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STRATIFIED SAMPLING WITH EXCHANGEABLE
PRIOR DISTRIBUTIONS

By M. E. THOMPSON?
University of Waterloo

Suppose a finite population is stratified such that the variate values,
appropriately scaled, are exchangeable within strata and independent from
-stratum to stratum. Consider designs with fixed sample sizes within strata,
and unbiased estimators of the population total. Minimum expected
variance is achieved with a stratified zps design and the usual (Horvitz-
Thompson) unbiased estimator.

1. Introduction. Optimality theorems for estimator-design pairs have been
proved by Godambe and Thompson (1973) when the population hasan exchange-
able prior distribution, and by Bellhouse et al. (1977) when the population is
“multistage exchangeable.” The corresponding result for stratified populations
is straightforward; nevertheless it is important, since it provides a justification
for the usual unbiased estimator used with stratified random sampling when the
population itself is stratified a priori.

2. Notation. SupposethatU = {1,2, ..., N}isafinite population, partitioned
into strata U,, h = 1, ..., k. With each i ¢ U is associated an unknown value
y; of the variable of interest, and a known value a; > 0 of some auxiliary
characteristic. The estimand is the population total T(y) = ¥, y,.

A sample is a subset of the population U, and a sampling design is a probability
function p on the set S of all samples s. If s is a sample, let s, = s N U, for
each . A sampling design will be said to be of fixed size, (n), where n =
(g «++5 My - -5 1), if p(s) > O implies that the cardinality of s, is n, for each
h.

3. The theorem. Let C be a class of “prior” distributions & of y ¢ R satis-
fying the following conditions: under &, the quantities z, = y,/a;, within each
stratum are exchangeably distributed; and these exchangeable sets of random
variables are independent from stratum to stratum. For example, these condi-
tions are satisfied if z is obtained from some fixed vector w by a randomly
selected “stratified permutation” x, where = permutes the labels of the w-values
within each stratum. Let £ denote expectation with respect to &, let E denote
sampling expectation, and let B, be the class of all estimators e which are unbiased

for T(y) under the design p.
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We assume that the ‘possible’ values of z are sufficiently many that the com-
pleteness of the “stratified order statistic”” for sampled values of z can be proved,
in analogy with Royall’s (1968) proof for the ordinary order statistic.

THEOREM. Suppose n,, - - -, n, are fixed positive numbers and consider the class
of estimator-design pairs (e, p) where p has fixed size (n) and e ¢ B,. If & € C, then
the expected variance

(3.1) & E(e — T(y))*

is minimized when the inclusion probabilities =, = Y, ,,, p(s) are proportional to the
a, within strata, and when e is given by

(3:2) Dot = Tu (Sier, @lm) Diey, (7i/a2) -
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