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WALD CONSISTENCY AND THE METHOD
OF SIEVES IN REML ESTIMATION

BY JIMING JIANG

Case Western Reserve University

We prove that for all unconfounded balanced mixed models of the anal-
ysis of variance, estimates of variance components parameters that maxi-
mize the (restricted) Gaussian likelihood are consistent and asymptotically
normal—and this is true whether normality is assumed or not. For a gen-
eral (nonnormal) mixed model, we show estimates of the variance compo-
nents parameters that maximize the (restricted) Gaussian likelihood over
a sequence of approximating parameter spaces (i.e., a sieve) constitute a
consistent sequence of roots of the REML equations and the sequence is
also asymptotically normal. The results do not require the rank p of the
design matrix of fixed effects to be bounded. An example shows that, in
some unbalanced cases, estimates that maximize the Gaussian likelihood
over the full parameter space can be inconsistent, given the condition that
ensures consistency of the sieve estimates.

1. Introduction. In many cases exploration of asymptotic properties of
maximum likelihood (ML) estimates led to one of two types of consistency:
Cramér (1946) or Wald (1949) types. The former establishes the consistency
of some root of the likelihood equation(s) but usually gives no indication on
how to identify such a root when the roots of the likelihood equation(s) are
not unique. The latter, however, states that an estimate of the parameter
vector that maximizes the likelihood function is consistent. Therefore it is not
unusual that Wald consistency sometimes fails whereas the Cramér one holds
[e.g., Le Cam (1979)].

Often, obstacles to Wald consistency arise on the boundary of the parameter
space 0. For this reason, the maximization is sometimes carried out over a
sequence of subspaces which may belong to the interior of ® and approaches
O as sample size increases. Methods of this type have been studied in the
literature, among them those that Grenander (1981) called sieves.

In this paper we consider asymptotic behaviors of REML—restricted or
residual maximum likelihood—estimates in variance components estimation.
The REML method was first proposed by W. A. Thompson (1962). Several
authors have given overviews on REML, which can be found in Harville (1977),
Khuri and Sahai (1985), Robinson (1987) and Searle, Casella and McCulloch
(1992). A general mixed model can be written as

1) y=XB+Zia1+ -+ Za,+ ¢,
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where y is an N x 1 vector of observations, X is an N x p known matrix of
full rank p, B is a p x 1 vector of unknown constants (the fixed effects), Z;
is an N x m; known matrix, «; is a m; x 1 vector of i.i.d. random variables
with mean 0 and variance a-i2 (the random effects), i =1,...,s; egisan N x 1
vector of i.i.d. random variables with mean 0 and variance o7 (the errors).

Asymptotic results of maximum likelihood type estimates for model (1) are
few in number, with or without normality assumptions. Assuming normality,
and the model having a standard ANOVA structure, Miller (1977) proved a
result of Cramér consistency and asymptotic normality for the maximum like-
lihood estimates (MLE) of both the fixed effects and the variance components
02, ..., 2. Under conditions slightly stronger than those of Miller, Das (1979)
obtained a similar result for the REML estimates. Also under the normality
assumption, Cressie and Lahiri (1993) gave conditions under which Cramér
consistency and asymptotic normality of the REML estimates in a general
mixed model would hold, using a result of Sweeting (1980). Without assum-
ing normality, in which case the REML estimates are defined as solutions of
the REML equations derived under normality, Richardson and Welsh (1994)
proved Cramér consistency and asymptotic normality for hierarchical (nested)
mixed models. A common feature of the above results is that the rank p of
the design matrix X of the fixed effects was held fixed. A more important
and interesting question related to the (possible) superiority of REML over
straight ML in estimating the variance components is how the REML esti-
mates behave asymptotically with p — oo. In such situations a well-known
example showing the inconsistency of the MLE is due to Neyman and Scott
(1948). The question was answered recently by Jiang (1996), in which Cramér
consistency and asymptotic normality of the REML estimates were proved un-
der the assumption that the model is asymptotically identifiable and infinitely
informative. The results do not require boundedness of p, normality, or any
structure (such as ANOVA or nested design, etc.) for the model. As a conse-
quence, Cramér consistency was shown to hold for all unconfounded balanced
mixed models of the analysis of variance. In contrast to the preceding results,
the only consistency result in variance components estimation that might be
considered as Wald type was Hartley and Rao (1967) for MLE. As was noted
by Rao (1977), a corrected version of Hartley—Rao’s proof would establish the
Wald consistency of the MLE, under the assumption that the number of ob-
servations falling into any particular level of any random factor stayed below
a universal constant. To our knowledge, there has not been discussion on the
method of sieves in variance components estimation.

From both theoretical and practical points of view, consistency of Wald type
(nonsieve or sieve) is more gratifying than that of Cramér type, although the
former often requires stronger assumptions. Since in nonnormal cases [e.g.,
Richardson and Welsh (1994), Jiang (1996)] the REML estimates are defined
as a solution of the (normal) REML equations, a natural question regarding
Wald type consistency is whether the solution that maximizes the (restricted)
Gaussian likelihood is consistent. The aim of this paper is to establish the
following.
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1. Wald consistency holds for all unconfounded balanced mixed models of the
analysis of variance. That is, estimates of the variance components param-
eters that maximize the restricted Gaussian likelihood are consistent.

2. The method of sieves works for all mixed models provided the models are
asymptotically identifiable and infinitely informative globally. That is, there
is a clear way of constructing the sieve which will produce consistent esti-
mates.

3. In both (1) and (2) the estimates are also asymptotically normal.

Again the results do not require normality or boundedness of p or struc-
tures for the model. The Wald consistency in the balanced case is also without
the assumption that the true parameter vector is an interior point of the pa-
rameter space. We also give an example showing that in some unbalanced
cases there is sieve Wald consistency but no Wald consistency.

The restricted Gaussian likelihood is given in Section 2. Wald consistency in
the balanced case is proved in Section 3. In Section 4 we discuss the method of
sieves for the general mixed model (1). An example and a counterexample are
given in Section 5. In Section 6 we make some remarks about the techniques
we use and open problems.

2. Definitions, basic assumptions, and a simple lemma. There are
two parametrizations of the variance components: 6, = A = o3, 0; = u; =
a?/ag, 1 < i < s [Hartley and Rao (1967)] and ¢; = (riz, 0 < i < s. There
is a one-to-one correspondence between the two sets of parameters. In this
paper, estimates of the two sets of parameters are equivalent in the sense
that consistency for one set of parameters implies that for the other.

The parameter spaces are @ = {0: A > 0, u; >0, 1 <i < s} and ® =
{¢: 02 > 0, 02 >0, 1 <i < s}. The true parameter vectors will be denoted
by 60y = (00i)o<i<s = (Ao to) = (Ao (R0i)1<i<s) and by = (bg;)o<i<s-

Given the data y, the restricted (or residual) Gaussian log-likelihood is the
Gaussian log-likelihood based on z = A’y, where A is a N x (N — p) matrix
such that

(2) rank(A)=N-p, A'X=0.

Thus the restricted Gaussian log-likelihoods for estimating the two sets of
parameters 0;, 0 <i < s and ¢;, 0 <i < s are given, respectively, by

e (N-»p 21 1 -1
(3) Ly(0)=c ( 5 )logA 2loglV(A,,u)l 2/\2 V(A, n) "z,
and
4) Ly(¢)=c—31og|U(A, ¢)| - 32U(A, ¢) 'z,

where ¢ = —((N — p)/2)log2m, V(A,p) = Gy + i, wGy, U(A ¢) =
Y5 ;G = AV(A, p) with Gy = A’A, G, = A'Z,Z,A, 1 < i < s. The
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maximizers 6 = (0;)y-;-, and ¢ = (qgi)oggs of (3) and (4) do not depend on the
choice of A so long as (2) is satisfied. Therefore we may assume, w.l.o.g., that

(5) AA=1Iy_,

Note that the relation between 9i, 0<i<sand qgi, 0 < i < s is the same
as that for the parameters. The dependence of V(A, u) and U(A, ¢) on A is
not important in this paper; therefore we will abbreviate these by V(u) and
U(¢), respectively.

Also w.l.o.g., we can focus on a sequence of designs indexed by N, since
consistency and asymptotic normality hold iff they hold for any sequence with
N increasing strictly monotonically. Thus, for example, p and m;, 1 <i <s
can be considered as functions of N, and y, X, Z,;’s and so on as depending
on N [e.g., Jiang (1996)].

Let my = N, oy = . The following assumptions Al and A2 are made for
model (1).

Al. Foreach N, ay, @q,...,a, are mutually independent.

A2. For 0 <i < s, the common distribution of «;4, ..., a;, may depend on
N. However, it is required that

: 4
(6) lim sup max Eaj1, o) =0.

The basic idea of proving Wald consistency (nonsieve or sieve) is simple.
Consider, for example, the log-likelihood (3). The difference L (60) — L x(6(0))
can be decomposed as

(7 Ly (8) — Ly(0(0)) = en(8, 0(0)) +dn(0, 60)),
where
en(8, b)) = Eg, (Ln(6) — Ly(60)))

V(w)l
[V (o)

+20 (V) V(o) - (V -

1 A
®) :_2{(N—p)log/\0+log

dn(0, 6(0)) = Ly(6) — Ly(6()) — E, (Ln(6) — Ly(6(0)))

©® - _;{Z/BV(M)I - /\IOV(MO)I:|2

- By V00 = Vo) 2.
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Essentially, what we are going to show is that, with probability — 1 and
uniformly for 6 outside a small neighborhood N;(6g)) = {0: |0 — 0g)l < 6},
the second term on the RHS of (7) is negligible compared with the first term,
which is negative. Therefore the LHS of (7) will be less than 0 for 6 ¢ N;(6,)),
and the rest of the argument is the same as Jiang (1996).

Let A,B,A;, 1 < i < n be matrices. Define |A] = the determi-
nant of A, ||A] = (Apax(A’A))Y2 (A, denotes the largest eigenvalue),
|Allg = (tr(A’A))Y2, Cor(Ay, ..., A,) = (cor(A;, A;)if A; #0, 1 <i <
n, and 0 otherwise, where cor(A, B) = tr(A’B)/|A||z|Blz if A,B # 0;
diag(A;) to be the block-diagonal matrix with A; as its ith diagonal block.
Define b(n) = (Iy VmZy -+ JBsZs), B(p) = AV(u)'A’ [note that
B(p) indeed does not depend on Al, By(n) = b(n)B(n)db(n), Bi(n) =
B(w)B()Z, Z, B(wb(k), i=1,...,s.

Let p;,(N), 0 < i < s, be sequences of positive numbers. Denote

Ui($) = Ud)2G,U($) Y2, 0 < i <5, Vo(0) = (1/N)Iy_,, Vi(0) =
V() V26, V(w) V2, 1<i<s; 107(0) = tr(Vi(0)V ;(0))/ pi(N)p(N),

N+m

(M) p (V) S (EWYy; — 3)Bi(m)y B () /A e=ottu-o,
i J =1

(N)
K;;(0)=

i,j=0,1,...,s,

where m = m; + --- + mg, B denotes the /th diagonal element of B; Wy, =
&/\/Ag» 1<1<N,

WNZ zail—N—Zk<imk/\//\OM0i7 N+ka+lflf N+ka, 15 2 <s,

k<i k<i
or ¥y = (Wydicienim = (£/V A0 @1/ Agor -+ @/\/Agite), Where
a;/\/Aotto; is understood as (0---0) (aij/\//\op,m =0, 1<j<mif py,, =0.

Let Iy(6) = (1, (0)), K y(6) = (K33 (8)), I y(6) = 21 y(6) + K ().

We say model (1) has positive variance components if 6 is an interior
point of ® and is nondegenerate if

(10) inf min var(a?) > 0.
N O<i<s
A sequence of estimates {(fyo, .., Ox,)} is called asymptotically normal

if there are sequences of numbers p;(N) — oo, 0 < i < s and matrices

1D My (60))(Po(N) (6o = 000): - - » Ps(N)(Bxs — 605)) =5 N(O, Iyy).

Similarly we define the asymptotic normality of estimates for the ¢’s.
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The following lemma will be used in proofs of both Theorem 3.1 and Theo-
rem 4.1 in the next two sections.

LEMMA 2.1. Let 2" = (X4,...,X,) be a vector of independent random
variables such that EX; =0, EX? <oco, 1<i<n,and A = (a;;) bean n xn
symmetric matrix. Then

var(2"A2’) = Y a} var(X7)+2 ) af var(X,)var(X )
i=1 i#]
X2 n
< 2V max {Var()} > afvar(X;)var(X ),

1=i=n | (var(X;))*) ;5

where var(X?)/(var(X;))? is understood as 0 if var(X;) = 0.
Proor. We have

(12) 2'AZ —EZ'AZ = Z{a?i(X? — EX?) + 2( 3 ainj)Xi},

i=1 j<i

where 3°;_;(-) = 0 if i = 1. The summands in (12) form a sequence of martin-
gale differences with respect to the o-fields &, = o(X{,..., X;), 1 <i < n.
The result then follows easily. O

3. The balanced case: Wald consistency. A balanced r-factor mixed
model of the analysis of variance can be expressed (after possible repara-
metrization) in the following way [e.g., Searle, Casella and McCulloch (1992),
Rao and Kleffe (1988)]:

(13) y:X,B-I—ZZiai—i-s,

ieS
where X = ®g+}1 “ with d = (dy,...,d,1) € S,y = {0,171, Z, =
®r+ ln with i = (11,..., i,s1) €S C Sy, 19=1,,11 =1, with I, and

1, belng the n-dimensional identity matrix and vector of unit elements, re-
spectively. [For examples, see Jiang (1996).] We assume, as usual, that factor
r + 1 corresponds to “repetition within cells.” As a consequence, in (13) one
must have d,,; = 1land i,,; =1, i € S. Also we can assume, w.l.o.g., that
ng=>2 1<qg=r (since if ng =1, factor g is not really a factor and the
model not really an r-factor one). The model is called unconfounded if (1) the
fixed effects are not confounded with the random effects and errors, that is,
rank(X, Z;) > p,V i and X # Iy; (2) the random effects and errors are
not confounded; that is, Iy, Z;Z’,i € S are linearly independent [e.g., Miller
(1977)]. Note that under the balanced model (13) we have the expressions
m; = [l; —ong> ¢ € S. This allows us to extend the definition of m; to all
i € S,H In particular, p = my = [la,=0 ng> and N = my..g _]_[q 1n Let

S=1{(00---0)}US, 1u; = oy = Lif i = (00---0) € S,.,;.
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In the balanced case we have the following nice representations for the

LEMMA 3.1. In the balanced case,

(14) en(6, 6()) = —3 S, 2(6),
(15) dn (8, 60) = 5 2_(ri(6) — 1),
I#d

where for u,v € S,u > viffu, > v, 1 <q<r+1,and u # v iff u is not
= v; 7(0) = 2Ci(1o)/AC (1) with Ci(p) = Yieg mi(N/m )1y Sy, 2(0) =
Y ixa(ri(0) — 1 —log ry(0)) p} with p; = (ITz,=o(ng — 1)Y% and &, | # d are
random variables whose definition will be given later on in the proof.

PROOF. By the proof of Lemma 7.3 in Jiang (1996), there is an orthogo-
nal matrix 7' such that 7'Z;ZT = diag(A;;), T'XX'T = diag()4;), where
{Aigs .- At = {H;Zi Aige,» 1 = kg <ng 1<qg=r+1}, {Ag,.... AN}t =
{15 Aagr,» 1< kg <ng, 1<q<r+1}with Ay = 1— i, +ngigd, 1, i €
Su{d} (6, ,=1if x = y and = 0 otherwise). Let A'T = B = (by,..., by),
then since [by (5)] AA' = Py, = Iy—X(X'X)"'X' =Iy—(p/N)XX', BB =
diag(y;), with y; =1 —(p/N)Ag, 1 < j < N. It is easy to see that ]_L’;i(l —
Ig+ngigly) =(N/mj)l;oy, 1€ SU{d}, L €S, ;. Hence

r+1 N r+1 N
[T Aige, = Lazay 185 T Aaar, =~ Lasa ),
q=1 ! g=1

where &, 1 = (8, 1,50, 1) for k= (ky,..., k,11). Thus
{Y15--> YN} = {1(3k,1zd>, 1<ky<n, 1<qg=r+1}

Now G, = A'Z;Z;A = Bdiag(A;;)B' = Y1 A,;b;b;, i € S, thus

I A

Vw)=Iy_,+ ) w,G,=BB +} uG,
teS teS
(16)

N

j=1 teS v;#0 teS

since y; = 0 = b; = 0. Hence V(u)™' = X, _o(1 + Lres meAyy) 10,0, since
v;j #0=vy; =1 Let 'y ={j: v; # 0}. Then |[I'| = N — p (hereafter |E|
denotes the cardinality of a set E). It follows from (16) that the eigenvalues
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of V(u) are {1+ 3 ,csmiAyj, J €'} Thus by (8),

1 Ao(1 + Aos An(1 + A
ex(6, 00) = — 3 { o1+ Dses orhy) 1 log o(1+ X scs Mor tj)}

¥;#0 ML+ s /J’t/\tj) ML+ s Mt)\tj)
1M i { Ao(1+ Xies /'LOt(N/mt)l(tfﬁk,l))

= _= L5 g
k§1 k,§1 CeZD A1+ Les mi(N/m)lzs, 1))

_ 1_10g(...)}

{ Ao(1 + Xpes mos(N/my) 1 <py)
AL+ Ypes me(N/my)1 o)

1 1
Z Z (I#£d)

;=0 lr+1_0

—1og(--->} M, —1)
l

=0

AoCi(o)

—1-log———"—~ ACy(n) } ]_[( q—l)——*SNz(g)

2_1 {)\OCZ(MO)
212,1 AC; ()

using a formula given at the end of the proof of Lemma 7.3 in Jiang (1996)
for the third equation; and by (9),

1 -1
dn(8, 00) = —5 Z [ <1 +> P«Mtj) - /\51<1 +> F’*Oth) ]
y #0 teS teS
X [(b/jz)2 - Ea<o)(b}z)2]
1 ny Nyl N -1
g 2 2 L, 1zd)[ (1 + 2 m, Lo, 1))

k1_1 Bppr=1 teS

~ N -1
— Ay 1<1 + D Mo m 1(t<8k,1)> }
t

teS
< [(8}2)” — Ey, (5,2)°]

1 1
- % Z o Z Z 1(3k,12d)[' T ][(b/kz)2 - EQ(O)(b/kZ)z]

L=0  1,,1=05, 1=l
1
=3 > (ri(0) = )¢,
I#d
where & = (AoC;(p0)) " X5, ,=i[(8},2)% — Eo(o)(b/kz)Q], l#d. O
Let Sy 1(0) = Yy5a(ri(0) — 1)2p7, Sy 3(0) = Xy5a|ri(0) — 1| p;. Define

S*={ie8:py >0}, S*={(00...0}US";by = (min;cg: po;) ! Lyes+ poi if
St #J,and by = 1if St =J; ey = (4/3)(Xjcs roi) L5 b = 1+[(exp(log 2/r) —
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1)71] (here [x] means the largest interger less than or equal to x); s = |S|;
and Ty ={q:1<qg=<r+1, [,=1}.

The following lemma plays a key role in the proof of Wald consistency in
the balanced case.

LEMMA 3.2. Suppose model (13) is unconfounded. For any B > 0,

2
. r+3 : . %
a7 jnf Sy.1(6) = (1/2) {(mlglm) A (3(80+3A0)) }
. r+5 1—1 . SOB 2
18)  inf Sy.»(6) = (1/2)" b f(m’”> " (aeomo)) }’

. SN,S(G) - ( 2r+3b0 )1/2
u J— .
0¢®2 Sy, 2(0) inf gs9, Sy, 2(0)

2by +1 . -1/2
r+1 0 )
+(2v2) <1 — log2> (Iflﬂelél ml> ,

(19)

where Op = {0 € O: |\ — \y| < &oB/v'N, |u; — pos| < b'B/ ymy, 1€ S}.

PROOF. Let i, = 0 = (0---0) if n,,q > 2; i, = (0---01) if n,,, = 1. It is
easy to show that i, # d, i, # i, i € S, and p] > (3)""'m; = (5)""'N. So if
A < (2/3)Ag or A > 2Ag, then

(20) Sw,1(0) = (r; (6) = 1)*p} = (Ao/A = 1)°p} = (1/2)"*°N.

If (2/3)A¢g < A < 2)\; and pu; > Ap/gy for some [ € S, then r;(6) =
(Ao Dy(mo)/ADy (1)) < 1/2, where Dy(n) = 3jcg ti(my/m;)1 ;<. So Sy 1(0) >
(r(0) = 1)*p} = (1/2)"2m,.

Now suppose (2/3)Ag < A < 21y, 0 < p; < Ayg/gy, L € S, and 6 ¢ Op. If
|A = Xo| > £9B/+/N, then as in (20) we have Sy 1(0) > (1/2)"+3(go/Ao)?B%. If
|A — Xo| < &0B/v'N and |u; — poy| > bIT!!B/ /m; for some [ € S, thereis [ € S
such that |u; — po| > bTB//m; and |u; — po;| < bTiIB/ym;, i€ S, i <
[, i # 1. Then

|Dy(1o) — Dy(w)] = |mor — kel — | D (moi — mi)(my/mi) iy izy| > B/ /My,
ieS
since

o — mil(my/mi)ly iy < (B/ymy) Y. 0"

ieS i<l,i#l
= (B//m)((b+ 1)/ - 5T
< (B/Jm)('T! - 1),
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Therefore,

[AoD;(10) — ADy ()| = AlDy(ro) — Dy(w)] — [A = Aol Dy(1o)
> (2/3)Ao(B/ym;) — £o(B/vVN) Z_Mo;’
ieS

> (Ao/3)(B/y/my).

Hence Sy 1(6) > (r;(0) — 1)%p} > (1/2)"%(gyB/3(&g + sAg))>.

To prove (18), let I, € Sf = {i € S*: i < [} such that m;, = min; g+ m; if
Sf #@,andl, =i,if S = @. Then it is easy to show that C;(u,)/C; (1o) < by
and hence

r(0)  Ci(ug) Cr(m) -

(21) r.(0)  Cp(mo) Co(m) ~

bo.

If r;(0) > 2b, for some [ # d, then r; (6) > 2 by (21). Therefore,

Sn.2(6) = (r;,(8) — 1 —logr; ()P}

(22) -
> (1;0g2)rl*(0)p% > (1/2)""1(1 — log 2) min m;,
' * ieS
using that (x — 1 —logx)/x > (1 —log2)/2, x > 2.
If r,(0) < 2b, for all I # d, then Sy 5(0) > Sy 1(0)/4by by x —1 —logx >
(x—1)?/2L, 0 <x <L, L>1.
To prove (19), let S, = {i,} US. Write

(23) Sy, 3(0)= > |71(6) — 1| p; + > |r(0) — 1| p; = S; + S,.
12d, r(0)<2b, 12d, r(6)>2b,

For any ¢ > 0,

si<( ¥ 12)1/2( 5 (’"1(9)—1)21?12)1/2

1#d, r(6)<2b, 1#d, r(6)<2b,

(24) < (&)r—l{s—l +e Y (ri(0)- 1)2p%}
I1#d, r(0)<2b,

&
Sn,2(0)

= vy +abys) Sy 5(0)

by x < (67! + £x?)/2 and that Sy 5(0) > (4bo) ™ X15a. r(6)<25,(T2(0) — 1)? p7.
By (21), the facts that (according to the definition) [, only takes values in
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S, ={i,}US and [, < (therefore p; > p;), and the fact that

~1
swa= (F3E) X nok

ieS,, r;(60)>2
it follows that

Sy=(bo+1/2) 3. 1 (0)p
1#d,r; (0)>2

=(bo+1/2) Y ri(0) Y p

ieS,, r;(0)=2 I£d,l,=i
<24 by +1/2) Y ri(0)p;
ieS,, ri(0)>2
- 2r+1(2by + 1)
~ (1-log2)min;.5 p;

Inequality (19) now follows by (23)—(25), taking & = (4b, inf yue, Sy, 2(0)) /2
in (24), and the fact that

(25)

Sy 2(0).

1/2
min p; > («/5)*(’““)(min m,-) . O
ieS, ieS

Let Oy = (Ay, (fini)ics) € O be the maximizer of (3) (one may define 0 as
any fixed point in ® when the maximum can not be reached).

THEOREM 3.1. Let the balanced mixed model (13) be unconfounded. As
N — oo and m; — oo, i € S, we have the following:

(i) {fy} is consistent and the sequence {(v N — p(Ay — Ao), (Vmi(fay; —
1o;))ics) } is bounded in probability.

(i1) If, moreover, the model has positive variance components and is nonde-
generate, then {0y} is asymptotically normal with po(N)= /N — p, p;(N) =

. -1/2
NUETIRAS S and MN(O(O)) = JN/ (0(0))[}\](0(0))

REMARK. Part (i) of Theorem 3.1 does not require that the model have pos-
itive variance components. In particular, when such requirement does hold,
{0y} constitutes (with probability — 1) a consistent sequence of roots of the
REML equations [e.g., Jiang (1996)], which are identical to the ANOVA esti-
mates in the balanced case [e.g., Searle, Casella and McCulloch (1992)]. On
the other hand, it is necessary for part (ii) of Theorem 3.1 that the model
have positive variance components since otherwise the estimates, which are
nonnegative, cannot be asymptotically normal.

PROOF. According to the definition in Section 2, it is always true (no matter
whether Mo; = 0 or not) that Ziai = \/AOMOiZi(ai/\/AOMOi)’ 1 < i <s, and

(26) z=Ay = 2Ab(1o) V-
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Note that 7, is a vector of independent random variables satisfying
EWy, = 0, var(Wy;) < 1 [var(Wy;) = 1 if the corresponding py; # O],
and EW%, < oo. By the definition of ¢ at the end of the proof of
Lemma 3.1, Lemma 2.1 and assumption A2 in Section 2, we see that

with By = b(p0) A(X5, =1 6163) A'b(ko)',

B C
E, & =var <%/’ _PN o4 ) <~ tr(B2
00 =1 %o\ "N C (g) N C2(110) (By)
(27) c \
= 2'“(( > bkb}eV(Mo)) ) =Cp?
Cl (/“LO) 8y 1=1
for some constant C. Thus, for any M > 0,
2r+IC
(28) Py, (1&| > M p; for some [ # d) < S

For any & > 0, choose M > (2"*'Ce7!)/2. Then choose B > 0 and K such
that by Lemma 3.2, supyee,{Sn,3(0)/Sn 2(0)} < 1/(2M), m; > K, i € S. It
then follows by (7), (14), (15), (18) and (28) that

PO(O)(LN(G) < LN(O(O)) Y o ¢ ®B) >1-— g,

when m; > K, i € S. The conclusion of (i) then follows by the definition of
Op. The proof for (ii) is the same as that of Theorem 4.1 of Jiang (1996). O

4. The general case: the method of sieves. For convenience we con-
sider in this section the parameters ¢;,0 <i < s.

Let 6y, My be two sequences of positive numbers such that 6y —
0, My — oc. Let ¢y € [6y, Myl ={p e P: 6y < ¢p; < My, 0 <i < s} be
the maximizer of L () of (4) over [8,, M y]. The above procedure is called
the method of sieves [e.g., Grenander (1981)].

The following definitions are explained intuitively in Jiang (1996).

DEFINITION 4.1. Model (1) is called asymptotically identifiable under the
invariant class (AI?) at ¢ € ®(6 € ) if

(29) lim inf A (Cor(Vo(6), ..., V,(6))) > 0

(see Section 2; A;, means the smallest eigenvalue). Here the invariant class
is the class of (location) invariant estimates

(30) .7 = {estimates which are functions of A’y with A satisfying (2)}.

DEFINITION 4.2. Model (1) is called infinitely informative under the invari-
ant class (I3) at ¢ € ®(0 € 0) if

(31) lim |Vi(0)lg=c0, Osi<s.
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The following notation is needed for this section: Ay (60) = A, (Cor(Vy(0),
> Vy(0)), pn(a,b) = infyc ) An(0), Tn(c,d) = infycr. 41 An(0), Where

[a,b]={6:a<6; <b, 0 <i<s}andsoon.

LEMMA 4.1. Forany x;,, 0<i <sand ¢ € D,

Xs:ini(@

i=0

2
> AN(O) 2 9 _9 S 9 . 9
- <4(S+1)){XOIIV0(9)IIR+A gx ||Vl(0)||R}

> () Z Vil

1=0

where M = maxy_;_; ;.

PROOF. By the relation (see Section 2): Uy($) = V() — X5 A 1w; V;(0),
Ui(¢)=A"1V;(0),1 <i <s, we have

1 — o z yiv,.(m)z) = A (0) X VO

=0

ZS: x;U;i(¢)
i=0

where y, = xg, y; = A7 (x;—p;x0), 1<i<s.Let B={1<i<s:|x;—u;xo| >
(1/2)|x;]}, then

il 1 1
Y YIIViONR = ——=23IVo(DIE + — X x5 Vo(O): + X ¥ IIVi(0)l%
i=0 s+1 s+1.3 ieB

1 2 2 DA 2
V= A ‘ .
= 4(s+1) {x0”V0(9)||R + i;xl IVi(O)li (-

using the fact that | V(0)|z = A7 w;[|Vi(0)||g, 1 <i < s. The second inequal-
ity is obvious. O

LEMMA 4.2. Suppose model (1) is AI? at all 0 € [a,b] with a > 0, then
liminf pp(a, b) > 0.

PrROOF. By direct computation it can be shown that (see Section 2):
1%
ﬁcor(Vi(O), Vi(0)| <4|V,(0)] < 4a71, 0<i,j, k<s
k

The result thus follows by an argument of subsequences [e.g., Billingsley
(1986), A10]. O

Denote, respectively, the interiors of ® and ® by ©° and ®°.

COROLLARY 4.1. Suppose model (1) is AI?> at all & € ©°, then
liminf ry(c,d) > 0 forall 0 < c < d < .
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Let model (1) be AI? at all § € ®° and I2 at 1 = (1---1)". Define sequences
{6y} and {M 5} as follows.
Let gy =miny_,_, ||V;(1)|, a, b be positive numbers such that

(32) (a+b)(1-b)"1<2(3s+7)"L.

Pick f, g, h such that

(33) 3a+2b<f <(s+1)1(2—-4a—(s+ 7)),
—3a-2 1

(34) 0<g<min<f&21b,1—2a—s—i2_7b—s—; f),

(35) O<h<min<f—3a—2b—2g, 1-2a—

Now pick sequences {cy} and {dy} suchthat 0 «— .- <¢y <c¢; <1=<d; <
dyg <--+— o0 and

(36) liminf ¢%7y(cy,dy) > 0

(by Corollary 4.1, one certainly can do this). Finally, pick a “baseline region”
[65, Mg] such that 0 < 65 <1 < Mg < oo and let

Sy=38pn(eyVay), My=Mgv(dyArg}).

NOTE. The selection of 65 and M will not make a difference for the fol-
lowing asymptotic result. However, a reasonable choice of 65 and Mz may
be of practical convenience since, when N is not sufficiently large, the region
[en V @, dy A g5 ] may appear to be “too narrow.”

THEOREM 4.1. Consider a general mixed model (1) having positive variance
components.

(1) If the model is asymptotically identifiable and infinitely informative
(AI*) at all 0 € ©° (or ¢ € D°), then {$y} is consistent and the sequence
{AV: (Dl r(bni — boi)o<i<s} is bounded in probability.

(i1) If, moreover, the model is nondegenerate, then {([3 N} is asymptotically
normal with py(N) = /N — p, p;(N) being any sequence ~ |V;(1)||g, 1 <
i <sand My(80) = I 5" (00) I n(6(0))-

REMARK 1. Thus, with probability — 1, {¢} constitutes a consistent se-
quence of roots of the REML equations.

REMARK 2. The assumption that model (1) is AI* at all 6 € ©° is equiva-
lent to saying that it is AIZ? at all # € ©° and I® at some 6° € ©° and wl.o.g.,
one can take 6° = 1.
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PrOOF. (i) Let @ = {¢* = (¢} )o<i<s: ¢ = 0n + kjey, 0 < i < s for some
integers 0 < k; < Ky, 0 <i < s}, where Ky = [q?\;rf], en=(Mpy—565)/Ky-
Let ¢ € [65, M ], then by (4) we have a decomposition similar to (7):

(37 Ly(¢)— f‘N(¢(O)) =en(¢, b)) + dn(¢, b0))-

By an expression similar to (8), we have
en(d, b)) = E(b(O)(f‘N((vb) — Ly(¢))
= (1/2){log |U(d(0))"*U(d) 'U(b())"*|
+tr(Iy_, — U(d)2U(d) ' U(d o))}

N-p
=(1/2) 3_ (logh; +1-1;),
i=1
where A, ..., Ay_, are the eigenvalues of B(¢) = U(¢ () 2U($) 1 U(d(g))">.
Since Apax(B(¢)) < (1Vv M)y, where My = max,_;_, ¢o;, we have by x —
1-logx>(x—1)?/2L, 0 <x <L, L >1 and Lemma 4.1 that

en(¢, b)) = tr((U(¢0))*U(d) ' U(d0))"? = In_p)*)

Sy
4(1 M,)

(38) = Z(% boi

4(1v M) |:

_ Oon7n(ens dy) N2 (o 2
16(S+ 1)(1VMO)M%\] §)||Vz(1)||R(¢z ¢0L) .

It is easy to verify the following identity which holds for any ¢* € ®:
U(de) = U(p)!

=Y (b; — $0:)U(d(0) 'G;U(d )"
i=0
(39) — 22 (bi — boi)(d; — ¢ )U($(0) ' GU(*) G ;U(do)) "
i=0 j=0
+ 33 (di — doi)(d; — b0))U(d(0) G U (o)) >
i=0 j=0

x H*U(¢0)) G ;U($0) "

where

H*=(1/2) i(¢k - ¢*k)U(¢(O))1/2

k=0
x (U($) G U(¢") 1+ U(¢") G U($) HU (o))"
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In the following we pick ¢* € ®}; in (39) such that |¢,; — ¢;| < ey, 0<i <s.
By an expression similar to (9) and by (39) we get
dn(d, b))
= Ly(é) — Ly(d() — E¢(0)(£N(¢) — Ly(0))

- <1/2>{i<¢i — o)V (b)) LG (b)) 2 — By ()
1=0

s S

=2 D> (bi = doi)(¢j— b))

i=0 j=0

(40) / -1 -1 -1
2 (Z U(¢(0)) G, U(¢%) GJ‘U(¢(0)) 2= E(p(o)("'))

+ Y (b — o) — $0,)ZU(d0) G U (b)) "?

i=0 j=0

x H'U($(0) Y2G U (o)) 'z - E%)( 353 )}
i=0 j=0
=1/2)(Iy - Iy + I3 - Ey  I).
It follows from Lemma 2.1 and (26) that
Vard;(())(Z'U(¢(0))71GiU(¢(0))712) < ClU(do)l% < C&ZIV; (D%,

where C = 2 v (var(ed)/(var(e,))?) v max,....,(var(a,)/(var(a;,)?), 8, =
ming_;_, ¢o;. Thus with L, = (3(s + 1)C)¥2¢%;, we have on

E; ={|2U(¢(0) 'G;U(d() 'z — Ey,|= Li5gMV(D)llg, 0<i<s]}
that

s 1/2
(41) Iyl < Ly(s + 1)1/2851(2 V(D)% (b - ¢0i>2) ,
1=0

and
s vary, (2'---2) B
“ FooF0) = E) L?é‘;gil V(D% = (/9"
Similarly,
Vardz(O)(Z,U(¢(O))71GiU(¢*)71GjU(¢(O))71Z)

< C|U($(0) G U(¢*) G, U(¢0)) 1%

= ClU (@)U j(b) U ()rIU (@)l &

< C(8o5x) 2IVi(DIRIV (1)l &-
(Here is a brief derivation of the second inequality in the above:

1U(¢0)2GiU(*) G ;U(do))""?% = IABII% < [|A’Allg|| B'B| g,
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where A = U( ) 2G,U(¢*) 12, B = U(¢*)2G ,U(bq)) 2. Now A'A <
Anax(U(¢(0)))U;(¢*). Using the fact that A, B > 0, A < B = tr(A?) < tr(B?)
[note that it is not true that A, B > 0, A < B = A? < B? (e.g., Chan and
Kwong (1985))], we get |A’Al g < |U;(¢o))IIU;(¢*)] r, and so on.) Thus with

Ly=(s+ 1)(3K5'C)"2¢5; we have on
By = {|ZU(¢0) 'GiU(¢") G U(do)) "2 — Egy, |
< Lyod ) VDI IV;IE% 0<i, j<s, ¢* e D)
that

s 2
1] = Lz(aosN)-l( > IVADIR 9~ ¢0i|)
(43) =0

s 1/2
< Ly(s + 1)"2(8055) " (Mo v MN>( S IV - ¢0i>2) ,
1=0

and

var, (2'---2)
(44) P, (E3) < >y 2¢<o)
gredy 0<i, j<s L2(80dN) I Vi(DIRIV ;(Dl r

Finally, I3 = U'H*U, where U = Y7_(b; — ¢0;)U(¢(0)) G, U(d0)) ‘2.
We have

< (1/3)qy%.

IH*|| < (1/2) 3" [dr — bl lU(d0) "2+ Uldo))?Il < (s + 1) M8 ey,
£=0

UP <(s+1)>(¢; — ¢0i)2|U(¢(O))71/2GiU(¢(0))712|2
i=0
and

E,, |U(¢«) ?GiU(¢0) '2” < 82| V(D%

Thus with Ly = (3(s+ 1))1/2q§’v we have on E5 = {|U(¢)(0))_1/2GiU(d)(o))_12| <
L35, |V (Dllg, 0 <i < s} that

(45) [I5] < L3(s + 1)%8," MoSx'en 2. I Vi(DI7(d; — doi)?
i=0
and
. s E¢(0)|'”Z|2 _og
(46) Py (E5) <) 5 = (1/3)qy".

20 L3s? IV (DII%
It also follows that

(47) E¢(0)|Is| < (s+1)%8,°Mod ey 2 IV (DIR(b; — doi)*
i=0
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Combining (37), (38), (40), (41), (43), (45) and (47), we have on E = E,NE,NE;
that for ¢ € [§y, M y],

Ly(¢) - f‘N(d)(O))

< @2 {_ dnTn(en, dy)
48) TN 16(s+1)(1v M) M3

+(1/2)(s + 1?85  Mo(Li + 1)8x ey

+(1/2)(s + 1)2851(Ly + (s + 1)Ly y (Mo v MN))QI_V1}7

where Qy = (X5, || Vi(D)||%(d; — do;)?)/2. And, combining (42), (44) and (46),
we have

(49) P, (E) < axe.

Note that by I? at 1 (= (1---1)), gy tends to infinity, and so the probability
of E tends to 1.

It remains to show that for any n > 0 there is N, > 0 such that for N >
N, the {---} in (48) is less than 0 for all ¢ € [6y, My] N S, (¢())°, where
S (b)) ={d € P: |[¢p; — dpi|l <m, 0 <i <s}. Since 6y - 0, My — oo as
N — oo, this implies that {¢} is consistent.

Since ¢ € [0y, My]N S, (¢ () implies @y = nqy,

+ Clqi‘;_f”g

h
R O _ qNTN(cN7 dN) —a—2b—h
{---}in (48) < 16(s+1)(1vM0)qN

+Cym g

>

a+((s+3)/2)b+((s+1)/2)f+&—1
N

where C;, C, are constants. Also liminf ¢ 7y(cy,dy) > 0, and

s+3b+s+1
2 2

—a—2b—h>max<2a—f+2g,a+ f+g—1>

by the way we picked a, b, f, g, h. Thus {---} in (48) is less than 0 for large
N uniformly for all ¢ € [6y, My]N S, (b))

To prove that {(||V;(1)|| g(b x: — ®0i))o<i<s is bounded in probability, replace
8y, My, Ky, ey and g5 by 8 = (1/2)8y, M = (3/2)M,, K, e = (M — §)/K
and n~!, respectively. Then by the same argument we have with probability
greater than or equal to 1 — 12 that for all ¢ €[5, M],

STN(B, M)
16(s + 1) M, M?

Ly(¢)— Ly(d)) < Q?\r{— +Cin %67 2%
(50)

+ CznflK(s+1)/2671 MQ;Vl }

The result follows from (50) and the consistency of {¢ }.
The proof of (ii) is the same as that of Theorem 4.3 in Jiang (1996). O
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5. Examples. The first example is used to illustrate the AI* condition.

ExaMpPLE 5.1. Consider a two-way (unbalanced) nested model
(51) Yije = Bi + ajj + &

wherei=1,...,p, j=1,2, k=1,...,n;, B, « and ¢ correspond to the fixed,
random effects and errors, respectively. Assume, wl.o.g., thatn;, > 1, 1 <i <
p- Let X =diag(1,, ® 15), Z = diag(1,, ® I5), then the model can be written
as

(52) y=XB+Za+e.
So N =27 | n;. Direct calculation shows
H=Z'AAZ =Z'(Iy - X(X'X)'X)Z = diag(n;(I, — 27 J5)),

where J, = 1,15, and Z'AV(w) *A'Z = H—H(u I,,+H) ' H = diag(n,(1+
un;) (I, — 2-1J,)). Thus
p

— ’ -1 47 —
tr(V1(0)) = tr(Z'AV(n) " A'Z) = L:Zl Tt an,’

n;

P . 2
t(V2(0)) = tr(Z AV () " A'Z)?) = Z(1 +nim.> ‘
=1 v

Let g =3, .1(n; — 1), = q/p, then it is easy to show that

liminf A;, (Cor(V(60), V1(0))) > 0
forall e @ ={0=(A, u): A>0,u>0}

(53)

iff limsup p/N < 1/2 iff liminfr > 0. Since ¢ > {1 < i < p: n; > 1},
liminf r = 0 would mean the model is asymptotically confounded.

Note s = 1 in this example, so (32)—(35) become (a+b)(1-5)"! < 0.2, 3a+
20 < f<1—-2a—-4b, 0< g < (0.5f—-15a—-b)A(1—-2a—-4b—-f), 0<h <
(f-3a—-2b-28)A(1—2a—4b—f — g).

The next example is a counterexample showing that AI* is not enough for
Wald consistency.

EXAMPLE 5.2. Let A; =0, Ay, ..., Ay be positive numbers such that

YN A /(L4 pA;)

54 li
64 TR N2 (N (0 /(L )P

>

and

N o \2
(55) lim Z( i > = o0




1800 J. JIANG

for all M= 0 [e.g., /\2 = - = /\[N/Z] = a, A[N/2]+1 = - = /\N = b, where
a,b>0, a+#bl

Consider
(56) yi=Vha+e, i=1,...,N,

where «;’s are random effects, ¢;’s are errors satisfying P(¢; = 0) > 0. Thus
y=Za+e,

where Z = diag(,/A;). Equations (54) and (55) imply liminf A;,(Cor(V(6),
Vi(0))) > 0 and lim |V;(0)||p =00, i =0,1forall 0 € ® = {6 = (A, u): A >
0, w > 0}, so the model is AI* not only at all § € ©° but all 6 € 0.

Assume ¢ € ®°. It is easy to derive

~ _ 1 N 2 9 Y
Ly(¢) — Ly(d)) = 2{Zlog(000+001l>
i=1

2 2
oy + o7A;
(57) N 0 ; 1 L2
o5y + a1 A;
+3 (1 o e,
i-1 0y + o1 A;

where w; = (g; + \//\Tai)/\/ago +ogA,i=1,...,N.
Let B = {¢ = (02, 02): 02 > 02,/2, i =0, 1}, ¢* = (d2), o)) with

N
0< o-fo < 030 exp{—38_1<N + (O'go/crgl)< Z )\{1)) — N10g2},
i=2

where 5= P, (e =0). Define éy = (1/N)X[, wf, my =1, 4w}/ ¥, A7

12 12

E={s, =0, £y Vv ny < 3571}. Then it follows from (57) that on E
Ly($) < le(d’(O)) +(N/2)(log 2 + én)

0'2 0'2 N
< Ly(¢) + (1/2){10g 0_—(;0 - (0_020> ( ) )\i—l) nN}
01

*0 =2

< Ly(%), ¢ € B.

Thus

Py, (Supf’N(d’) < le(‘l"*)) > P¢(0>(E) > 6/3.
$eB

Therefgre with probability greater than some positive number the maximum
point ¢ will not fall into B no matter how large N is. Note that in this
example the REML estimates are the same as the MLE.
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6. Concluding remarks.

6.1. In virtually all problems regarding Wald consistency, there are two
sources of difficulties. The first is the arbitrariness of the parameters (here,
0 or ¢). The second is the randomness of some quantities involved in the
likelihood function (here, z = A’y). Somehow, one does not want these two
kinds of things to be tied up, and this turns out to be the technical origin of our
proofs.

As we mentioned in Section 2, the basic idea is to prove the difference,
say Ly(0) — Ly(6(0)), is negative for 6 outside a small neighborhood of 6.
Since the first term in the difference decomposition [e.g., (7)] is nonrandom,
the focus is therefore on the second term (i.e., the d term).

In the balanced case, we are able to further decompose d (0, 6()) as a sum
such that each summand is a product of two factors—the first depends only on
6 and the second only on z, and the number of terms in the sum is bounded.
This technique of separating the two kinds of difficulties mentioned above has
been proved totally successful since it then becomes clear how to construct the
“small neighborhood” (see the proof of Theorem 3.1).

Unfortunately, this nice decomposition of the d term no longer exists in the
unbalanced case (thanks to a counterexample we are able to construct which
helps clarify that). In the unbalanced situation we go back to the old idea
of Wald (1949), that is, dividing the parameter space by small regions and
approximating the likelihood within each small region by its value at, say, the
center of the region. Note that once ¢ is fixed at some point ¢*, L ~n(d) =
L y(¢*) becomes a function of z alone. So this technique often does the job of
separating ¢ and z except for one thing: the number of such small regions has
to be “well under control,” which is impossible, as we have found, without using
the method of sieves. Since we are dealing with some nonstandard situations,
namely, quadratic forms of non-Gaussian random variables which can not be
expressed as “i.i.d. sums,” special techniques are needed to evaluate carefully
the orders of different quantities and hence eventually construct the sieve.
These include an expansion of some matrix-valued function and an inequality
for the variance of a quadratic form.

Finally, the counterexample has made it clear that sieve-Wald consistency
is all one can expect in a general unbalanced non-Gaussian situation.

6.2. In Section 4 a sequence of approximating spaces (i.e., a sieve) is con-
structed, and the consistency of the resulting estimates can be ensured under
AT*. Although the AI* condition seems minimal for a theorem of this general-
ity, the convergence rate of the sieve to the full parameter space could be slow.
The rate can be much improved if, for example, the true parameter vector is
known to belong to a compact subspace of the interior of the parameter space,
say, ¢, € [6, M], where 0 < 8 < M < oo (e.g., 8 = 1076, M = 10°). In such
a case the actual parameter space is ®, = [6, M ], each approximating space
can be taken as @, (i.e., 65y = 65 = 8, My = Mg = M) and the corresponding
sequence {d; ~ ) is consistent [see (50) in the proof of Theorem 4.1].
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6.3. However, the AI* condition is not sufficient for Wald consistency. Ad-
ditional assumptions are needed, either on the structure of the model or on
distributions of the random effects and errors. For example, it would be inter-
esting to see whether Wald consistency holds when normality actually holds
(in which case Gaussian likelihood is the true likelihood). Note that in Exam-
ple 5.2 the distribution of the errors is not normal.
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