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NONPARAMETRIC REGRESSION UNDER LONG-RANGE
DEPENDENT NORMAL ERRORS

By SANDOR CSORGGH! AND JAN MIELNICZUK 2

University of Michigan and Polish Academy of Sciences

We consider the fixed-design regression model with long-range depen-
dent normal errors and show that the finite-dimensional distributions of
the properly normalized Gasser—Miiller and Priestley—Chao estimators of
the regression function converge to those of a white noise process. Fur-
thermore, the distributions of the suitably renormalized maximal devia-
tions over an increasingly finer grid converge to the Gumbel distribution.
These results contrast with our previous findings for the corresponding
problem of estimating the marginal density of long-range dependent
stationary sequences.

1. Introduction. Consider the fixed-design regression model

(1.1) Y, ,=g(i/n)+2, ,, i=1,2,...,n,

where g: [0,1] — R is some function with smoothness properties described
later. For each n, we observe the random variables Y, ,,Y, ,,...,Y, ,, and
our aim is to estimate the unknown function g based on this information.
Here Z, ,,Z5 ,,-..,Z, , is a Gaussian array such that for each n, the finite
sequence {Z; ,}' , is stationary, E(Z, ,) =0, Var(Z, ,) =1 and r(k):=
Cov(Z, ,,Z, 1 ,)=EZ, ,Z,,,,) =k °L(k), k=1,2,..., where 0 < a <1
is a fixed constant and L is a function defined on [0, »), slowly varying at
infinity and positive in some neighborhood of infinity. The array {Zi,n}i"=1 is
long-range dependent in the sense that Y, 1lr(k)| = «. In what follows we
suppress the dependence of Y; , and Z; , on n in our notation. Let K be a
fixed density function and let b, — 0 be positive smoothing constants. (Any
asymptotic statement or relation is meant as n — « unless otherwise speci-
fied) We consider the kernel regression-function estimator g, of g intro-
duced by Gasser and Miiller (1979), and the Nadaraya (1964) and Watson
(1964) type estimator g, proposed by Priestley and Chao (1972), given as

U 1 i/n x—1
gn(x)=§1{z:f(i_l)/nl{( . )dt}Yi and

R 1 2 x—1i/n
&) = E;K(b—)

(1.2)
Y.
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NONPARAMETRIC REGRESSION UNDER DEPENDENCE 1001

for each x €[0,1]. Both g, and g, have been investigated by numerous
authors when the errors are independent or weakly dependent. On the other
hand, a recent broad statistical review of long-range dependence has been
given by Beran (1992) with discussion and many references. In particular,
Hall and Hart (1990) consider the model (1.1) with general second-order
stationary errors for which r(k) ~ Ck~* as k — o for some constant C > 0
and a € (0, 1], assuming that g is twice differentiable. They prove that the
smallest mean squared error of the Nadaraya—Watson kernel estimator is
@(n~**/4*+9) and this is achieved with an optimal bandwidth that is propor-
tional to n=/*+ ),

The problem of estimating the marginal distribution function F of a more
general long-range dependent stationary sequence {X; = G(Z))f"_,, where G
is any real-valued Borel function on R, has been considered in the pioneering
work of Dehling and Taqqu (1989), using the empirical distribution function
F, of X,,..., X,. Under the suitable long-range dependence condition for G,
they determined norming constants a, such that ¢, = a,(F, — F} converges
weakly with respect to the supremum distance to a process of the form 7,
where T is a deterministic function and Y is a fixed random variable.
Considering a kernel estimator f,(x) = X! ;K(x — X,)/b,)/(nb,), x € R,
of the marginal density f=F', Csorg6 and Mielniczuk (1995a) proved
under appropriate smoothness and other conditions that the density process
a{f, — [} converges weakly, again with respect to the supremum distance, to
the derivative T'Y of the Dehling-Taqqu limiting process. Such a phe-
nomenon is wholly impossible when the observations are independent or
weakly dependent. The problem of density estimation with long-range depen-
dent observations is structurally different from that of with independent
observations.

In particular, if X;, X, ... are independent, then under some regularity
conditions the finite-dimensional distributions of the centered process
Dy = y/nb, {f, — E(f,)} converge to those of a stationary mean-zero Gauss-
ian white noise process. Hence D cannot converge weakly with respect
to supremum distances. Supposing that f is concentrated on [0, 1], say,
under suitable regularity conditions, Woodroofe (1967) has proved that

i [fu(x) = f(x)l
zell, [ f(x)/K%(u) du]

= exp(—2e7%), x €R,

where II, is as in (2.5) and ¢, is as in Theorem 1 in Section 3 below. The
celebrated result of Bickel and Rosenblatt (1973) then states that (1.3)
remains valid even when max .y is replaced by sup, ., ., and, in the case
when K satisfies (2.6) below, ¢, is changed to ¢, = 2log(1/b,) — a(K),
where the constant a(K) depends only on K.

On the other hand, it is well known that the problem of estimating a
density from independent observations and the problem of estimating a
regression function with independent errors are completely analogous. In

7 " Ch S%
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1002 S. CSORGO AND J. MIELNICZUK

particular, replacing Z;, in (1.1) by X,, independent and identically dis-
tributed mean-zero errors with variance 1, the finite-dimensional distribu-
tions of the process R} = /nb,{g, — E(§,)} converge to those of another
stationary mean-zero Gaussian white noise process; compare Benedetti (1977)
or Stadtmiiller (1986), for example. Again, R cannot converge weakly in the
usual function space #][0, 1]. Also, under appropriate regularity conditions,
Stadtmiiller (1986) has established the Bickel-Rosenblatt analogue of (1.3),
proving that

i 18.(x) — g(x)l i o<
0=x=1 [ [K%(u) du]l/2 "o

= exp(—2e7%), x €R.

n

1\1/2
lim P{ 2nb, log —
(14)  now {(”""gb)

In this paper we show that, with norming constants depending on a and
L, the behavior of g, and g, under long-range dependent normal errors is
similar to or parallel with the behavior of g, and g, themselves under
independent errors. Some auxiliary observations and groundwork are in the
next section, leading to the main results in Section 3. These results are then
discussed in Section 4. Throughout the paper, convergence in distribution and
in probability will be denoted by —, and —p, respectively.

2. Auxiliary results. In this section we concentrate only on the
Gasser—Miiller estimator g, in (1.2), using the basic assumptions between
(1.1) and (1.2). The usual decomposition of g, — g into a deterministic and a
stochastic term for every x € [0,1] is

n 1 i/n x—t i
6u(x) —8(x) = {EI[Z;L_WK( - )dt]g(;) —g(x)}

U 1 . /n x—t [ ( i )]
+ — K at||Y, —gl—]|.

i§1 b, j;i— D/n ( b, ) ] ' n
In the present section we restrict attention to the stochastic second term
which equals

"L i x—t 1 4 [x—t
X [bn f(i—1)/n ( b )dt]Z‘ b j;)K( b, ) (ntj+1 @t

i=1 n n

where |t]=max{k € Z: k <t},t €eR;Z={0,+1,+ 2,...}. For x € [0, 1] we
consider '

_ (nb,)* Vi i/n x -1 R
Wa(x) ‘_(L(nb,,)) i=21[b_n'/;i—l)/nK( b, )dt][Yi g(”)]

) 1/2
(nbn) 1 1 x—t
TCN E—fOK | Zineya dt.

(2.1)

(2:2)
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Since {W,} is a sequence of Gaussian processes on [0, 1], it is essential to
explore the covariance structure. Putting M, = (nb,)*/L(nbd,) and adopting
the convention IL(0)/0* =1, for any 0 <x <y < 1, the covariance
Cov(W,(x), W, (y)) is

1,101 [(x—s y—t
Mn'/; ‘/;) b—f-K( bn )K( bn )COV(ZlnsHl’ Z[nt]+1) dsdt

(2.3) =u, [ [ K(u)K(v)
(x-1)/b,7(y—1)/b,

L(|[ny — nvb, | — | nx — nub, |l)

|ny — nvb, | — [ nx — nub, || dudv.

An analysis of this formula is given in three lemmas under the assumptions
that

(24) b, =k,/n forsomek, €N, k, <n,n €N, where limk, =

n-—ow

and where N = {1,2,...}. The points x, y will be taken from the grid
(2.5) n, ={»,,25,,3b,,...,p,b,} wherep, =|b;!] - 1.

Furthermore, the following conditions will be used on K and L, not necessar-
ily always:

(2.6) the support of K is contained in the open interval (-1, 1);

(2.7) K is differentiable on R with derivative K';
(2.8) C, == sup{|L(x)l/IL(nb,)l: 1 <x <n,n € N} < ;
(2.9) C} = sup{|L(x)I/IL(nb,)|:1 <x <nb,,n € N} < .

LEMMA 1. Suppose (2.4) and (2.6). Then for all n large enough and grid
points x, y € I1,, the covariance Cov(W,(x), W,(y)) depends only on 'y — x.

PrROOF. Since nx and ny are integers,
|y — nvdb,| — |nx — nub,| = n(y —x) + | —nvb,| — | —nub, |,

and the statement follows from (2.3). This is because b, — 0, so by (2.5) and
(2.6) the integration is on the square [ —1,1]? for all n sufficiently large. O

LEMMA 2. Letx,y €11, such thaty — x = ib, for somei=1,...,p, — 1,
let K be a bounded kernel satisfying (2.6) and suppose (2.4) and (2.8) hold.
Then

C(8; + 8;3) C*
|Cov(W,(x), W(5))| < % T
(nb,)  “IL(nb,)| 1
for all n large enough, where 8,; is Kronecker’s symbol and C and C* are
positive constants depending only on L, K and «, but not on i and n.
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ProoF. It follows from (2.3) that [Cov(W, (x), W, (y)| < I (x, y) + J,(x, y),

where

(nb,)" x—s y—t
.10 L(x,y) = |L(nb, )|ff|t se<2/n b2 ( b, )K( 5 )

| IL(I[nt] = | ns]])|
X Lnt] = s ]I° dsdt,
(nbn)a 1 X — S (y—t)
Jn(x?y) = —ZK K

(2.11) |L(nbn)|ff|t—s|>2/n b; ( b, ) b,

ML(lLne] = s
ne] — [ns]”
Since (2.6) holds, it can be seen using (2.4) that for all n sufficiently large,
I(x,y)#Oonlyif y —x =5, or y —x =2b,. Meanwhile, if |t — s| < 2/n,
the quantities | nt| — [ ns]| can only take the values 0, 1,2, so that for i = 1 or
i =2 and all n large enough

(nb

dsdt.

I(x, <C K(u)K(v)dudv
n( y) IIL(nb )I'['/I-y x-b(v-u)<2/n (u) ( ) “
(nb
2.12 <C,C2 du dv
( ) ! zlL(nb )lf‘/;u v:li—(v-w)l<2/nbyn[-1,1]2
coc (nb,)* 4 4C,C2

?|L(nb,)| (nd,)" (nbn)I*“IL(nbn)]’

where C, = max{|L(k)|/k*: k = 0,1,2}and C, = sup{K(u): -1 <u < 1} < o,
since nb, — » from (2.4). The proof that J,(x,y) < C*i™?, for all n large
enough, follows from the first half of the proof of (2.14) in Lemma 3 below and
is postponed until then. O

The proof of the next lemma requires the notion of a fractional Brownian
motion {B(¢): t € R} with index H = H(a) =1 — a/2,s0o that ;< H < 1. It
is a mean-zero Gaussian process with stationary increments determined by
the covariance function E(By(s)By(¢)) = (sI?2 + |¢)22 — |t — sl2H}/2 for s, ¢t
€ R. Assume (2.6) and (2.7), so that [K'(u) du = 0. Introduce the stationary
Gaussian process

vz
—_— K'(x —t)Bg(t) dt, € R.
2H(2H — 1)] J K (== 0)By(t) *
It is straightforward to see that its mean is zero and that
E(V,(x +y)Vu(x))

Va(x) =

(2.13) R.(y) _ff, K(u)K(v) dudv, x€R,y>0.

y—(v—u)l®
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While the previous lemma gives a useful bound for |Cov(W,(x), W,(y))| when
y —x = ib, for a large i, the last one takes care of the case when i is small.

LEMMA 3. If conditions (2.4) and (2.6)—(2.8) are satisfied, then for every
J € N there exist an ny(j) € N and a 6 > 0 such that

max  max  [Cov(W,(x),Wy(»))| <R, (0) - 5

i=1,..., Jx,yell,: y—x=ib,

whenever n > ny(j), where R (0) is defined in (2.13).

PrOOF. Note first that L(nb,)(nb,)'~* —  since nb, — = by (2.4) and L
is slowly varying. Hence, using the proof of Lemma 2, we see that it suffices to
show the existence of n,(j) € N and & > 0 such that

(2.14) max max J(x,y) <R,(0) — & whenever n > ny(j),
i=1,..., Jx,yell,: y—x=ib,

where J,(x, y) is as in (2.11). Choose any j € N and let x, y € II, be a pair of
values such that y — x = ib, for some 1 <i < j. We have

J.(x,y) < f‘/|‘y—x—bn(w—u)|>2/nK(u)K(w)

(I(y - x)/bn - (LU - u)l - 2/(nbn))a|L(nbn)|

2
(o ]
y IL(I|n(y — vb,) + 2] = |n(x — ub,)]||)

i~ (v — )" 1L(nb,)] du dv
2
+[/;_(U_u)<0K(u)K v+ E)
LGy —wb,) ~2) ~ [n(x—ub)I)]

li = (v = w)|*|L(nbd,)|

Using (2.4) and Corollary 1.2.1(4) of de Haan (1970) for the slowly varying L,
the integrands in the last two integrals converge to K(u)K(v)li — (v — w)|™?,
except for points (u,v) the planar Lebesgue measure of which is zero.
Furthermore, using (2.6)-(2.8), we see that both integrands are dominated by
the integrable function C;C3li — (v — W “L_, j x(-2 (%, v), (u,v) € R?,
where C, = sup_,_, ., K(u) < . [This yields the bound for J,(x, ¥) needed
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in Lemma 2.] Thus the upper bound goes to

K(u)K(v)
.[f (v— u)>0m_—')|—adudv

K(u)K(v) 3 .
+ff —w-w<oli = (v —uw)* dudv =R, (i),

where R (i) is as in (2.13). Hence

limsup max max J(x,y) < max R_,(i).
n-owo i=1,..., Jjx,y€ll,:y—x=ib, =1,..., J

So, (2.14) will follows if we show that max;_,  ; R,(i) < R,(0) — & for some
> 0.

Suppose there is no such &. Then there exists a 1 <i <j such that
R (i) = R_(0). By (2.13) and the Schwarz inequality we must have R, (i) =
R (0). Since E(V,(i)) = 0 = E(V,(0)), this implies that P{V, (i) = V_(0)} = 1.
By stationarity, the same argument gives P{V (2i{) = V (i)} = 1. Thus
P{V,(2i) = V,(0)} = 1, and continuing this we obtain that P{V,(mi) = V_(0)}
=1 for every m € N. Hence R_(mi) = R_(0) by (2.13) again, for every
m € N. However, this is impossible since R (mi) = #(m~*) as m — . O

The result below describes the convergence of finite-dimensional distribu-
tions of

(nb,)"

(215) W(2) = | i

) {g.(x) —E(g.(%))}, 0=<x<1,

the process given in (2.2). Condition (2.4) is not required in this proposition.

ProOPOSITION 1. If nb, — © and conditions (2.6), (2.7) and (2.9) are satis-
fied, then for every fixed k € N and every fixed points 0 < x; < -+ <x, <1,

(Wo(21),..., Wo(24)) 25 0 (@, K)(Ny, ..., Ny,

where Ny, ..., N, are independent standard normal random variables and

1/2
(2.16) o(a,K) =R, (0) = [ffwdudv] :

ProoF. First note that /,(u,v) == |lny — nvb,] — |nx — nub, |l /(nb,) = ©
uniformly in (u,v) € (=1,1)? if x #y. Thus for any function L, slowly
varying at infinity,

L(nb,l,(u,v))(nd,)" 1
L(nbn)(nbnln(uyv))a l,‘f(u,v)

—-1l<u,v<1
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which follows again from Corollary 1.2.1(4) in de Haan (1970). Hence the last
line of (2.3) yields the asymptotic equality

K(u)K(v
Cov(W,(x),W,(y)) ~ IIL()—)-dudv, 0<x<y<l1.
This implies that Cov(W,(x), W,(y)) = 0 for all 0 <x <y < 1. Since the
random variables W,(x,),...,W,(x,) are normally distributed, it suffices,

therefore, to show that Var(W,(x)) - R (0) for every fixed 0 <x < 1.

By (2.3) we have Var(W,(x)) < I,(x, x) + J,(x, x), the bounds given in
(2.10) and (2.11). An easy version of (2.12) shows that I (x, x) <[8C,C%1/
[(nd,)'~#|L(nd,)]] — 0. Also, using only (2.9), a version of the first part of the
proof of (2.14), with i = 0, gives that limsup, . J,(x, x) < R_(0). Thus,
lim sup,, _,,, Var(W,(x)) < R _(0).

Conversely, using (2.3) and choosing A > 2 so that L(x) > 0 for all
x > A — 2, for all n large enough to make L(nbd,) > 0 we obtain Var(W,(x)) >
J, a(x) — I, 4(x), where

(nd,)* 1 (x-—s x—t\L(|nt] — |ns]l)
o al®) = 7003 H|t-s|>A/nZ§K( 5 )K( : ) Ln] ] 2

n

1 x—s x—t L(|nt] — | ns]l)by
=/, s|>A/n7»§K( b, )K( b )(lt—sl+2/n)“L(nbn) dsdt

n

= f[w—u|>A/nb K(U)K(w)

| L(Ln(x = wb,)] — [n(x = ub,)])
(lw — ul + A/(nb,))*L(nb,)

dudw

and

(nb,)" (x -5 ) x—t
I x K
n,A( ) |L(nb )lf[t s|<A/nb bn bn
IL(I 2] — | ns]l)l
Lnt] — [ns]"
Now I, 4(x) — 0 just as for I,(x, x). Also, the version of the first part of the
proof of (2.14) just mentioned, with A replacing 2, shows that the lower

bound for o, ,(x) goes to R,(0). Thus, liminf, ., Var(W (x)) = R_(0). There-
fore, Var(W (x)) » R,(0). O

dsdt.

The next proposition describes the asymptotic distribution of one- and
two-sided maximal deviations of g, from E(g,) over the grid II, in (2.5).
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PROPOSITION 2. If conditions (2.4) and (2.6)—(2.8) are satisfied, then

max(W,(b,), W,(2b,),..., W,(p,b,))

P 1 n nl» n n * n n %
{\/2 ogpn( v (a, K) cn) Sx}

— exp(—e™¥), x € R,

and

max(|W,(b,), W, (2b,)l,...,W,(p,b,)))

| g ZELL T ) ) )

- exp(—2e7%), x R,

where o(a, K) is as in (2.16) and

= 2log p, — [loglog p, + log(4m)]/ [2,/210g D, ]

PrOOF. Setting r,(i) == Cov(W,(d,)/a,, W,(G + Db,)/0c,), i =1,...,
p, — 1, where g, = /r,(0) [Var(W,(5,)]'/2, we will verify the condition

_ . N r,(2)
Pl r, () p, — i) (log p,)Y/ @ P

Br = ~ - 0.
" i=1 m p2/A+Ira®Dh
Since Tl, n = Wn(bn)/o-yﬂ T2, n = Wn(2 bn)/a'n, ey TP,,,n = Wn(pnbn)/o-n iS a

stationary Gaussian sequence by Lemma 1, with mean zero and unit vari-
ance, in view of Theorem 9.2.1 of Berman (1992), this will imply the first
statement with o(a, K) replaced by o,. However, by (2.3), the proof of
Lemma 1 and the proof of Proposition 1 for the convergence,

L(l| —nvb,] — | —nub, [))
”._nvan - I._nubnj)la

2

dudv — o

o = Am-L(b)ffK()K()
=o0%a,K).

Thus the first assertion will follow by Slutsky’s theorem if we show that
B¥ - 0.

Fix any 0 < £ < a. Since p, = %, and r,(i) > 0 as n > «© and i > © by
Lemma 2 and the fact that g,2 > o2, we can select a j = j(¢) > 2 and an
n, =n,(e) = nyj) such that p, > e and 2/[1 + |r, ()]l > 2 — ¢, and hence
also £/(2 — &) > |r, (i), for n > n, and i > j, where ny(j) is of Lemma 3.
Increasing p, —i to p, and the exponent of log p, to 1, decreasing the
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exponent of p, to 2 — £ and using Lemma 2, for n > n, we obtain

PV (i) p, — i) (log p,)/ P

21 \/1 _ rf(z) pz/(1+|rn(i)|)
c, Pt C(8; + 8;3) C* | log p,
o2 r + | T

W ise1 | (nb,) T IL(nb,)| i) Pp
C, C*pr~*logp, C, C* pSlogp,

2 _ 1-& 2 _ a
o 1—a p, o:l—a p;

where C,= (2 — &)/ V4 —4e, for Tfr; i * < [Pra*dx <pl =/ - a).
The bound tends to zero by the choice of &. On the other hand, if n = n, >
ny(j), then |r, (i)l < pa?/ag,? for some 0 < p < 1forevery 1l <i <j by Lemma
3. Since ;2 > o2, we have |r,(i)| < 7 for some p < 7 < 1 and all n > n* for
some n* > n,. Thus for all n > n*,

I

I |ra()I(p, = §) (log p,)*/ @m0 T p,logp,
) )

<
; 2/ +rnG = 271+
-1 \/1 _ r,f(z) pn/( 7 (D ‘/1 — 42 =1 pn/( 7)

- JT log p,
T Y1 - g2 pTT/ar?

and this upper bound goes to zero. Hence B} — 0, proving the first state-
ment.

To prove the second statement, let w,(x) = c* + x(2log p,) /%, where
x € R is arbitrarily fixed. Then, using the above notation, the stationary form
of Lemma 11.1.2 of Leadbetter, Lindgren and Rootzén (1983) gives

‘p{ AT, < wn(x)}} - P{ A () < wn(x)}}‘

i=1 i=1
4 2t ()P, — 1) wy (%)
<= Y -
™ T 1-r2(33) 1+ |r,(2)l
where N, ..., N, are independent standard normal variables. Since B; — 0,
the upper bound here also goes to zero. So, if P{max(IN|,...,IN, D < w,(x)}

— exp(—2e7%), the second statement will also follow. However, this is a
well-known result, following from the classical Fisher-Tippett theorem for
max(N,,..., N,) and the asymptotic independence statement in Theorem
1.8.3 in Leadbetter, Lindgren and Rootzén (1983). O

3. Main results. Assume the regression model (1.1) with long-range
dependent errors satisfying the conditions described between (1.1) and (1.2)
and recall the definition of II, in (2.5). Our findings for both the Gasser—
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Miiller estimator g, and the Priestley—Chao estimator g,, given in (1.2), are
summarized in the following theorem.

THEOREM 1. (i) Suppose that g is twice differentiable on [0, 1] with both
derivatives g' and g" bounded there. Assume that the function L and the
bandwidth sequence {b,} are such that nb, — «© and nb."*/*/L/*(nb,) - 0,
and they satisfy condition (2.9). Finally, suppose that the kernel K is a density
such that (K(w)udu = 0 and (2.6) and (2.7) hold. Then for every fixed k € N
and every fixed points 0 < x; < -+ <x, <1,

o 1/2
(nb,)
(3‘1) L(nb ) (gn(xl) _g(xl)""’gn(xk) _g(xk))
-4 o(a,K)(Ny,...,N,),
where Ny, ..., N, are independent standard normal variables and o(a, K) is
as in (2.16).

(ii) Let g and K be as in part (). If the function L and the bandwidth
sequence {b,} are such that nbl™*/log'/*(1/b,)/L"*(nb,) - 0 and (2.4)
and (2.8) hold, then

(nb)" . 1\ t[g(x) —&(»)]

(3.2) P{ 2L(nb) l°gb_n) X T (@, K) =T
— exp(—e*), x € R,

and

(3.3) P{(zL(nbn) log - s (a, K)

— exp(—2e7%), x €R,
where o(a, K) is as in (2.16) and
¢, =2log(1/b,) — +loglog(1/b,) + 3 log(4m).

(iii) If all the conditions in part (i) are satisfied, with the condition on how
slow b, — 0 strengthened to nbl*" — o for some 1 > 0, and the derivative K’
is bounded, then we have (3.1) for g, as well.

(iv) If all the conditions in part (ii) are satisfied, with the condition on how
slow b, — 0 strengthened to nb.*" — o for some 1 > 0, and the derivative K’
is bounded, then we have (3.2) and (3.3) for &, as well.

(nb,)" 1)”2 lg.(%) — &(x)] }
max —c, <x

Before proving the theorem we note that if b, = n~° or, to also satisfy

(2.4), b, =[n'"%l/n, n €N, where [y] = min{k € Z: y <k}, y €R, then
both conditions on {b,} of (i) and (ii) are satisfied whenever a/(4 + a) < § < 1.
In this case, if the slowly varying function L is nonnegative and nondecreas-
ing on [1,%), then C} < C; < sup{L(n)/L(n'~?): n € N} = Cy(8). Hence
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C.(8) < » is a sufficient condition for (2.8) and (2.9). Note also that C;(8) =
1/(1 — 8) for the slowly varying function L(x) = log x, x > 0. However,
L(x) = 1/log x, x > 0, does not satisfy even the weaker condition (2.9).

ProOF OF THEOREM 1. Observe first that Proposition 2 also holds true for
the random variables —-W,(d,),..., —W,(p,b,) replacing W,(d,),
. W.(p,b,). Set

ay\1/2
bom |1 IB(g.(%)) - ()
n = sup g.(x)) —g(x)l
L(nbn) b,<x<1-b,

Then, by (2.15) and Propositions 1 and 2, the latter also with —W,,, for (i) and
(ii), it suffices to show that A, - 0 and A2 log(1/d,) — 0, respectively. This
will give the statements in (ii) with p, replacing 1/b, in the logarithms, but
since p,b, — 1, the desired forms follow. Since K is a density function and
b, <x <1-b,, by (2.1) we have

E(g,(x)) - g(x)_bj‘ (x—t)[g([nti+1 _g(t)]dt

f ( )[g(t) - g(x)] dr.

Now sup,_,.,lg(nt] + 1)/n) — g(¢)l = @(1/n) by the boundedness of g’,
while the other conditions on g imply that the second term is #(b?2)
uniformly in x €[b,,1 —b,]; compare Bretagnolle and Huber (1979).
Hence sup, _,.; 5 IE(gn(x)) —g(x) =22 +n"1). Thus A, - 0 and
A? log(1/b, )'> 0 under the respective conditions for (i) and (ii).

We prove (iii) and (iv) for the Priestly-Chao estimator g, by showing that
if C, == sup{|g(x)l: 0 < x < 1} <~ and if K satisfies (2.6) and (2.7), then

R Vlog n
(34) sup |g,,(x)—gn(x)l=ﬁp( — |.
b,<x<1-b, n

n

Since nbl* " — « for some n > 0, this is of course more than enough to imply
that

sup |gn(x) _én(x)l —p 0,
b,<x<1-b,

(nb,)" | 1 i
L(nb,) %%
and-hence the results for the Priestley—Chao estimator g, in (iii) and (iv)

follow from the respectively results in (i) and (i) for the Gasser—Miiller
estimator g,.
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To prove (3.4), we write g, — 4, =d, +e,, where d, =[g, — E(g,)] —
[&, — E(g,)] and e, = E(g,) — E(&,). Using (1.2) and (2.1), an easy calcula-

tion gives
i/n X — -1
7 K( s)—K EUR g
(i-1)/n b b

1Z,]

x—8 x—1i/n
K%, )_K( b, )

Since the integrands do not exceed C;3/(nb,), where C; = sup_;_, _{|K'(x)|
< o, we have

ln(x+0b,)|

< i {fi/n
bni=[n<x—b,,>1+1 @=1/n

ds}IZiI.

2nb, Vlogn
sup |d,(x)l < C3——= max(|Z,,...,1Z,]) = ﬁp( )
b,<x<1-b, (nb, nb,

This is because

max (1Zyl,...,1Z,|) = &p(Vlogn) for max(Z,,...,Z,) = @(ylogn).

The latter in turn comes from Theorem 9.2.2 in Berman (1992), for example,
since the basic condition r(k) = k~*L(k), k € N, implies that r(n)log n — 0.
Since the second line of (3.5), with |g(i/n)| replacing |Z,|, is a bound for
le,(x)|, the same argument gives sup, _,.;_; le,(x)| < 2C,C,/(nb,). Putting
the two bounds together yields (3.4). O

4. Discussion. Let h(x) = x*/2/L/%(x), q(x) = h(x)/x, x > 0. The the-
orem shows that if g7 is any one of g, and g,, then, apart from the change
of the norming factor /nb, to h(nb,), the behavior of the asymptotic distri-
bution of g7 — g under long-range dependent Gaussian errors is completely
analogous to its behavior under independent and identically distributed
errors. The Hall and Hart (1990) bandwidth b} = C,n~*/“* ) where C, =
Cy(a, g, K) > 0 is some constant, is the unattainable boundary of all band-
widths of the form b, = n"%, /(4 + a) < 6 < 1, that satisfy the conditions of
the theorem. The situation is the same with independent errors, when for the
corresponding quantities we have b} = Cn~'/% and 1/5 < 8§ < 1. This behav-
ior is in contrast with that of the kernel density process f, — f based on
long-range dependent observations described in the Introduction: While f, — f
behaves differently under independence and long-range dependence, this is
not so for g7 — g. What is the heuristic reason for all this?

Using g, and the notation from the Introduction to answer this question,
define t} = Vn{F, — F}, S*(t) = n~V2¥\"|X,, S, (t) = q(n)L\*|Z,, 0 <t < 1,
D? =a,{f, — E(f,)}) and R® = h(nb,Xg, — E(8,). Writing Ky, x) =
K(x — y1/b,), we have Di(x) = b,"*K(y, x)dt¥(y) and D%(x) =
b, 'K, (y, x)dt,(y), x € R. Also, R*(x) = b, /%/K,(t, x) dS*(¢) and, at least
for nd, € N, we have R)(x) = [K,(¢, x)dS,, (t/b,), x € [0,1].
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Thus, if X;, X,,... are independent, D}(-) = b, 1/2[K,(F~(¢),-) dB(?),
where F~! is the quantile function pertaining to F' and B, is a Brownian
bridge on [0, 1], and R%(-) = b, '/%(K,(¢,-) dB(¢) with a standard Brownian
motion B. Since B, and B behave locally the same way, and none of them is
differentiable, the asymptotic properties of D and R¥ become completely
analogous. On the other hand, if X; = G(Z)), X, = G(Z,), ... are long-range
dependent, then D2(-) = Yb, 'K, (y,-)dT(y) = T'(-)Y. However, if (1.1) holds
for the regression problem, then, by Theorem 5.1 of Taqqu (1975), S,(-)
converges weakly to CyBy(-), where C, is a constant and By is the
fractional Brownian motion defined above (2.13). Hence if nb, is an integer,
the self-similarity property of By suggests that

R}(-) = Cy[K,(t, ) dBy(t/b,) =5Cy b, "[K,(t,") dBy(t) = R;(").

Therefore, the dissimilarity of D? and R? under long-range dependence
results from the difference between the asymptotic behavior of the empirical
process t, and the partial-sum process S,. [If the former is based on the
normal Z;,Z,,... in (1.1), that is, G(x) = x, then a, and g(n) are propor-
tional] At the same time, the heuristic approximations for R* and RY are
similar. (If we formally take a = 1, so that H = 1/2, they become the same.)
Thus the heuristics also explain that, modulo the norming constants, the
regression problem under long-range dependence is still very much like
under independence.

Parts (ii) and (iv) of the theorem present the maximal deviation theory of
nonparametric regression with long-range dependent normal errors at the
same level of sophistication where the corresponding theory of density esti-
mation under independence was with Woodroofe’s (1967) result in (1.3). It is
then natural to ask whether (3.2) and (3.3) remain true with max, .y,
replaced by sup,.,.; as in the independent case, that is, whether the
counterpart of (1.4) is feasible. In Csorgé and Mielniczuk (1995b), we prove
the corresponding sup, . , . ; results for R}, in the above heuristic approxima-
tion, a kind of an extreme-value theory for smoothed fractional Brownian
motions.
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