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COMMON HYPERCYCLIC VECTORS FOR CERTAIN
FAMILIES OF DIFFERENTIAL OPERATORS

N. TSIRIVAS

ABSTRACT. Let (k») be a strictly increasing sequence of pos-
itive integers. If Z:ﬁ ﬁ = +00, we establish the existence

of an entire function f such that for every A € (0,400) the
set {A*n fEn)(A\z):n=1,2,...} is dense in the space of entire
functions endowed with the topology of uniform convergence
on compact subsets of the complex plane. This provides the
best possible strengthened version of a corresponding result due
to Costakis and Sambarino (Adv. Math. 182 (2004) 278-306).
From this, and using a non-trivial result of Weyl which con-
cerns the uniform distribution modulo 1 of certain sequences, we
also derive an entire function g such that for every A\ € J the set
{NengEn)(X2) :n =1,2,...} is dense in the space of entire func-
tions, where J is “almost” equal to the set of non-zero complex
numbers. On the other hand, if 37> - < 400 we show that

n=1 ky
the conclusions in the above results fail to hold.

1. Introduction

Let X be a topological space. A sequence of functions T, : X — X,
n=1,2,... is called hypercyclic provided there exists a vector x € X such
that the set {T,,(z):m=1,2,...} is dense in X. Such a vector z is called
hypercyclic for the sequence (T),) and the set of hypercyclic vectors for (7},)
is denoted by HC((T},)nen) or simply HC(T,,). For a thorough study on this
subject, we refer to the books [5], [13]. We stress here that we introduce the

Received June 20, 2015; received in final form December 7, 2016.

The research project is implemented within the framework of the Action “Supporting
Postdoctoral Researchers” of the Operational Program “Educational and Lifelong Learning”
(Action’s Beneficiary: General Secretariat for Research and Technology), and is co-financed
by the European Social Fund (ESF) and the Greek State.

2010 Mathematics Subject Classification. 47A16.

(©2017 University of Illinois

625


http://www.ams.org/msc/

626 N. TSIRIVAS

most abstract definition of hypercyclicity in the sense that we do not assume
continuity of T},’s. This will be of use to us in the proof of Proposition 13.
For this abstract setting see also [11]. As usual the symbols C and N stand
for the sets of complex and natural numbers, respectively. Let us consider the
set of entire functions

H(C):={f:C—C| f is holomorphic}

endowed with the topology 7, of uniform convergence on compact subsets
of C. Let D:H(C)— H(C) be the classical differentiation operator, i.e.
D(f):=f' for f € H(C), where f’ is the usual derivative of f. The operators

D", n=1,2,... acting on the space of entire functions are continuous and
linear, and they are defined inductively as follows:
D':=D and

D™= D" o D (the usual composition in H(C)), n=1,2,....

For A € C, we consider the dilation function ¢y : C — C, px(2) = Az, z € C,
which is linear. Now, for n € N, A € C we consider the linear and continuous
operator T, » : H(C) — H(C) defined by the following formula:

Tua(f)=D"(fopy) for every f € H(C),

where f oy, denotes the usual composition of the functions f and . It is well
known that (T}, ») is hypercyclic when A # 0, and that the set of hypercyclic
vectors for the sequence (7)), that is

HC (T ) = {f € H(C) | {Tux(f),n=1,2,...} =H(C)},

is a dense, G subset of (H(C),T,) when A # 0, see for instance [5], [10] and
[13].

By this fact, the fact that the space (H(C),T,) is a complete metric space
and Baire’s category theorem we conclude that for every sequence (A,), m =
1,2, ... of non-zero complex numbers, the set :f:ol HC(Ty,z,,) is a dense, G5
subset of (#(C),7,). Now the following question arises naturally.

Let I CC\ {0} be uncountable. Is it true that:

(VHO(T,0) # 07

el

Costakis and Sambarino [10] showed that the above question has a positive
answer for I:=C\ {0} (the greatest possible set I). Later on, Costakis [9]
examined some refinements of the above problem in the setting of translation
operators. Following this refinement, we can interpret the previous mentioned
problem in the context of differential operators along sparse powers as follows:

Fix a subsequence (k) of natural numbers, a non-zero complex number z
and consider the set HC (T}, ») of hypercyclic vectors for the sequence (T, »),
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that is

HCO(Tk, ) :={f € H(C) | {Tk, A(f),n=1,2,...} =H(C)}.
Let I CC\ {0}, be uncountable. Is it true that:
(HC(Ty, ») # 07
Ael
In this direction, we prove in Section 2 the following proposition.

PROPOSITION 1. Let (ky), n=1,2,... be a strictly increasing sequence of

positive integers such that:
< 4

Then the set

(| HC(Tk, )
A€(0,400)

is residual in (H(C),T,), i.e. it contains a dense Gs set.

Further, we can ask the following;:
Is it true that
(| HC(Th,..) #07
zeC\{0}

We do not know the answer to this question. However, we are able to give
a positive answer for a set J C C\ {0} that is nearly equal to C\ {0} in the
sense of 2-dimensional Lebesque measure. For the sequel, we denote by m;
the usual Lebesgue measure on the real line. In order to describe the set J
we just mentioned, let us give the following definitions:

DEFINITION 2. For J CC\ {0} and A > 0 we define the set
Jai={0€0,1)|IzeJ:z=\-e"}
and we call Jy the set of arcs of J with respect to .

It is evident that for every subset J C C\ {0} the sets Jy are well defined.
However, we may have Jy = ) for certain A € (0,400).

DEFINITION 3. We say that a set J C C\ {0} has radially full measure if
for every A >0, my(Jy) =1.

Now we are ready to state the main result of this paper.

THEOREM 4. Let (k) be a subsequence of matural numbers such that
tee é = +o00. Then there exists a set J C C\ {0} with radially full measure
such that:
(HC(Tk,..) #0.

zeJ
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We mention that the assumption on the divergence of the series in the above
theorem cannot be removed. In particular, given a sequence (k,,) of positive
integers such that the series E:z ﬁ converges, then for any interval I of the
positive (or negative) real line we have (,.; HC(Tk, x) = 0. We do not give
a proof of this result. Instead, we refer to the proof of item (i) of Theorem 1.1
in [21], which can be easily adapted to our case.

The proof of Theorem 4 relies on: Proposition 1, a classical result of Weyl
on uniform distribution of sequences and a variation of Proposition 5.2 from
[3]. The proof of Proposition 1 refines the argument in the proof of the com-
mon hypercyclicity criterion from [10] and a variant, towards a more abstract
setting, of the very interesting Proposition 5.2 from [3] is needed in order to
close our argument.

A similar approach has been recently developed by the author in [21] for
certain families of backward shift operators. Specifically, the crucial divergent
series condition with which we have the positive result for non degenerate
intervals on the real line is the same for both types of operators (differentiation
type or backward shift type). The negative result is treated similarly for both
problems.

We stress that new common hypercyclicity criteria are available, due to the
work of Bayart and Matheron [4] and Shkarin [18]. Unfortunately, it is not
clear to us if these criteria are applicable in our case. Frederic Bayart presented
a thorough study on the subject of common hypercyclic vectors in his recent
significant paper [2]. In fact, Bayart works in a quite general framework
where the parameters live in R™, whereas in our setting the parameters live
in C. Similar problems for translation type operators are treated in a series of
recent papers, [2], [9], [10], [11], [12], [22], [20], [19], which require a different
approach at a technical level. Further results on common hypercyclic vectors
can be found in [1], [4], [3], [6], [7], [8], [15], [16], [17], [18].

2. The solution of our problem in the basic case

In order to prove Proposition 1 we need some preparation. Let ¥ :=
{p1,p2,...} be an enumeration of all non-zero complex polynomials with co-
efficients in Q + iQ. For every p=2,3,... we set 4, := [%,p]. Obviously,

:‘;’; A, =(0,+00). From now on we fix some strictly increasing sequence
(k) of natural numbers and for every n,j,m,p,s €N, p>2, s> 1 we define
the set

; 1
E(n,p,j,s8,m):= {fEH((C)|V)\€AP HUGN;USWZHTk,U,A(f)—ijCn < g}

LEMMA 5. For every n,j,m,p,s €N and p, s > 2 the set E(n,p,j,s,m) is
open in (H(C), Ty,).
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LEMMA 6. We set
+00 400 +00 +00 +00
G:= m ﬂ m ﬂ U E(n,p,j,s,m).
n=1p=1j=1s=1m=1
Then
GC ﬂ HC (T, 2)-
A€ (0,+00)

LEMMA 7. For everyn,j,p,s € N and p,s > 2, the set U:f:ol E(n,p,j,s,m)
is dense in (H(C),T,).

The proofs of Lemmas 5 and 6 are very easy; therefore are left to the
interested reader. We will only prove Lemma 7; this is the non-trivial part
of the proof of Proposition 1. A series of lemmas is needed for the proof of
Lemma 7 and this is what we do below.

LEMMA 8. For fized mg € N, \g > 0 and a fized non-zero polynomial p(z) =
Z?):o B;z?, where B; €C, j=0,1,...,4, lo e NU{0}, z € C, the polynomial

Lo

f(z>:=Z(L b it sec,

= (U +mo)! Ao

s a solution of the differential equation
Tmo,)\o (y) = p'

Proof. The proof is just a straightforward computation, using the obvious
equality ToA(f) = A"(f 0 x), n €N, A€ (0,+00), f € H(C). 0

At this point, we introduce some terminology. Let mg € N, Ay > 0 and
consider a polynomial p(z) = Zﬁf’zo B;z7, by =degp(z) p#0, z € C. Recall
that the polynomial

Lo

f(z)zz(ji' bi Ztmo L eC

. ' Jr
J+mo)l Ao

j=0
is a solution of the differential equation T, x,(y) =p. In other words, f
is the solution with data (mg, Ag,p) of the above differential equation and
we simply say the solution (mg, Ag,p) of the equation T, »,(y) =p, or the
solution (mg, Ao, p).

LEMMA 9. Fiz mg € N, A\ > 0 and a non-zero polynomial p(z) =
Z?C’:O Bz, Bey #0, o €{0,1,2,...}, € C. Let f be the solution (mg,Xo,p)
of the differential equation

T () = p-
We set No :=deg f(z) =mo + lg. We fiz some positive number gq € (0,1)
and some positive number Ry > 1 and let us define My := max{|f5;|,j =
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0,1,...,0}, My := MO-Z?’:O R%. It holds that My >0, My > 0. Then, for ev-
ery positive number X € [Ag, Ao - /1 + go/My) the following inequality holds:
|’Tm0,>\0(f) - Tmov\(f)HﬁRU < €o,

where D, = D(0,Ry) :={2 € C||z| < Ro}.

Proof. Tt holds that T, \(f) = A\"(f™ o ¢y), for every n € N, ) €
(0,+o0)and for every f € H(C). From this equality and the definition of
solution (mg, Ao, p), we get easily:

No—mg (n4mo)
(1) Thoa(f)(z)= Z fgl(o))\”"’moz” for every z € C,A > Xy.
n!

n=0

Relation (1) implies
| (Tog20 (D) (2) = (T x (1) (2)]

Lo n+mo n+m (n+7n )
A Ao S ©)(0)
< — — 1|20 n
(%) P
for every A > Ao, z € C. Observe that
)\n+m0 (n+mo) 0
(2) By = =2 / ' 0 for every n=0,1,..., 4,
n!

since f is the solution (mg,Ag,p). For every A € [Xg, Ao+ /1 +¢e9/M1), we
have

3) - ((Q)N 1) <a

By (1), (2) and (3) and the definitions of My, M; the result follows. O

For the next lemma, we consider some data. More specifically, we fix
two polynomials p and @ where p(z) = Z?’:O Bzl p#0, B €C, By, #0,
i=0,1,..., 4y, Lo €{0,1,2,...}, z€ C. Let Ry € (1,+00) and

M, ::max{wj\ |j:0,1,...,€0}.
We consider the sequence
(2Rp)"
v!

It is obvious that 7, — 0. Then, there exists some natural number Ny € N
such that:

=12

, v=1,2....

Yo =

Moeo!’}/v <1
for every v € N, v > Ny. Let us define Ny := max{Ny,deg@, %y} + 1. We now
consider two positive fixed numbers ag, by, where 0 < ag < 1 < by < 400, some
fixed natural number vy > 2 and some fixed partition A = {ag =39, < da <
-++ < 0y, = bo} of the closed interval [ag,bg]. We also consider some fixed finite
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sequence of natural numbers mq,ma, ..., My, , such that m; <mag <+ <My,
m1 >Ny and myp1 —m; > Ny, 0 =1,2,...,v99 — 1. For every i =1,2,...,v
the solution (m;,d;,p) will be denoted by f;, i =1,2,...,vg for simplicity and
we set

vo
II:= Z Ji+Q.
i=1
According to the above notations and terminology, we have the following

lemma.

LEMMA 10. Let X € [ag,bg]. We consider the unique i € {1,2,...,v9 — 1}
such that X € [6;,0;1+1) (if it exists; otherwise define A =bg). Then the follow-
ing holds: either

1
HTmi,)\(H) _pHﬁRO < ’|Tmu51(fz) - Tmz‘,)\(fi)HﬁRo + mv
if A€ lag,bo) or else

| T, 50 (IT) —pHﬁRO =0 if \=by.

Proof. The case A = by is obvious. Fix Ag € [ag,bg) and consider the unique
19 € {1,2, .o,V — ].} such that \g € [51'0,51'0_,_1).
As we have already seen,

(4) Tux(f)=A"(f™ ogpy) for every n € N,A> 0, f € H(C).
By (4) and the definitions of IT, N1 and m;, i=1,2,...,v9 we get

(5) T (D) =S T o ()

i=ig

Observe that by (5),

(6) TmiOJ\o (H) —p= (TmiOJ\o (fio) - Tmi0,5i0 - Tmi075i0 (flo))
vo
+ Z Tmio,Ao(fi)’
i=i9+1

because f;, is the (m;,,d;,,p) solution. Using (6) and the triangle inequality
it follows that

(7) ||Tm1‘0,>\0 (H) 7pHBRD < ||Tmi0,51‘0 (fio) - qu‘,o,)\o(fio)HﬁRo

£ 3 [Tyl

i=ip+1
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Now, we estimate the quantities ||}, x,(fi) ||5R0 fori=ip+1,...,v0. Alittle
computation shows

k—&-m,- 1

Ao b —m,s
T ! : e
(8) i0s A0 (f5)(=z Zkﬁk< ) (k+mj—mi0)!z ’

for every j€{ip+1,...,v0}, 2 € C. Using (8) and the definition of N7 we
arrive to

1

(9) HTmim)\o(fj)HﬁRo < Gmy—mg—1 forevery j € {io+1,... 00}

By (9), we have

Vo

1
(10) > T Bl < g
j=io+1
and thus, by (7) and (10), the result follows. O

LEMMA 11. Let (k,) be a subsequence of natural numbers such that
:2 ki = +4o00. Then, for every positive number M > 0 there exists a subse-
quence (pn) of (kn) such that
(i) p>M,
(il) ppa1 — pn > M for everyn=1,2,... and
(iif) D029 = =+oo.
For a proof of the previous lemma, Lemma 11, see [21]. After the above
preparation, we are now ready to prove Lemma 7.

Proof of Lemma 7. We fix ng, jo,So > 2, po > 2 and we will prove that
the set (J!">°, E(no, po,jo,S0,m) is dense in (H(C),T,). Let some non-zero
polynomial @ and £; > 0. We consider the neighborhood of @, U(Q, K,&1) :=
{h € H(C) | |Q — hl|x < &1} for some fixed compact set K C C and we set
E = U:@O:CH E(no, po, jo, S0, m) for simplicity reasons. It suffices to prove that
ENUQ,K,e1) # 0. Fix some positive number Ry such that for the set
Dg, :={2€C||z| < Ry} we have: K UC,, C Dg,. Of course Ry > 1. It
suffices to find some polynomial f and some natural number mg such that:

(@) If = Qllp,, <eoand
(b) fe E(no,po,jo,so,mg) where g¢ := min{eq, %0}

Let pj,(2) = ZJ 0Bi7’, B; € C, for j=0,1,...,¢y and for some £y €
{0,1,2,...}. We now set MO = max{|5;|,j = O,l,...,éo} and M; := M, -
Zﬁ‘;o R}. Of course M; > My > 0. We remind that p;, is a non-zero
polynomial. Let us fix some §g € (0,piolog(1 + 1377)) (for example 6 =
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1 .
7,0 108(1 + 737-)). Then we have:

2po
€0
11 Pod0 <1 —.
(11) e o
Recall the very useful limit
n
(12) liril <1 + po_60> — ePodo
n—-+o00 n

By (11) and (12) there exists some natural number v; € N such that:

6 kn
<1+ pl(::—no> <1+ 432[1 for every v € N,v > v.

Thus,

0, 1 /
(13) ﬁ<%<k 1+4j\2[1—1> for every v € N,v > v;.

Let us consider the sequence

2 n
7%:zﬂ~€0!~Mo forn=1,2,....
n!

Then, there is some natural number vy € N such that:

(14) v <1 for every n € N,n > vy.
Fix some vy € N so that:

vo
€0 ) ot €0
1 1 1
(15) ( +2M1) > +4M1

and set
1 1
V3 := max< vg, V1,2, ly,deg Q,3 + —— - log| — +1.
log 2 €0
Applying Lemma 11, we conclude the existence of some subsequence (u,),
n=1,2,... of (k) such that

(1) M1 >3,
(i) png1 — pn > vz forn=1,2,...,
(i) S L = jo0.

n=1 M_n
) +oo b0 _
Of course ) /¢ = +o0.
Let Ny be the minimum natural number such that
No+1
do 1
(16) — >p0— —.
7; Hn Po
Having fixed the above notation and terminology we now define a partition
P of (;che closed interval 5[%0,,00] as follows: ap := pio, as := gio + %, as :=
Az + 5., Qi1 =a;+ 2, for i=1,2,...,Nog — 1; if an, + #130 < po define
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a = ay, + -2
No+1 - Ny LN
define an,+1 := po.
Hence, our partition is: either

and apn,+2 := po, otherwise, that is if an, I:SNO > po,
0

1
P::{alzp—<a2<~--<aN0<aN0+1<aNO+2:p0}
0

if apn, or

1

P = ap=—<ag <---<aNy+1 = Po
Po

if an, —|— > po.

After the above preparation, we are now ready to define the function f €
H(C) which satisfies the above properties (a), (b). Consider the solutions
(s, ai,pj,) for i =1,2,..., Ny if an,4+1 < po and the solution (fny+1,00,Pj0)
if any4+1 = po. Let us denote the solution (u;,a;,pj,) as fi, fori=1,2,..., Ny
and let fNo+1 be the solution (uNOH,pO,pJO) if aNy+1 = po. Finally, set f:=
Q—&—ZZ °, fi if ang+1 < po and f:= Q—i—z it anNy+1 = po- Since f is a
polynomial, f € H(C). We will show that f satlsﬁes property (a). Suppose
that an,+1 < po. The other case follows in a similar manner. We have:

No
(17) 1f = Qlip,, < D lIfillpy, -
i=1

The polynomials f;, for i =1,2,..., Ny are the solutions (1, a;,pj,), that is

Lo

filz) = —_ 2Rt for i=1,2,...,Np,z € C.
) Zo(k‘f'ﬂi)!afﬂ“ ’

So, for i=1,2,..., Ny, 2 € Dp,:

Lo kedp;
(poLRg)"th
18 i(2)| <lo!My- Y ~—r—r
13) e S Yy
By (14) and the definition of v we get
Ropo)k+”‘ 1
(19) Zfo' MO z)' Qmi—1

and (18), (19) imply:

(20) Z 1fill o, < 2,“—2

By (17), (20) and the deﬁnltlon of vg we conclude that ||f — Q||5R0 <egg and
this shows that f satisfies property (a). It remains to prove (b) and this will
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be done for mg = p1n,. So we need to prove that f € E(ng, po, jo, So, 4N, )- Fix
Ao €4, = [pio,po]. We consider the unique ig € {1,2,..., Ny + 1} such that
Ao € [aig,@ig11) for 1 <ig < Ny and set ig = No+ 1 if Ao € [any+1,p0]. We
shall show that:

1
(21) [ Tisig 20 (F) = Pio | 5, < -
Observe that all the assumptions of Lemma 10 are satisfied, so we get:
(22) HT# >\o f pJOHDR < || HigsQig (flo) Mm Ao flo HDR
1

- Itig+1—(tig+2)

Let us show that Ag € [a;,, a4, - "0 Hﬁ/ 1+ 537). By (15) and the definition of
the sequence (),

M,

€0 Tig %
23 1 — .
(23) "o ( - 2M1>

Relation (23) implies the following
1 €0 1 €0

24 — | "o/l -1 — "i+e§/1 — 1.
( ) /J()(}O +4M1 ><p0(’0 +2M1 )
By (13), (24) and the definition of the sequence (), we get

50 1 ( o >
25 —<—- M“ﬁ/l—k——l .
(25) Hig o ’ 2My
Relation (25) gives

) €0
(26) @ig1 < @i Mo /1 + 2M,

and since Ag € [a4y, Gig+1), We arrive to

) i/ €o
Ao € |:aio7ai0 - RigTe ] 4 2]\41)

as we wanted. Lemma 9 yields

(27) HTP‘imaio (fio) _Tui07)\0 (in)HER <

and the hypothesis p1 > v3 implies

o
2

1 &0
Iig+1—(pig+2) < 9

Combining (22), (27) and (28), we conclude that

(28)

1
(T, 20 (f) —ijHERO <eo < o
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which is nothing but the desired inequality (21). The remaining case ig =
Ny + 1 can be proved similarly. This completes the proof of the lemma. O

Now, by Lemmas 5, 6, 7, the fact that the space (H(C),T,) is a complete
metric space and Baire’s Category theorem the proof of Proposition 1 follows.

3. The general case: Proof of Theorem 4

The notation introduced in the previous section will be used in the present
section as well. For instance, the sequence (p;) denotes an enumeration of
all non-zero polynomials the polynomials with coefficients in Q + Q. We
introduce some extra terminology and a non-trivial result from the book [14].
For a real number z, let [z] denote the integer part of x, that is, the greatest
integer < z; let {x} = — [z] be the fractional part of x, or the residue of z
modulo 1. We note that the fractional part of any real number is contained in
the unit interval I =[0,1). Let w=(x,) n=1,2,..., be a given sequence of
real numbers. For a positive integer NV and a subset E of I, let the counting
function A(F; N;w) be defined as the number of terms z,, 1 <n < N, for
which {z,} € E. If there is no risk of confusion, we shall often write A(E; N)
instead of A(E; N;w). Here is our basic definition.

DEFINITION 12. The sequence w = (x,), n=1,2,..., of real numbers is
said to be uniformly distributed modulo 1 (abbreviated u.d. mod 1) if for
every pair a,b of real numbers with 0 <a < b <1 we have

o Alla, b); N;w)
MRTON

:b—

Thus, in simple terms, the sequence (z,) is u.d. mod 1 if every half-open
subinterval of I eventually gets its “proper share” of fractional parts.

Let (Up(z)), n=1,2,..., for every z lying in some given bounded or un-
bounded interval J, be a sequence of real numbers. The sequence (U, (z)) is
said to be u.d. mod 1 for almost all z, if for every = € J, apart of a set which
has Lebesgue measure 0, the sequence (U, (z)) is u.d. mod 1.

We prove the following lemma. Its proof is a simple variation of the proof
of Proposition 5.2 in [3].

PROPOSITION 13. Let (X,7T) be an arbitrary second countable and T
topological space (i.e. every singleton is closed) without isolated points. Let
T, : X — X be a hypercyclic sequence of maps, not necessarily continuous.
Let xg € HC(T,,) and (f(n)) be a sequence of real numbers such that for some
0>0, |f(n)— f(m)| >0 for every n,m € N, n# m. Then there exists a sub-
set A of R which is Gs and dense in R, it has full 1-dimensional Lebesque
measure and for every 0 € A the set {(Ty(x0),e2 (M%) n e N} is dense in
X x C(0,1) where C(0,1) :={z€C]||z|=1}.
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Proof. Let (Up,), m=1,2,... be a denumerable basis of (X,7) and each
U,, is non-empty. For every m =1,2,... we consider the set
N i={neN|T,(xo) € Un}.

Because x¢ € HC(T,,) we have that N, # () for every m =1,2,... and because
the space (X,T) is Ty, without isolated points we can see easily that the

set N, is infinite. Let Ny, == {Um.1,0m.2,- -, VUmn,...} where the sequence
(Um.j), 7 =1,2,... is the unique enumeration of N,, by its natural order, that
is Vp,j < Um g1 for every j=1,2,... and T, ,(20) # Tv,, ,(z0) for every

meN and \,pe N, A#p. Now let (t), £=1,2,... be a dense subset of
C(0,1):={z€C||z| =1}. For every £,s,m € N and n € N,,, we define the set

Al s,n) = {06R| |e2”i9f(") —t] < 1}
s

It is easy to see that A({,s,n) is open in R for every ¢,s,€ N, n € N,,,. We
shall show that for every ¢,s,m € N the set

U A(¢,s,n) is dense in R.
neN,

We fix mqg, £o, so € N. Let some 6y € R and g9 > 0. We will prove that
U A, s0,n) N B(6o,20) # 0,

nGNmO

where B(6p,e0) :={0 € R | |0 —6p| < eo}. The sequence (f(vm,,5)), J=1,2,...
is a subsequence of (f(n)), so we have

| f(Vmo,n) = f(Umg,m)| > 6 for every n,m € N,n #m.

At this point we apply the following proposition (Corollary 4.3, page 35 in
[14]), that is due to Koksma and generalizes a classical result of Weyl.

PROPOSITION. Let § be a positive constant, and let (A,), n=1,2,... be a
sequence of real numbers with |y, — Ap| >0 for m#mn. Then the sequence
(Anz), n=1,2,... is u.d. mod 1 for almost all real numbers x.

We easily see that under the assumptions of the above proposition, the
sequence 2™ is dense in C(0,1) = {z € C | |z| = 1} for almost all real
numbers . We apply now this fact for the sequence A, := f(vymyn), 7=
1,2,... and we conclude that there exists some real number 6 € B(6g,e0)
such that the sequence e?7f(vmon)f1 is dense in C(0,1). So, there exists
some ng € N such that |e27f (Vmo.no)01 to,| < % Thus, 6, € A for vy, n, €
N, that is 61 € A(lo, S0, Vmg,n,)- Hence, U, e A(f,5,n) is dense for every
£, s,m € N. Defining

By :={z €R| (f(vmen)z),n=1,2,...is u.d. mod 1},
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it is easy to see that B,,, C UneNmo A(ly, s9,n) for every £y, sg,mp € N and
that the set B,,, has full 1-dimensional Lebesque measure. Then, we set

+oo
U A(E,s,n)) and B:= m Bin.
m=1

neEN,

A=11

+o0 +o0 +oo(
{=1s=1m=1

From the above we easily conclude the following: the set A is G5 and dense
in R, the set B has full 1-dimensional Lebesque measure and B C A. Finally
by the definition of A4 and the hypercyclicity of the sequence (T;,) we further
conclude that for every € A the set {(T},(2¢),e>™/("%) n € N} is dense in
X x C(0,1) and this completes the proof. O

After the previous proposition we are now ready to prove Theorem 4.

Proof of Theorem 4. Fix ng,jo,vo0 € N, A\g > 0 and 6y € R. We also fix
f € H(C) and set g(z) = p;,(e>™02), 2z € C. Of course g € H(C). It is easy
to show that:

(29 T roezmino () = 9l
< |627ri90kv0 _ 1| . (HTkvo,Ao(f) —ijHBnO + Hpjo”EnO)
+ [Ty 2o () = Pio |15,

By Proposition 1 there exists f € (3¢ (g,400) HC(Tk,,n).  Of course f €
HC(Tk, », ). Apply now the Proposition 13 for (X, 7T) = (H(C),T.), zo = f,
T, =Tk, x> f(n) =k,, n=1,2,.... Then, there exists a G5 and dense sub-
set A of R with full 1-dimensional Lebesque measure such that for every 6 € A
the set {(Tk, x, (f),e? %), n € N} is dense in H(C)XC(0,1). Of course the
space H(C)XC(0,1) is a metric space with the product topology, where we
suppose that the space H(C) is endowed with the topology of local uniform
convergence and the space C'(0,1) is endowed with the relative topology of
the usual topology of C. We fix 6y € ANJ0,1), jo € N and the polynomial p;,.
Then for the element (pj,,1) of (H(C) x C(0,1)) there exists a subsequence
(1) of (ky) such that (T}, x,(f),e?™#n%) — (p,,,1) as n — +oo. By this
convergence and (29) we get

Tun,Agezmeo (f) = pjo (ezm‘é)oz) as n — +o00.

Because the set of polynomials ¥ := {p1,pa, ...} is dense in (H(C), T, ), the set
of polynomials Wy, := {p1(e2™%02), po(e2™%z), ...} is also dense in (H(C), T.,).
Therefore the set {T}, \ c2wioo (f), v=1,2,...} is dense in (H(C),7,). Of
course, the set {T}, y,e2=i0(f), v=1,2,...} is dense in (H(C), T,) for every 6 €
ANJ0,1). Finally, from the above we conclude that for every A > 0 there exists
a subset Ay € [0,1) such that m;(Ax) =1 and the sequence {T}, yc2rio(f),
v=1,2,...} is dense in (H(C),T,) for every 6 € A,. That is, for every A >0
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there exists a subset Ay C [0, 1] such that m;(Ax) =1 and f € HC (T}, re2io)
for every 6 € A,. Setting now

J:={2€C|feHC(T}, )}

it is easy to check that the set J has radially full measure (according to the
relevant definition stated in the Introduction). This completes the proof of
Theorem 4. (]
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