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PARAMETER ESTIMATION FOR INFINITE VARIANCE
FRACTIONAL ARIMA

BY PIOTR S. KOKOSZKA AND MURAD S. TAQQU1

University of Utah and Boston University

Consider the fractional ARIMA time series with innovations that
have infinite variance. This is a finite parameter model which exhibits

Ž .both long-range dependence long memory and high variability. We prove
the consistency of an estimator of the unknown parameters which is based
on the periodogram and derive its asymptotic distribution. This shows
that the results of Mikosch, Gadrich, Kluppelberg and Adler for ARMA¨
time series remain valid for fractional ARIMA with long-range depen-
dence. We also extend the limit theorem for sample autocovariances of
infinite variance moving averages developed in Davis and Resnick to
moving averages whose coefficients are not absolutely summable.

1. Introduction and main results. This paper is concerned with the
� 4estimation of the parameters of the fractional ARIMA time series Xn

defined by the equations

1.1 F B X s Q B DydZ ,Ž . Ž . Ž .n n

where the innovations Z have infinite variance and where d is a positiven
fractional number. B and D denote the backward and differencing operator,

Ž .respectively. Because of the presence of the fractional d, the time series 1.1
Žhas not only infinite variance, but also exhibits long-range dependence long

. w x w x w xmemory . For more details, see 24 , 19 and 20 .
Our goal is to estimate both d and the coefficients of the polynomials F

and Q, by using a variant of Whittle’s method. For a stationary Gaussian
Ž .time series with spectral density g l, b , yp - l - p , Whittle’s method,

which provides an estimate of b, requires replacing the inverse covariance
Ž .matrix that appears in the Gaussian likelihood by a Toeplitz covariance

matrix with spectral density 1rg and then maximizing the quadratic form.
w xHannan 15 applied Whittle’s method to finite variance ARMA time series,
Ž .that is, to 1.1 with d s 0. He proved that the estimator is consistent and

asymptotically normal. An ARMA time series, however, has short range
dependence because the correlations decrease exponentially fast. Fox and

w xGaqqu 12 extended this result to Gaussian time series with long-range
dependence such as fractional Gaussian noise or fractional ARIMA by appeal-
ing to a central limit theorem for weighted quadratic forms whose weights
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are chosen in such a way as to compensate for the long-range dependence.
Fox and Taqqu’s result, which was later generalized to the full maximum

w xlikelihood by Dahlhaus 8 , is the basis of one of the most commonly used
techniques for estimating the intensity of long-range dependence in Gaussian

Ž w x. w xtime series see 2 . Giraitis and Surgailis 13 extended Fox and Taqqu’s
result to finite variance innovations without Gaussian assumptions and

w xHeyde and Gay 17 to random fields.
When the innovations are in the domain of attraction of an infinite

variance stable random variable, covariances stop making sense. One can,
however, still use the same estimator as in the Gaussian case. Doing so has
the advantage of not having to determine beforehand the often unknown
distributions of the innovations. It is necessary, however, to verify that these
estimators have good properties in the infinite variance case as well. Mikosch,
Gadrich, Kluppelberg and Adler to showed that this is the case for ARMA¨
time series. In this paper we extend the result of Mikosch, Gadrich, Kluppel-¨
berg and Adler to fractional ARIMA time series which have long-range
dependence. We prove that the estimator is consistent and determine its
asymptotic distribution. Because of the slow decay of the coefficients in the
fractional ARIMA time series, very few of the technical arguments used by

w xMikosch, Gadrich, Kluppelberg and Adler 21 carry over to our setting and¨
hence significantly different proofs of the basic lemmas had to be developed.

Ž .Assume then that the innovations Z in 1.1 are i.i.d. with mean zero andn
are in the domain of attraction of an a-stable law with 1 - a - 2, that is,

< < ya1.2 P Z ) x s x L x as x ª `,Ž . Ž .Ž .n

where L is a slowly varying function, and

< < < <1.3 P Z ) x rP Z ) x ª a, P Z - yx rP Z ) x ª b ,Ž . Ž . Ž .Ž . Ž .n n n n

where a and b are nonnegative numbers satisfying a q b s 1. It has been
w x Ž w xshown by Kokoszka 18 and Kokoszka and Taqqu 19 in the case of stable

.innovations that for the Z as above, there is a unique moving averagen

`

1.4 X s c ZŽ . Ýn j nyj
js0

Ž .satisfying 1.1 , provided that the polynomials F and Q have no zeros in the
� < < 4closed unit disk D s z: z F 1 and no zeros in common and that d - 1 y

Ž . Ž .1ra . This is why we suppose a greater than 1. The coefficients c in 1.4j
are defined by

` Q zŽ .
j < <1.5 c z s , z - 1,Ž . Ý j d

F z 1 y zŽ . Ž .js0

and are asymptotically proportional to jdy1 as j ª `. Therefore, they do not
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satisfy the fundamental assumption

`
1 n m< <1.6 j c - ` for some 0 - m - aŽ . Ý j

js0

w xof Mikosch, Gadrich, Kluppelberg and Adler 21 . The fact that the c ’s are¨ j
not absolutely summable turns out to be a major source of difficulties.

Ž .We want to estimate the p q q q 1 -dimensional vector

b s f , . . . , f , u , . . . , u , d ,Ž .0 1 p 1 q

where f , . . . , f and u , . . . , u are the coefficients of the autoregressive1 p 1 q
Ž . ppolynomial F z s 1 y f z y ??? yf z and the moving average polynomial1 p

Ž . qQ z s 1 q u z q ??? qu z , respectively, and d is the differencing parame-1 q
Ž .ter in 1.1 . We assume that the true value of d is positive and hence lies in

Ž .the open interval 0, 1 y 1ra . In the case of Gaussian innovations, positive d
Ž .corresponds to a spectral density that diverges at zero 1rf noise . The

preceding discussion motivates the choice of our parameter space E, namely,
a compact set contained in

f , . . . , f , u , . . . , u , d : f / 0, u / 0, F z and Q z have noŽ . Ž .Ž .1 p 1 q p q½
1

< <common zeros, F z Q z / 0 for z F 1, d g 0, 1 y .Ž . Ž . 5ž /a

We introduce now some additional notation which will be used throughout
Ž .the paper. The time series 1.4 , called fractional ARIMA, will be referred to

Ž .as FARIMA p, d, q . The elements of E are denoted b, possibly with some
sub- andror superscripts. The last coordinate of the vector b is the difference
parameter d. The true value of the parameter vector is denoted b . The0
sample autocovariance and autocorrelation functions are defined, respec-
tively, by

< <ny h1
1.7 g h s X XŽ . Ž . Ýn t tq < h <n ts1

and

y1 < <ny hn
y121.8 r h s X X X s g 0 g h .Ž . Ž . Ž . Ž .Ž .Ý Ýn t t tq < h < n nž / ž /

ts1 ts1

We will frequently use the corresponding deterministic quantities

`
y11.9 g h s c c , r h s g 0 g h .Ž . Ž . Ž . Ž . Ž .Ž .Ý j jq < h <

js0
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The normalized periodogram is defined as
y1 2n n

2 yilt˜1.10 I l s X X eŽ . Ž . Ý Ýn t tž /
ts1 ts1

s r h eyi lh , yp F l F p .Ž .Ý n
< <h -n

For b g E, the power transfer function is
2 2yil `Q e , bŽ . yi l j1.11 g l, b s s c b e .Ž . Ž . Ž .Ý jŽ .d byil yilF e , b 1 y e js0Ž .Ž .

w xFollowing Fox and Taqqu 12 , who consider Gaussian fractional ARIMA, and
w xMikosch, Gadrich, Kluppelberg and Adler 21 , who study infinite variance¨

ARMA processes, we define the estimator b based on the sample X , . . . , Xn 1 n
as the value of b minimizing

˜p I lŽ .n21.12 s b s dl, b g E.Ž . Ž . Hn g l, bŽ .yp

Ž .Notice that under our assumptions, the function 1rg ?, ? is continuous on
w x Ž .yp , p = E and, hence, in particular, the integral in 1.12 is well defined.
The following consistency result holds:

THEOREM 1.1. If b is the true parameter and b is the value of b0 n
2Ž .minimizing s b , thenn

1.13 b ª bŽ . n P 0

and
2p

21.14 s b ª .Ž . Ž .n n P g 0Ž .

This theorem is proved in Section 2.2. As part of the proof, we extend the
limit theorem for sample autocovariances of infinite variance moving aver-

w xages developed in Davis and Resnick 9 to moving averages whose coeffi-
cients are not absolutely summable.

We now turn to the asymptotic distribution of the estimator b . Theoremn
1.2, which generalizes Theorem 2.2 of Mikosch, Gadrich, Kluppelberg and¨

w xAdler 21 and which is an infinite variance analog of Theorem 2 of Fox and
w xTaqqu 12 , is valid under a more restrictive assumption on the innovations

Z . We now assume that the Z are symmetric and are in the domain ofn n
normal attraction of a SaS law, that is,

n
y1ra1.15 n Z ª Y ,Ž . Ý j DD

js1

Ž . � a < <a4 Ž . Žwhere E exp iu Y s exp ys u . Relation 1.15 is equivalent to see, e.g.,
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w x.Gnedenko and Kolmogorov 14

C s a C s a
a aa a1.16 ,Ž . lim l P Z - yl s and lim l P Z ) l sŽ . Ž .
2 2lª` lª`

where

y1
` dx

C s a 1 y cos xŽ .Ha aq1ž /x0

1 y a¡
, if a / 1,

G 2 y a cos par2Ž . Ž .~s
2

, if a s 1.¢
p

1.17Ž .

We make these additional assumptions on the Z because our proofs dependn
w xheavily on the results of Rosinski and Woyczynski 23 , which require that the

Ž . a Ž < < .Z the X in their paper be symmetric and satisfy lim sup l P Z ) l Fn i lª` n
C - `.

Ž . Ž .In order to state our result, we introduce the p q q q 1 = p q q q 1
Ž .matrix W b with entries0

p
2

y1w s g l, b g l, b dl,Ž . Ž .Hi j 0 0b b1.18Ž . yp i j

i , j s 1, . . . , p q q q 1,

Ž .and the p q q q 1 -dimensional vectors b , k g Z, whose jth coordinate isk

p1 
yi k l y1b s e g l, b g l, b dl,Ž . Ž . Ž .Hjk 0 02p byp1.19Ž . j

j s 1, . . . , p q q q 1.

The following theorem shows that, as in the Gaussian case, the asymptotic
result for d s 0 extends to d ) 0.

THEOREM 1.2. If the innovations Z are symmetric and satisfyn

a < < a1.20 lim l P Z ) l s C s ,Ž . Ž . a
lª`

then

1ra `n Yky11.21 b y b ª 4p W b b ,Ž . Ž . Ž . Ýn 0 DD 0 kž /log n Y0ks1

where Y is positive ar2-stable with scale parameter Cy2ra and the Y , k G 10 a r2 k
are i.i.d. SaS with scale parameter C ara. The random variables Y , Y , Y , . . .a 0 1 2

Ž .are independent and C is given in 1.17 .a
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y1Ž .Setting c s 4p W b b , observe that the jth coordinate of the limitingk 0 k
` Ž ` <Ž . <a .1r arandom vector Ý c Y rY is distributed as Ý c Y rY , that is,ks1 k k 0 ks1 k j 1 0

as the ratio of two independent stable random variables. Observe also that
Ž w xthe result is similar to the one in the ARMA case see 21 , Theorem 2.2. In

that theorem, the scale parameter of Y , k G 1, should be Cy1ra and notk a
1r a .C .a

Theorem 1.2 is a first step in the development of statistical procedures for
time series that exhibit both infinite variance and long-range dependence. Its
proof is presented in Section 3. In Section 4 we describe the results of a small
simulation study.

2. Consistency of the estimator. The proof of the consistency Theorem
1.1, which is presented in Section 2.1, follows, in its main outline, that of

w xTheorem 2.1 of Mikosch, Gadrich, Kluppelberg and Adler 21 . In our case,¨
Ž .however, the power transfer function g l, b diverges to infinity at l s 0, so0

the arguments developed for continuous g do not carry over. By working with
the compact parameter space E, we are able to avoid some technical compli-
cations.

We first establish the following extension of Theorem 4.2 of Davis and
w xResnick 9 .

Ž .THEOREM 2.1. Suppose the inovations Z have mean zero and satisfy 1.2n
Ž .and 1.3 and

`
ay«< <2.1 c - `Ž . Ý j

js0

for some « ) 0. Then, for the moving average
`

X s c Z ,Ýn j nyj
js0

we have

< <ny h `
y2 < < < <2.2 a X X , h - m ª c c Y , h - m ,Ž . Ý Ýn t tq < h < DD j jq < h < 0ž /ž / ž /ts1 js0

where Y is as in Theorem 1.2 and the a are determined by the condition0 n

< < ya2.3 ; x ) 0 lim nP Z ) a x s x .Ž . Ž .1 n
nª`

Observe that in Theorem 2.1 we do not assume the absolute summability
of the c if a ) 1, which was a global assumption in the paper by Davis andj

w xResnick 9 . A careful study of their proofs shows that the result depends on
the relation

` `< <P Ý c Z ) tŽ .js0 j j a< <2.4 lim s cŽ . Ý j< <P Z ) ttª` Ž .1 js0
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Ž .and on condition 2.1 , which guarantees that the process X is well definedn
Ž w x. Ž . w xsee, e.g., 1 . Relation 2.4 was proved by Cline 7 under the assumption

` < <that Ý c - ` if a ) 1. Because the coefficients c in the moving averagejs0 j j
representation of fractional ARIMA processes behave like jdy1 as j ª `, they
are not absolutely summable if d ) 0, and hence we cannot use Cline’s result

Ž . Ž .here. We will show, however, that 2.4 continues to hold under condition 2.1
if the Z have mean zero. As this fact is of central importance to the presentj
paper and is also of independent interest, we formulate it as a separate
theorem.

THEOREM 2.2. Suppose 1 - a - 2 and the Z have mean zero and satisfyn
Ž . Ž . Ž . Ž .1.2 and 1.3 . Then condition 2.1 implies relation 2.4 .

The preceding discussion and Theorem 2.2 imply Theorem 2.1.
The proof of Theorem 2.2, which utilizes the ideas of the proof of Lemma

w x Ž4.2 of Resnick 22 , is given below. The theorem holds, with the same proof,
.for two-sided moving averages.

2.1. Proof of Theorem 2.2. We start by describing the basic idea. While
w xour argument essentially follows the one presented in 22 , pages 228]230,

the crucial difference is that in order to find an effective upper bound for

y1P c Z 1 ) x ,Ý j j w < Z < F x < c < xj jž /
j

we use the Chebyshev inequality rather than the Markov inequality. This
makes it unnecessary to use Jensen’s inequality to reduce the case a G 1

< <to the case a - 1, a procedure which required the assumption Ý c - `j j
Ž ` ` .Ý stands for Ý or Ý . Observe first thatj js0 jsy`

< <P c Z ) x s P c Z ) x , sup c Z ) xÝ Ýj j j j j jž / ž /jj j

< <q P c Z ) x , sup c Z F xÝ j j j jž /jj

< <F P c Z ) x q P c Z 1 ) x� 4D Ýj j j j w < c Z < F x xj jž / ž /
j j

2.5Ž .

2
y1 y2< < < < y1F P Z ) x c q x E c Z 1 .Ý Ýž /j j j j w < Z < F x < c < xj j

j j

We first verify that the series Ý Y , Y s c Z 1 converges in L2.j j j j j w < c Zj j < F x x
< <Observe that the Y need not be orthogonal. It suffices to show that Ý EY - `j j j

< <2and Ý E Y y EY - `. In the arguments below we often use Potter’s theo-j j j
Ž Ž . w x.rem see Theorem 1.5.6 c of Bingham, Goldie and Teugels 4 . Since EZ s 0,j
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we have for sufficiently large j,

< <EY s E c Z 1� 4j j j w < c Z < ) x xj j

x `
< < < <F P c Z ) x dt q P c Z ) t dtŽ . Ž .H Hj j j j

0 x

`
ay« ay«yaq« yaq«< < < <F x 1 q « x c q 1 q « c t dtŽ . Ž . Hj j

x

2.6Ž .

a y «
ay«1yaq« < <s 1 q « x c ,Ž . ja y 1 y «

< <2which shows that the seriesÝ EY converges absolutely. SinceÝ E Y yEY Fj j j j j
Ý EY 2, it remains to verify that Ý EY 2 - `. It follows from the well-knownj j j j
relation

2E Z 1 a1 w < Z < F x x12.7 ªŽ . 2 < < 2 y ax P Z ) xŽ .1

Ž w x.see Section 8.1 of Bingham, Goldie and Teugels 4 that the function
Ž . w < <2 xU x [ E Z 1 is regularly varying with index 2 y a and, conse-1 w < Z1 < F x x

quently, for sufficiently large x and some constant K,
22 E Z 1EY 1 w < Z < F x < c < y1xj 1 j2< <s c j2 2< < < <x P Z ) x x P Z ) xŽ . Ž .1 1

< <y1U x c U xŽ .ž /j2< <s c j 2 < <U x x P Z ) xŽ . Ž .1

2.8Ž .

2yaq«2 y1 ay«< < < < < <F K c c s K c .ž /j j j

< <2 Ž . Ž .2 2 Ž < <.2Since E Ý Y s Var ÝY q EÝY F Ý EY q Ý EY , we obtain fromj j j j j j j j
Ž . Ž . Ž .2.5 , 2.6 and 2.8 ,

< <P Ý c Z ) xŽ .j j j
2.9 F S x q S x q S x ,Ž . Ž . Ž . Ž .1 2 3< <P Z ) xŽ .1

where
< < < <y1P Z ) x cž /1 j

S x s ,Ž . Ý1 < <P Z ) xŽ .1j

EY 2
j

S x s ,Ž . Ý2 2 < <x P Z ) xŽ .1j

2
< <Ý EYŽ .j j

S x s .Ž .3 2 < <x P Z ) xŽ .1

Ž < < .Since P Z ) x is regularly varying at infinity with index ya , for suffi-1
Ž .ciently large j the summands in the sum defining S x do not exceed1
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Ž . < <ay« Ž . < <a Ž . Ž .1 q « c , and so lim S x s Ý c . By 2.7 , 2.8 and the domi-j x ª` 1 j j
Ž . Ž . < <anated convergence theorem, lim S x s ar 2 y a Ý c . Finally, byx ª` 2 j j

Ž . Ž . Ž .Ž < <ay« .2 yaq« Ž .2.6 , S x F c a , « Ý c x . The inequality 2.9 and these rela-3 j j
tions yield

< <P Ý c Z ) x 2Ž .j j j a< <2.10 lim sup F c .Ž . Ý j< <P Z ) x 2 y aŽ .xª` 1 j

Now, for any 0 - r - 1 and any positive integer m,

P c Z ) x G P c Z ) 1 q r x y P c Z ) rx .Ž .Ý Ý Ýj j j j j jž / ž / ž /
j < < < <j Fm j )m

ŽSince the hypothesis of the theorem holds for finite sums see the proposition
w x. Ž .on page 278 of Feller 11 , 2.10 yields

< <P Ý c Z ) xŽ .j j j
lim inf

< <P Z ) xxª` Ž .1

2ya a a< < < <G 1 q r c y c .Ž . Ý Ýj ja2 y a rŽ .< < < <j Fm j )m

2.11Ž .

Similarly,

< <P Ý c Z ) xŽ .j j j
lim sup

< <P Z ) xŽ .xª` 1

2ya a a< < < <F 1 y r c q c .Ž . Ý Ýj ja2 y a rŽ .< < < <j Fm j )m

2.12Ž .

Ž . Ž . Ž .Letting first m ª ` and then r ª 0 in 2.11 and 2.12 , we get 2.4 . I

2.2. Proof of the consistency Theorem 1.1. The proof of Theorem 1.1 uses
w xtwo lemmas. The first extends Proposition 10.8.1 of Brockwell and Davis 5 ;

w xthe second extends Lemma 1 of Fox and Taqqu 12 and Lemma 6.1 of
w xMikosch, Gadrich, Kluppelberg and Adler 21 .¨

LEMMA 2.1. Suppose b , b g E. If b / b , then1 2 1 2

p1 g l, bŽ .1
2.13 dl ) 1.Ž . H2p g l, bŽ .yp 2

< <PROOF. For z - 1 and b g E define
`Q z , bŽ .

jC z , b s s c b z ,Ž . Ž .Ý jŽ .d b
F z , b 1 y zŽ . Ž . js0

`1
jH z , b s s h b z .Ž . Ž .Ý jC z , bŽ . js0
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� 4 Ž .Let « be a sequence of i.i.d. N 0, 1 random variables and consider then
Gaussian fractional ARIMA process

`

X b s c b « .Ž . Ž .Ýn 1 j 1 nyj
js0

Ž w x .It is well known see, e.g, Brockwell and Davis 5 , Section 13.2 that
Ž Ž . ` Ž .. Ž .Var X b y Ý u X b is minimized if and only if u s yh bnq1 1 js0 j nyj 1 j jq1 1

Ž .and the minimum value of the variance is 1. Since b / b , we have H ?, b2 1 2
Ž . Ž Ž . ` Ž . Ž ../ H ?, b , and so Var X b q Ý h b X b ) 1. This con-1 nq1 1 js0 jq1 2 nyj 1

cludes the proof because that variance equals
2j` p1 2yil yil< <h b c b s H e , b C e , b dlŽ . Ž . Ž . Ž .Ý Ý Hk 2 jyk 1 2 12p ypjs0 ks0

2yil
p1 C e , bŽ .1s dlH yi l2p C e , bŽ .yp 2

p1 g l, bŽ .1s dl. IH2p g l, bŽ .yp 2

1< <REMARK. The lemma holds whenever d - , thus not only for positive2
1 1yi ? 2Ž . w xvalues of d. Indeed, since for d - , C e , b g L yp , p and for d ) y ,2 2

Ž yi ? . 2w x < <H e , b g L p , p , Parseval’s relation applies whenever d - 1r2.

Ž . ŽLEMMA 2.2. Let f l, b be any continuous and hence uniformly continu-
. w xous function on yp , p = E. Then, as n ª `,

p
˜sup f l, b I l dlŽ . Ž .H n

ypbgE
2.14Ž .

p1
y f l, b g l, b dl ª 0.Ž . Ž .H 0 Pg 0Ž . yp

PROOF. The proof is similar to the proof of Lemma 6.1 of Mikosch,
w xGadrich, Kluppelberg and Adler 21 . Note, however, that for fractional¨

Ž .ARIMA processes the function g l, b diverges at l s 0.0
Ž il. Ž < < . ilhLet K e s Ý < h < - m 1 y h rm e denote the Fejer kernel. Fix « ) 0´m

and choose m so large that for all l and b,
«

< <2.15 K ) f l, b y f l, b - .Ž . Ž . Ž .m 4p

w Ž .To verify 2.15 , repeat the proof of Fejer’s theorem for continuous functions´
xand use the uniform continuity of f in both variables. Hence, for any b,

p p p« «˜ ˜ ˜f l, b I l dl y K ) f l, b I l dl - I l dl s .Ž . Ž . Ž . Ž . Ž .H H Hn m n n4p 2yp yp yp
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Consequently,

p py1˜P sup f l, b I l dl y g 0 f l, b g l, b dl G «Ž . Ž . Ž . Ž . Ž .H Hn 0ž /yp ypb

p
˜F P sup K ) f l, b I l dlŽ . Ž .H m nž ypb

p «y1yg 0 f l, b g l, b dl GŽ . Ž . Ž .H 0 /2yp
2.16Ž .

< <h ˆs P sup 2p 1 y f h , b r hŽ . Ž .Ý nž /ž mb < <h -m

p «y1yg 0 f l, b g l, b dl G ,Ž . Ž . Ž .H 0 /2yp

ˆ p yihlŽ . Ž . Ž . Ž . Ž .where r h is given in 1.8 and f h, b s 1r2p H e f l, b dl. Then yp

Ž .last quantity in 2.16 is bounded above by

< <h «ˆP sup 2p r h y r h 1 y f h , b GŽ . Ž . Ž .Ž .Ý n ž /ž /m 4b < <h -m

< <h ˆq P sup 2p r h 1 y f h , bŽ . Ž .Ý ž /ž mb < <h -m

2.17Ž .

p «y1yg 0 f l, b g l, b dl G .Ž . Ž . Ž .H 0 /4yp

Ž . Ž .The first term in 2.17 tends to zero because, by Theorem 2.1, r h ªn DD
ˆŽ . < Ž . < < Ž . <r h and f h, b F sup sup f l, b - `. To evaluate the secondyp F lFp b g E

Ž .term in 2.17 observe that

< <h ˆ2p r h 1 y f h , bŽ . Ž .Ý ž /m< <h -m

< <p hy1 ilhs g 0 g h 1 y e f l, b dlŽ . Ž . Ž .ÝH ž /myp < <h -m

and
< <h

ilhg h 1 y e s K ) g l, b .Ž . Ž .Ý m 0ž /m< <h -m

Ž .Therefore the second term in 2.17 equals

p «y1P sup g 0 K ) g l, b y g l, b f l, b dl G ,Ž . Ž . Ž . Ž .H m 0 0ž /4ypb
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Ž .which is zero for sufficiently large m because f l, b is uniformly bounded on
w x Ž w x .yp , p = E and, by Fejer’s theorem see, e.g., Helson 16 , page 14 ,´

p
< <K ) g l, b y g l, b dl ª 0 as m ª `,Ž . Ž .H m 0 0

yp

Ž . 1w xsince g ?, b g L yp , p . This concludes the proof. I0

Ž .PROOF OF THE CONSISTENCY THEOREM 1.1. Since d b ) 0, the function
Ž . w x1rg l, b is continuous on yp , p = E, and hence Lemma 2.2 applies. We

get

˜p pI l 1 g l, bŽ . Ž .n 02 22.18 s s dl ª s [ dl,Ž . H Hn Pg l, ? g 0 g l, ?Ž . Ž . Ž .yp yp

2 2 Ž .where s and s are random elements of the function space C E ofn
continuous functions on E equipped with the sup-norm. The remainder of the
proof, included for completeness, is a variation on the proof of Theorem 2.1 of
Mikosch, Gadrich, Kluppelberg and Adler.¨

Ž .Since b is a constant, to prove 1.13 it suffices to show that b ª b .0 n DD 0
� 4Because E is compact, the sequence b is tight, and hence b ª b if andn n DD 0

� 4only if every weakly convergent subsequence of b converges weakly to b .n 0
� 4 � 4 ŽLet then b be a subsequence of b such that b ª b9 b9 is am n m DD

.random variable . We want to show that b9 s b a.s.0
Ž . w xBy 2.18 and Theorem 4.4 of Billingsley 3 ,

2 22.19 s , b ª s , b9 in C E = E ,Ž . Ž .Ž .Ž .m m DD

2 Ž .since s is a nonrandom element in C E . By the continuous mapping
Ž .theorem, 2.19 implies

2.20 s 2 b ª s 2 b9 .Ž . Ž . Ž .m m DD

and hence, for any t,

2.21 lim sup P s 2 b F t F P s 2 b9 F t .Ž . Ž . Ž .Ž .Ž .m m
m

Ž .Now, the definition of b and 2.18 yieldn

2p
2 2s b F s b ª t [ .Ž . Ž .m m m 0 P 0 g 0Ž .

Consequently,

lim inf P s 2 b - tŽ .Ž .m m
m

G lim inf P s 2 b - t G 1 ;t ) t ,Ž .Ž .m 0 0
m

2.22Ž .

Ž 2Ž . . Ž .and so lim sup P s b F t s 1 for all t ) t . Using 2.21 we obtainm m m 0

2.23 P s 2 b9 F t s 1 ;t ) t .Ž . Ž .Ž . 0
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2Ž .Moreover, by Lemma 2.1, s b9 ) t whenever b9 / b , and so0 0

2.24 lim P s 2 b9 F t , b9 / b s P s 2 b9 F t , b9 / b s 0.Ž . Ž . Ž .� 4 � 40 0 0
tot0

Ž .The equality 2.23 implies that for any t ) t ,0

1 s P s 2 b9 F t , b9 s b q P s 2 b9 F t , b9 / bŽ . Ž .Ž . Ž .0 0

F P b9 s b q P s 2 b9 F t , b9 / b ,Ž . Ž .Ž .0 0

Ž . Ž .which together with 2.24 yields P b9 s b s 1. This is what we wanted to0
establish.

Ž .Finally, to prove 1.14 , write

< 2 2 <P s b y s b G «Ž . Ž .Ž .n n 0

< 2 2 <F P s b y s b G «r2Ž . Ž .Ž .n n n2.25Ž .
< 2 2 <q P s b y s b G «r2 .Ž . Ž .Ž .n 0

Ž . Ž .The first term in the right-hand side of 2.25 tends to zero by 2.18 , the
second because b ª b and s 2 is continuous on E. In P 0

3. Asymptotic distribution of the estimator. The crucial element in
the proof of Theorem 1.2 is Proposition 3.1, which is established in Section
3.2. We show first that this proposition yields Theorem 1.2.

ŽPROPOSITION 3.1. For real numbers u , u , . . . , u which are fixed but1 2 pqqq1
.arbitrary set

pqqq1 
y13.1 h l s u g l, b .Ž . Ž . Ž .Ý j 0bjjs1

Then, as n ª `,

1ra
pn

Ĩ l h l dlŽ . Ž .H nž /log n yp
3.2Ž .

` p4p Y 1k yik lª e g l, b h l dl ,Ž . Ž .Ý HDD 0ž /g 0 Y 2pŽ . yp0ks1

where the random variables Y , Y , Y are as in Theorem 1.2.0 1 2

PROOF OF THEOREM 1.2. Let brb denote the column vector with entries
rb , j s 1, . . . , p q q q 1, and  2rb 2 the matrix with entries  2rb b ,j i j

Ž .i, j s 1, . . . , p q q q 1. Relation 3.2 implies

1ra `n  4p Yk23.3 s b ª bŽ . Ž . Ýn 0 DD kž /log n b g 0 YŽ . 0ks1
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w Ž .xcf. 1.12 . Also,
2

p
2 

2 y1˜3.4 s b s I l g l, b dl.Ž . Ž . Ž . Ž .Hn 0 n 02 2b byp

Ž . Ž .Differentiation under the integral in 3.3 and 3.4 is justified because the
Ž .function g l, b is proportional to the spectral density of Gaussian fractional

Ž .ARIMA and consequently satisfies condition A3 on page 521 of Fox and
w x Ž . Ž .Taqqu 12 , namely, for any d ) 0 there are constants K d and K d such1 2

that

 2 dŽ b .ydy1 < <3.5 g l, b F K d l , j s 1, . . . , p q q q 1,Ž . Ž . Ž .1bj

and

2 2 dŽ b .ydy1Ž . Ž . < <3.6 g l, b F K d l , i, j s 1, . . . , p q q q 1.Ž . 2b bi j

Since E is compact, we can clearly assume that there is a d ) 0 such that
3.7 inf 2 d b y d ) 0.Ž . Ž .Ž .

bgE

Ž . Ž . 2 2Ž y1Ž ..Condition 3.7 together with 3.6 show that  rb g l, b has continu-0
Ž .ous components, and so, by Lemma 2.2 and 3.4 ,

2 1
23.8 sup s b y W b ª 0.Ž . Ž . Ž .n 0 P2 g 0b Ž .bgE

2Ž . U 5 U 5 5Since b minimizes s b , there is some b satisfying b y b - b yn n n n 0 n
5b such that0

  2
U2 23.9 s b s y s b b y b .Ž . Ž . Ž . Ž .n 0 n n n 02b b

Ž . Ž .1r a Ž . Ž .Multiplying both sides of 3.9 by nrlog n and using 3.3 and 3.8
w x Ž .together with Theorem 4.4 of Billingsley 3 , yields 1.21 . I

3.1. Tools. We state here several results on which we rely extensively.
The following proposition follows from Theorem 3.1 of Rosinski and Woy-

w xczynski 23 .

PROPOSITION 3.2. Suppose Z , Z , . . . is a sequence of i.i.d. symmetric1 2
random variables satisfying

a < <3.10 lim sup l P Z ) l F C - `,Ž . Ž .1
lª`

where 0 - a - 2. Consider the sequence of bilinear forms
n

3.11 Q s q j, k Z Z ,Ž . Ž .Ýn j k
j, ks1

j/k
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and set
n

a y1Žn. < < < <3.12 N s q j, k 1 q log q j, k .Ž . Ž . Ž .Ž .Ýa q
j, ks1

j/k

Then there is a constant D such thata

< < ya Žn.3.13 P Q ) l F D l 1 q log l N .Ž . Ž .Ž .n a q a

Žn. � 4 pMoreover, if N s lim N - `, then the sequence Q converges in L ,a nª` a n
for any 0 - p - a , to the limit

`

3.14 Q s q j, k Z Z ,Ž . Ž .Ý j k
j, ks1

j/k

which satisfies

< < ya3.15 P Q ) l F D l 1 q log l N .Ž . Ž .Ž . a q a

By log x we mean log x if x G 1 and 0 otherwise. Combining thisq
proposition with the inequality

1 y1a m3.16 x 1 q log - a y m x ,Ž . Ž .qž /x

valid for 1 - m - a and 0 - x - 1, we get the following corollary:

COROLLARY 3.1. Suppose p is a real number. If for some 1 - m - a ,

< p <mlim n q j, k s 0,Ž .Ý n
nª` j , k

j/k

then
n p q j, k Z Z ª 0 as n ª `.Ž .Ý n j k P

j, k
j/k

The next proposition is a direct consequence of Theorem 3.3 of Davis and
w xResnick 10 .

PROPOSITION 3.3. Suppose the Z and the Y , k G 0, are as in Theoremn k
1.2. Then, for any m ) 0, as n ª `,

n ny1
y1ray2ra 2n Z , n log n Z Z , . . . ,Ž .Ý Ýt t tq1ž

ts1 ts1

nym
y1ran log n Z ZŽ . Ý t tqm /

ts1

3.17Ž .

ª C 2r as 2 Y , Y , . . . , Y .Ž .Ž .DD a 0 1 m

We shall use the following lemma often.



ESTIMATION FOR INFINITE VARIANCE FARIMA 1895

Ž . < <LEMMA 3.1. Suppose the c are defined by 1.5 . Then for 0 - l - p andj
any integers n - n ,1 2

n2
y1il j dy1 < <3.18 c e F Kn lŽ . Ý j 1

jsn1

and
n2

ydil j < <3.19 c e F K l ,Ž . Ý j
jsn1

where K does not depend on n , n and l.1 2

Ž .PROOF. Inequality 3.18 follows immediately from the fact that
dy1 Ž w x .lim c rj exists cf. Bingham, Goldie and Teugels 4 , page 208 . In-jª` j

Ž .equality 3.19 can be proved by modifying slightly the proof of Theorem 2.6
w xand using inequalities 2.26 and 2.27 on page 191 of Zygmund 25 . I

3.2. Proof of Proposition 3.1. Proposition 3.1 follows from a number of
lemmas which are proved below, some of which are of independent interest.

LEMMA 3.2. Consider the function h defined in Proposition 3.1 and set

x l s h l g l, bŽ . Ž . Ž .0

and
p1

yi lkf s e x l dl.Ž .Hk 2p yp

Ž < <y1 .Then f s O k as k ª `.k

Ž .PROOF. By 1.11 ,
pqqs1 y1 g l, bŽ .0

x l s u g l, bŽ . Ž .Ý j 0ž /bjjs1

pqqq1 
s y u log g l, bŽ .Ý j 0bjjs1

2yilpqqq1  Q e , bŽ .0 yil< <s y u log y 2 d b log 1 y e .Ž .Ý j 0yil½ 5b F e , bŽ .j 0js1

Thus, we can write

l
3.20 x l s x l q A b log 2 sin ,Ž . Ž . Ž . Ž .1 0 2

where
2yilpqqq1  Q e , bŽ .0

3.21 x l s y u logŽ . Ž . Ý1 j yilb F e , bŽ .j 0js1
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and
pqqq1 

3.22 A b s 2 u d b .Ž . Ž . Ž .Ý0 j 0bjjs0

Ž . Ž .By 3.20 , f s f q A b f , where f is the Fourier coefficient of x andk 1k 0 2 k 1k 1

p1 l
yi lk3.23 f s e log 2 sin dl.Ž . H2 k 2p 2yp

w xAs the function x has continuous derivative on yp , p , we have f s1 1k
Ž < <y1 . Ž < <y1 .O k and so it remains to show that f s O k . Integrating the right-2 k

Ž .hand side of 3.23 by parts and setting l s 2m, we get

1 sin 2km cos mŽ .pr2
3.24 f s y dm.Ž . H2 k p k sin m0

Consequently, we must show that the integrals

sin jm cos mŽ .pr2
I s dmHj sin m0

are uniformly bounded in j. To verify this, decompose I as I s I q I ,j j 1 j 2 j
where

sin jm cos mŽ .pr2
I s dmH1 j m0

and
1 1pr2

I s sin jm cos m y dm.Ž .H2 j ž /sin m m0

< < Ž . � 4Since 1rsin m y 1rm s O m , as m ª 0, the sequence I is bounded. To2 j
� 4see that the sequence I is bounded, observe that1 j

1 sin j q 1 m sin j y 1 mŽ . Ž .pr2 pr2
I s dm q dmH H1 j ½ 52 m m0 0

and

`sin jm sin x sin xŽ .pr2 p jr2
dm s dx ª dxH H H

m x x0 0 0

as j ª `, the last integral converging conditionally. I

˜ Ž .Lemma 3.2 is used in the proof of Proposition 3.4, in which I l denotesn, Z
� 4the self-normalized periodogram of the process Z , that is,t

y1 2n n
2 yilt˜3.25 I l s Z Z e .Ž . Ž . Ý Ýn , Z t tž /

ts1 ts1
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PROPOSITION 3.4. Suppose the Z and the Y , k G 0, are as in Theorem 1.2n k
� 4and the function x and the sequence f are as in Lemma 3.2. Thenk

1ra `pn Yk˜3.26 I l x l dl ª 4p fŽ . Ž . Ž . ÝH n , Z DD kž /log n Yyp 0ks1

as n ª `.

PROOF. This proof follows closely that of Lemma 6.3 of Mikosch, Gadrich,
w xKluppelberg and Adler 21 . We use here a ) 1 and Lemma 3.2 rather than¨

< <m Ž .the assumption Ý f - ` for some m g 0, 1 n a , which holds in the ARMAk
case.

w x Ž .By Theorem 4.2 of Billingsley 3 , relation 3.26 will follow, once we have
verified that, as m ª `,

`Y Yk k
3.27 2p f ª 4p fŽ . Ý Ýk P kY Y0 0< < ks1k Fm

and, as n ª `,

1ra
pn Yk˜3.28 I l x l dl ª 2p fŽ . Ž . Ž . ÝH n , Z m DD kž /log n Yyp 0< <k Fm

Ž . ilkfor each fixed m, where x l s Ý < k < F m f e andm k

1ra
pn ˜lim lim sup P I l x l y x l dl ) «Ž . Ž . Ž .Ž .H n , Z m½ 5ž /3.29Ž . log nmª` ypnª`

s 0

for any « ) 0.
Ž .In order to verify 3.27 observe first that

p

3.30 log g l, b dl s 0 ;b g E.Ž . Ž .H
yp

Ž . w xRelation 3.30 follows from the remark on page 520 of Fox and Taqqu 12
Ž . Ž . Ž .and the fact that g l, b s 2p f l, b , where f l, b is the spectral density

Ž .of the Gaussian fractional ARIMA. Using condition A.1 of Fox and Taqqu
w x Ž .12 with g in place of f , we get, by 3.30 ,

pqqq1
p1 

y1f s u log g l, b dlŽ .Ý H0 j 02p byp jjs1

pqqq1
p 1

s u y log g l, b dl s 0.Ž .Ý Hj 0ž /b 2p ypjjs1
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In view of the above relation and the fact that f s f , it remains to showk yk
that

Yk
3.31 f ª 0 as m ª `.Ž . Ý k PY0< <k )m

Since Y is independent of the remaining Y ’s, it suffices to verify that0 k
Ý < k < ) m f Y ª 0. The latter relation follows from the three series theoremk k P
and Lemma 3.2.

Direct verification, moreover, shows that

1ra
pn

Ĩ l x l dlŽ . Ž .H n , Z mž /log n yp

y1 < <ny kn
y1ray2ra 2s 2p n Z f n log n Z Z ,Ž .Ý Ý Ýt k t tq < k <ž /

ts1 < < ts1k Fm

Ž .so relation 3.28 follows from Proposition 3.3.
Ž .Finally, to verify 3.29 , notice that for m - n,

p p
yi lh ilkĨ l x l y x l dl s r h e f e dlŽ . Ž . Ž . Ž .Ž . Ý ÝH Hn , Z m n , Z kž / ž /yp yp < < < <h -n k )m

p
ilŽkyh.s r h f e dlŽ .Ý ÝHn , Z kž /yp< < < <h -n k )m

3.32Ž .

s 2p r h f ,Ž .Ý n , Z h
< <m- h -n

where
y1 < <ny hn

23.33 r h s Z Z Z .Ž . Ž . Ý Ýn , Z t t tqhž / ž /
ts1 ts1

w Ž . < <2 xThe last equality in 3.32 is justified by the fact that Ý < k < ) m f - `.k
Ž . Ž .Equalities 3.32 and 3.33 and a change of indices yield

1ra
pn

Ĩ l x l y x l dlŽ . Ž . Ž .Ž .H n , Z mž /log n yp
3.34Ž . y1n nymy1 n

y1ray2ra 2s 4p n Z n logn Z f Z .Ž .Ý Ý Ýt t hyt hž /
ts1 ts1 hsmqtq1

y2ra n 2 Ž .By Proposition 3.3, n Ý Z ª Y , so 3.28 will follow once we havets0 t DD 0
verified that

nymy1 n
y1raŽ .3.35 lim lim sup P n log n Z f Z )« s0.Ž . Ý Ýt hyt h½ 5mª` nª` ts1 hsmqtq1
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Ž . Ž . Ž .By 3.13 and the inequality 3.16 , the probability in 3.35 is bounded above
by

nymy1 h
mya y1 < <3.36 K « n f .Ž . Ý Ýa , m hyt

ts1 hsmqtq1

Since, by Lemma 3.2,

nymy1 n n `
m my1 y1 1ym< < < <n f F n f F Km ,Ý Ý Ý Ýhy t j

ts1 hsmqtq1 ts1 jsmq1

Ž .we see that 3.35 holds. I

Our next goal is to establish a relationship between the right-hand side of
Ž . Ž .3.2 and the right-hand side of 3.26 . The first step in this direction is to

� 4 � 4relate the sample variances of the processes X and Z .t t

LEMMA 3.3. Suppose the Z , c , X and a are as in Theorem 2.1. Thenn j n n

n ` n
y2 2 2 y2 23.37 a X s c a Z 1 q o 1 .Ž . Ž .Ž .Ý Ý Ýn k j n k Pž /

ks1 js0 ks1

PROOF. We only sketch the proof since it is similar to the proofs in Davis
w xand Resnick 9, 10 which rely on point processes techniques. Let

yay1yay1l dx s a px 1 x dx q a q yx 1 x dxŽ . Ž . Ž . Ž .Ž0, `. Žy` , 0.

Ž .be the Levy measure of a stable random variable and set m dt, dx s dt =´
Ž . `l dx , t ) 0, where dt stands for the Lebesgue measure. If Ý « is theks1 Ž t , j .k k

Poisson random measure with mean measure m, then Theorem 2.2 of Davis
w xand Resnick 9 asserts that

` ` m

y1 Žk .3.38 « « « ,Ž . Ý Ý ÝŽk r n , a Z . Ž t , j e .n k k i
ks1 ks1 is1

Ž .where « denotes the weak convergence of random measures on 0, ` =
m � 4 Žk . Ž . mR _ 0, . . . , 0 , Z s Z , Z , . . . , Z and where e g R is the basisk ky1 kymq1 i

element with ith component equal to 1 and the rest 0. Instead of applying, as
w x Ž .in Davis and Resnick 9 , the continuous map z , z , . . . , z ¬k ky1 kymq1

my 1 Ž .Ý c z to both sides of 3.38 , we shall apply the continuous mapis0 i kyi
Ž . Ž my 1 .z , z , . . . , z ¬ Ý c z , z . Thus using Theorems 4.2 and 5.1k ky1 kymq1 is0 i kyi k

w xof Billingsley 3 and the arguments of the proof of Theorem 2.4 of Davis and
Resnick, we get

n ` `

y13.39 « « « q « ,Ž . Ý Ý ÝŽa Ž X , Z .. Žc j , j . Žc j , 0.n k k o k k i kž /
ks1 ks1 is1

2 � 4 4where now the space is R _ 0, 0 . Proceeding as in the proof of Theorem 4.2
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w x Ž .of Davis and Resnick 9 , it can be verified that 3.39 yields
n `

y2 2 2 23.40 a X , Z ª c , 1 S,Ž . Ž .Ý Ýn k k DD jž /
ks1 js0

where the ar2-stable random variable S is as in Theorem 2.1. Finally,
Ž . Ž Ž ` 2 . .applying the continuous map h u, v s u y Ý c v rv to both sides ofjs0 j

Ž . Ž .3.40 , we obtain 3.37 . I

REMARK. Lemma 3.3 extends Lemma 5.2 of Mikosch, Gadrich, Kluppel-¨
Ž .berg and Adler, which was proved under the assumption 1.6 . We have

Ž . Ž .shown that condition 2.1 is sufficient for 3.37 to hold.

Lemma 3.3 yields the following useful corollary:

COROLLARY 3.2. For any fractional ARIMA process whose innovations
Ž . Ž .satisfy 1.2 and 1.3 ,

p

Ĩ l h l dlŽ . Ž .H n
yp

py1 ˜s g 0 1 q o 1 I l g l, b h l dlŽ . Ž . Ž . Ž . Ž .Ž .HP n , Z 0
yp

3.41Ž .
y1n py1 y2 2q g 0 1 q o 1 a Z R l h l dl,Ž . Ž . Ž . Ž .Ž . Ý HP n k nž / ypks1

Ž . ` 2where g 0 s Ý c andjs0 j

` n
2 il j y1 ilk< <R l s Y l q Y l c e a Z eŽ . Ž . Ž . Ý Ýn n n j n kž /ž /

js0 ks1

` n
yi l j y1 yilkq Y yl c e a Z eŽ . Ý Ýn j n kž /ž /

js0 ks1

3.42Ž .

and where
nyj` n

y1 yil j yilk yilk3.43 Y l s a c e Z e y Z e .Ž . Ž . Ý Ý Ýn n j k kž /js0 ks1yj ks1

PROOF. Defining
2 2n n1 1

yi lt yiltI l s X e and I l s Z e ,Ž . Ž .Ý Ýn , X t n , Z t2 2a an nts1 ts1

it can be verified identically as in the case of finite variance ARMA processes
Ž w x.cf., e.g., the proof of Theorem 10.3.1 of Brockwell and Davis 5 that

2`
yi l j3.44 I l s c e I l q R l .Ž . Ž . Ž . Ž .Ýn , X j n , Z n

js0
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Now, using Lemma 3.3, we have
y1 2n np p

2 yilkĨ l h l dl s X X e h l dlŽ . Ž . Ž .Ý ÝH Hn k kž /yp yp ks1 ks1

y1n p
y2 2s a X I l h l dlŽ . Ž .Ý Hn k n , Xž / ypks1

y1n
y2 2s g 0 a Z 1 q o 1Ž . Ž .Ž .Ýn k P

ks1

p

= g l, b I l q R l h l dlŽ . Ž . Ž . Ž .H 0 n , Z n
yp

py1 ˜s g 0 1 q o 1 I l g l, b h l dlŽ . Ž . Ž . Ž . Ž .Ž .HP n , Z 0
yp

y1n py1 y2 2q g 0 1 q o 1 a Z R l h l dl.Ž . Ž . Ž . Ž .Ž . Ý HP n k nž / ypks1

I

Ž . Ž . Ž . y2 n 2 Ž .Since g l, b h l s x l and a Ý Z ª S, by 3.40 , we obtain the0 n ks1 k DD

following corollary.

COROLLARY 3.3. The relation
1ra

pn
3.45 R l h l dl ª 0 as n ª `Ž . Ž . Ž .H n Pž /log n yp

Ž .together with Proposition 3.4 will imply relation 3.2 and hence will complete
the proof of Proposition 3.1.

Ž . Ž .Therefore, it remains to establish 3.45 . In view of 3.42 and the fact that
under the assumptions of Theorem 1.2, a is proportional to n1r a, relationn
Ž .3.45 will follow once we have proved the following two lemmas:

Ž . y1 Ž .LEMMA 3.4. Setting Y l s a D l , we haven n n

py1ra 2< <3.46 n log n D l h l dl ª 0 as n ª `.Ž . Ž . Ž . Ž .H n P
yp

Ž . ` il jLEMMA 3.5. Setting C l [ Ý c e , we havejs0 j
npy1ra ilkn log n D l C l Z e h l dlŽ . Ž . Ž . Ž .ÝH n kž /3.47Ž . yp ks1

ª 0 as n ª `.P

The proof of these lemmas involves delicate bounds where the assumption
0 - d - 1 y 1ra plays a crucial role.
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3.3. Proof of the two lemmas.

PROOF OF LEMMA 3.4. We show that
p

2y1ra < <3.48 n D l h l dl ª 0.Ž . Ž . Ž .H n P
yp

Ž .Observe that D l can be conveniently split into four sums as follows:n

nyj` n
yi l j yilk yilkD l s c e Z e y Z eŽ . Ý Ý Ýn j k k

3.49Ž . js0 ks1yj ks1

s G l q G l q G l q G l ,Ž . Ž . Ž . Ž .1n 2 n 3n 4 n

where
ny2 nqk

iŽkyj.l3.50 G l s c e Z ,Ž . Ž . Ý Ý1n j ykž /ks0 jskq1

` nqk
iŽkyj.l3.51 G l s c e Z ,Ž . Ž . Ý Ý2 n j ykž /ksny1 jskq1

ny2 ny1
yi nl iŽkyj.l3.52 G l s ye c e Z ,Ž . Ž . Ý Ý3n j nykž /ks0 jskq1

` n
yi l j yilt3.53 G l s y c e Z e .Ž . Ž . Ý Ý4 n j tž /

jsn ts1

Ž .Clearly, 3.48 will follow once we have verified that
p

2y1ra < < < <3.54 n G l h l dl ª 0Ž . Ž . Ž .H un P
yp

for u s 1, 2, 3, 4.
Ž .Step 1. We first verify 3.54 with u s 1. Write

p
2< < < <G l h l dlŽ . Ž .H 1n

yp

2ny2 nqtp
2 il j < <s Z c e h l dlŽ .Ý ÝHyt jž /ypts0 jstq1

ny2 nqkp
iŽkyj.lq Z Z c eÝ ÝHyt yk jž /ypt , ks0 jskq1

t/k

3.55Ž .

nqt
iŽ jyt .l < <= c e h l dlŽ .Ý jž /jstq1

ny2 ny2
2\ n t Z q k k , t Z Z .Ž . Ž .Ý Ýn yt n yt yk

ts0 t , ks0
t/k
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Ž . Ž .In order to establish upper bounds on the coefficients n t and k k, t ,n n
Ž . w xobserve that by condition A.3 on page 521 of Fox and Taqqu 12 , for any

d ) 0,
< < < <2 dyd3.56 h l s O l as l ª 0.Ž . Ž . Ž .

Ž .Relation 3.56 and the two inequalities of Lemma 3.1 yield
p ydy1q2 dyddy1 dy1< < < <3.57 n t F K t l dl F K tŽ . Ž . Hn 1 2

yp

if d is small enough. The same argument shows that
dy1< <3.58 k k , t F K t k k .Ž . Ž . Ž .n 2

Ž .Using 3.57 , we obtain, for 1 - m - a ,
mr2ny2 ny2

y1ra 2 ym r2 ym r2 a 2P n n t Z ) « F « n E n t ZŽ . Ž .Ý Ýn yt n yt½ 5
ts0 ts0

ny2
mr2 mym r2 ym r2 a < < < <F « n E n t ZŽ .Ý n yt

ts03.59Ž .
ny2

mym r2 m r2 ym r2 a Ždy1.m r2< <F « E Z K n tÝ1 2
ts0

s O nym r2 aqŽŽdy1.m .r2q1 .Ž .
Observe that the condition d - 1 y 1ra implies that the exponent ymr2aq
ŽŽ . .d y 1 m r2 q 1 is negative for m sufficiently close to a . Therefore,

ny2
y1ra 23.60 n n t Z ª 0.Ž . Ž .Ý n yt P

ts0

By Corollary 3.1, to show
ny2

y1ra3.61 n k k , t Z Z ª 0Ž . Ž .Ý n yt yk P
t , ks1

t/k

it suffices to verify that for some 1 - m - a ,
my1ra Ždy1.3.62 n k ª 0 as n ª `.Ž . Ž .Ý

1Ft-kFny2

Ž .Note that the left-hand side of 3.62 is bounded above by a multiple of
n n

ym ra Ždy1.m Ždy1.mq2ym ran k dk dt s O n ,Ž .H Hž /1 t

which tends to 0 as n ª ` for m sufficiently close to a . Indeed if m s a , the
Ž . Ž .exponent of n becomes y1 q d y 1 a q 2 s d y 1 a q 1, which is negative

since d - 1 y 1ra .
Ž . Ž . Ž . Ž .Relations 3.60 , 3.61 and 3.55 prove 3.54 with u s 1.

Ž .Step 2. To verify 3.54 with u s 2, we must show that
`

y1ra 23.63 n n t Z ª 0Ž . Ž .Ý n yt P
tsny1



P. S. KOKOSZKA AND M. TAQQU1904

and
`

y1ra3.64 n k t , k Z Z ª 0Ž . Ž .Ý n yt yk P
t , ksny1

t/k

Ž . Ž .with the n t and the k k, t as in the case u s 1. Here, however, we needn n
Ž . Ž .more delicate bounds than 3.57 and 3.58 . Write

< <k k , t F 2 I q I ,Ž . Ž .n 1 2

where

nqt nqk
prn il j il j < <3.65 I s c e c e h l dl,Ž . Ž .Ý ÝH1 j j

0 jstq1 jskq1

nqt nqkp
il j il j < <3.66 I s c e c e h l dl.Ž . Ž .Ý ÝH2 j j

prn jstq1 jskq1

Ž .Note that by 3.56 , for sufficiently small d ) 0,

prn 2 dy1 dy1 2 dyd dy1 dy1 1y2 dqd3.67 I s O n t k l dl s O t k n .Ž . Ž .H1 ž /0

Ž .To establish an upper bound on I , set x s nl in 3.66 . Then2

np
dy1 dy1 1y2 dqd 2 dy2ydI s O t k n x dxH2 ž /

p3.68Ž .
s O t dy1k dy1n1y2 dqd .Ž .

Ž . Ž .Combining 3.67 and 3.68 , we get

3.69 k k , t s O t dy1k dy1n1y2 dqdŽ . Ž . Ž .n

and, in particular,

3.70 n t s O t 2Ždy1.n1y2 dqd .Ž . Ž . Ž .n

Ž . Ž .Now we verify 3.63 . By 3.70 , for 1 - m - a , we have

mr2` `
ymr2y1ra 2 1ra 2P n n t Z ) « F « n E n t ZŽ . Ž . Ž .Ý Ýn yt n yt½ 5

tsny1 tsny1

`
mr2ym r2 a 2Ždy1. 1y2 dqdF K t nŽ .Ýn

tsny1

3.71Ž .

s O nym rŽ2 a .qŽdy1.mq1qŽ1y2 dqd .m r2 .Ž .
1 Ž .Notice that if d s 0, and m s a , the exponent is equal to y q d y 1 a q2

Ž . Ž .1 q 1 y 2 d ar2 s 1 y a r2 and is negative iff a ) 1. This completes the
Ž .proof of 3.63 .
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Ž .To prove 3.64 , we use Corollary 3.1. We have
`

my1ra< <n k k , tŽ .Ý n
t , ksny1

t/k

` `
my1ra dy1 dy1 1y2 dqd< <s O n t k n dt dkH Hž /ž /n k

3.72Ž .
` `

Ž1qdy1ray2 d .m Ždy1.m Ždy1.ms O n k t dt dkH Hž /n n

s O nŽ1qdy1ray2 d .mq2Ždy1.mq2 ,Ž .
which again tends to 0 as n ª ` for m sufficiently close to a . This completes

Ž . Ž .the proof of 3.64 and 3.54 with u s 2.
Ž .Step 3. The proof of 3.54 with u s 3 is the same as in the case u s 1.

Step 4. The case u s 4 is dealt with similarly to the previous three cases.
Write

np
2 2< < < <G l h l dl s n Z q k t , k Z Z ,Ž . Ž . Ž .Ý ÝH 4 n n t n t k

yp ts1 1Ft/kFn

where now
2`p

yi l j < <n s c e h l dlŽ .ÝHn j
yp jsn

and
2`p

yi l j ilŽkyt .< <k k , t s c e h l e dl.Ž . Ž .ÝHn j
yp jsn

Ž .By Lemma 3.1 and 3.56 we obtain

n s O ndy1 and k t , k s O ndy1 .Ž . Ž . Ž .n n

Consequently, Proposition 3.3 and the condition d - 1 y 1ra imply
n n

y1ra 2 Ž1ra .sdy1 y2ra 23.73 n n Z F Kn n Z ª 0.Ž . Ý Ýn t t Pž /
ts1 ts1

The relation

3.74 ny1ra k k , t Z Z ª 0Ž . Ž .Ý n t k P
1Ft-kFn

follows, by Corollary 3.1, from the relation

< y1ra dy1 <mn n ª 0,Ý
1Ft-kFn

which is easily seen to hold for m sufficiently close to a .
Ž .This proves 3.54 with u s 4, completing the proof of Lemma 3.4. I
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Ž .PROOF OF LEMMA 3.5. Here it is convenient to split D l asn

D l s D l q D l q D l ,Ž . Ž . Ž . Ž .n 1n 2 n 3n

where
ny1 `

yi ltD l s G l q G l s e c Z ,Ž . Ž . Ž . Ý Ý1n 1n 2 n j tyjž /
ts1 jst

ny1 ny1
yi ln yiltD l s G l s ye e c Z ,Ž . Ž . Ý Ý2 n 3n j nqtyjž /ts1 jst

` n
yi l j yiltD l s G l s y c e Z e .Ž . Ž . Ý Ý3n 4 n j tž /

jsn ts1

We verify below that
np

y1ra ilk3.75 n D l Z e C l h l dl ª 0Ž . Ž . Ž . Ž .ÝH un k Pž /yp ks1

for u s 1, 2, 3.
Ž .To prove 3.75 for u s 1 and u s 2, we need the following lemma.

Ž . ` il j Ž . ` ilkLEMMA 3.6. Suppose C l s Ý c e and E l s Ý e e arejsy` j ksy` k
w xfunctions on yp , p whose Fourier coefficients satisfy

< <dy1 < <y«y13.76 c s O j , e s O kŽ . Ž .Ž .j k

for some 0 - d - 1r2 and « ) 0. Then the Fourier coefficients of the product
CE satisfy

p1
yi ll dy13.77 h [ e C l E l dl s O l .Ž . Ž . Ž . Ž .Hl 2p yp

Ž . 2w xPROOF. Conditions 3.76 imply that both C and E are in L yp , p , so
h s Ý` c e . We have, for l ) 0,l jsy` j lyj

< < < < < < < < < <h F c e q c e .Ý Ýl j lyj j lyj
< < < <j Flr2 j )lr2

Ž .By 3.76 ,

< < < < <dy1 < <y«y1c e s O j l y jÝ Ýj lyj ž /
< < < <j Flr2 j Flr2

lr2 y«y1dy1s O j l y j dŽ .H jž /0

1r2 y«y1dy1y« dy1s O l x 1 y x dxŽ .Hž /0

s O l dy1y« s O l dy1Ž . Ž .
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and
`

dy1 dy1 dy1< < < < < < < < < <c e s O j e s O l e s O l . IŽ .Ý Ý Ýj lyj lyj kž / ž /
< < < < ksy`j )lr2 j )lr2

Now introduce the function
pqqq1 

y1H l s C l h l s u C l g l, b .Ž . Ž . Ž . Ž . Ž .Ý j 0bjjs1

w xBy Lemma 5 on page 526 of Fox and Taqqu 12 , the Fourier coefficients of
Ž . y1Ž . Ž < <y2 dy1qd .the functions rb g l, b are O k , so applying Lemma 3.6j 0

Ž . Ž . ` illwith E s h we see that H l s Ý h e , wherelsy` l

< <dy13.78 h s O l .Ž . Ž .l

Ž .Using 3.78 and the elementary identity
ny1 n ny1 ny2

yi lt ilk ils yils3.79 a e b e s A e q A e ,Ž . Ý Ý Ý Ýt k s ysž /ž /
ts1 ks1 ss1 ss0

where
nys ny1ys

A s a b , s ) 0, and A s b a , s G 0,Ý Ýs t tqs ys t tqs
ts1 ts1

we shall now show that for u s 1 and u s 2,
np

y1 ilk3.80 n H l D l Z e dl ª O.Ž . Ž . Ž . ÝH un k Pž /yp ks1

Ž . Ž .Ž n ilk .Step 1. Consider first the case u s 1. By 3.79 , D l Ý Z e s1n ks1 k
Ýny1 A e ils q Ýny2 A eyi ls, wheress1 s ss0 ys

nys ` ny1ys `

A s c Z Z and A s Z c Z .Ý Ý Ý Ýs j tyj tqs ys t j tqsyjž / ž /
ts1 jst ts1 jstqs

Consequently,
np1

ilkH l D l Z e dlŽ . Ž . ÝH 1n kž /2p yp ks1

` ny1 ny2p1
ill ils yilss h e A e q A e dlÝ Ý ÝH l s ysž / ž /2p yp lsy` ss1 ss0

ny1 ny2

s h A q h A .Ý Ýys s s ys
ss1 ss0

We will show that
ny1 ny1 nys `

y1ra y1ra3.81 n h A s n h c Z Z ª 0,Ž . Ý Ý Ý Ýys s ys j tyj tqs Pž /
ss1 ss1 ts1 jst
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the verification of

ny2 ny2 ny1ys `
y1ra y1raŽ .3.82 n h A s n h Z c Z ª 0Ý Ý Ý Ýs ys s t j tqsyj Pž /

ss0 ss0 ts1 jstqs

being similar.
Ž .By Corollary 3.1, since the bilinear form in 3.81 has no diagonal ele-

ments, it suffices to verify that for some m - a ,

ny1 nys `
m mym ra < < < <3.83 n h c ª 0.Ž . Ý Ý Ýys j

ss1 ts1 jst

Ž .By 3.78 , this reduces to showing

n nys `
ym ra Ždy1.m Ždy1.m3.84 n s ds dt j dj ª 0.Ž . H H H

1 1 t

Ž .An elementary computation shows that the LHS of 3.84 is
Ž ym raqŽdy1.mq2 . Ž .O n . The condition d y 1 a q 1 - 0 guarantees that the ex-

ponent is negative for m sufficiently close to a .
Ž .Step 2. Now consider the case u s 2. It is convenient to express D l as2 n

Ž . yi ln X Ž . Ž . X Ž .Ž n i lk . ny1 i l sD l s ye D l . By 3.79 , D l Ý Z e s Ý A e q2 n 2 n 2 n ks1 k ss1 s
Ýny2 A eyi ls, wheress0 ys

nys ny1 ny1ys ny1

A s c Z Z and A s Z c Z .Ý Ý Ý Ýs j nqtyj tqs ys t j nqtqsyjž / ž /ts1 jst ts1 jstqs

Consequently,

np1
ilky H l D l Z e dlŽ . Ž . ÝH 2 n kž /2p yp ks1

np1
Xiln ilks e H l D l Z e dlŽ . Ž . ÝH 2 n kž /2p yp ks1

` ny1 ny2p1
il j ils yilss h e A e q A e dlÝ Ý ÝH jqn s ysž / ž /2p yp jsy` ss1 ss0

ny1 ny2

s h A q h A .Ý Ýnys s nqs ys
ss1 ss0

We first show that

ny1 ny1 nys ny1
y1ra y1raŽ .3.85 n h A s n h c Z Z ª 0.Ý Ý Ý Ýnys s nys j nqtyj tqs Pž /ss1 ss1 ts1 jst
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Ž .The bilinear form in 3.85 contains diagonal elements, so we prove sepa-
rately that

ny1 nys
y1ra 23.86 n h c Z ª 0Ž . Ý Ýnys nys tqs P

ss1 ts1

and

ny1 ny1 ny1
y1ra3.87 n h c Z Z ª 0.Ž . Ý Ý Ýnys j nqtyj tqs P� 0ss1 ts1 jst

j/nys

Ž .To prove 3.86 , observe that

jny1 nys ny1
2 2h c Z s h c ZÝ Ý Ý Ýnys nys tqs j j tqnyj

ss1 ts1 js1 ts1

n ny1
2s Z h cÝ Ým j jž /ms2 jsnymq1

3.88Ž .
n ny1p1

2 yil js Z H l c eŽ .Ý ÝHm j½ 5ž /2p ypms2 jsnymq1

n
2\ n m Z .Ž .Ý n m

ms2

Ž . Ž . Ž . Ž < <yd < <2 dyd . Ž < <dyd . Ž .Since H l s C l h l s O l l s O l by 3.56 , inequality
Ž . Ž . ŽŽ .dy1.3.18 yields n m s O n y m q 1 . Consequently, for any m - a ,n

mr2n n
m m r2y1ra 2 ym r2 a < < < <E n n m Z F n E Z n mŽ . Ž .Ý Ýn m 1 n

ms2 ms2

n
Ž .dy1 mr2ym r2 aF Kn n y m q 1Ž .Ý

ms23.89Ž .
ny1

ym r2 a Ždy1.m r2s Kn lÝ
ls1

F K nym r2 aqŽdy1.Ž m r2.q1 .1

Ž .The condition d y 1 a q 1 - 0 again guarantees that the exponent in the
Ž . Ž .last expression in 3.89 is negative, which proves 3.86 .

Ž .To verify 3.87 , it suffices to show

ny1 nys ny1
m mym ra < < < <3.90 n h c ª 0.Ž . Ý Ý Ýnys j

ss1 ts1 jst

Ž . Ž ym raq2Ždy1.mq3.It is easy to check that the LHS of 3.90 is O n and that the
exponent is negative for m - a sufficiently close to a .
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We must also check that

ny2
y1ran h AÝ nqs ys

ss0

ny2 ny1ys ny1
y1ras n h Z c Z ª 0.Ý Ý Ýnqs t j nqtqsyj Pž /ss0 ts1 jstqs

3.91Ž .

Ž .Since the bilinear form in 3.91 has no diagonal elements, one checks as
above that

ny2 ny1ys ny1
m mym ra < < < <3.92 n h c ª 0Ž . Ý Ý Ýnqs j

ss0 ts1 jstqs

if m - a is sufficiently close to a .
Ž .Step 3. It remains to verify 3.75 with u s 3. Denote the left-hand side of

Ž . y1ra n 23.75 by yn I . Then I s I q 2 I , where I s n Ý Z with4 n 4 n 4 n1 4 n2 4 n1 n ts1 t
p Ž .Ž ` yil j. Ž .n s H C l Ý c e h l Dl andn yp jsn j

ny1 nyk

I s k k Z ZŽ .Ý Ý4 n2 n t tqk
ks1 ts1

with

`p
yi l jk k s C l c e cos lk h l dl.Ž . Ž . Ž . Ž .ÝHn jž /yp jsn

One can verify that ny1raI ª 0, i s 1, 2, in the same way as relations4 ni P
Ž . Ž .3.73 and 3.74 . This completes the proof of Lemma 3.5. I

4. Simulation. The estimator b of the unknown parameter vector bn
2Ž . Ž .minimizes the function s b in 1.12 . To find b , one can use, withoutn n

modification, programs for Gaussian time series, for example, the one given
w xin Section 12.1.3 of Beran 2 . These programs follow the minimization

w xprocedure described in Fox and Taqqu 12 . This procedure differs from the
one discussed in Section 1 in two respects, neither of which affects the

n 2 Ž .results. The division by Ý X in 1.10 can be ignored because this quantityis1 i
does not depend on the unknown parameter vector b. There is also no need

p Ž . w xfor subtracting H log g l, b dl as in Fox and Taqqu 12 , because, in theyp

case of FARIMA, this integral equals a constant independent of b.
w xMikosch, Gadrich, Kluppelberg and Adler 21 ran a simulation using¨

ARMA sequences. Focusing on long-range dependence, we generate here
Ž .FARIMA 0, d, 0 sequences with SaS innovations. In the Gaussian case

Ža s 2, one can apply the Durbin]Levinson algorithm see Brockwell and
w x.Davis 5 to generate an exact FARIMA, using for example, the arima. frac-

diff.sim function in S-Plus. Because there is no known technique to generate
an exact FARIMA in the stable case, we will approximate the infinite moving
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Ž .average 1.4 by the finite one
J

4.1 X s c Z , t s 1, . . . , n.Ž . Ýt j tyj
js0

Ž . Ž Ž . Ž .. Ž Ž .Here c s G j q d r G d G j q 1 see relation 7.13.1 in Samorodnitskyj
w x.and Taqqu 24 and, therefore, these coefficients can be easily obtained by

using the recursion relation

j q d
c s 1, c s c .0 jq1 jj q 1

The SaS innovations are obtained through the S-Plus function rstab which
w xuses a version of the Chambers, Mallow and Stuck 6 algorithm described in

w xSection 1.7 of Samorodnitsky and Taqqu 24 .
Ž .We set J s 1000 in 4.1 and simulate series with parameters

a , d s 1.2, 0.1 , 1.5, 0.2 , 2, 0.1 , 2, 0.2Ž . Ž . Ž . Ž . Ž .
and sample sizes n s 100, 1000 and 10,000. Observe that 0 - d - 1 y 1ra .
We included the Gaussian a s 2, so that one can compare the results with
this known case. Gaussian series are generated with the S-Plus function
arima. fracdiff.sim referred to earlier.

For each kind of time series, we generated 50 independent samples and
reported the average values of the estimates of d, the corresponding sample
standard deviations and the square root of the sample MSEs. The following
notation is used. If d is the nominal value of d and d is the estimate for0 i
sample i, then

50 50 50
2 21 1 12d s d , s s d y d , MSE s d y d .Ž .ˆ Ž .Ý Ý Ýi i i 050 49 50

is1 is1 is1

The results are summarized in Table 1. Figure 1 displays the corresponding
box plots and shows the relative scatter of the 50 estimates. The vertical axis

TABLE 1
Estimation results for d using 50 replications

a s 1.2 a s 1.5 a s 2 a s 2
n d s 0.1 d s 0.2 d s 0.1 d s 0.2

Average 0.066 0.161 0.087 0.161
100 s 0.079 0.059 0.089 0.095ˆ

'MSE 0.085 0.071 0.089 0.102
Average 0.096 0.195 0.098 0.196

1,000 s 0.021 0.030 0.027 0.026ˆ
'MSE 0.021 0.030 0.027 0.026
Average 0.099 0.200 0.101 0.200

10,000 s 0.005 0.006 0.008 0.007ˆ
'MSE 0.005 0.006 0.008 0.007
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FIG. 1.

in the figure indicates the deviations from the nominal values of d. For each
Ž . Ž .time series we have 1 a thick line for the median; 2 a box representing the

Ž .middle 50% of the data; 3 ‘‘whiskers’’ encompassing approximately 95% of
Ž .the data, and designated by dashed lines; 4 outliers that fall beyond the

whiskers.
The parameter d, as is well known, is hard to estimate when the time

'series is short. As in the Gaussian case, s and MSE are relatively large forˆ
n s 100. The estimates improve dramatically for large sample sizes. They are
very good when n s 1000 and excellent when n s 10,000.
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