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We study orthogonal decomposition of symmetric statistics based on
samples drawn without replacement from finite populations. Several appli-
cations to finite population statistics are given: we establish one-term Edge-
worth expansions for general asymptotically normal symmetric statistics,
prove an Efron—Stein inequality and the consistency of the jackknife esti-
mator of variance. Our expansions provide second order a.s. approxima-
tions to Wu’s jackknife histogram.

1. Introduction. Orthogonal decomposition of statistics were introduced
by Hoeffding (1948) in his proof of the asymptotic normality of U-statistics.
Since then the orthogonal decomposition (called also ANOVA decomposition
or Hoeffding’s decomposition) has become an indispensable tool of analysis
of distributional properties of statistics based on independent observations.
In particular, it plays a crucial role in the analysis of variance components
[Efron and Stein (1981), Karlin and Rinott (1982), Vitale (1992)] and pro-
vides a natural framework for first- and second-order asymptotics of statistics
[Hajek (1968), Rubin and Vitale (1980), van Zwet (1984), Bentkus, Gétze and
van Zwet (1997)].

We study orthogonal decomposition of statistics based on samples drawn
without replacement from finite populations. For simplicity we consider the
case of simple random samples. We start with an overview of the orthogonal
decomposition of general symmetric statistics based on simple random sam-
ples; see Section 2 below. Here we also provide bounds for the remainders of
the approximation of statistics by a fixed number, say two or three, of terms of
the Hoeffding decomposition. Orthogonal decompositions of finite population
U-statistics of fixed degree & were used first in Zhao and Chen (1990) without
providing uniform estimates for the remainders as % increases together with
the number of observations.

In Section 3 some brief applications are given. Here we prove the consis-
tency of the jackknife variance estimator for symmetric statistics based on
samples drawn without replacement and the finite population Efron—Stein
inequality. We discuss second-order approximations to the distribution of
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jackknife histograms [Shao (1989), Wu (1990), Booth and Hall (1993)] and
subsampling [Politis and Romano (1994), Bickel, Gotze and van Zwet (1997),
Bertail (1997)]. In Section 4 the Hoeffding decomposition is used to establish
asymptotic expansions for distribution functions of general symmetric finite
population statistics.

2. Hoeffding’s decomposition. Let T'=t(X,,..., X,) denote a statis-
tic based on simple random sample X, ..., X, drawn without replacement
from a finite population 2° = {xq,..., x5} consisting of N units. Clearly,
n < N. We shall assume that the function ¢ is invariant under permutations
of its arguments. Therefore, T is a symmetric statistic.

The Hoeffding decomposition,

(2.1 T=ET+ ) g(X)+ Y &gX,X)+ -

1<i<n 1<i<j<n

represents 7' by the sum of n mutually uncorrelated U-statistics of increasing
order. Here g;, £ =1,2,..., n, denote symmetric kernels, which satisfy

(22) E(gk(Xil’"‘7Xik)|Xj17"‘7Xjr)=O’

forevery1<i; <---<ip<nandl<j, <---< j.<nsuchthatr <k Itis
easy to verify that such a decomposition is unique.
The functions g,, k =1, ..., n, are linear combinations of conditional expec-
tations
hj(xil,...,xij)=E(T—ET|X1=x- ...,Xj=xi_).

112 J

We show in the Appendix that

k
(2.3) gk(xla"'axk)zdn,kZMk,j Z hj(xil""’xij)'

j=1 1<iy<-<ij<k
Here, for £ =2,3,...,n,
(2.4) d k]:[l N-r 1< j<min{k—1,N -k}
. P = _, <J<mi -1, N — kj}.
k,] r:j N_r—] J

In the case where 2k > N +1 we putd; ; =0 for N -k < j < k— 1. Finally,
we write d,, , =1for2n < N+1andd, , =0 for 2n > N + 1. Furthermore,
the coefficients M, ;, for k satisfying the inequality 2k < N + 1, are given by
the recursive relation,

k-1 .
bk —
Mkajz_zdk,lMl,]<l_JJ>7 ISJSk—]_,
=]

and we put M, ;, = 1. For 2k > N + 1 we write M, ; = 0.
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A simple calculation gives

N-1
g1(X,) = N — nhl(Xl)a
N-2 N-3 N-1
Ba(X1 Yy) = o (X0, Vo) = 5 (X + (V).

Let U;, 1 < j < n denote the jth sum in (2.1),

Uj:UJ(T): Z gj(Xila'--7Xij)‘

1§i1<---<ij§n

Clearly, (2.2) implies EU,U, = 0, for & # r. That is, the U-statistics of the
decomposition (2.1) are mutually uncorrelated. Note that, contrary to the i.i.d.
case, the random variables g;(X; , ...,Xij) and g;(X;,, ...,ij) are not
uncorrelated. Indeed, for m denoting the number of elements of the inter-
section {iy,...,1;} N{ky,..., k;} we have

(G V'S
(i) I

(25) SJ,mZEgJ(X ’le)g](Xkl”ij)z

iy’
Here we donote cr? = Eg?(X iy»---»X; ). Invoking a simple combinatorial
argument we evaluate the variances
n\(N-n
O

wa’2 and Var T = i =0
PO =t
J J= Jj
The formulas (2.5) and (2.6) have been used in Zhao and Chen (1990) for
U-statistics of fixed degree k. For convenience, we include the proof of (2.5)
and (2.6); see Lemmas 1 and 2 in the Appendix.
Here we shall develop several consequences of (2.3) and (2.6) which are

new and have important applications. It follows from (2.3) and (2.6) that for
Jj> N —n we have U ;=0. That is, the decomposition (2.1) reduces to

(2.7) T=ET+U;+---+U,, n, =min{n, N —n}.

(2.6) Var UJ- =

Moreover, (2.2) entails the duality property, formulated in Proposition 1 below.

Let (X;,...,Xy) denote a random permutation of the ordered set
(21, ..., xp) which is uniformly distributed over the class of permutations.
Then the first n observations X, ..., X, represent a simple random sample
from 2°. For j=1,..., N —n denote X}:X

n+j-

PROPOSITION 1. For j < n, we have

28)  U;=U; whereU;=(-1) Y gj(Xj,....X}).

1<iy<--<ij<N-n

Therefore, T = T', where T' =ET + U} +--- + U, .
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The proposition says that, in a sense, T is a function of n, random variables.
In particular, if n > N /2, one may replace the statistic by a U-statistic based
on n, < N/2 observations.

PrROOF. For the linear statistic U; the identity (2.8) is a consequence of
EU, =0. For j=2,...,n,, this identity follows from (2.2). O

One may view the decomposition (2.1) as a stochastic expansion of the
statistic 7'. Indeed, for a number of statistics the first few terms of the decom-
position provide sufficiently precise approximations. To bound the errors of
such approximations we introduce appropriate smoothness conditions.

Denote

DT =t(X4,...,X,)
_t(X17“‘7Xj—17Xj+15“'9Xn’ij)? X;:Xn-kj
Higher order difference operations are defined recursively,

DJv e — Djz(DhT)’ DJv Jesds — Dj3(Dj2(Dj1T)), .
They are symmetric; that is, D/1 /2T = DJ2 /1T, etc. Given k < n,, write
8, =8,(T) = E(nif‘l)DjT) ., D,T=D2IT, 1<j<k

In Examples 1 and 2 below we estimate the moments §; for U-statistics and
smooth functions of sample means.

THEOREM 1. For 1 <k < n,, we have
(2.9) T=ET+U,+ -+U,+R, withER2<n.""s,,,.
The proof of Theorem 1 is given in the Appendix.

3. Applications.

Jackknife estimator of variance. The Quenouille-Tukey jackknife estima-

tor of variance is a symmetric statistic of observations X, ..., X, 4,
9 0 n+1 - . 1 n+1
o =03(T)=2(Ty»-T), T= 2Ty
= n+1 i

where we write T'(j) = t( X1, ..., X 1, X1, ..., X, Xypq)

In the case of independent and identically distributed observations the
jackknife estimator of variance is asymptotically consistent if the underlying
statistic is sufficiently smooth; see, for example, Miller (1974), Parr (1985) and
Shao and Wu (1989), where in the later paper several smoothness conditions
are discussed.

Here we consider statistics based on samples drawn without replacement.
Let X4,..., X,, be a simple random sample drawn without replacement from
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the population 2° = {x4, ..., xy}. The jackknife variance estimator for the
statistic T = ¢(X, ..., X,,) is defined by

o2, = 05;(T) = qo%(T) where q= (N —n)/N.

Note that o%,;(T) is a symmetric statistic of the sample X1, ..., X, ; drawn
without replacement from the population 2°. For a linear statistic T = ET +
>, g1(X;) it is easy to show that Eo2,(T) = Var T.

Our first application of the orthogonal decomposition (2.1) is the finite pop-
ulation Efron—Stein inequality: for an arbitrary symmetric finite population
statistic T = ¢(X4, ..., X,) we have

(3.1) Ec%,(T) > Var T.

That is, the jackknife variance estimator tends to be biased upward. In the
i.i.d. case the Efron—Stein inequality was proved by Efron and Stein (1981).
The proof of (3.1) is given in the Appendix.

Another application of (2.1) is a general consistency result for the estimator
0%;. Assuming that n and N — oo we prove the consistency of o%; for asymp-
totically linear symmetric finite population statistics. In order to formulate the

consistency result we consider a sequence of statistics T, = ¢,(X ¢, ..., X,).
That is, we show that for every & > 0,
(3.2) P{|o%,(T,)—Var T,| > ¢} =o(1) asn, N — oo.

Let T'; , denote the summand g;(X;) of the linear part of decomposition
(2.1) for the statistic T',,.

PROPOSITION 2. Assume that N and n, = min{n, N — n} — oco. Assume
that:

(i) For some 0 < ¢1 < ¢y < 00, we have ¢y < Var T, < ¢y and 65(T,,) = o(1).
(i) For every & > 0,

(3.3) nET? Iz .. =o(1).

Then (3.2) holds.

The proof of Proposition 2 is given in the Appendix.

Recall that 8,(T,,) = n?E(D,T,)?, where

[DQTn = tn(Xl, ceey Xn) - tn(‘XZ’ ceey .Xn, Xn+1)
- tn(Xl’ X37 e Xn? Xn+2) + tn(XS’ AR Xn+2)'

Note that condition (i) implies that 7', is asymptotically linear as n, — oo.
That is,
34 T,=ET,+> T;,+op(l) with Var <Z Ti,n> >c¢; —o(1).

i=1 i=1

Here ET, +3 7, T; , denotes the linear part of the decomposition (2.1) of T',.
Indeed, by (2.1), we have T, = ET, + >/, T, , + r,, where the remainder
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r, and the linear part are uncorrelated. The condition 6,(7",,) = o(1) implies
the bound Er2 = o(1); see Theorem 1. Therefore, (3.4) follows. Note that the
uniform integrability condition (3.3) can be replaced by a more restrictive
moment condition lim sup, E(T% ,n,)*? < oo, for some & > 0.

Subsampling. Let Y,,...,Y, be independent observations from a proba-
bility distribution P. Let 6, = 0,(Y 1, ..., Y,) be an estimator of a real-valued
parameter § = 6(P). In order to make inferences about 6 one estimates the
distribution of 6, — 6. Assuming that the distribution K, of 7,,(6,, —0) converges
weakly to a limit law, Politis and Romano (1994) showed that the conditional
distribution function,

K, (x)=P{r,,(0,(X,,....X,)—6,)<x|Y,,....Y,}

estimates the true distribution function K,(x) = P{7,(0,, — 6) < x} consis-
tently as n,m — oo so that m/n — 0 and 7,,/7, — 0. Here 7, denotes
a nonrandom sequence of normalizing constants and X, ..., X,, denotes a
random sample drawn without replacement from {Y,,..., Y, }. Assuming in
addition that K,(x) admits an Edgeworth expansion, Bertail (1997) showed

that K,,(x) admits a corresponding stochastic expansion. The proofs of Politis
and Romano (1994) and Bertail (1997) exploit the U-statistic structure of the
conditional distribution function K n(x) and rely on the law of large numbers
for U-statistics. =

Another way to construct higher order approximations to K,,(x) is based on
conditional asymptotic expansions given {Y{,...,Y, }. Let v,, = v,,(Y{,...,
Y,) [respectively, e,, = e,(Y,...,Y,)] denote the conditional variance
(respectively, the mean value) of 7,,,(0,,(X{,..., X,,) —0,), given Y{,..., Y.
Theorem 2 below provides the conditional asymptotic expansion,

(3.5) K, (x0,, + ) = O(x) — 4 (x) PP (x)(m(1 — m/n))2 + O(m )

almost surely as m, = min{m,n — m} — oo and n — co. An explicit formula
for the first term of the expansion ¢,,(x) is provided in Section 4 below.

Wu (1990) used a one-term asymptotic expansion of finite population Stu-
dentized mean due to Babu and Singh (1985) to construct a second-order
approximation like (3.5) to the jackknife histogram of a Studentized mean
Clearly, (3.5) provides such approximations with remainder O(m;!) for a
broad class of asymptotically linear statistics; see also Bickel, Gotze and
van Zwet (1997) for other possible applications of (3.5).

Let us mention that for some classes of statistics the order of the approxi-
mation of K (%) can be further improved by using Richardson extrapolation;
see Bickel and Yahav (1988), Booth and Hall (1993), Bertail (1997).

Finally, we discuss applications to resampling of finite population statis-
tics. Using orthogonal decomposition of Section 2 and Edgeworth expansions
of Section 4, one can extend i.i.d. results of Putter and van Zwet (1998) on
empirical Edgeworth expansions to samples drawn without replacement. This
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question is addressed in Bloznelis (2000). Furthermore, the orthogonal decom-
position of Section 2 and the expansions of Section 4 below could be extended
to stratified sampling without replacement models and applied to resam-
pling schemes like finite the population bootstrap [Gross (1980), Bickel and
Freedman (1984), Chao and Lo (1985), Babu and Singh (1985), Chen and Sit-
ter (1993), Booth, Butler and Hall (1994), Helmers and Wegkamp (1998)] and
its modifications.

4. Stochastic and asymptotic expansions. We shall apply (2.9) to
study the asymptotics of the distribution of 7.

When speaking about the finite population asymptotics we assume that
we have a sequence of populations 2, = {x, 1,...,%, y }, with N, — oo
as r — oo, and a sequence of symmetric statistics T', = ¢.(X, 1,..., X, , ),
based on samples X, i,..., X, , drawn without replacement from Z;. We
shall assume that the variances 62 = Var T, remain bounded away from zero
as r — oo. In order to keep the notation simple we drop the subscript r in
what follows.

In typical situations (U-statistics, smooth functions of sample means, Stu-

dent’s ¢ and many others) we have U ; = 0p(n"" "), for j=1,...,k, and
(4.1) 8pi1 =0 asn,, N— oo

for some k. Clearly, (4.1) is a smoothness condition. It implies the validity
of the stochastic expansion (2.9) with the remainder R, = Op(n. kf 2). The
condition (4.1) is easy to handle. Below, we verify this condition for two classes
of statistics: smooth functions of multivariate sample means and U-statistics.

In the remaining part of this section we study first- and second-order
approximations of asymptotically linear statistics. We shall assume that the
linear part U, is nondegenerate; that is, s> := Var U, > 0. Note that, by (2.6),

322720'12]\7/(]\7—1) whereT2=Npq, p=n/N, g=1-p.

Clearly, n,/2 < 72 < n,. In Proposition 3 below we formulate sufficient condi-
tions for asymptotic normality.

PROPOSITION 3. Assume that & remains bounded away from zero and 8y =
o(l)as n,, N — oco. Then & — s = o(1). Suppose, in addition, that (3.3) holds.
Then ¢ Y(T—ET), s Y (T—ET) and (T—ET)/oy; are asymptotically standard
normal.

PrROOF. In view of Theorem 1, the condition 8, = o(1) implies the valid-
ity of the short stochastic expansion T' = ET + U; + op(1). We also have
52—s? = o(1) and, by Proposition 2, 0%,/5% = 0%,(T/5) = 1+0p(1). Therefore,
the linear part dominates the statistic 7" and it suffices to prove the asymptotic
normality of s71U;. The asymptotic normality is ensured by (3.3) which (under
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the conditions of the proposition) implies a Lindeberg-type Erd6s—Rényi con-
dition,

Eg%(Xl)a-l_2u\g1(X1)|>anr1 =o(l) asn,N — o0

for every & > 0; see Erdos and Rényi (1959). Note that (3.3) is equivalent to
the Erdés—Rényi condition if, in addition, ¢ is bounded as n,, N - co. O

Assuming that (4.1) holds, for £ = 2, we obtain from Theorem 1 the stochas-
tic expansion T = ET+ U, +Ujy+ Op(n;!). It suggests that Edgeworth expan-
sions of T—ET and U; + U, should coincide up to O(n!). Note that U;+ U, is
a U-statistic of degree two. Bloznelis and Gotze (2000) showed that a one-term
asymptotic expansion,

G(x) = P(x) — W

> (x),

approximates the distribution function P{U; + U, < xs} with the remain-
der O(n;1). Here ®®)(x) denotes the third derivative of the standard normal
distribution function ®(x),

a=o;°Egi(xy), k=07 T"Egy(X1, X5)81(X1)81(X5).

Using Theorem 1, one may extend this result to arbitrary symmetric statistics.
In particular, in order to construct a one-term Edgeworth expansion of T we
do not need to evaluate all the summands of (2.1), but (moments of) the first
few terms only. A general result formulated in Theorem 2 below provides the

bounds o(n; /%) and O(n:1) for the error of the ex ansion,
* p

A:=sup|F(x) — G(x)| where F(x) =P{T <ET + x5}.

Similar bounds hold for
A, :=sup|F(x) — G(x)| where F{(x) =P{T <ET + xo,7}.

In order to establish the validity of an Edgeworth expansion we need to
impose an appropriate smoothness condition. It is the nonlattice condition in
the case of the remainder o(nll/ 2) and it is a Cramér type condition in the
case of the remainder O(n;!). Either of these conditions will be imposed on
the linear part of the statistic.

Given g: R — C write | gll{q,5) = SuP,<jy<p |8(¢)|. We shall say that the
linear part is asymptotically nonlattice, if for every £ > 0 and every B > 0,
the characteristic function ¢(¢) = E exp{ito;'g;(X;)} of the random variable
o7 1g1(X,) satisfies

4.2 lim inf 1.
(4.2) ni,r?vlfoo”(P”[g’B]<

A more stringent smoothness condition is a Cramér-type condition,

(4.3) rlllIII{]lilof; lele, - < 1.
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Note that 7 — oo as n,, N — oco. Write

Bs:Elni/le(Xl)P’ ys:Elni/zg2(XlaX2)|sa §SZE|ni/2g3(X1,X2,X3)|S.

THEOREM 2. Assume that ¢ remains bounded away from zero as N — oo.

(i) Assume that (4.2) holds, 65 = o(n;1/2) and, for some 6 > 0, the moments
Bsis and o5 are bounded as n,, N — oo. Then

A=o(n;Y?) and A =o(n;'?) asn,, N— .

(ii) Assume that (4.3) holds, 8, = O(n;') and, the moments By, v4, {s are
bounded as n,, N — oco. Then

A=0(n.Y and A =0(0n;') asn, N— .

PrROOF. Note that either of the conditions (i) and (ii) implies
(4.4) 72 =52+ 0(n;Y) =7202 + O(n;Y).

Therefore, it suffices to construct bounds for A;.

Let us prove A; = o(n« Y 2). In the case of U-statistics of degree two [the
remainder in (2.9) R, = 0], this bound is proved in Bloznelis and Goétze (1999a).
A passage to the general case can be made by using a Slutzky-type argu-
ment. Indeed, by (2.9), under condition (i), we have P{|Ry| > sn;w} <
£7284 = o(nll/z), for every & > 0. Note that sup, |GV)(x)| remains bounded as
n,, N — oo.

The proof of the bound A; = O(n;!) is rather complex and laborious. It is
given in a more technical paper [Bloznelis and Goétze (1999b)]. O

Note that if & remains bounded away from zero as n,, N — oo, then (4.4)
implies 70,/6 = 1+ O(n;!). Therefore, we can replace G by G,, where
7 (q — p)ag + 377k,
P 60

Qy = Eg?(Xl), ko =Ego(X, X5)g1(X1)81(X5).

Go(x) = ®(x) — o (x),

COROLLARY. Theorem 2 remains valid if we replace G by G in the defini-
tion of A and A;.

If n, N — oo and n? = o(N), the simple random sample model approaches
the i.i.d. situation. In this case Theorem 2 and the Corollary agree with the
corresponding results of Bentkus, Gotze and van Zwet (1997), who constructed
second-order approximations to symmetric statistics of i.i.d. observations.

In order to construct a one-term Edgeworth expansion G (respectively, G),
one needs to evaluate the parameters oy, «,  (respectively, &, «(, k). For some
classes of statistics it reduces to routine calculations; see examples below.
Another possible way is to substitute consistent estimators of these param-
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eters. The consistency of the corresponding jackknife estimators is established
in Bloznelis (2000).

Earlier results on Edgeworth expansions for nonlinear asymptotically nor-
mal finite population statistics by Babu and Singh (1985), Babu and Bai (1996)
apply to statistics which can be approximated by smooth functions of multi-
variate sample means. Their approach combines linearization and expansions
for multivariate sample means. This approach, though conceptually simpler,
focuses on a particular class of statistics (smooth functions of multivariate
sample means). Furthermore, it often requires a somewhat restrictive Cramér-
type smoothness condition imposed on the underlying multivariate sample
mean rather than on the linear part of the statistic itself. Another approach
was used by Kokic and Weber (1990) to prove the validity of one-term Edge-
worth expansions for finite population U-statistics. However, they did not use
a finite population orthogonal decomposition. In contrast to Theorem 2 all of
the above-mentioned results establish the validity of the expansions under
some additional conditions on the sample fraction p = n/N.

In what follows we consider two examples: U-statistics and smooth func-
tions of sample means.

EXAMPLE 1 (U-statistics). Given an integer m let ¢ denote a real symmet-
ric function defined on m-subsets of the population 2" = {x4, ..., xy}. Define
a U-statistic

(4.5) U= > o(X;,..., X, )

1<iy<-<i,<n

based on the simple random sample X,,..., X, (n > m) drawn without
replacement from 2°. We shall assume that EU = 0 and construct a one-
term Edgeworth expansion G(x). To this end we evaluate the parameters
o1, o and k.

Write Hoeffding’s decomposition for a symmetric statistic ¢(X4, ..., X,,),

o(Xy,...,. X)= Y > & X, X)),

1<k<m 1<ij<--<ip<m

where symmetric kernels g, are defined by (2.3). Clearly, every summand
o(X; ..., X; ) of (4.5) can be written in such form. Substitution of these
expressions in (4.5) yields Hoeffding’s decomposition of U,

n—~Fk\ .
U= > > gr( X, X)) Wheregk:< >gk‘

1<k<m 1<iy<--<ip<n m—k

Denoting o2 = Eg;%(X;) we have o = (Z:ll)za'g,

=(m—1)ni

n—1 a'g

a=0,°Eg}(X,), K 82(X 1, X3)8:1(X1)8:1(Xy).



ORTHOGONAL DECOMPOSITION 909

In order to estimate the moments (of differences) 6, we invoke variance for-
mulas (2.6) and (A.21); see below. A straightforward calculation gives

(4.6) 8, < c(m)nf~%(Var U? + ... + Var U?),
where c¢(m) denotes a constant which depends only on m. Note that (4.6)
implies n;(k_l)ﬁkﬂ < ¢(m)ER?, where R, denotes the remainder of (2.9).

That is, for U-statistics of degree m, the inequality (2.9) is precise [up to the
constant c(m)].

EXAMPLE 2 (Smooth functions of multivariate sample means). Assume that
2" ¢ R* and consider the statistic T = /n/q(h(X) — h(a)), where h: R* —
R. Here X = n (X, +--- + X,) and a = EX;. Assuming that % is three
times differentiable and derivatives are bounded, we construct a one-term
Edgeworth expansion and bound &5. In order to bound 6, we need one more
derivative.

We may assume without loss of generality that EX; = 0.
Denote Y; = AD(0)X; and Y, ; = h®(0)X,; X ; and write

2 2 -3 3 -3
o, =EY7, ay, =03, °EYY, Kk, =0,"EY Y,Y 9.

Here A®)(y) denotes the sth derivative of 4 at the point y € R*. We write
h®)(y)z, - - - z, to denote the value of the s-linear form 2()(y) with arguments
21,...,25 € RE,

Straightforward, but tedious, calculations show that «; and gk; provide
sufficiently precise approximations to @ and «. Therefore, by Theorem 2,

q — p)ay + 3gk
d(x) — ( ) 6’; h B3 (x)

can be used as a one-term asymptotic expansion of the distribution function
P{T — ET < xo0},}. The verification of the conditions of Theorem 2 reduces to
routine, but cumbersome calculations. We skip most of technical details and
focus on the smoothness condition (4.1) only.

Let ||A®)(y)| denote the smallest ¢ > 0 such that |A(®)(y)z;-- -2, <

c|lzy|---|zs|. Here |z;|2 = z?,l +---+ 2%, denotes the Euclidean norm of a

vector z; = (2;,1,...,2; 1) € R*. We say that the sth derivative is bounded if
129, := sup, [A©)(y)] is finite.

Assuming that ||2(/)||,, and E|X;|?> remain bounded as n,, N — oo we
prove that 6,(T) = O(n; 1). More precisely, we show that, for every fixed
ji=12,...,n,

N/ n2’=?

. J ()2 2y

J
where [N]; = N(N —1)---(N — j+1). Let x;, %5, ... be a sequence of inde-
pendent random variables uniformly distributed in [0,1]. We assume that the
sequence and the random permutation (X, ..., X ) are independent. Given
a differentiable function f we use the mean value formula f(x + y) — f(x) =
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E, f (x4 %1y)y. Here E, denotes the conditional expectation given all the
random variables but ;. Write u; = n~}(X;— X). By the mean value formula,

(4.8) Djh(}?) =E, - -E%jh<f)()? — (equg + -+ X U)Uy U

Furthermore, invoking the simple bound E[X; |*---|X;[* < N//[N]; x
(E|X,[?)/,fori; <--- <i;,weobtainE|u; - u;|> <2/N//[N];n"2/(E|X,?)/.
The last inequality in combination with (4.8) implies (4.7).

The smoothness condition on A can be relaxed. By the law of large numbers,
X concentrates around a = EX; with high probability. Therefore, it suffices
to impose smoothness conditions on £ in a neighbourhood of @ only.

APPENDIX

We may assume without loss of generality that ET = 0. Recall that
(X{,..., Xy) denotes random permutation of the ordered set (x{,..., xy).

Denote Q, = {1,...,k}, for £ = 1,2,..., and Q = Qy. Given a statistic
V=V(X4,..., Xy), write

E(VIA)=E(V|X;,i € A), A CQ,
and denote E(V|J) =EV.
PRrROOF OF (2.3). Introduce random variables @ 4, for A C Q,, with |A| > 1.

For |A| = 1, we put @4 = E(T|A). Let ny be the largest integer such that

For |A| = 2,3, ..., min{ny, n}, we define @ 4 recursively as follows. Given
A c Q,, with |A| = k, write
A Qs=E(TA)~dpp1 ) @p——dp1 ) @z
BCA, |B|l=k-1 BCA, |B|=1

where the numbers d;, ; are chosen so that for each B C A,
(A.2) E(Q4|B)=0, [B|<|A]

A straightforward calculation gives (2.4). In Lemma 1 we extend the identity
(A.2) to arbitrary B C Qp satisfying |B| < |A|. Now (A.2) implies that the
sums } p_; @p and 3 p_; @p in (A.1) are uncorrelated for 1 <i < j < k.
Therefore, (A.1) provides an orthogonal decomposition for the statistic E(T'|A),

k
(A.3) E(TIA)=)"d;; Y Qs

J=1 BCA, |B|=j

where we put d;, , = 1.
For n < n, this identity yields the decomposition for 7',

(A.4) T=ET|Q,)= > T Tp=d, Qs
BcQ,, |B|>1
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where for every B C (), and C C Q) we have almost surely,
(A.5) E(T3/C)=0 for|C| < |B|.
Denoting
Er(x1, s x) =E(Tq, | X1 =2xq,..., X} =), k=1,2,...,n,

we obtain (2.1) from (A.4) and (2.2) from (A.5).

Now assume that n > n,. For £ =ny,+ 1,...n we show that (A.3) remains
valid if we choose d;, ; =0, for j = N —k+1,..., k. Let @, with (JA| = k)
be defined by (A.1). A calculation shows that if, for j = 1,..., N — &k the
numbers d; ; are given by (2.4) and d;, ; = 0 for j > N — k then (A.2) holds
for every B C A with |B| < N — k. Proceeding as in the proof of (A.8) below,
one can show that (A.2) extends to arbitrary B C Qy such that |B| < N — k.
In particular, for A = Q, and B = Qx\(, we have E(Q4|B) = 0 almost
surely. Since E(Q 4|B) = @4, we obtain @, = 0 almost surely, thus proving
(A.3). In the case where A = (),, the identity (A.3) provides the orthogonal
decomposition for T,

N-n
(A.6) T=E(T|Q,) =) > Tg, Tp=4d, Qs
Jj=1 BcQ,.|B=j

where @ p is given by (A.1) and satisfies (A.2) and (A.5). Finally, invoking a
simple combinatoric calculation we derive (2.3) from (A.1) and (A.4), (A.6).

Before formulating Lemmas 1 and 2 we introduce some notation. Define
the random variable 7', for arbitrary A = {i,,...,i,} C Q, with cardinality
r < n, by putting Ty = g,(X;,...,X; ). Let us write also T's; = 0. Note
that T, is a centered symmetric statistic of observations X;,i € A. Two
random variables T4, and T'p are identically distributed if |A| = |B|. The
difference operation D; can be applied to T4 provided that i’ = n+1i ¢ A.
We write D'Ty = Ty — T sy if i € A and put D'T 4 = 0 otherwise. Here
A{i}) = (A\{i}) U {i'}. Higher order differences ); = D'--- D! are defined
recursively: D,T 4, = D*T , — DT A({1}), etc. We shall apply these differences
to T4, with A € Q,. Note that ;T4 = 0, whenever ); Z A. If ), C A, we
can write A = Q; U B, for some B C Q,\(};. In this case we have

(A7) D, Tous= Y (—~1)Tq s
CCQi

Q,(C)=(Q\C)uC, C ={l:1eC}, I'=1+n.

Here we write also Q,(J) = Q,.
Given A, B € O, with |ANB|=F% and |A| = |B| = j, j < n, denote

o =ET%, s;k=ET4Tp.
If, in addition, A, B C Q,\Q;, we write
‘Ti2, JH = E(DiTQiuA)Za Si,joh =ED; T uaD;To,up-

2 _ 2 —
Put O-O,j_o-j andso’j’k_sj’k.
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LEMMA 1. The following identities hold:

(A.8) E(Tq|H)=0 forevery G, H Cc Qwith |H| < |G|,
—1)/7* .
(A.9) Sjp= ((N)j) 0'?, 0<k=<j<n,,
J—k
(-7 * : ;
(A.10) Si j k= mgi,i+j, 0<kc< J=<ny—1i,
-k
(A.11) o? N=Jtl gig i< j<ng

BT N—j—ig1

PROOF. We start with an auxiliary identity (A.12). Fix C, D C Q such that
1 <|C| <|D| and |C\D| = 1. Denote C; = C N D. We have

1 -1
(A12)  E(T¢|D)=—7 2 Tiue, = v 2 Tiyue,s
N —|D| icO\D N —[D| ieD\C

since (Q\D) U (D\C) = O\C; and, by (A.5),

> Tiye, = (N = |C1DE(T¢|Cy) = 0.
1eQ\C,

Let us prove (A.8). For H ¢ G cC Q,, (A.8) follows from (A.5). By symmetry,
it still holds for H ¢ G c Q. For |H\G| = k, we prove (A.8) by induction.
Assume that (A.8) holds for every k£ < r. Given G, H C Q, with |H\G| =r+1,
fix a € G\H and denote G, = G\{a}. Write E(T¢|H) = E(V,|H), where
V,=E(T4|G, U H). An application of (A.12) to V, gives E(V,|H) = 0, by
induction hypothesis, with £ = r. Hence, E(T'3|H) = 0 and we obtain (A.8),
with 2 =r + 1.

Let us prove (A.9). Given A, B C ), with |A| = |B|=j>1and |ANB| =
k < j,fixi, € A\B and denote A; = A\{i,}. An application of (A.12) gives

-1
sjrn=ETBE(T4|A;UB) = N_@j—Fk-1) > ETpT 04,
ieB\A

(A.13) .
__ DW=k o
T N—(2j—k—1))kP

where the last identity follows by symmetry. Applying (A.13) several times,
for increasing %, we obtain (A.9).

Let us prove (A.10). Let A, B be as above and assume in addition that
A,B c Q,\Q,;. Fix i, € A\B and i, € B\A. Denote B; = B\{i;} and B, =
B, u{i,}. It follows from (A.7) that

(A.14:) Si,j,k = Z (_1)‘C‘EDiTQiUAhC9 hC = TQi(C)UB'
Cccyy;
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Write H = AUQ; UQ, U B;, where Q) = {1, ...,i'}. By (A.12),

-1
E(hc|H) = N—HM’ M= > To,c)uB,uir}-
- | | re H\(Q,;(C)UB,)
Spht M = KC + LC’
Ke= > Tocusury Le= X Tocusue
reA\B re((;UN\Q,(C)

and substitute the expression E(hq|H) = —(N — |H|) (K¢ + L), in (A.14)
to get

-1
Si,j,k = Z (_1)|C|EDLTQLUAE(}7’C|H) = N_—|H'|(SK =+ SL)7
(A.15) Ot
Sg= (_1)|C|EDL‘TQ,-UAKC, Sp= > (_l)lclEDiTQiUALC-
Cccy cco,

We shall show below that S; = 0. Now consider Sg. By symmetry,
ED;To,uaKc =[A\BIED;To,uaTq,cyuB,-
Therefore, S = (j — k)S, where, by (A.7),

S =ED;Tg,ua > (—1)‘C‘T9i(0)u32 =ED;T,0aD;Tq,uB,-
ccQy

We obtain Sg = (j — k)s; j 1. Finally, by (A.15) and the identity S; = 0,

(=1 (=1 — &)
A.16 = ——"—Sg = bl
(£.16) Sk =N CHIPE T N (2j+2i - k1) b0k
Applying this identity several times, for increasing k, we obtain (A.10).
It remains to prove S; = 0. To this end we shall show that, almost surely,

(A.17) Y (-DCLe= Y (-1 ¥ T cyup,up =0

ccoy, ccoy, reQi(C)
Here Q7 (C) = (©; UQ)\Q,(C). Note that for any fixed C C Q; and j; € Q}(C)
there exists a unique pair D, j,, with D # C, where D C ; and j; € Q7 (D)
such that
(A.18) Qi (C)U{j1} = Q(D)U {Jjq}-

Namely, if j; € Q) then j; = j’ for some j € ); and in this case D = CU{j}.
If j; € Q, then necessarily j; € C and in this case D = C\{j;}. In both
cases we have ||C| — |D|| = 1 and therefore, (—1)I°! + (—1)PI = 0. Hence, for
every random variable T cup,uj,3 of the sum (A.17) there exists a unique
counterpart 7' pyup,uy,} (in the same sum) satisfying (A.18). Clearly, we have

(—=1)“7Tg,crumugiy + (CDPITops,0g5 =0
and thus (A.17) follows.
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Let us prove (5.11). Fix A c Q,\Q; with |A| = j — i. We have
ffi2,j = E(DiTQiUA)Z =E(D; 1Toua - DiqTQi({i})uA)Z
=ED; TniuA)z +E(D; T&)i({i})uA)2 —2ED; 1T0,uaD; 1T o,iyua

1 2
N-(j+i-1n)%s

In the last step we used (A.16). Applying this identity several times, for
decreasing i, we obtain (A.11), thus completing the proof of the lemma. O

= 2Ui2—1,j —28i 1 jiv1, i = 2<1 +

We shall consider statistics of the form V = } 5, T, where # denotes
some class of subsets B of () with |B| < n. Denote U (V) = > g » |p~; s and

write e (V) = U;2Var U,;(V), for o? > 0. Otherwise put e;(V) = 0. By (A.8),
random variables U,(V) and U (V) are uncorrelated for r # k. Therefore,

Var V=Var U;(V)+---+Var U, (V)
=e (VYo +---+e,(V)o2.

In what follows we use the formula.

w06

where the integers s, ¢, u > 0 [see, e.g., Zhao and Chen (1990)].

Write ri,j = (N;fi_i) (N;_il-_j)il.

(A.19)

LEMMA 2. The formulas (2.6) hold true. For every 1 <i < j < n,, we have
n—1i 9 n—1 N—-j+1 _, o
zn Ve 0,00 = (7)ot = (3l
(A22)  Var U/(T) < (n,/2)'Var U (D;T).

PROOF. Let us prove the first part of (2.6). By symmetry,

n—j
(A.23) Var U (T)= <rJL,>ETQjUJ-(T) and ETqo U (T) = Y mys; iy

v=0
where m, denotes the number of subsets B C (),, with |B| = j, satisfying
|BN(Q,\Q;)| = v. Clearly, m, = (*,7)(.7,). Therefore,

v I\
oo n—\(J . ..
ETo Uy(T)= > ( v )(v)sj’ j—v> vy :=min{n — j, j}.
v=0
Invoking (A.9) and then using (A.20) we obtain ETQJU j(T) = r, jO'?. This

identity in combination with (A.23) gives the first part of (2.6). The second
part is trivial [cf. (A.19)].
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Let us prove (A.21). We have

U,;[D,T)= > D;iTo,ua; 1< j=n.
ACON,, |Al=j—i

By symmetry,

Var U ;(D;T) = (j : ;)EDL'TQJ.UJ‘(D;'T),

min{n—j,j—i} n— i .
J J—1
ED, T, U.D,T) =
it Q; (D T) lg) ( u )<j_i_u>sz,1—z,1—z—u
Invoking (A.10) and then using (A.20) we obtain ED; Ty U ;(D;T) = riJUZj,
thus proving the first identity of (A.21). The second one follows from (A.11).
The inequality (A.22) is a simple consequence of the identity
Var U ;(D;T) _gi [JLIN —J+1];
Var U ;(T) [n);[N —n);

which follows from (2.6) and (A.21). O

PROOF OF THEOREM 1. Combining (2.7) and (A.22) we obtain
ER; =Var U, (T)+---+Var U, (T)
< (n,/2)" 1 (Var Uy Dy T) + - + Var U, (Dy;1T))
— nl-hgloks, D

PROOF OF (3.1). Using the identity o2 = YHIT? — (n+ 1)T? it is easy to
show that (3.1) is equivalent to the inequality (n+1— ¢ )ET? > (n+1)ET?.

In order to prove this inequality, it suffices to show that for every j =1, ..., n,,
n+1l—qg YVar U (T) > (n+1)"'Var U .(H),
(A20) ( ) A(T)=( )_ j(H)
H=mn+1)T.

Let us evaluate Var U ;(H). An application of (2.1) to Ty, ..., T, 11) gives
=1 BCO, 1, |Bl=j

Proceeding as in the proof of (A.23), we obtain

.\ -1
o= () (V) (YY)
J J J

Therefore, we have an explicit formula for Var U ;(H) = (n + 1 — j)2EW§~.
Invoking (2.6) we obtain an explicit formula for the left-hand side of (A.24) as
well. Now simple arithmetic proves (A.24). O
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PROOF OF PROPOSITION 2. Under condition (i) we have s> — 2 = o(1) as
n,, N — cc. In particular, s> = O(1). Let V2 = ¢%(U(T)) denote the jackknife
variance estimator of U(T), the linear part of T. In order to prove (3.2) it
suffices to show that as n,, N — oo,

q(a?, - V2) =o0p(l) and qV2 — = op(1).

The first relation is implied by the smoothness condition 6, = 0(1). The second
relation follows by the (weak) law of large numbers [use (3.3) and the fact that
s2=0(1)]. O
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