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THE HAUSDORFF DIMENSIONS OF THE GRAPH AND RANGE
OF N-PARAMETER BROWNIAN MOTION IN J-SPACE

By LANE YODER
Purdue University

The paper extends results of Lévy and Taylor from one-parameter
Brownian motion to the multiparameter case. The following theorem is
proved. For N-parameter Brownian motion in d-space, the Hausdorff di-
mensions of the graph and range are a.s. min {2N, N + d/2} and min {2V, d}
respectively.

In this paper results of P. Lévy and S. J. Taylor in one-parameter Brownian
motion are generalized to the multiparameter case. A needed extension of a
result of A. S. Besicovitch and H. D. Ursell is also obtained.

Besicovitch and Ursell [1] showed that the Hausdorff dimension D of the graph
of a curve belonging to the Lipschitz d-class satisfies the inequalities 1 < D <
2 — 0, and that all D in this closed interval are possible. Taylor found that the
Hausdorff dimension of the graph of 1-parameter Brownian motion is § with
probability one [6], and that the path of Brownian motion in d-dimensional
Euclidean space, d = 2, has Hausdorff dimension 2 with probability one [5].
(See also Lévy [3].) '

Let W@.9 denote Lévy’s N-parameter Brownian motion with values in d-
dimensional Euclidean space; i.e. if X = W®.4, then X(t, w) = (X(t, ), - - -,
X, (t, v)) e R?, where t = (1, - - -, ty) € R¥ and the coordinate functions X, are
mutually independent, separable, Gaussian processes with mean zero and
covariance

E(X(s), X(1)) = 3[Is| + |f| — |s — 1]

Here |+| is the Euclidean norm.

Orey and Pruitt [4], with a different definition of multiparameter Brownian
motion, have obtained, among other results, a fact which is somewhat weaker
than our result on the dimension of the range.

THEOREM. The Hausdorff dimensions of the graph and range of W% are almost
surely min {2N, N + d[2} and min {2N, d}, respectively.

Proor. The proof is done in three parts.
I. Let X: RY — R? belong to the Lipschitz d-class (Lip d). Then

dim,, (ra X) < dim, (gr X) < min {% N+ (1 — a)d} ,
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where dimy, (ra X) and dim,, (gr X) denote the Hausdorff dimensions of the range
and graph of X, respectively. (Since W% is almost surely in Lip d for every
0 < % [2], we obtain part of the theorem.)

For the proof of I, it is sufficient to consider only the unit cube U” in R" as
the domain of x. Divide the domain into k-cubes (cubes with edge of length #).
The graph of each k-cube is contained in a set of diameter K #’. These sets
form a covering of the graph, and the estimate of the N/ measure of the graph

1S
B V(K = K, < oo .

Thus dim,, (gr X) < N/d.

Again divide the domain into A-cubes. The image of each Z-cube is contained
in a K, h*-cube. Divide each of these K;hA’-cubes into A-cubes, and we have a
covering of the graph by A-cubes. The estimate of the N + (1 — 0)d measure is

KN + dPRPe-t = K, > oo .
So
dim, (gr X) S N+ (1 — d)d.

II. Let X = W@, 2N < d. Then
dimy, (gr X) = dimy (ra X) = 2N

with probability one. Let &« < 2N. It is sufficient to show that the a capacity
of the range of X, C,(ra X), is positive. For this it is sufficient to show

Son Son | X(s, ) — X(t, w)|~*dsdt < oo,
where U” is again the unit cube in RY. Now

§o |X(1, @)= do> = (2z]t])=4? § ga |u|~= exp — (Ej_zl_tl_tﬂf) du

By changing to spherical coordinates and then letting r = |¢|ix, this becomes
Ky|t|=%2 & ri=t-« exp (—r?[2|t]) dr = K,|t]7*2 {5 x4-1-%e~** 2 dx .
The integral is finite since a < d, so

(o | X(t, ®)|~*do < K]|t|7*2.
We have

Son Spn dsdt o | X(s, ) — X(t, )| do < (yn S K|s — t|7** ds dt
which is finite since a/2 < N. Using Fubini’s theorem we conclude that
Yo S |X(s, ) — X(¢, 0)|~* ds dt

is finite for almost every . A similar argument shows dim, (ra X) = d whenever
2N = d.

III. If 2N > d, then dim, (gr X) = N + d/2 with probability one. Let a be
any number satisfying d < a < N + d[2. We show C,(gr X) > 0. Let

r(t, o) = [|X(t, )" + |1
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and
f(t, R) = Plo: r(t, ») < R}.
IR |1 >0,
f(t, R) = Plo: |X(1, o) < R* — |1}
= (2z|t))™** §up<nr-i2 €XP — <u12+2—|t|+ud‘2) du
= K[t[~% {104 pi=t exp (—r*2]t]) dr .

If |ff = R > 0, f(t, R) = 0. We have

)
Yo 71, @)~ do = §¢ R—«Ef;, dR

—d/2 (o Rl-a( R2 2\d/2—1 R — |t|2 dR
= Kj|f|=** {5 (R* — |t]*) exp — T .

The substitution R? = |f|x? 4 |¢]* gives
KyJt]== §57 (x® -+ |d])~=/x4~* exp (—x*/2) dx
< K it e e d)

< K't|d/2—a .
Now

Son Sow ds dt §q |(s, X(s, 0)) — (1, X(t, w))|~* do
< (on Son K|s — "+ ds dt .

This integral is finite since « — d/2 < N. Again Fubini’s theorem shows that
Son $on (s, X(5, ) — (¢, X(t, w))|~* ds dt

is finite for almost every w.
I would like to thank Professor Casper Goffman for suggesting this problem.
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