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ABSTRACT. In this paper, we prove the following: let w(t) be a continuous
function with w(40) = 0 and increasing in [0, 00). Then there exists a series of
the form

chd)k(x) with Zc%w(\ck\) < oo
k=1 k=1

with the following property: for each € > 0 a weight function u(x),0 < p(x) <
1,{z € [0,1) : u(z) # 1}| < e can be constructed so that the series is uni-
versal in the weighted space L}A [0,1) both with respect to rearrangements and
subseries.

1. INTRODUCTION AND PRELIMINARIES

first case of a universality was observed by Fekete [7] in 1914. He showed

that there exists a (formal) real power series

that not only diverges at every point x # 0 but does so in the worst possible way.
to every continuous function g(x) on [—1, 1] with g(0) = 0 there exists an
increasing sequence {ny} of positive integers such that S,, (z) converges to g(z)

Indeed,

Zana:", x e [—1,1],
n=1

uniformly as k£ — oo.

Fekete’s example of a universal power (or Taylor) series exhibits two aspects
of universality that are generally present. Apart from the first aspect of maximal
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divergence, we have as a second aspect the existence of a single object, which, via
a usually countable process, allows us to approximate a maximal class of objects.
This suggested the name of universality.

Next, we need some definitions.

Definition 1.1. A functional series
Y fil@),  fulz) € L,[0,1) (1.1)
k=1

is said to be universal in weighted spaces L}L [0,1) with respect to rearrangements
if for any function f(z) € L}[0,1) the members of (1.1) can be rearranged so that
the obtained series » .-, fok)(z) converges to the function f(z) in the metric

L,,[0,1); that is,

1 n
lim ‘ () — f(x)| - p(x)dr = 0.
tm [ > fotofo) = )] nte)
Definition 1.2. The series (1.1) is said to be universal in weighted spaces L},[0,1)
in the usual sense if for any function f(x) € LL[O, 1) there exists a growing
sequence of natural numbers n; such that the sequence of partial sums of order
ny, of the series (1.1) converges to the function f(x) in the metric L},[0,1).

Definition 1.3. The series (1.1) is said to be universal in weighted spaces L;,[0, 1)
concerning subseries if for any function f(x) € L}[0,1) it is possible to choose a

partial series Y . fn,(z) from (1.1) which converges to the f(z) in the metric
L1[0,1).
yzi Y

The aforementioned definitions are given not in the most general form and only
in the generality in which they will be applied in the present paper.

Here, we consider a question on existence of series by the trigonometric sys-
tem universal in weighted L}L[O, 1) spaces with respect to rearrangements and
subseries.

Note that many papers are devoted to the question on existence of various
types of universal series in the sense of convergence almost everywhere and on
a measure (see [2], [3], [6], [7], [9], [L1]-[13], [15]-[17]). Here we will give those
results that are directly related to the theorems proved in this paper.

The first usual universal in the sense of convergence almost everywhere trigono-
metric series was constructed by D. E. Menshov [12] and V. Ya. Kozlov [11]. They
constructed the series of the form

 — .
5 —|—Zak cos kx + by sin kx (1.2)

k=1
such that for any measurable on [0, 27| function f(x) there exists an increasing
sequence of natural numbers ny such that the series (1.2) having the sequence of
partial sums of order ny converges to f(z) almost everywhere on [0, 27]. Note here
that, in this result, when f(z) € L[0,27], it is impossible to replace convergence
almost everywhere by convergence in the metric L'[0, 27].
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This result was extended by A. A. Talalyan [15] to arbitrary orthonormal com-
plete systems. He also established that if {¢,(z)}>2,—the normalized basis of
space LP[0,1],p > 1—then there exists a series of the form

Z ak¢k($)a ap — 07 (13)
k=1

which has the following property: for any measurable function f(x) the members
of series (1.3) can be rearranged so that the rearranged series converges on a
measure on [0, 1] to f(z) (see [10]).

W. Orlicz [13] observed the fact that there exist functional series that are
universal with respect to rearrangements in the sense of almost everywhere con-
vergence in the class of almost everywhere finite measurable functions.

It is also useful to note that even Riemann proved that every convergent nu-
merical series which is not absolutely convergent is universal with respect to
rearrangements in the class of all real numbers.

Let u(x) be measurable on a [0, 27] function with 0 < p(z) < 1,2 € [0, 27,
and let L},[0,27] be a space of measurable functions f(z),z € [0,27] with

/0 7r}f(x)‘,u(:c) dr < 0.

M. G. Grigorian [9] constructed a series of the form
Z Cre™™  with Z |Ck]? < 00, Vg > 2,
k=—o00 k=—00

which is universal in L} [0, 27| concerning partial series for some weight function
w(x),0 < p(x) <1,z €[0,27].

In [6] it is proved that, for any given sequence of natural numbers {\,,}>°_;
with A, /°°, there exists a series by a trigonometric system of the form

cheikm, C_k = 6]6, (14)
k=1

with

<An, z€[0,2n],m=1,2...,

‘Z Ckeikx
k=1
so that, for each € > 0, a weight function pu(z),

0<up(x) <1, [{zel02n]:ulx)#1} <e,

can be constructed so that the series (1.4) is universal in the weighted space
LL [0, 27] with respect simultaneously to rearrangements, as well as to subseries.
Let us denote the generalized Walsh system of order a by ¥, (see Definition 2.2

below).
In this paper, we prove the following results.
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Theorem 1.4. Let w(t) be a continuous function with w(+0) = 0 and increasing
in [0,00). Then there exists a series of the form

() with Zciw(|ck|) < 00 (1.5)
k=1 k=1

with the following property: for each ¢ > 0 a weight function u(x),0 < u(x) <

L,{z € [0,1) : pu(z) # 1}| < € can be constructed so that the series (1.5) is

universal in the weighted space L}L[O, 1) with respect to both rearrangements and

subseries.

Remark 1.5. Theorem 1.4 for trigonometric and classical Walsh systems was

I3

proved in [2] and [3].

2. BASIC LEMMAS

Now, we present the definitions of generalized Rademacher and Walsh systems.
Let a denote a fixed integer, a > 2, and put w, = e’s". Now we will give the
definitions of generalized Rademacher and Walsh systems [1].

Definition 2.1. The Rademacher system of order a is defined by
kE k+1

wo(z) =wk ifze [—,
a  a

),k:zO,l,...,a—l,mG 0,1),
and, for n > 0,
pn(x +1) = pn(r) = @o(a"x).
Definition 2.2. The generalized Walsh system of order a is defined by
Yo(z) =1,
and if n = aya™ + - - - 4+ a,a™ where ny > --- > ng, then
Un(x) = iy () - ().

Let us denote the generalized Walsh system of order a by ¥,. Note that U, is
the classical Walsh system. The basic properties of the generalized Walsh system
of order a were obtained by H. E. Chrestenson, R. Paley, J. Fine, W. Young,
C. Watari, N. Vilenkin, and others (see [1], [8], [14], [18]-[20]). Next, we present
some properties of the ¥, system.

Property 1. Each nth Rademacher function has period ain and
on(r) = const € Q, = {1,w,,w?, ..., w" '} (2.1)
ifore AW = [ A Ay k=0, . 0" —1,n=12,...
It is also easily verified that
(gpn(x))k = (pn(2))™, Vn,k € N,where m = k (mod a). (2.2)

Property 2. It is clear that, for any integer n, the Walsh function v, (z) consists
of a finite product of Rademacher functions and accepts values from (2,.
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Property 3. Let w, = e’ . Then for any natural number m we have

a—1 .
Zws,m _Ja ?f m = 0 (mod a), (2.3)
pr 0, if m # 0(mod a).

Property 4. The generalized Walsh system ¥,, a > 2, is a complete orthonormal
system in L?[0,1) and a basis in L?[0,1), p > 1 (see [14]).

Property 5. From Definition 2.2 we have
Yi(x) - Yi(a’c) = Yjqei(x), where 0 <i,j < a’, (2.4)
and, particularly,
Yok j (1) = op(x) - Yj(w), f0<j< a® — 1. (2.5)

Now, for any m = 1,2,... and 1 < k < a™, we put AR = [Zj,},alfn) and
consider the following function,

[9)(z) = {1, if 2 €[0,1)\ A% 26)

1—a™, ifzeAP,

and we periodically extend these functions on R' with period 1.
By xe(x) we denote the characteristic function of the set E; that is,

1, ifze
_ ’ 2.7
X (z) {0, ifz¢E. (2.7)

Then, clearly,

19(2) = () — ™ - Y0 (1), (2.8)
and for the natural numbers m > 1 and 1 <i < a™,
! 1
s = [ @) Tl de= Ao 0<i<an, 29)
0
1 . . . k
— 0 ifi=0andi>a
biI’“):/I(’“) J(x)de =< = 2.10
where A = const € Q, and |A| = 1.
Hence,
akF—1
Xaw () = D ailx ) i), (2.11)
i=0
ak—1

I ( Z by (I))e) (2.12)
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Lemma 2.3. For any numbers v # 0, Ny > 1, € € (0,1), and any interval of
order a A = A = (Bl Ry i =1,...,a™, there exist a measurable set E C A

am7am

and a polynomial P(x) in the U, system of the form

N
P(z) =Y ()
k=No
which satisfy the following conditions:
(1) |E| > (1—¢)-|Af;
v, ifrelk,
2 P =

3) (3] <a AL

9
k=Np

Proof. We choose natural numbers vy and s so that

vy = [loga 5 +1; s = [log, No] + m. (2.13)
Define the coefficients ¢,, a;, b;, and the function P(z) in the following way:
P() =7 xp(@) - ID(a'2), @€ [0,1], (2.14)
cn = cn(P) = /1 P(z)n(z)dz, ¥n >0, (2.15)
a; = a;(X\m), : 0<i<a™ b =bIY), 1<j<a”. (2.16)

Taking into account (2.1)—(2.3), (2.5)—(2.7), and (2.9)—(2.12) for P(x), we obtain
a’0—1

Pa) =7 3 anla) - Y by (o)

a’0—1 a™m™—1

=70 D b Y aitbiae(®) = Y (), (2.17)

k=No
where
cr = cx(P) = {0_,IC am or 0, iz ; &zﬂ (2.18)
K € Q, IK|=1, N=a""™+ad"—-0a"—1 (2.19)
Set

E={zeA:P(z)=n}.
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By (2.7), (2.8), and (2.14), we have
[El =a™(1 =a™) > (1= ¢)|A],

v, ifrxek,
P(z) =< ~v(1 —av), ifzeA\E,
0, if v ¢ A.

From relations (2.13), (2.18), and (2.19) we obtain

1
max
No<m<N J,
k=No

i ckwk(x)‘ dr < [/01|P(m)‘2dx]% < [ki]vo |ck|2]é
— bl Al V@ = |- A] Va1

a A
<Pl VBT <ol .

Lemma 2.4. Let w(t) be a continuous function increasing in [0,00) and
w(+0) = 0. Then, for any given numbers 0 < & < %, Ny > 2, and a step function

=5 v xau (@), (2.20)

where each Ag is an interval of the form AY = =51 L], 1 <i < 2™, there exist

2m ) 2'm

a measurable set E C [0,1) and a polynomial P(x) of the form

= Z ()

k=No
which satisfy the following conditions:
(1) |E|>1-¢,
(2) P(z) = f(z), forz€ekE,

(3) Z jexl* - w(lexl) <,

k=No
(4) NBax /) i ckwk(:c)‘ dr < e+ /‘f(:c)| dx
=TT e =N e

for every measurable subset e of F.

Proof. Let 0 < € < 1 be an arbitrary number. For any positive number n with

< Z_Z [/01 £2(2) d:c]_l, (2.21)
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by definition of function w(t), there exists a positive number § < € so that, for
any t, 0 <t < ¢, we have

w(t) <w(d) <n. (2.22)

Without restriction of generality, we assume that

A
0<a-|y- |8—|<5, s=1,2,...,q. (2.23)
Applying Lemma 2.3 consecutively, we can find a sequence of sets Ey C Ay and
polynomials
No—1
Pz)= > dun(z), s=12....q (2.24)

k?:Ns—l

which, for all 1 < s < g, satisfy the following conditions:

‘Es’ > (1 - 6) ’ ‘AS|7 (225)
vs, ifx € F
P, (x) = 2.26
(z) {0, itz ¢ A, (2.26)
Ne—1 1
s 2 As
[ F] <l /2 (2.27)
k:stl

We define a set F and a polynomial P(x) as follows:

q
E=|JE, (2.28)
s=1
q q Ns—1
P(x) =Y cudhule) = Z[ 3 c;%k(x)}, (2.29)
k=1 s=1 k=N;_1
where
cp = cl(f), for No_y <k < Ng5=1,2,...,¢, N=N,— 1. (2.30)

From (2.20), (2.25), (2.26), (2.28), and (2.29) we get
|E| >1—c¢,
P(z) = f(z), ifx€ekFE.
Taking relations (2.23), (2.27), and (2.30), for any k € [Ny, N] we have

A,
leg| < max [a- |7Ys] - u} < 0. (2.31)

1<s<gq €
Hence, and from (2.22), it follows that
w(|ew]) <w(0) <m, Vk € [Ny, N|.
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Consequently, from (2.21) and (2.27) we get

q Ng—1
S el () <[ 30 1elP]
k=Ng s=1 k=Ns_1

<77-a;~[/01f2(:v)dm] <e.

That is, statements (1)—(3) of Lemma 2.4 are satisfied. Now we will check the
fulfillment of statement (4).

For any number M, Ng < M < N, we can find sg, 1 < s9 < ¢ such that
Nsy < M < Ngyq1. Then from (2.29) and (2.30) we have

M
Z cxr(® ZP + ) (). (2.32)
k=Np k=Ns,

Given the choice of ¢ and that P(z) = f(x) for x € E, we then obtain, from
relations (2.23), (2.27), (2.29), and (2.32) for any measurable set e C E

/e i Ckwk(x>‘ dx

k=No
1. M
< :c)’d:c—l—/ ‘ Z ckwk(:c)‘d:c
e s=1 0 k=N,
A
< [IP@)]de + Pl a2

</e\f(x)ydx+e. 0

3. PROOF OF MAIN RESULTS

Proof. Let w(t) be a continuous function, increasing in [0, 00) and w(+0) = 0,
and let

{ful@)} (3.1)

be a sequence of all step functions with rational values and rational jump points.
Applying Lemma 2.4 consecutively, we can find a sequence of sets { E5}2, and a
sequence of polynomials

Px)= > (), (3.2)
k=Ns_1

where 1 = Ng < Ny < -+ < Ny < ---, s =1,2,..., which satisfy the following
conditions:

E>1-272%% B clol,  (33)
Py(x) = fs(x), =z € E;,
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Ns—1

Z e w(lel) <27, (3.5)
k=N,
(s) —2(s+1
Ns,rlnf}a}im[ |2 o) wk(x)‘dx} < 272(s+1) +/e‘f3(x)‘dx (3.6)
=iVs—1

for any measurable set e C E.

Denote N
0o 00 s—1
Zcﬂﬂk(iﬂ) = Z[ Z cgf)wk(x)], (3.7)
k=1 s=1 k:N571

where ¢, = cgf), for Ny <k<N,, s=12,....
Let € be an arbitrary positive number, and setting
Qo =N, B, n= 1,2,...;
E=Q,, =M< no Ess = [logy o €] + 1; (3.8)

B = U;L.ozno n Q”O U (UTL no+1 Qn \ anl)'
It is clear that |B| =1 and |E| > 1 — ¢ (see (3.3)).
We define a function p(z) in the following way:
1, forxe FU(|0,1)\ B);
fn, forxeQ,\Q, 1,n>ng+1,
where
Hn = [22n : H?:l hS]ilv
B » (s) (3.10)
hs = || fs(z)lle + maxy, _ <pen, | Xion, , a0 e(@)]lc + 1,

where ||g(2)||c¢ = max,ejo,1) |g(x)], g(x) is a bounded function on [0, 1).
From (3.5) and (3.8)—(3.10) we obtain the following;:
(A) p(x) is a measurable function and

0<p() <1, Heel0,1):ul@)#1}] <e
(B) -5, fenl? - w(lex) < oo

Hence, we obviously have

lim ¢, = 0. (3.11)

k—o00

It follows from (3.8)—(3.10) that, for all s > ng and p € [N,_1, N;),

/ \zcm ‘u
[0,1)\ Qs

k=Ns_1

<Zz2"/‘z }<;228 (3.12)

n=s+1 k=Ns_1
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By (3.4) and (3.8)—(3.10), for all s > ng we have

/\P fo(@)|p(x) da
_ / |Pu(a) = fula) (z) do
+ /[0 J)\QJPS(:E) — fo(@)|p(z) d
=S ([ 1P~ Al ]

n=s+1 "+ n\Qn-1

< 3 o[ (el +| 3 o]t
n=s+1 k=Ns—1
< Lloa gon (3.13)

3

Taking relations (A), (3.6), and (3.8)—(3.10) into account, for all p € [N,_1, Ny)
and s > ng + 1, we obtain

/1
B —1IVs—

> c;%(x))u(x) dz
/’ Z ONE: ’M

Qs k=N,
(s)
/ ‘ Z Ul ‘/i
0.\ SN
p
1
< [/ (=) ‘d}- o 272
n_%:ﬂ oo k;_lck Up(z)| dr| - p 3
1
< ( 2(s+1) / fs(l') dl‘)ﬂn+—2_25
nnzo—l-l In \Q"—1’ | 3
2720 F Z i + / | fo(2)| () do + 2 28
n=ng+1
</ | fo(2)|p(z) da + 272, (3.14)
0

Let f(x) € L,[0,1) be any function; that is, fol |f ()| u(z) dz < oo.
It is easy to see that we can choose a function f,,(x) from the sequence (3.1)
such that

/0 |[f(@) = fur (@) |p(x) dv < 272, 1 >mo + 1. (3.15)
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[ @t e <25 [ @) @

Hence, we have

(3.16)

From Definition 2.2 and from relations (A), (3.13), and (3.15) we obtain, with

my = 1,
[ 150 = (B + o, 0] o)
1
< / 7)) o+ [ [unle) = P (o)) da
0 0
1
b [ lemtm@nte) e < 20272 4 o |. (3.17)
0
Assume that numbers vy < 1y < -+ < vy, my < Mg < --- < my_y are chosen
in such a way that the following condition is satisfied:
[ 10 = 308 + o, 0 o)
<2~22J+ycmj|, 1<j<q-1 (3.18)
Now, we choose a function f, (x) from the sequence (3.1) such that
qg—1
[ 170 = SR+ et @) ~ f@futa e <25, (@19)
s=1
where v, > vy, vy > mg_y.
This, with (3.18), implies
1
/ | foa (@) () dar < 2720 4227207 ey, |
0
=9-27%+ ¢y, . (3.20)
From (3.13), (3.14), and (3.20) we have
/ ’fl,q — P,,q(x)}u(x) dr < 272, (3.21)
Nyg—1
P@)= D "),
k=Nyg—1
2q
rlng’)iNVq/ ’ Z c Vi (a )u Jdr < 10- 27 4 |cp, |- (3.22)
Denote
=min{n € N:n ¢ {{{k}]kv”ivys :1 U{m}ii} (3.23)
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Taking into account the relations (A), (3.19), and (3.21), we get

[ 10 = 308 + o, 00 o)

(f(rv) = Y [Po@) + et (@)] ) = fo ()| () da

/ o) = Py ()] )
/ | Cong Uy (@) | (@) dz < 2- 2720+ |y, |. (3.24)
0

Thus, by induction, we can choose from series (3.7) a sequence of members

Cmq¢mq(x)7 q:172a"‘7

and a sequence of polynomials

N,,—1
P()= > ilz), Npy1>No,q=12,..., (3.25)
k:Nuqfl

such that conditions (3.22)—(3.24) are satisfied for all ¢ > 1.
Taking into account the choice of P, (x) and ¢y, ¢m, () (see (3.22) and (3.25)),
we conclude that the series

is obtained from the series (3.7) by rearrangement of members.

It follows from (3.11), (3.21), and (3.24) that this series converges to the func-
tion f(z) in the metric L;[0,1); that is, the series (3.7) is universal with respect
to rearrangements (see Definition 1.1).

On the other hand, it is easy to see that, for any function f(z) € L}[0,1), from
the sequence (3.2) one can choose polynomials

Nypy—1
P (z) = Z A Vp(2), rey <Tes=1,2,...,
k:NrS—l

so that the following conditions are satisfied:

[ -

max /’ Z c wk ‘,u ydr <27V, N=1,2,....

Ny —1<m<Nrg

N
ZPTS(ZL‘)‘M(CL’)dl‘ <2V N=12,...,

rs—1
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Hence, it follows that the subseries

o Nrs_]-

S A

s=1 k:Nrs—l

of series (3.7) converges to f(x) in the metric of L}[0,1). This means that series
(3.7) is universal in L}[0, 1) by subseries (see Definition 1.3). O
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