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ABSTRACT. In this paper we present new fixed point
theorems for weakly sequentially continuous mappings which
are convex-power condensing relative to a measure of weak
noncompactness. Our fixed point results extend and improve
several earlier works. As an application, we investigate the
existence of weak solutions to a Volterra integral equation.

1. Introduction. During the last four decades several interesting
studies relating to the existence of weak solutions to the Cauchy
differential equation in Banach spaces have been presented. These
studies were initiated by Szep [23] in 1971 and since then have been
addressed by many investigators. We quote the contributions by
Cramer, Lakshmikantham and Mitchell [8] in 1978 and more recently
by Bugajewski [4], Cichon [5, 6], Cichon and Kubiaczyk [7], Mitchell
and Smith [17], and O’Regan [18-20]. Motivated by the paper of
Cichon [6], O’Regan [18] discussed in detail the problem (which was
modeled off a first-order differential equation [6])

(1.1) z(t) = o +/0 f(s,z(s))ds, te]0,T];

here f:[0,T)x E — E and x¢ € E with E a real reflexive Banach space.
The integral in (1.1) is understood to be the Pettis integral. Our main
objective here is to establish existence results for the Volterra integral
equation (1.1) in the case where E is nonreflexive. Our approach relies
upon the concept of convex-power condensing operators with respect
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to a measure of weak noncompactness which we shall introduce in the
present paper. Recall that Sun and Zhang [22] introduced the definition
of convex-power condensing operator with respect to the Kuratowski
measure of noncompactness and proved a fixed point theorem which
extended the well-known Sadovskii’s fixed point theorem and a fixed
point theorem in Liu et al. [16]. In [25], Zhang et al. established
some fixed point theorems of Rothe and Altman types about convex-
power condensing operators with respect to the Kuratowski measure of
noncompactness. These results were applied to a differential equation
of one order with integral boundary conditions. In this paper we shall
use the concept of a convex-power condensing operator with respect to
a measure of weak noncompactness to prove some fixed point principles
which generalize the Arino-Gautier-Penot principle [2], Sadovskii’s
type principle for weakly sequentially continuous mappings [12, 14],
the Leray-Schauder type principle for weakly sequentially continuous
mappings [21] and many others. These fixed point principles will be
used to derive an existence theory for (1.1) in the case where E is
nonreflexive.

For the remainder of this section we gather some notations and
preliminary facts. Let X be a Banach space, let B(X) denote the
collection of all nonempty bounded subsets of X and W(X) the subset
of B(X) consisting of all weakly compact subsets of X. Also, let B,
denote the closed ball centered at 0 with radius r.

In our considerations the following definition will play an important
role.

Definition 1.1 [3]. A function ¢: B(X) — Ry is said to be a measure
of weak noncompactness if it satisfies the following conditions:

1) The family ker (¢) = {M € B(X) : (M) = 0} is nonempty and
ker (1) is contained in the set of relatively weakly compact sets of X.

(2) My € Mz = (M) < (M)

(3) ¥(co (M)) = (M), where To (M) is the closed convex hull of M.
(4) SOM, + (1 — \)Ms) < M(M:) + (1 — A)(My) for A € [0, 1]

(

5) If (My,)n>1 is a sequence of nonempty weakly closed subsets of
X with My bounded and My O My O --- O M, DO --- such that
limy, 00 (M) = 0, then My := N2 M, is nonempty.
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The family kert described in (1) is said to be the kernel of the
measure of weak noncompactness ¥. Note that the intersection set
M from (5) belongs to kert) since ¥(Ms) < ¥(M,,) for every n and
lim,,—, 00 (M) = 0. Also, it can be easily verified that the measure 1
satisfies

(1.2) Y(M™) = (M)

where M"Y is the weak closure of M.

A measure of weak noncompactness v is said to be regular if
(1.3) (M) =0 if and only if M is relatively weakly compact,
subadditive if
(1.4) Y(My + Mz) < (M) + ¢ (Ma),
homogeneous if
(1.5) YAM) = [Ap(M), AeR,
and set additive if

(1.6) Y(My U M) = max(y(My),(Mz)).

The first important example of a measure of weak noncompactness
has been defined by De Blasi [9] as follows:
(1.7)

w(M) =inf{r > 0: there exists a W € W(X) with M C W + B,},

for each M € B(X).

Notice that w(.) is regular, homogeneous, subadditive and set additive
(see [9]).

The following results are crucial for our purposes. We first state a
theorem of Ambrosetti type (see [15, 17] for a proof).

Theorem 1.2. Let E be a Banach space, and let H C C([0,T], E) be
bounded and equicontinuous. Then the map t — w(H (t)) is continuous
on [0,T] and
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w(H) = sup w(H(t)) =w(H[0,T]),
t€[0,T)

where H(t) = {h(t):h € H} and H[0,T] = Uepo,r{h(t):h € H}.
The following lemma is well-known (see for example [22]).

Lemma 1.3. If H C C([0,T],E) is equicontinuous and xo €
C([0,T), E), then ©o (H U {xo}) is also equicontinuous in C([0,T], E).

In what follows, let X be a Banach space, C a nonempty closed convex
subset of X, F:C — C' a mapping and z¢g € C. For any M C C, we
set

P (M) = F(M),

(1.8) P01y = F (@ (F(n—l,zo)(M) U {xo})) ,

formn=2,3,....

Definition 1.4. Let X be a Banach space, C' a nonempty closed
convex subset of X and ¥ a measure of weak noncompactness on X.
Let F:C — C be a bounded mapping (that is, it takes bounded sets
into bounded ones), zg € C and ng a positive integer. We say that F
is a - convex-power condensing operator about xy and ng if, for any
bounded set M C C with ¥(M) > 0, we have

(1.9) Y(Fom) (M) < (M),

Obviously, F:C — C' is ¥-condensing if and only if it is - convex-
power condensing operator about xg and 1.

2. Fixed point theorems.

Theorem 2.1. Let X be a Banach space and ¥ a reqular, and set
additive measure of weak noncompactness on X. Let C be a nonempty
closed conver subset of X, xg € C and ng a positive integer. Suppose
F:C — C is y-convex-power condensing about xo and ng. If F is
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weakly sequentially continuous and F(C) is bounded, then F' has a fized
point in C.

Proof. Let
F={ACC,c6(A)=A4, z9o€ Aand F(A) C A}.

The set F is nonempty since C' € F. Set M = NaecrA. Now we show
that, for any positive integer n we have

P(n) M=t (FW%)(M) U {xo}) .

To see this, we proceed by induction. Clearly M is a closed convex
subset of C and F((M) C M. Thus, M € F. This implies ¢6 (F(M) U
{zo}) € M. Hence, F(co (F(M)U{xo})) C F(M) Cco(F(M)U{zo}).
Consequently, ¢ (F(M) U {zo}) € F. Hence, M C co (F(M) U {zo}).
As a result €6 (F(M) U {zo}) = M. This shows that P(1) holds. Let
n be fixed, and suppose P(n) holds. This implies F(+hzo) (M) =
F (T (F™®0) (M) U {x0})) = F(M). Consequently,

(2.1) @ (F("“’””O)(M) U {xo}) = (F(M) U {zo}) = M.

As a result,

(2.2) w (F("O’””O)(M) U {x0}> = M.

Using the properties of the measure of weak noncompactness we get
$(M) = v (w5 (FUo=) (M) U {ao} ) ) = w(Fo) (M),

which yields that M is weakly compact. Since F: M — M is weakly

sequentially continuous, the result follows from the Arino-Gautier-
Penot fixed point theorem [2]. O

As an easy consequence of Theorem 2.1 we obtain the following
sharpening of [12, Theorem 12| and [14, Theorem 2].

Corollary 2.2. Let X be a Banach space and ¥ a regular, set
additive measure of weak noncompactness on X. Let C' be a nonempty
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closed convexr subset of X. Assume F:C — C is a sequentially
weakly continuous map with F(C) bounded. If F is 1-condensing,
i.e., Y(F(M)) < (M), whenever M is a bounded non-weakly compact
subset of C', then F has a fized point.

Remark 2.3. Theorem 2.1 is also an extension of [21, Theorem 2.2]
and the Arino-Gautier-Penot fixed point theorem [2].

Lemma 2.4. Let F: X — X be convezr-power condensing about xg
andng (ng is a positive integer) with respect to a reqular and set additive
measure of weak noncompactness 1. Let F:X — X be the operator
defined on X by F(x) = F(x + x9) — 9. Then, F is convez-power
condensing about 0 and no with respect to 1. Moreover, F' has a fized
point if F does.

Proof. Let M be a bounded subset of X with (M) > 0. We claim
that, for all integers n > 1, we have

(2.3) FO(p) € F020) (M 20) — .

To see this, we shall proceed by induction. Clearly,

(2.4) FEO(M) = F(M) = F(M + zo) — 29 = F"*) (M + 20) — 0.
Fix an integer n > 1 and suppose (2.3) holds. Then

(25)  F™O0)u{0} Ceo (FO) (M +20) U {zo}) - zo.
Hence,

(26) @ (F™OM)U{0}) €& (FO0) (M + ) U {0}) - 0.
As a result,

FO10(ap) = F (o (FO(ar) U {0}))
(
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This proves our claim. Consequently,

BECO (M) < GETO (M + x0) — o)
< Y(F T (M + 9))
<YM + z0) < P(M).

This proves the first statement. The second statement is straightfor-
ward.

Theorem 2.5. Let X be a Banach space, and let v be a regular and
set additive measure of weak noncompactness on X. Let Q and C be
closed, convex subsets of X with Q C C. In addition, let U be a weakly
open subset of Q with xo € U and such that U is weakly open in C.
Suppose F: X — X is a weakly sequentially continuous and -power-
convex condensing map about o and ng (ng is a positive integer). If,
moreover, F(UY) is bounded and F(U%) C C, then either

(2.7) F has a fixed point,
or
(2.8) there is a point v € OQU and A € (0, 1) with u = A\F'u;

here OQU s the weak boundary of U in Q.

Proof. By replacing F,Q,C and U by ﬁ,Q —x9,C —zg and U — zg,
respectively, and using Lemma 2.4, we may assume that 0 € U and F
is y-power-convex condensing about 0 and ng. Now suppose (2.8) does
not occur and F' does not have a fixed point on dgU (otherwise we are
finished since (2.7) occurs). Let

M = {z € U¥ : x = \Fz for some A € [0,1]}.

The set M is nonempty since 0 € U. Also, M is weakly sequentially
closed. Indeed, let (z,) be a sequence of M which converges weakly
to some x € U¥, and let (\,) be a sequence of [0,1] satisfying
Tn = M Fz,. By passing to a subsequence, if necessary, we may assume
that (A,) converges to some A € [0,1]. Since F is weakly sequentially
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continuous, then Fz, — Fx. Consequently, \,Fx, — AFz. Hence,
x = AFz and therefore x € M. Thus, M is weakly sequentially closed.
We now claim that M is relatively weakly compact. Suppose (M) > 0.
Clearly,

(2.9) M C co(F(M)u{0}).
By induction, note for all positive integers n we have
(2.10) M C co(F™O (M) U {0}).

Indeed, fix an integer n > 1 and suppose (2.10) holds. Then

(2.11) F(M) C F(co (F™O (M) U {0}) = F"+10 ().
Hence,
(2.12) co (F(M)U{0}) C co(FMLO (A1) U {0}).

Combining (2.9) and (2.12), we arrive at

(2.13) M C co (FMTLO(Ar) U {0}).

This proves (2.10). In particular, we have

(2.14) M C co(FM:O (M) U {0}).

Thus,

(2.15) (M) < p(co (FTO (M) U{0})) = ¢ (F(M)) < (M),

which is a contradiction. Hence, (M) = 0, and therefore MY is
compact. This proves our claim. Now let 2 € M. Since M is weakly
compact, then there is a sequence (x,) in M which converges weakly
to z. Since M is weakly sequentially closed, we have z € M. Thus,
Mw = M. Hence, M is weakly closed and therefore weakly compact.
From our assumptions we have M NJdgU = @. Since X endowed with
the weak topology is a locally convex space then there exists a weakly
continuous mapping p: U% — [0,1] with p(M) = 1 and p(9qU) = 0
(see [11]). Let

[ p@)F(z) zeUv,
T(x>_{0 reX\Uv.
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Clearly T: X — X is weakly sequentially continuous since F' is weakly
sequentially continuous. Moreover, for any S C C' we have

T(S) C co(F(S)u{0}).
This implies that

T*0(8) =T (c5 (T(S) U {0})) C T (5 (F(S) U {0}))

C o (F(e (F(S)u{o})u{o}))
=30 (FY(8)u{0}).
By induction,
TSy =T (m (T =10 (S) U {0}))
cT (m (F=LO(S) U {0}))

N

@ (F(@ (FU10(5) u{o}) U {o}))
@ (F0)(5) U {0}),

for each integer n > 1. Using the properties of the measure of weak
noncompactness we get
(2.16)

P(TT0(8)) < Yo (Fr0(S) U {0})) = p(F"0(5)) < 9(S),

if ¥(S) > 0. Thus, T: X — X is weakly sequentially continuous,
T(C) C C and T is y-power-convex condensing about 0 and ng. By
Theorem 2.1 there exists an « € C such that Tx = . Now = € U since
0 € U. Consequently, z = p(z)F(z) and so x € M. This implies that
p(x) =1 and so z = F(z). O

Remark 2.6. Theorem 2.5 is a sharpening of [21, Theorem 2.3] and
[1, Theorem 2.3]. In Theorem 2.5, notice that doU = dcU.

3. Existence results. In this section we shall discuss the existence
of weak solutions to the Volterra integral equation

(3.1) z(t) = xo +/0 f(s,z(s))ds, te]0,T];
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here f:][0,T] x E — FE and z( € E with F is a real Banach space. The
integral in (3.1) is understood to be the Pettis integral and solutions
to (3.1) will be sought in C([0,T], E).

This equation will be studied under the following assumptions:

(i) for each ¢t € [0,T], f: = f(t,.) is weakly sequentially continuous
(i.e., for each t € [0, T, for each weakly convergent sequence (), the
sequence fi(z,,) is weakly convergent),

(ii) for each continuous z:[0,7] — E, f(.,x(.)) is Pettis integrable
on [0, 77,

(iii) there exists an o € L'0,T] and 6:]0,+o0) — (0,+00) a
nondecreasing continuous function such that |f(s,u)| < a(s)0(Ju|) for
almost every s € [0,¢] and all v € E, with

T e’}
d
/ a(s)ds < / —x,
0 20| 0(2)
(iv) there is a constant 7 > 0 such that, for any bounded subset S of
E and for any t € [0,T], we have

w(f(]0,t] x S)) < Tw(S).

Theorem 3.1. Let E be a Banach space and suppose that (1)—(iv)
hold. Then (3.1) has a solution in C([0,T], E).

Proof. Let
C={xeC(0,T], E) :|x(t)| < b(t) for t € [0,T] and
|z(t) — z(s)| < |b(t) — b(s)| for t,s € [0,T]},

b(t)—Il(/Ota(s)ds) and I(z)—/;%.

Notice that C' is a closed, convex, bounded, equicontinuous subset of
C([0,T], E) with 0 € C. Define the operator F' on C' by

where

(3.2) Fx(t) = xo —1-/0 f(s,z(s))ds.
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Arguing exactly as in [18], we see that F is weakly sequentially
continuous and maps C into C. Now we show that there is an integer
ng such that F is w-power-convex condensing about 0 and ng, where
w is the De Blasi measure of weak noncompactness. To see this, notice
that, for each bounded set H C C and for each ¢ € [0, 7],

w(FCO(H)(t) = w(F(H)(t))

ST

< w(teo {f(s,x(s)):x € H, s €[0,1]})
=tw(co {f(s,xz(s)):xz € H, s €]0,t]})

< tw(f([0,] x H[0,]))
<trw(H|0,t]).
Theorem 1.2 implies (since H is equicontinuous) that

(3.3) w(FO(H) (1) < trw(H).

Since F(9(H) is equicontinuous, it follows from Lemma 1.3 that
FZO(H) is equicontinuous. Using (3.3), we get

w(ECO) (H)(1))

~o({an+ | (s, a(s)) ds

vem (P L)} )
< w({ /Ot f(s,2(s))ds:x € o (FHO (H) U {0})})
_ w<{ /Otf(S,x(s))ds:x € V})

where V = o (F(M0 (H) U {0}). Fix t € [0,T]. We divide the interval
[0,¢] into m parts 0 = ¢ty < &1 < --- < t,, = ¢ in such a way that



178 R.P. AGARWAL, D. O'REGAN AND M.-A. TAOUDI

At,=t;—t;_1 =t/m,i=1,... ,m. For each x € V, we have

| fts.atep as = > | penteyas
€ ZAtiE{f(s,x(s)):x eV, s€lti_1,ti]}
gZAt@(f i1, ti] X V([tiz1, i)

Using again Theorem 1.2, we infer that, for each i = 2,... ,m, there is
an s; € [ti—1,t;] such that

(3.4) sup  w(V(s)) =w(V[ti—1,t:]) = w(V(s;)).

s€[ti—1,t4]

Consequently,

(e

A w(©@o (f([ti-1,ti] x V([ti-1, 1))

||M3

<r Z At;w(co (V([ti—1,t])))

i=1

m
< TZ At,w(V((s
i=1
On the other hand, if m — oo, then

(3.5) > Atw(V((si) — / w(V(s))ds
i=1 0

Using regularity, set additivity and convex closure invariance of the De
Blasi measure of weak noncompactness together with (3.3), we obtain

(3.6) w(V(s)) = w(EOO (H)(s)) < srw(H),
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and therefore,

(3.7 [ v as < st

As a result,

(33) w(re () < T,
By induction, we get

(3.9) w0 (a1 (1)) < T ).

Tnvoking Theorem 1.2, we obtain

(3.10) w(FeO () < Ty ).

Since limy,,—, oo (77T)™/n! = 0, then there is an ng with (777)™° /no! < 1.
This implies

(3.11) w(FMO (H)) < w(H).

Consequently, F' is w-power-convex condensing about 0 and ng. The
result follows from Theorem 2.1.
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