^Hooâ FkMk, k = 1, 2, • • •. For instance, let Cp 

denote the class obtained by setting /Ltn = n~v, 0 < p < °°. Then it 
is well known that Cx is the class of analytic functions on 7 and S. 
Mandelbrojt showed [4] thate -1 /*2 G C2. 

A basic class C{Mn} is quasi-analytic if / G C{Mn} implies / = 0 
when there is a point x G I such that 0 = f(x) = f{k)(x), i è l . 

The Denjoy-Carleman theorem asserts that a basic class is quasi-
analytic if, and only if, ]£/** = °° ; and [2] shows that a basic class 
is quasi-analytic if, and only if, every function in the class is bimea
surable. Thus, [3] implies (i) i f / be longs to a quasi-analytic class, 
then fÇUi) C^f l and (ii) assuming the continuum hypothesis C{Mn] 
is quasi-analytic if f(lii) C rUR for each / G C{Mn}. 

For constructing examples it is convenient to have functions / 
in C{Mn} called blips: there exists an interval [a, b] such that/(jc) > 0 
if x G (a, h) and f(x) = 0 otherwise; [a, b] is called the support of 
/ Clearly no blips with small support exist in a quasi-analytic class. 
A construction of H. E. Bray [4] can be used to show [2] that every 
non-quasi-analytic class contains blips with small support; however, 
the functions so constructed are not analytic blips: they are not 
analytic on the interiors of their supports. Since it is useful to have 
analytic blips available, we were led to show that e~l,x/kG C(1+(1/fc)), 
fc=l,2, •••. 
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From this latter result it is easy to infer that Cp contains small 
analytic blips if p > 1. 

The author wishes to acknowledge the fact that Gerald Maclane 
very kindly suggested that an examination of [4] might be helpful 
in dealing with these problems. 
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