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INSTABILITY OF ONE GLOBAL TRANSONIC SHOCK
WAVE FOR THE STEADY SUPERSONIC EULER
FLOW PAST A SHARP CONE

GANG XU anp HUICHENG YIN

Abstract. In this paper, we are concerned with the instability problem of
one global transonic conic shock wave for the supersonic Euler flow past an
infinitely long conic body whose vertex angle is less than some critical value.
This is motivated by the following descriptions in the book Supersonic Flow
and Shock Waves by Courant and Friedrichs: if there is a supersonic steady flow
which comes from minus infinity, and the flow hits a sharp cone along its axis
direction, then it follows from the Rankine-Hugoniot conditions, the physical
entropy condition, and the apple curve method that there will appear a weak
shock or a strong shock attached at the vertex of the cone, which corresponds
to the supersonic shock or the transonic shock, respectively. A long-standing
open problem is that only the weak shock could occur, and the strong shock is
unstable. However, a convincing proof of this instability has apparently never
been given. The aim of this paper is to understand this. In particular, under
some suitable assumptions, because of the essential influence of the rotation of
Euler flow, we show that a global transonic conic shock solution is unstable as
long as the related sharp circular cone is perturbed.

81. Introduction and main results

If there is a uniform supersonic flow (po,0,0,qo, Py) which comes from
minus infinity, and the flow hits the circular cone \/x% + 23 = byz3 along
the axis x3-direction, when the vertex angle 2arctanbg of the cone is less
than a critical value 6*, the following conic shock problems are illustrated
in [6, pages 313-314, 414]: it follows from the Rankine-Hugoniot conditions
and the physical entropy condition that there will appear a weak or a strong
self-similar shock attached at the vertex of the cone in terms of the different
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pressure states at infinity behind the shock surface, which corresponds to
the supersonic shock or the transonic shock, respectively. A long-standing
open problem is that only the weak shock could occur, and the strong shock
is unstable. However, a convincing proof of this instability has apparently
never been given. The aim of this paper is to understand this. More con-
cretely, under some suitable assumptions, because of the essential influence
of the rotation of Euler flow, we show that a global transonic conic shock is
actually unstable when the surface of the conic body is perturbed.
The steady full compressible Euler system is described as

>3 9i(puy) =
(1.1) Z d;(pu u])+aP 0, i=1,2,3,
9;((pe+ 3plul* + P)u;) =0,

where p, u = (u1,u2,us); and P,e, and S stand for the density, velocity,

pressure, internal energy, and specific entropy, respectively. Moreover, the

pressure function P = P(p,S) and the internal energy function e = e(p, S)

are smooth in their arguments, which satisfy 9,P(p, S) > 0 and dge(p, S) >0

for p > 0. In addition, c(p,S) = /0,P(p,S) stands for the sound speed.
For the ideal polytropic gases, the equations of state are given by

P

S
P=Ap"ecw and e=—"—,
(v—=1)p

where A, ¢,, and v are positive constants and 1 <y < 3 (especially vy~ 1.4
with respect to the air).

It is assumed that there is a uniform supersonic incoming flow with the
constant state (pp,0,0,qo, Po), and that the flow hits the perturbed conic
body along the x3-direction, whose surface equation is denoted by r = b(z3),
where r = /2% + 23, b(z3) = bozs + cp(x3), and € > 0 is a small constant,
p(x3) € C3°(0,1) with some fixed positive number [ > 0. In particular, we
point out that bg > 0 is less than some critical value b* so that the resulted
shock will attach at the vertex of the conic body (see Figure 1).

Because of the symmetric property of the perturbed conic surface, it is
convenient to introduce the following cylindrical coordinates (z3,r) to study
our problem:

(1.2) T3 =13, r=/z}+ 23
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subsonic

Figure 1: The transonic conic shock for the supersonic flow past
a sharp cone

For the polytropic gas and axisymmetric solution to (1.1), which has the

form (p(x),ul(at),uz(x),u;z,(x),P(x)) = (p(.ﬁEg,T),U((L’3,T)((L‘1/T),U((L‘3,T)
(xo/1),us(xzs,r), P(xs,r)), (1.1) can be reduced into

Or(rpU) + 03(rpuz) =0,
(1.3) Or(rpU?) + 03(rpUus) + rd.P =0,
Or(rpUus) + d5(rpui) + rd.P =0

and

~vP 15 vFPy
(v=1p 27

Suppose that the flow field behind the possible shock r = x(x3) is denoted
by (p*(xs,7), Ut (z3,7),u3 (z3,7), PT(23,7)). Then, in the domain 2} =
{(z3,7) : 23> 0,b(x3) <r < x(x3)}, (pT,UT,u3, PT) satisfies:

1
(1.4) §(U2 +ud) + = (.

(v—Dpo

(5) rpt(UT)2) 4 03(rpt Ut ud) + 10, P =0,
' )

(
(

Or(errU*u:}f + 83(7“p+(u§f)2) +1rd3PT =0,
(

+
U2+ (u)?) + 255+ = Co.
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On the shock r = x(z3), the Rankine-Hugoniot conditions imply

[pU] = X' (23)[pus] =0,
(1.6) [P+ pU?] = X/ (23)[pUus] = 0,
[pUus] — x'(z3)[P + pu3] = 0.

Meanwhile, the physical entropy condition (see [6]) holds true:
(1.7) Py < P*(x3,x(x3))

Because of the fixed wall condition, we have on the conic surface r = b(x3)
(1.8) Ut =b(z3)ud.

In addition, from the physical point of view (see [3], [14], [16]-[19], and
the references therein), when a subsonic flow in an unbounded domain is
called stable, it should admit a determined state at infinity. Thus, along
each stream line starting from the shock curve, we naturally pose

(1.9) lim (pT,UT,ug, PT) exists for b(xs) <r < x(z3).

x3—o00 along stream line
The main result in our paper can be stated as follows.

THEOREM 1.1 (Instability of a global transonic shock). Under the as-
sumptions above, there exists an €9 > 0 such that for € < eq, the problem
(1.5) with (1.6)-(1.9) has no global solution (p*(z), U™ (z), u3 (z), P*(x);
X(x3)) which admits the following properties:

(i) x(x3) € C?(0,00) N Lip[0,00), and

(1.10) X' (23) = s0ll o< (0,00) < C(€0);

where below the generic function C(gg) is a suitably small quantity, which
1s independent of €.

(i) (p*,U* uf, P*) € CH(Q\ (0,0)) N L¥(Q), and
< C(So).

(1.11) H(p+,U+,u§r,P+)($3,T) —(p,U, i3, P) (3%) HLOO(Q”

In addition, if we denote by the domain Q. 5 = {(x3,7): x3 > 0,b(x3) <
r < x(z3)} with§ > 0 any fized constant, then there exists a quantity Cs(go) >
0 depending only on § and g9 such that

(1.12) H(p+,U+,u3+aP+)(x3ﬂ’)—(ﬁvﬁaﬂi’»’p)(i)’
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Here (p(r/x3),U(r/x3),ts(r/x3), P(r/x3)) stands for the extension of the
self-similar downstream subsonic state (p(r/x3), U (r/x3), iz (r/x3), P(r/x3))
behind the transonic shock r = sgxs, which is formed by the supersonic
incoming flow (po, 0,0, qo, Po) past the cone {x : \/x7 + x5 < boxs}. For more
detailed information, see Lemma 2.1, Lemma 2.2, and Remark 2.1 in Sec-
tion 2.

(iii) Denoting by the stream line equation r =r(x3,y), which starts from
the point (y,x(y)) of the shock with y > 0, and setting limy, . (p™,U", ug,
PH)(@s,7(23,9)) = (Poo(y), Uso(y), us,00(y), Poc (), then (poo(y), Uso(y),
U3,00(Y), Poo(y)) € C1(0,00) and

lim V., ((p7, U ug, P (23, r(23,y))

T3—00

(1.13) — (P (1), Uso (1), u3,00 (), P (1)) = 0.

REMARK 1.1. With respect to the background solution with the self-
similar downstream subsonic state (p(r/x3),U(r/x3),a3(r/x3), P(r/z3))
behind the transonic shock r = sgx3, we can show that all the assumptions
in Theorem 1.1 hold true. This is given in the Appendix.

REMARK 1.2. For the three-dimensional potential flow equation and re-
lated transonic conic shock, the corresponding regularities and estimates of
(p™,UT,ug, PT) as stated in Theorem 1.1 have been shown by us in [16]
and [17].

REMARK 1.3. Since we have shown in [18] that the limit of the Euler flow
along the stream line at infinity does exist, all the analogous estimates to
(1.10)—(1.13) of Theorem 1.1 hold for the transonic shock problem on the
two-dimensional Euler supersonic flow past a sharp wedge. On the other
hand, assumptions (1.10)—(1.13) are fundamental in order to illustrate the
global stability of one transonic conic shock.

REMARK 1.4. When ||(poo(y), Uso(y), 43,00 (), Poo ()l 015 (0,00) < C With
some constant 0 < § < 1, then (1.13) in Theorem 1.1(iii) can be derived from

lim (erv U+,U§_,P+)(Jj3,7’({63,y)) = (poo(y)v Uoo(y)7u3,oo(y)apoo(y))

T3—00
and (1.12) of Theorem 1.1 by use of the interpolation formula.

We note that there have been many studies on the transonic problems
(e.g., [1], [3], [11], [12], [13] and references therein). In particular, we mention
some works which are related to this paper. As illustrated in [6], if a uni-
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form supersonic flow (pg, 0,0, qo, Py) comes from minus infinity, and the flow
hits the sharp circular cone \/x% + ac% = bgx3 along the axis x3-direction, it
follows from the Rankine-Hugoniot conditions and the entropy condition
that there will appear a weak or a strong self-similar shock attached at the
vertex of the cone. With respect to the weak shocks, under some different
assumptions, the authors in [4], [5], [7], [8], and [15] have established the
local or global existence and stability for the perturbed supersonic incoming
flow past a sharp cone when the pressure of downstream region at infinity
is appropriately smaller than that of the incoming flow. With respect to
transonic shocks, for the symmetrically or multidimensionally perturbed
supersonic incoming flow and the potential equation, we have shown the
global existence and stability of a steady transonic shock wave solution in
[16] and [17], respectively. Since the full Euler system is a more precise model
to describe the transonic shock problem (in the general case, the potential
flow equation can be used to study the weak shock problem with physical
sense), in this paper we focus on the global transonic shock wave problem
for the supersonic Euler flow past a sharp cone. Surprisingly, because of the
crucial influence of the rotation in the Euler system, it is shown that the
transonic shock is unstable. More concretely, we prove the instability of a
global transonic conic shock wave, which is similar to the well-known nonex-
istence conclusions in [14], where it is shown that the continuous transonic
flows past profiles are unstable and do not exist in general if the surfaces of
the profiles are arbitrarily perturbed.

In order to prove Theorem 1.1, our key observation is that the transonic
shock curve must be straight if the transonic shock solution is assumed to
be globally stable in the downstream subsonic region, due to the essential
influence of the rotation in the Euler system (see (3.12) and (3.18) in §3
below). Subsequently, we can derive that the subsonic solution will be ana-
lytic in the subsonic region by use of the analytic theory of second-order
nonlinear elliptic equations with analytic coefficients (see, e.g., [2] and [9]).
From this, it is shown that the perturbed conic surface must be the same
as r = bgrs. Obviously, this is a contradiction. Consequently, we complete
the proof on Theorem 1.1. []

Our paper is organized as follows. In §2, for the full Euler system, we
show that there exists an attached transonic conic shock r = sgx3 for suit-
able by > 0 when a uniform supersonic incoming flow (pg,0,0,qo, Py) hits
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the cone r = bgxs. This is achieved by the shooting method on the nonlin-
ear ordinary differential system with two-point boundary values, where one
boundary is free. In §3, we show that the transonic shock curve must be
straight under the assumptions of Theorem 1.1. In §4, by use of the ana-
lytic theory of solutions to second-order nonlinear elliptic equations with
analytic coefficients, we show that the subsonic solution is analytic in the
downstream region and, further, derive that the perturbed conic surface
r = b(x3) is only r = bpxs. From this contradiction, Theorem 1.1 can be
proved. In the Appendix, we give the proof for Remark 1.1.

82. Self-similar transonic shock solution and its properties

In R. Courant and K. O. Friedrichs [6], the following transonic conic shock
phenomena for the supersonic flow past a sharp cone are illustrated: Sup-
pose that there is a uniform supersonic flow (pg, 0,0, go, Py) and that the flow
hits the circular cone along the x3-direction. The conic surface is described
by r = bpxs; then there exists a critical value b* such that there will appear
a transonic conic shock r = soxs (so > bg) attached at the tip for by < b*.
Moreover, the solution of (1.5) is self-similar; that is, under the cylindri-
cal coordinates (x3,r), the solution of (1.5) between the shock front and
the conic surface has the form p*(x) = j(s),uf (z) = U(s)(x1/7),us () =
U(s)(za/r),us (x) = Gi3(s) and PT(x) = P(s) with s = r/x3. With respect
to the existence and uniqueness of (j(s), U (s),us(s), P(s); $o), in the case of
potential flow equation, we have given the detailed proof in [16] following
the ideas in [6, §154-§156]. Next we show the existence for the full Euler
system case and the polytropic gas case. Although the proof procedure is
somewhat similar to that in [16], for the reader’s convenience and its use
later on, we give the details here.

It follows from system (1.5) and a direct computation that the self-similar
solution (p(s),U(s),u3(s), P(s)) satisfies the following nonlinear ordinary
differential system:

~/ _ f)QU(sﬂg*Uv)
P(8) = = BT )i TP
U'(s)=——5—2Y _____

(2.1) . - S(WPU;']SS;)—P(SHS_U)Q) for by < s < S0,
u3(5) T AP(1+82)—p(saz—U)?2’
D/ _ ~pPU (stiz—U)
P'(8) = = 0h1e2) —p(eis—077)
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where U?(s) + @3(s) < ¢*(s) = yP(s)/p(s). Moreover, Bernoulli’s law holds
true:

[a—

VP (s)
(v = 1)p(s)
_ For notational convenience, below we will drop “~” in the solution (4(s),
U(s),us(s), P(s)). Instead, the notation (p(s),U(s),us(s), P(s)) will be used
directly.

(2.2) ~(U?(s) +a3(s)) + = (.

[\)

According to Lemma 2.2 below, we know that the denominator vP(1 +
s2) — p(suz — U)? >0 in (2.1) holds for by < s < s9. This means that the
system (2.1) makes sense.

On the shock surface r = sgx3, because of the Rankine-Hugoniot condi-
tions and physical entropy condition, one has

[pU] = solpus] =0,
(2.3) [P+ pU?] — so[pUus] =0,
[pUus] — so[P + pu3] =0

and

(2.4) Py < P(sp).
Additionally,

(2.5) U (bo) = bous(bo).

With respect to the nonlinear system (2.1) and (2.2) with free boundary
value conditions (2.3) and (2.4) and fixed boundary value condition (2.5),
we have the following.

LEMMA 2.1. For the given by > 0, which is less than some critical value
b*, we can conclude that the problem (2.1)-(2.5) has a smooth solution
(p(s),U(s),us(s),P(s)) and admits a determined shock position s = sy such

that \/U?(s) + u3(s) < c(s) holds true for by < s < sp.

Proof. Set
pi= lm p(s), Us= lim U(s),
s—s0—0 s—s0—0
us+ = lim ws(s), and Py = lim P(s).

s—s0—0 s—s50—0
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For convenience, let o =1/s; then (2.1) can be rewritten as

_ *U(uz—oU)
P(0) = SPTron) - plug 00T
Uls) = oyPU ’
(2.6) . (@) WP(HUQ)_WPI(;;]?’_UU)Q for o <o < %,
u3(0) = = 5Pt —plu 0T
_ PU(us—oU)
Pl(o) = 7P(¥ia2)f§(u;azj)2’

where o9 = 1/sp.
It follows from a direct computation that

(;)'(a) 0.

This means that
(2.7) P(0) = A:p"(0),

where AL =Py /p].

By the fourth equation in (1.5) and (2.7), we know that p(o), P(0),
and the sound speed c(o) can be expressed as the smooth functions of
(U(0),us(0)), respectively. Namely,

p(o) =p(U(0),us(0)), P(o)=P(U(0),us3(c)), and
(2.8)  c(o)=c(U(0),us(0)).

In addition, by the second and third equation in (2.6), we find that

U'(o)

u3(0)

= —0.

As indicated in [6, §155], it is particularly amenable to treat U as a
function of u3. In this case, we have

(2.9) U'(ug) = —0o
and
e )
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U
shock polar
T T
[ .
: k//\%a e
Figure 2

Substituting (2.10) into the second equation of (2.6) and using (2.7) and
(2.8) yield

(us + UU/(Ug))Z'

(2.11) UU" (uz) =1+ (U'(u3))” — 2

C

Assume that the parameter equation of the shock polar is
U3:'U,3(t), U:U(t),

whose equation describes the relation of uz and U on the (us3,U)-plane in
terms of the right-hand conditions (2.3). Its picture is presented as Figure 2
(see also [6, page 313]).

Next, we discuss the existence of solution to (2.11), which starts from any
point M (us(tp),U(to)) of the shock polar in the subsonic part. In this case,
U > 0,uz >0, and ¢ > 0 only are considered.

In light of the second and third equalities in (2.3), we can solve the
corresponding ¢, which is denoted by oo (tg) = (U(to))/(q0 — us(to)). From
(2.9), we have U1/13 (U3(t0)) = —O'Q(to).

Now we study the following initial value problem:

(2.12) {CZUU"(U?)) — (2 = U2)(U")*(ug) — 2usUU" (ug) + (2 — ud),
. 0y _— 770 1(00) — _

where u§ = u3(to),U" = U(ty), and oo = 0¢(tp). From the theory of ODE
and U > 0, (2.12) is locally solvable.
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fu

shock polar

— us

ct+

Figure 3

Next, we assert that (2.12) is actually solved in the first quadrant when
o9 < o < 1/by. Indeed, by the discriminant A = 4((uzlU)? — (c? — u3)(c? —
U?%)) =4c2(u3+U? —c?) < 0 and ¢ —U? > 0 in the subsonic domain, we then
obtain that the term (1/¢?)((¢? — u}) — 2usUU’(ug) + (¢* — U?)(U'(u3))?)
in the right-hand side of (2.11) is greater than 0. From this we derive that
U"(u3) > 0 holds true. By (2.10), one has u5(0) <0 and U’(o) > 0, which
means that the solution curve of (2.12) extends from southeast to northwest
and that U’(u3) decreases along the solution curve (but |U’(u3)| increases)
(see Figure 3). Since o € [0¢,1/by], one can then derive that

0

us3 usz ug 1 0
U—Uoz/ U{LS(z)dz:/ GdZS/ —d2§%~
d u o bo bo

3

Thus, U° < U < (u9/bo) + U° holds true. Together with |U},| < 1/bg, it
follows from the extension theorem of the solution to the ODE that (2.12)
is always solvable in the subsonic domain of the first quadrant. On the other
hand, it follows from (2.1) and Lemma 2.2(i) below that (U2 +u2 — ¢?)(0) <
(U% 4+ u2 — c)(00) < 0, which means that (2.12) is solved for o € [0, 1/bo).

Next, for fixed tg, we associate (2.12) with the shock boundary condition
in (2.3) and fixed wall boundary condition in (2.5). For the requirement
of (2.5), we need to look for a point N in the (us,U)-plane such that the
solution curve of (2.12) ends N and fulfills

(U3, U)<17 U’L{Lg)’N =0,
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which is equivalent to

U
(2.13) arctan — — arctan U’ (ug) = g at N.

u3
Now we show that there exists a determined point N such that (2.13)
holds. When point N moves along the solution curve of (2.13) (correspond-
ingly, o increases), then arctanU/u3 increases and arctanU’(u3) decreases.
At o = 0y, from the right-hand condition of (2.3), we know that U%/u$ <
Eshock = 1/00 = (qo — u3)/U°. This derives

0 U° v r
1o 0\
arctan —5 — arctan U’ (u3) = arctan —5 + arctan <o
U3 us qo—u3 ~ 2

where the equality holds if and only if (u3,U°) = (go,0). Moreover, noting
that U/u3 > U /ug — +oc and arctan U /uz — m/2 as ug — 0, —arctan U}, >
arctanog holds. This yields arctanU/us — arctanU’(ug) > 7/2 as ug — 0.
Thus, by the continuity and monotone of arctanU/us — arctan U’ (u3) with
respect to ug, there must exist a unique N such that the arc M N corre-
sponds to the solution of (2.11) together with two boundary values U (u3) =
U° and (us,U)(1,U,,)|n =0.

Next, we show that for any sharp body, there exists a unique transonic
shock such that the boundary value problem (2.12) with (2.3) and (2.5) is
always solvable. Indeed, when M (us(to),U(t9)) moves at the shock polar in
the subsonic domain, it follows from (us(to), U(to)) € C* and the continuous
dependence of solution on the initial values that (uz,U)|y is of C* on t.
This continuous curve (together with the supersonic shock part), which is
composed of IV, is called the apple curve, which lies above the shock polar
(see Figure 4, from [6]).

If bp — 0, by use of U, |n = —1/by, we then have U, |y — —oo and
arctan U}, |y — —m/2. Hence, it follows from (2.13) and 0 < ug < uf < oo
that arctan(U /us)|ny — 0 and U|y — 0. This implies, when by is less than the
critical value b*, that the radial line U = byus will intersect with the apple
curve in the subsonic part. Moreover, by use of (2.13) and the uniqueness
theorem of the solution to ODE, we know that the nonlinear mapping from
N to M, which is determined by (2.12) and (2.13), is one to one between
the apple curve and the shock polar. Namely, the subsonic solution of (2.12)
exists uniquely when by < b*. This, together with (2.8), yields Lemma 2.1.

i
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apple curve

Figure 4

Next, we establish some interesting properties on (p(s),U(s),us(s), P(s)),
which can be used to illustrate that the system (2.1) makes sense.

LEMMA 2.2. If by is less than a critical value b* and if \/U2(s0) + u3(s0) <
c(so) holds true, then for by < s < s, the solution (p(s),U(s),us(s),P(s))
of (2.1)-(2.5) satisfies the following.

(1) U'(s) <0, uh(s) >0, p'(s) <0, and (U +u2 —c?)'(s) > 0.
(ii) U?(s) +u3(s) < c*(s), and c*(s)(1 + s%) — (suz(s) — U(s))? > 0.

Proof. We denote by pi = limg_,5,—0p(s), Ut =lims_5,—0U(S), usy =
lims_,s,—0us(s), and Py =lims_,5,—0 P(s).

By the right-hand conditions of (2.3) and Bernoulli’s law (2.2), we can
compute uzy and Uy as follows, which can be found in [6, §121]:

(1,2 2 2
(2.14) ugy = (1 — p)go cos™ B+ =,
Ut = (qo — us4) cot 3,

where pi? = (y—=1)/(y+1), B = arctan s, and ¢ = pgg + (1 — p*) (vPo/po)-
Equivalently, we have

_ 240 (r=Vao 2vP

u =

3+ (7+1)(1+sg)+ y+1 +(7+1)poqo’
25090 2R

Ur = (y+1)(1+s2) (v +Dpoqoso

(2.15)
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In addition, U, > 0 holds true because of the physical entropy condition,
and this yields, from the second equality of (2.15),

Py sid
Po 14 sg'

(2.16) 0<

By use of the Bernoulli law, we arrive at

Py R v-1
(2.17) -2 5 (@2 —u2, —U2).
P+ Po

It follows from (2.15)—(2.17) and direct computation that

P
T2 (14 82) — (souss — Uy)?

P+

1 ’}/P() 2

- (e ()
q383(1+7)< 07\ po

vFy
+ 1+ D) 0+ st - 1))

_ 2(1+s3)° ( soa ’YPO) (7P0 (v~ 1)83(15)
sgap(L+7\L+s§  po /N po  2(1+sp)
(2.18) > 0.
From (2.8) and the state equation of polytropic gas, we know that the

entropy S behind the shock is a constant, which is denoted by Sy. In this
case,

P(s)
p(s)
By the continuity of p(s),U(s),us(s), and P(s), (2.15) holds true in s —
0 < s < sp with some small § > 0, and then (2.1) makes sense in this interval.
Because of (2.1), we know that p'(s) <0,U’(s) <0,u5(s) >0, and P'(s) <0
are valid in sg — d < s < s¢. In addition, we have

c(s) =c(p(s), 54) =

(et6) = BTN — (51 806
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This means that ¢(s) — (sus(s) — U(s))/v1+ s? is a decreasing function of
s. Thus, we can conclude from sp — d < s < sg that U(s) > U4 and that
p(s) > p4, and in terms of (2.18), that

1P(s)
p(s)
= 2(s)(1+ %) — (sus(s) — U(s))”

= (1+5%) (efs) - %) CON %\/%%

(219) > e(s0)(1+88) (els0) - M) > 0.

Vitsg

From (2.19), one can derive that the denominator in (2.1) is lower bounded
away from zero as long as the solution of (2.1) exists. Therefore, (2.19) holds

(1+s?)— (sus(s) — U(S))2

in the whole interval [bg, so]; meanwhile, the solution of (2.1) exists uniquely
by the proof procedure of Lemma 2.1, which satisfies

0(s) <0, U'(s) <0, ub(s) >0, P'(s) <0.

Moreover, by a direct computation, we have

(sus(s) — U(s))' = su
(220) {<u§<s>+U2<s> s

ujs(s) +us(s) —U'(s) >0
)y = 2echp(e). Si)tels))e(s)sus —U)U

SHDEE)—(sua=0) > O

This obviously yields

(2.21) SU3(S) — U(S) > boU3(b0) - U(bo) = 0,
ui(s) + U?(s) — 2(s) < ud(so) + U?(s0) — c*(s0) < 0.

Namely, the problem (2.1)—(2.5) has a subsonic solution if u3(sg) +U?(s0) —
c%(s0) < 0. We thus complete the proof on Lemma 2.2. 0

REMARK 2.1. Since the denominator of the system (2.1) is positive in
[bo, so], by use of the system (2.1) we can extend the background solution
(p(s),U(s),13(s), P(s)) of (2.1)~(2.5) to some interval [by, so + 0] with 75 >
0. The related extensions are denoted by (p(s), U(s), is(s), P(s)).
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83. Some properties on globally stable transonic conic shock waves
of a full Euler system

In this section, under the assumptions of Theorem 1.1, we focus on some
basic observations on the globally stable transonic conic wave solutions for
the full Euler system.

It is noted that it follows from the first equation of (1.5) that one can
introduce a stream function ¢ (x3,r) with ¢(0,0) = 0 such that 0,9 (x3,7) =
—rpTUT and 9,9 (z3,7) =rptuy.

In addition, by (1.5) and the state equation, we can easily deduce (U9, +
ug 034)(PT/(p*)7) = 0. This means that P*/(p™)? = constant holds true
along each stream line, which is denoted by a function ). Moreover, it can
be shown that the function ) depends only on the stream function ; that
is, @ is expressed as

(3.1) Q=Q).

We now prove this assertion.
Let r =r(x3,h) be the stream line starting from the point (0,%); then it
satisfies

(3.2) {%’” = (L) (a3, (a3, ),

7(0,h) = h;

here we point out that the function r(x3,h) is C° in the supersonic region
(in fact, 7(x3, h) = h), C? in the subsonic region, and Lipschitzian across the
shock. On the other hand, because of (p™,Ut,uj, PT) e C1(Q4 \ (0,0)) N
L>(9Q4) and the assumptions (1.11) and (1.12), we know that (U/us)(xs,
r(xs,h)) € C1(24) and has a positive lower bound by the uniform pos-
itive lower bound of the background solution (p,U, s, P)(r/x3) and the
smallness of C(egg) in Theorem 1.1. Thus, (3.2) has a global solution, and
r(zs,h) — 400 as x3 — +00.

Since
r(z3,h)
3333/ rpusdr
7"(55370)
dr(z3,h dr(zxs3,0
=Trpus (11}‘37 T(JI?,, h)) (dng) —Trpug (ZE3, T($37 0)) EZTZ)

(m37h)
+ / Oz (Tpus)dr
r(x3,0)
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r(x3,h)
= U s, 1)) = U (v, 00) = [ bt
7‘(1‘3,0)
=0,
this means that f T‘pU3 dr is independent of x3. Set n = f rpug dr;

then one can deﬁne a well defined function h = h(n).
Let us introduce the Lagrange coordinate (£,7) as follows:

(3.3) x3 =& =7(&h(n))
It is noted that
d(x3,7) B . _ 1
() ) =) = e )

holds true in Q4 = {(x3,7r): 23 > 0,b(x3) <r < x(z3)} because of the uni-
form positive lower bound of (p*,U™,uj, PT). Namely, (3.3) is invertible.
Under the Lagrange transformation (3.3), the system (1.5) has a form

+
Ocl=Lr) — 0n(5) 0.
8§U+ + 7“8 P+ = 0
ptud Bguy + 0P —rptUT9,PT =0,

LU+ (u)?) + 5257+ = Co-

On the other hand, (3.4) can be rewritten as

el =)~ 0,(25) =0,

85U++1"8 P+:0,

0 (L) — 0, (B2 + Logud =0,
Uz

rp+u

+
LU + @) + 52 = Co.

Substituting the second equation of (3.4) into the third equation of (3.4)
yields

(3.4)

(3.5)

e P+

(3.6) +UT0UT 4 uj Ocud =0.

Meanwhile, taking the first-order derivative on £ in the fourth equation
of (3.4), one has
78§P + ’}/P +8§ p+
(y=1p"  (v=1)(p")?

(3.7) U+85U+ —i—u;@gu:}f +
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This, together with (3.6) and (3.7), yields
pt

Since Og,n(x3,7) = Oy¥(x3,7),0rm(z3,7) = Optp(x3,7), and 7(0,0) =
¥(0,0) =0 hold true, then n(zs,r) = (x3,r) and

(3.9)

hence, (3.1) is proved.

Next, we derive a basic relation between Q(¢) and the rotation 9,,U" —
Orug . Substituting the first equation of (1.5) and the expression PT =
Q¢ (z3,7))(pT)7 into the second and the third equations in (1.5) yields,
respectively,

Or(rptUY) + Opy(rptugd ) =0,
(3.10) ptUTO, U + ptud 95U T + 6, Pt =0,
pTUT O uf + ptug Opgud + 0y PT =0
and
Or(rpTUT) + Opy(rptug) =0,
Uto,U+ + u§83U+ +Q' (W) (pT) Lo
(3.11) +1Q()(p*)20,p" =0,
U+8ru; + U3+3x3U§ + Q/(T/’)(P—F)V_laxzﬂﬁ
+9Q()(p7)1 2 0yyp™ =0.

\

In addition, differentiating the fourth equation of (3.5) with respect to r,
we have

UT0,U" + uz drug +1Q)(p") 720" + (%) 7' Q' (¢) 0,4 = 0.
This, together with the second equation in (3.11), yields

(v = D0 U" — Oruy)
r(pt) '
For the stream line r = r(z3, h) defined in (3.2), since it will intersect with
the shock curve r = y(x3) at some certain point (z3(h),x(z3(h))), it then

(3.12) Q') =
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follows from (w3, r(x3,h)) =¥ (23(h), x(z3(h))), (3.12), assumption (1.11)
in Theorem 1.1 (which means that p* has a uniform positive lower bound
for suitably small C(eg)), and the property of r(x3,h) — +00 as 3 — +00
that

lim (8, U — 0rud ) (3, r(w3,h)) =00 if Q’(zp(xg,x(xg))) #0.

T3—00

However, this case is contradictory with assumption Theorem 1.1(ii).
Therefore, in order to guarantee the global stability of the transonic shock
solution, together with the arbitrariness of (23, x(z9)) at the shock curve, it
then is required to let (0, Ut — dyud ) (w3, x(x3)) =0 for x5 > 0. From this,
we can further derive that the shock equation r = x(z3) is straight. More
precisely, we have the following.

LEMMA 3.1. Under the assumptions of Theorem 1.1, for x3 >0, (0, Ut —
Orug ) (z3,x(23)) =0 holds true if and only if X" (x3) = 0.

REMARK 3.1. By Lemma 3.1, it is easy to see that (0,,U" — 0,u3)(zs,
X(x3)) =0 holds true for x3 > 0 if and only if x(x3) = Sox3 because of
x(0) =0 and the assumption x(x3) € C?(0,00) N Lip[0,00) in Theorem 1.1,
where §( is some suitable positive constant.

Proof. 1t follows from (1.6) that on r = x(x3),

pTUT — ptud X' = —pogox/,
(3.13) Pr 4+ ot (UT)? - X ptUTud = R,
pTUTud — PPy — pT(ug)?X = —Pox/(x3) — pogd -

Multiplying x" on two sides of the second equation in (3.13) and then
adding the third equation in (3.13) yield

U +ud)(ptUT — pTuix') = —poggX-

From this, together with the first equation in (3.13) and the fact that
X' # 0, we obtain, on r = x(z3),

(3.14) Uty +ug = q.
Taking 0., on (3.14) yields

(3.15) X' OpUT +U X" 4 Opyud + (X)20.UT +0uix’ =0 onr=x(z3).
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In addition, by differentiating the second equation of (3.13) with respect
to the variable x3, we arrive at

Ory P+ X0, PT + 00y (U (p7UT = pTuf X))
(3.16) + X0, (U (U™ = pruf X)) =0.

It follows from the second equation, the third equation of (3.13), and
(3.16) that

—p U Oug — pTuf Oryui — ptud (X)?0,UY + 05, Ut (pTUT —2pTud )
d
+UT——(pTUT = pTugx') =0.

d:L‘g

This, together with the first equation in (3.13), yields

—p U0 — ptug Opyug — pTud (X)?0,UT
(3.17) + 0, UT (p U = 2p7ug x') = poqoU ™ X"

Combining (3.15) with (3.17), we have

(0t U* = ptud X)(0n, Ut = 0puf) = (pogo — pTus UTX".

Thanks to the first equation of (3.13), one has, on r = x(x3),
X//
(3.18) (0,0 = D )poa’ = p* (U5,

Because of x/(z3) #0 and U™ # 0, then we have
00, Ut —0ui =0 X" =0 onr=x(z3).

Thus, we complete the proof of Lemma 3.1. U
From Remark 3.1 and (3.12), we easily obtain the following.

LEMMA 3.2. If the shock is not straight, then the global transonic shock
solution is unstable.

In the next section, based on Lemma 3.1 and Remark 3.1, we derive
a relation which is contradictory with the boundary condition (1.8) and
further complete the proof of Theorem 1.1.
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84. Proof of Theorem 1.1

By Lemma 3.1 and Remark 3.1, when the transonic shock is globally
stable, we know that the shock curve must be straight, whose slope is
denoted by Sg. Moreover, under the assumptions in Theorem 1.1, one has
’50 — 80‘ < C(EQ).

Because of (3.12), we know that Q'(¢) = ((y—1)(0, Ut —9,ud)) /r(pt)”
is a constant along each stream line. In addition, it follows from Lemma 3.1
that (95U — 0yuy ) (3, 3023) = 0. Thus one has @’'(¢)) = 0. This derives
from the fact that Q(v¢)) = constant holds true behind the shock r = 3gz3,
which is denoted by a positive constant A. Therefore, from (3.9), we have

(4.1) Pt(x3,7)=A(pT)(23,7) and 0.,U" — d,ud =0.

From this, it is easy to see that the subsonic flow field behind the shock
can be described by the potential flow equation. We now set 0,¢ = U™
and 9,6 = u3 with ¢(0,0) = 0. Then it follows from the second and third
equations of (3.10) and the state equation of polytropic flow that

(1.2 SIVOR + h(pt) = Co,

where h(pt) =c?(pT)/(y — 1) is the specific enthalpy.
By use of (4.2) and the implicit function theorem, it is easy to see that
the density function p*(x) can be expressed as

_ 1
(4.3) ot =07 (Co - 5IV9I?) = H(V0).
Substituting (4.3) into the first equation in (3.10) yields

(V) = (0,0)) 02,0 — 202,000,007, ¢

(V¢)

(4.4) + (A(Ve) — (0,0)%) 2+ ——~2 0,6 =0,

where ¢(V¢) = c(H(V9)).

Next, we determine the value of ¢ on the shock. On r = 5yx3, we have

d

dts (¢(x3,3023)) das

P(z3,5073) = /st
= /OQU3 (U3(§0) + U(go)go) dﬂ?g
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(45) == (Ug(g’o) + U(§0)§0>$3 = (,00(.%3)

and

05 (3, 073) = (us(%0), U (50)) <\/1§i e \/11+ ~2)
50 50
(4.6) _ SousB0) 2 UGo) _ ()

V1+ 83

In addition, on the conic surface r = b(x3), ¢ satisfies

(4.7) Orp =b'(23) 050

Denote by the domain Q; = {(x3,7) : b(x3) <7 < S0x3,23 > 0}. Then we
have the following.

LEMMA 4.1. Under the assumptions of Theorem 1.1, the Lip(€1) N C?(Q4 '\
(0,0))-regular solution ¢ to (4.4)-(4.7) is analytic in the domain Q \ {(xs3,
r):r=b(xs),z3>0}.

Proof. Arbitrarily choosing a point My in Qi\{(z3,7) : 7 = b(x3), 23 > 0},
there exists two cases: My € Q and My € {(x3,r) : 7 = Sox3, 23 > 0}.

For the first case, there exists a positive constant dy such that the disk
B(Mjy,dp) C Q. It follows from the classical regularity theory of the solution
to the second-order elliptic equation that ¢(xs3,r) € C*(B(My,dp)) (see
[10]). In addition, by the analytic theory on the second elliptic equation
with the analytic coefficients (see [2] or [9]), we can derive that ¢(z3,r) is
analytic in B(My,do).

Next, we treat the other case, for My € {(x3,r) : r = Sox3,x3 > 0}. For
convenience, we now take a rotational transformation as follows:

(4.8) y1 = cosbpxg — sinfgr, Yo = sinfpxs + cos g,

where 0y = (7/2) — arctan §y.
In this case, the shock curve r = §gz3 is changed into y; =0, and (4.4)—
(4.6) can be rewritten as

(9y, 0)* 52 20y, #0y, ¢ 42

(1 B c2(y% ?) ) Y1 ¢ — cgév ?;2) 8y1y2¢
1— 8y2¢ C0S908y2¢) sm@oayl(i) —0
( ) cos Bpy2 —sin Oy

)

(4.9)
#(0,y2) = (u3(80)+U(80)80)Sm90y2 P1(y2),

9y, ¢(0,y2) = 3ou3(30) — U(30) = ¢2(y2),
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where ¢(y) = ¢(cos Oy + sinOy,, — sin fy; + cos Oy2).

Meanwhile, the domain €7 is changed into Q {(y1,y2) : 0 < y1 <
cot Bpya — cscbpb(cosbyyr + sinbyysz) }.

For the point My € {y1 = 0}, because (1 — (8y1¢>)2/02(vy¢))‘M0 >0, it
then follows from the Cauchy-Kowalewsky theorem that there exists a posi-
tive constant d such that the Cauchy problem (4.9) has an analytic solution
¢(y) in B(Mo, ).

Set

; 2
(410) ) = {¢<y> in B(My.3) NEZ\ 0.
o(y) in B(Mp,0) N Q.

It can be easily verified that ¢(y) is a C? solution of (4.9) due to vg&(o,
y2) = V5 (0,y2) with [a] =2.

Completely analogous to the first case, we can conclude that (Z)(y) is
analytic in B(Mp,d). This also means that ¢(y) is analytic in B(My, ) N<Qy.
Thus, it is derived that ¢(x3,7) is analytic in B(M,§) N Q.

Consequently, we complete the proof on Lemma 4.1. U

It is noted that corresponding to the transonic shock wave r = §gx3, it
follows from the proof procedure of Lemma 2.1 that there exists a cone
r = boxs such that the problem (2.1)-(2.5) has a unique transonic solution
(5(s),U(s),as(s), P(s)) for by < s < 39. We denote ¢(x3,7) by the potential
function of (U(r/x3),us(r/x3)). Then ¢(z3,7) satisfies

(A(V6) — (02, 0)))02,6 — 200,606,
+ (V) — (0:0))2¢+ V9. =0 in Qy,

(411) gb(xg,r) = (U3(§0) + U(.§0)§0)l‘3 on r = 593,
Dnd(w3,m) = Sous(30) — U(50) on r = 303,
6%5(303, r)= Boamq_b(:c?), T) onr= Boxg,

where Q9 = {(x3,7): bozs <1 < Sox3,x3 > 0}.
Similar to the proof of Lemma 4.1, we have the following.

LEMMA 4.2. ¢(x3,7) is analytic in Qo\{(z3,7): 7= boxs, T3 > 0}.

Next, we study the precise asymptotic state of the transonic shock solu-
tion at infinity, which will be used in the proof of Theorem 1.1.
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LEMMA 4.3. If the shock curve is straight and if the solution of (1.5)-(1.9)
is globally stable, then (pT(x3,7), U™ (x3,7), uj (x3,7), PT(23,7)) tends to a

constant vector (Poc, Usos Usco, Poo) as 3 — 00 along each stream line.

Proof. Tt follows from condition (1.9) that the solution tends to a con-
stant vector along each stream line when x3 — oo. However, in the general
case, the related constant vectors are different along different stream lines.
Fortunately, for the case of the straight shock, we can show that these con-
stant vectors are the same. To see this, it is convenient to use the Lagrange
transformation (3.3) to analyze our problem.

Denote lime.oo(p™(§,1), U (€, m),u3 (§,1), P (6,1)) = (poo(n), Use(n),
U300(N), Poo(n)). When € — o0, it follows from the second equation of (3.5)

and assumption Theorem 1.1(iii) that 0, Px (1) = 0 holds true, which implies
that

(4.12) Py, (n) = constant = Px..
By (4.1), we arrive at
(4.13) Poo(n) = constant = po.

Rewrite the first equation of (3.5) as follows:
1 1 1 Ut
3 3 3

It is noted that limg_,o (€, 1) = 00 and J¢r = U/u3; we can then derive
from (4.14) that 9, ((Use(n))/(u350(n))) = 0 holds true as £ — co. This means
that
Uso(n)
U3oo(1)

In addition, by use of the fourth equation in (3.5) and of (4.12) and (4.13),
one has

= constant.

(4.15)

(4.16) UZ (1) +u3. (1) = constant.

Combining (4.15) with (4.16) yields

U300 () = constant = ugeo, Uso(n) = constant = U.

Thus, we complete the proof of Lemma 4.3. H
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We now show the following conclusion. From this, Theorem 1.1 will be
easily derived.

THEOREM 4.1. Under the assumptions of Theorem 1.1, we can derive
that Q1 = Qo = Q holds true, where Q1 = {(z3,7): b(x3) <r < Soxs,x3 >
0}, Q2 ={(x3,r): bows < r < SoTs, T3 > 0}, and Q = {(x3,7r): bpxs <r <
soxs,x3 > 0}. Moreover, ¢(x3,7) = ¢(x3,7), where ¢p(x3,7) is givenin (4.11).

Proof. We divide the proof procedure into two steps.

Step 1. ¢(x3,7) = ¢(x3,7) holds in Q; N Q. It follows from Lemmas 4.1
and 4.2 that ¢(x3,7) and ¢(x3,7) both are analytic solutions of the Cauchy
problem (4.4)(4.6) in (Q; N Q) UY, where ¥ = {(z3,7) : r = 5ox3, 23 > 0}.
By the uniqueness of analytic solution in the Cauchy-Kowalewsky theorem,
one knows that ¢(x3,7) = ¢(x3,r) in Q1 NQy.

Step 2. 0 = s. We will use the contradiction method to show this.
Otherwise, if 1 # 9, then there will exist three possible cases:

(1) Qo C O, I'1NTy=0¢;
(11) Q1 CQ9, I'1 Ty =¢; and

(iii) the left case, I'1 N T2 # ¢,
where T'y = {(x3,7) : r =b(x3),23 >0} and Ty = {(z3,7) : 7 = boxs, 23 > 0}.

In case (i), one has bz > b(x3)(see Figure 5).

It follows from Step 1 that

(f)(ﬂ?g,T‘) = gf)((Eg,T) in QQ.
Along the stream line r = l;oxg, we have

Oy d(3,box3) = Ord(x3, boz) = boOus (23, bo3) = by d(3, bo3).

r -
/ T =803
/j
f/ r=box
y / P = Ob (3 )
/ r r=0(T3
// 7 /,//
/ s
/ s
/ / /"{
/ /;/
[
0 I3

Figure 5
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/ =503

Py

Figure 6

This implies that
Ut (23, boxs) = boug (23, bozs).
By Lemma 4.3, we arrive at
(4.17) Uso = boUseo-

On the other hand, r = b(x3) is also a stream line; that is, 0,¢(x3,b(x3)) =
b'(23)0p4P(x3,b(x3)). From this, Lemma 4.3, and the fact b'(z3) = by for
large x3, we have

(418) Uoo :bougoo.

Combining (4.17) with (4.18) yields by = by. However, this is a contradic-
tion with T'y NT'y = ¢. Thus, case (i) does not happen. Analogously, case (ii)
does not happen.

Next, we consider case (iii) (see Figure 6).

Since by = by holds true, then the boundary 'y = {(z3,7) : 7 = bozg, x3 >
0} must intersect with I';. Because of b(x3) = boxs + ep(x3) with ¢(x3) €
C§°(0,1), we then can conclude that there exist at least two intersection
points P; and P, in I'y NI’y such that the arc Py P» lies above I'y or lies
below I's. Without loss of generality, we assume that the arc PP lies
above I's. In addition, for convenience, the coordinate of P; is denoted by
(zLr,rP).

Consider the following stream line starting from P;:

dr _ Ord(w3;r)
(4.19) w3 0ayf(wsr)’
'r(wgl) =7,
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Because of Step 1, we know that there exist two different stream lines
r = bors and r = b(x3) between P, and P, for the system (1.5). However, this
is contradictory with the uniqueness of solution to the ordinary differential
equation (4.19). Thus, we must have Q; = s in order to guarantee the
global stability of the transonic shock solution, and the proof of Theorem 4.1
is completed. H

Based on Theorem 4.1, we now start to prove Theorem 1.1.

Proof of Theorem 1.1. By use of Theorem 4.1, 1 = 9 =2 holds true.
However, the boundary r = b(x3) is obviously different from the boundary
r = bygxs. Therefore, under the assumptions of Theorem 1.1, a globally stable
transonic shock solution does not exist. []

Appendix

In this appendix, we show that the self-similar downstream subsonic state
(p(r/x3),U(r/x3),a3(r/x3), P(r/x3)) behind the transonic shock 7 = soa3
satisfies all assumptions in Theorem 1.1. Since assumptions (i) and (ii) hold
true obviously, it suffices to prove assumption (iii).

Let us define the stream line r = r(z3,23) starting from the point (z9,
soxg) at the shock r = spx3 as follows:

dr(zs,x) 10T\ (r(x3,29)
(A1) T = (5—3)0(%)7
r(x3,3) = sot3,

where z9 > 0.
For notational convenience, we set s = (r(z3,29))/x3. Then it follows from
a direct computation that

(A.2) d%; (s — Zig) = %3(% — s)l(s) (s — ﬂ%)

By use of (2.1), we have

( U )/(s) - A(s)U(sU + 13)

i STA((L+ 2)c2(s) — (sitg — 0)2)

(A.3)

It follows from Lemma 2.1 and (A.3) that there exists a uniform positive
constant ¢ such that

(A.4) (E - s)/(s) <_1-4
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Because s — (U(s))/(ti3(s)) > 0 for by < s < 59 (see (2.21)), we then arrive
at

(A.5)

d (3_ ?'(s))<_1+5<8_ U(s)).

dl’g I3

This implies that

Thus, one has

Uls C(x9
(AG) S — ﬂ3((8)) < Ifl;js)’

where C(x9) is a positive constant depending on 9.

Since for Z3 > X3 > J}g we have

o) X)) | 0 (sl LDy,
73 X3 x; dx3 3 X5 T3 U3

T Cxd) s 1 1
0 _ 3
30(”/‘3)/)(3 @d“‘fﬂ— T+6 (X§+a —j§+a>’

one can then derive that

(A7) fim T2 78) _ 1(29).

xr3—00 IS

Next, we further prove u(z9) = by for any z9 > 0. In fact, it follows from
(A.6) and Lemma 2.1 that

(A.8) lim (sag(s) —U(s)) =0.

T3—00

This, together with (A.7), yields
(A.9) (29t (p(a5)) — U (u(3)) =0.
By (2.20) and (2.21), we can easily obtain

(A.10) p(z3) = bg.
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Therefore, along the stream line r = r(z3,29),

(A.11) lim (ﬁ,U,ag,P)(M) = (5,0, 73, P)(by).

r3—00 T3

Additionally, a direct computation yields

] o~ o~ r(xs, 2 o~
lim 8:133 <<P7U7U37P><M) - (p7U7U37P)(bO))
T3—00 T3
1 - U(s)
A.12 = 1 h— U, ! — = U.
(A.12) Jm 0 P (5 o)
In order to calculate
. ~ 7 o~ r(xg,acg) ~ T ~ D
lim aa:g (pa U,U3,P)< ) - (pv U,U3,P)(b0) )
xr3—00 I3

it is noted that (dr(z3,29))/(dz9) satisfies the following equation from (A.1):

L () — (£ (o)

D= p 0 )
dzs da:s T3 dzy

U3
dr(z3,29) o U
( d:i3 : )‘xS:zg =580~ (Q_S)(SO)

Because

U\’ _ (s )[j(sU%—u;;)
( ) (s a2(( 2

il ~ <0
14 s2)c2(s) — (sug — U)?)

u3

dr(xg,xS)
dz 0

§l|q,

and so — (U /1i3)(s0) > 0, we then arrive at 0 <
Thus,

<80—(

~)(s0).

lim 9,9 ((ﬁ,f],ag,ﬁ) (M) — (5,(7,@3,15)(170))

T3

) 1,, ~ - = dr(xs,z9)
-] (7. U P 3
$31£>n<>o T3 (p ’ U3 )(8) de‘g

(A.13) —0.

Combining (A.11) with (A.12) and (A.13), we know that assumption
Theorem 1.1(iii) holds true for the transonic background solution. Then,
Remark 1.1 is proved.
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