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THE FIRST EXIT TIME OF PLANAR BROWNIAN MOTION
FROM THE INTERIOR OF A PARABOLA

BY RODRIGO BANUELOS,! R. DANTE DEBLASSIE AND ROBERT SMITS

Purdue University, Texas A&M University and Towson University

Let D be the interior of a parabola in R% and 7p the first exit time
of Brownian motion from D. We show —log P(7p > t) behaves like ¢t1/3 as
t — oo.

1. Introduction. For x € R"\{0}, we let 6(x) be the angle between x and
the point (1, 0, ..., 0). The right circular cone of angle 0 < ¢ < 7 is the domain
Iy ={x e R": 0(x) < £}. Let {B;: t > 0} be the n-dimensional Brownian motion
and denote by E, and P, the expectation and probability associated with this
motion starting at x and denote by 7, = inf{t > 0: B, ¢ I';} its first exit time
from I';. The following result was proved by Burkholder (1977).

THEOREM A. There is a number p(&,n), defined in terms of the smallest
zero of a certain hypergeometric function, such that

(1.1 Ex(frg) < 00, xely,
if and only if p < p(&, n).

For n = 2 the result reduces to
(1.2) E.7f < o0

if and only if p < 7/2¢.

We should mention here that in R?, formulas for P {7, > ¢} have existed
for many years. Indeed, Spitzer (1958) in his study of the winding of two-
dimensional Brownian motion derives an expression for P {7, > ¢} from which
the two-dimensional case (1.2) follows. In DeBlassie (1987), Burkholder’s
result and techniques from partial differential equations are used to find
an exact formula for P {7, > ¢} as an infinite series involving confluent
hypergeometric functions. From this formula the exact asymptotics in ¢ for
P {1, > t} follow. Furthermore, his result is also true for more general cones
in R”. Recently, Davis and Zhang (1994) proved an analogue of Burkholder’s
result for conditioned Brownian motion in I';. A uniform treatment of all the
above results, with several extensions, is presented in Bafuelos and Smits
(1997) where explicit formulas are found for the distributions and expecta-
tions of both the conditioned and unconditioned Brownian motion in very
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general cones. Such formulas are derived from the skew product decompo-
sition of Brownian motion and some formulas of Yor (1980) related to the
Hartman—Watson distribution. The particular geometric structure of the cone
(scale invariance) is essential for these results. The cone (in two dimensions)
can be thought of as the domain above the graph of a function of the form
y = a|x|. The question then arises: are there other unbounded domains above
graphs of functions for which one can determine the exact order of integrabil-
ity of the exit time? To our surprise, this seems to be a nontrivial question.
Here we shall deal with the case of parabolas and find information on the
asymptotics for the distribution of their exit time. The techniques, based on
elementary principles of large deviations, are completely different from those
used in the study of cones. Also, the information we obtained is not as pre-
cise as that given in DeBlassie (1987) or Bafiuelos and Smits (1997) for cones.
Finally, before we state our result precisely we note that the tail distribution
for one piece of a hyperbola is the same as that of the smallest cone containing
it since this cone can be translated into the interior of the hyperbola. Thus,
we have a characterization for the tail distribution for all conic sections.

Set D = {(x1, x3): x5 > ax}} and denote the exit time of B, from D by 7.
Since for each ¢ € (0, 7) there is some cone I'; with D C T,

E.mh <oco forall p>0.

On the other hand, since D contains arbitrarily large squares, it is clear that D
has no exponential moments:

E e’ =00 forall A > 0.

It seems then natural to conjecture that as ¢ — oo, —log P,(7p > ¢) is of the
form ¢Pf(t) for some p > 0 and f(¢) = o(¢?). We will show p = 1/3. Our main
result is the next theorem.

THEOREM 1.1. Fix x € D. There are two positive constants A; and A, such
that

A < li¥ninf t Y3log P,(1p > t) < limsupt™3log P,(7p > t) < —A,.

t—o00

Here is an outline of the article. Using a conformal transformation, in
Section 2, the problem is changed to the study of the exit time of a diffusion,
with singular generator from a strip. We state upper and lower bounds on the
tail distribution of the exit time in terms of infinite series involving certain
Feynman—Kac functionals, deferring the proof to Section 3. Taking for granted
the long-time asymptotics of the functionals, the first term of each series is
shown to dominate and the desired bounds follow. In Section 4, bounds on the
Feynman—Kac functionals are given in terms of Bessel process expectations. In
Section 5, we derive asymptotics of the Bessel expectations. For upper bounds
we use the theory of large deviations and for lower bounds we make an ad hoc
argument inspired by techniques from the theory of large deviations. This
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will yield the long-time asymptotics of the Feynman—Kac functionals used in
Section 2.

2. Change of coordinates and bounds via infinite series. In this
section, we change the problem to the study of the exit time of a degener-
ate diffusion from an infinite strip. Then we obtain upper and lower bounds
by infinite series.

For simplicity, we will assume the starting point x is not the focus of the
parabola. Rotate and translate D so its focus is at the origin, its axis of sym-
metry is along the x;-axis and it opens to the left. Next cut along the x;-axis
and keep the upper half H of D. By symmetry, it is enough to study the first
exit time of Brownian motion from H, with normal reflection at the x;-axis.
Change coordinates u + iv = \/x; + ix, (parabolic coordinates), so that for
some k > 0, H gets transformed into the strip

§:{(u,v):0<u<k,v>0}.

Moreover, the part of the positive x;-axis bounding H gets mapped to &1§ =

{(u,v): 0 < u < k,v = 0} and the negative x;-axis is mapped to d,S =
{(u,v): u =0, v > 0}. By conformahty, the normal reflection at the x;-axis

becomes normal reflection at (91S and (928 Half the Laplacian in the (u, v)-
coordinates is

2 2
(2.1) Lzl;(ﬁ—Jr(?—).

S8uZ+v2\gu2  Jv?

Thus it is enough to study the first exit time from S of the diffusion corre-

sponding to L, with normal reflection at §1§ and 072§. By symmetry, this is
equivalent to studying the first exit time from

S={(u,v): —k<u<k}

of the diffusion W, corresponding to L. Note that since we are assuming the
original Brownian motion does not start at the focus of x, = ax?,

(2.2) W, # 0.

Then it is clear from the form of L in (2.1) that W, never hits 0.
Denoting

7g =inf{t > 0: W, ¢ S},

Theorem 1.1 immediately follows from the next theorem.

THEOREM 2.1. For each w = (u, v) € S\{0} with u,v >0,

—A; < hmlnft 131og Py (75 > t) <limsup¢ 3log P (15 > t) < —A,,

t—00

for some positive constants A, and A,.
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The first step in the proof is the next lemma, which gives bounds in terms
of infinite series. Let Z be the diffusion in R? corresponding to

1 1 [32 92

2.3 Ly=:————|—+-—
@3 2R Bt Rt | g

}, (v, €) € R?

and let R be the diffusion in R, defined up to the first time it hits zero, corre-
sponding to

11 42
2.4 Lp=-—" .
24) E= g2 g2’ v>0
Define
4
Ch = — =73
7(2n + 1)
1
(2.5) H,(u) = sin(m(u + k)),
2%
o (2n + 1)272
ST g

LEMMA 2.2. For any w = (u,v) € S\{0} with v > 0 and t > 0,

ad A, tds
3 ann(u)EU[I(TO(R) > 1) exp<—§/0 ﬁ)] <P, (rg>t)
n=0 s
ad A, ds
< EC”H”(U)E(”’O)[eXp<_§/<) m)}

where 7o(R) = inf{¢ > 0: R, = 0}.

We will give the proof in Section 3. We need asymptotics as ¢t — oo for the
Feynman—Kac functionals appearing in the terms of the series in Lemma 2.2.
The results are in the next theorem, whose proof is given in Sections 4 and 5.

THEOREM 2.3. For each v > 0 there exist positive A; and Ay such that for
each A > 0,

A

tds
S -2/3,-1/3
—A; < liminf A~2/3¢7Y 1ogEv[I(To(R) > 1) eXP<—§/O ﬁ)}

< lim sup A"23¢=1/3 log E I(q- (R) > t) exp _A/t ﬁ <_A
- t—o00 v 0 8 0 R% - 2

and the same inequalities hold for

e i non{ 4 %)
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replaced by

At ds
E gy ——a—
<”’°>[e"p( 5, |Zs|2+k2)}

PROOF OF THEOREM 2.1. The rough idea is that each series appearing in
Lemma 2.2 is asymptotic to its first term and, by Theorem 2.3, the first terms
have asymptotics of the desired form. We concentrate on the series bounding
P, (7g > t) from above, the argument for the other series being similar.

For notational convenience set

4 A, ot ds
F =—— _E -2 — = R2.
n(Z’ t) 77_(2n + 1) Z|:exp( 8 v/() |Zs|2 + k2>i|’ 4 (U, g) €
Then by Lemma 2.2, for w = (u, v) € S\{0} with v > 0,

P, (rg>t) < i F,((v,0),t)H ,(u)
n=0

ad F ((v O) t)/c, }/ }
= Fy((v,0),t)Hy(u |:1+{ ¢, H,(u Hy(u
Note that |u| < &, Hy(u) # 0, so the division is allowed. We show that the last
summation converges to 0 as ¢ — 0o, by Theorem 2.3,

(2.6) limsup ¢ 3 log P, (1g > t) < —AA'>,

t—o00
giving the desired upper bound in Theorem 2.1. Since Y7 ; ¢, H, (1) converges
for each u € (—k, k), by Abel’s test, it is enough to prove for each v > 0, for
some T > 0,

Fo((0,0), 8)/c, | _

@D SUP | (0, 0), 1)

n>=1

>

for each ¢t > T, the sequence

F,((v,0),%)/c, }

(2.8) {—: n>1
FO((U’ O)> t)

is decreasing (in n), and for each n > 1 and v > 0,

. Fn((v’ 0)7 t)/cn J—
(2.9) M (0, 00,0

To this end, choose p > 1 so close to 1 that for % + % =1 and A;, Ay from
Theorem 2.3,

2/3
(2.10) %[()\1 - ﬁ>q] (A1 + Az))@”’.
p 2
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By Theorem 2.3, there exists 7' > 0 such that for A € {(A; — Ay/P)q; Ao},

A, 9/3 At ds
exp( [Al—i- 5 },\2/3;5 / ) < E(U’O)[exp(—gfo —|Zs|2+k2)}

(2.11) A
Sexp(—f)xz/stl/?’), t>T.

Thenfornzlandt>T

F,((v,0),t)/c, = E(v,0> ( / 1Z, |2+k2>]

SE(U,O) ( )\1/ |Z |2+k2>}

=E<v,o> ( 8p/ Z, |2+k2 aAr%NJVﬁﬁ)]

el 2 )]}
ool Ho ) )]

_ { E(U 0)[exp(——()\1 )‘O)fo |Z |2+k2 )] }l/q
E(v O)[exp( £l fo |Z k2 )]

0 S
Eon|en(-5 ), 7))

) {exp(—%(Q(/\l—%))mtw)
exp(—[A1+ 221252 11/3)

Ya
| 2 ruwon

< exp(— A3t T Fo((0,0),2),

where A; > 0 is independent of ¢ > T'. [The second to the last line follows
from (2.11) and the last line from (2.10).] Thus (2.9) holds. Since (2.7) and (2.8)
are clear, the proof of (2.6) is complete. O

3. Proof of the infinite series bounds. In this section we prove
Lemma 2.2. For w = (u, v) € S\{0}, define

g(w, t) = Py(r5 > t).
Then g satisfies [for L from (2.1)]

(L-2)g=0, weS\{0}, t>0,

g=0, u==4k, v>0,t>0,
g=1, t=0, we S\{0}.

(3.1)
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Consider the operators,
L1 1 7 N 7 N 9
1782+ 24 k2 ou? " a2 92

11 ? 5P
27 812 |:(9u2 + 07U2]
and let W,(¢) € R?, Wy(¢) € R? denote the diffusions associated with L; and
L,, respectively. Of course W, is only defined up to the first time it hits the
line v = 0.

Let

n1 =m(Wy) =inf{t > 0: W,(¢) ¢ S x R},
and denote the second coordinate of W, by W;Z). For ¢ > 0 set
Mo, = Wz, o(Wo) = inf{t > 0: Wy(t) ¢ S or Wy'(1) = e}

The latter is the first exit time of W4 from the one-sided strip {(uz, v): — k& <
u < k, v> e}. Then for w = (u, v) with v > ¢, define

gl(w’ ga t) = P(w,&)(nl > t)?
g2(w7 t) = Pw(nz,s > t)
and observe

(Ll—i)gle, weSs, eR, ¢t >0,
(3.2) Jt

g1=0, u::l:k,t>0,

g1=1 t=0,wesS, e
and

Jd

(LZ_%)gZZ()’ |u|<k,l)>8,t>0,
(8.3) g9 =0, u==xk, v>e t>0,

g2=0, lu| <k, v=e¢,t>0,

89 =1, t=0, |ul <k, v>e

LEMMA 3.1. For w = (u, v) € S\{0} with v>cand t > 0,

g2(wa t) = g(w’ t) = gl(w’ Oa t)
PROOF. We prove the second inequality, the first being similar. Extend g
to S x R x [0, 00) by
gw, ¢, t) = g(w, t).
For w € S\{0}, ¢ R and ¢ > 0,

(2= 5 )@ -2 = (L1~ 5 )e =@~ D

12—k 1w kg
Tsnrerr fTs g ko -

(3.4)
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since |u| < k and ‘;—f < 0. Moreover,
(3.5) g—g,=0 foru==k, (v,§)cR%and t> 0,
(3.6) g—g,=0 fort=0, weS\{0}and ¢ € R.

The next natural step would be to apply the maximum principle to conclude
g < g,. However, L, is not uniformly elliptic, and the smoothness of g at
w = 0 is not known. Thus the maximum principle does not apply, at least not
directly. We get around this by using It6’s formula. Write

W, = (WP, w? w),
& =inft > 0: (W), W2 (1) ¢ 5.
& =inf{t > 0: (W (1), W) = 8},
{3 =inf{t > 0: |[Wy(¢)| = M},

(=0 NN EG.

Then for T > 0, w € S\{0}, £ € R with |(w, §)| < M and |w| > 8, by Itd’s
formula and optional stopping applied to f(w, &,¢) = (g — g1)(w, &, T — 1),

B, olf(Wi(T A D), T A Q)]
= f(w, £,0) + Ey ) [/()W[Llf + %} (W1(s), 5) ds]
Then by (3.4)~(3.6),
(8-8)w, & T)<(8—81)w, & T)

YN
Eolf (L 52 )@ - e (Vi) 79| ds)
=Eu [f(W(TAQ), TAE)] by 371
= E 5[(8 — g)(Wi(T),0) (T < {)]
+Ew, (8 —8)(Wi(4H), T = 4) (G < T AL A E)]
+E @ o[(8—81)(Wi(L), T — &)L < T AL A L))

+E 4 o[(8—81)(Wi(8:), T — 5)I(L3 < T AL A L))
SO0+0+ Py g(lo<T)+ Py (s <T).

(3.7

These last two quantities also go to zero as 6 — 0 and M — oo, since W,
neither explodes nor hits {(u, v, £) € R3: (u, v) = 0}. Hence

(8—81)(w,¢T)<0,

as desired. O
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The reason for introducing g; and g, is that they have eigenfunction expan-
sions. Such expansions follow exactly as in DeBlassie (1987). For w = (u, v) €

S\{0},

(3.8) gi(w, &,t) =) F,(v, & 0)H,(u),
n=0

(39) g2(w> t) = Z Gn(v7 t)Hn(u)7
n=0

where

H, (1) = sin<W(u + k)), lu| <k,

1 &
Fow.&0)=7 [ gi(w & 0H,w)du,

k
G 0) = [ o, O)H, () du.

Using (3.2) and (3.3), it is easy to check that for A, = (%)2, F, and G,
satisfy

11 G JF
S| g e M [Fa=y R2 and £0
(3.10) 802+§2+k2|:(902+(9§2 n:| n ot or (v,f)e an >0,
4
F P R?
n(Ua 670) 7T(2n+1)’ or (v’g)e
and
1 1 ﬂz ﬂGn
gﬁ[ﬁ_/\”](}": prat fort>0,v > g,
(3.11) G,(s,t) =0, for ¢ 0,
4
G = — - f ‘
n(v, ) 77(277, + 1)5 orv > &

With Z and R being the diffusions in R? and R corresponding to the opera-
tors L, from (2.3) and L from (2.4), respectively, (as in Section 2) and define

7.(R) :=inf{¢t > 0: R, = ¢}.

By the Feynman—Kac formula,

4 A, f ds 9
(3.12) Fn(U,g,t)—mE(U’g)[eXp<—§/g) W)}, (U,g)ER
and

4 A, ot
(313) Gn(U, t)szv[I(Ts(R)>t)eXp(—§n/0 ‘Z—g)}, U>e&.

Hence by Lemma 3.1, the conclusion of Lemma 2.2 holds with I(7y(R) > t)
replaced by I(7.(R) > t). By Abel’s test we can let ¢ — 0 and replace 7,(R)
by 79(R), giving the conclusion of Lemma 2.2. O
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4. Bounds on the Feynman-Kac functionals via Bessel processes.

In this section, estimates in terms of Bessel processes are derived for the
Feynman—Kac functionals,

EU[I(TO(R) > t) exp(—%/ot ;—g)}

A, ot ds
Booloo(-5 ] e}

The first step is a comparison lemma.

LEMMA 4.1. For v >0and ¢ >0,

A, tds Ayt ds
EU[I(To(R) > 1) eXP(‘?/O ﬁ)] = E<v’°)[exp<_§/o Z |2+k2>]

PrROOF. By (3.12) and (3.13), it is enough to show
(4.1) G,(v,t) < F,(v,0,t) forv>e, t>0.
By (3.10) and (3.11), since G, is independent of &,

{1;[ * L P )\n} _ %}(Gn(v, t)— F (v, £ 1))

8uv2+ &2+ k2| v? ' 9£2
1 1 72 72 J
={§M[ﬁ+a_g2_)‘”}_ﬁ}(}"(v’t)
1 1 92 117 42
(4.2) = {§02+§2+k2 [m_/\n} _gﬁ[ﬁ_/\n]}Gn(va t)
1 E+k 172
‘_§ME[E_)‘"]G”(”’”
_ &4k 4G,
V224 k2 Ot
> 0.
Moreover,
(4.3) G,(v,0)— F,(v,¢,0)=0, for v > ¢, £ e R,
' G,(e,t)— F,(e,£,6) <0, fort>0,£eR.

Define for z = (v, &),
f(z,t) = G,(v, t) = F (v, &, 1)
and set
B1 :=inf{t > 0: Zgl) =&},
By :=inf{t > 0: |Z,| = M} and
B = Bi A Ba.
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By It6’s formula and optional stopping we have, for |(v, ¢)| < M and v > &,

E(v,g)[f(ZTAB,T—TAB)exp(—%fOTAﬁwsgﬁ>]
TA 2 2
=D+ Bus| |} \srzrm s r
>f(2,T),
by (4.2). Moreover, if T < 3,
[(Zrpg; T—=T AB)=[f(Z7,0)=0 by (4.3).
Also, if B; =T A B,
[(Zrpg, T=TAB)=f(Zp,T—B1) =0
and if By =T A B,

W\ zur-oal]

4

f(Zrg T=TAB)=Ff(Zg,, T — By) < Gnin

by (3.13). Hence

4
f(z,T) < mp(v, o(Bz < T).

Since By — o0 as M — oo, this yields f(z,T) <0 for T > 0 and v > &. Thus
G,(v,t) < F,(v,&t)forv>e,t>0and ¢ € R, giving (4.1). O

REMARK 4.2. The lemma is true for A, replaced by any A > 0.
Next we bound from below the Feynman—Kac functional involving R.

LEMMA 4.3. Let B, be a one-dimensional Brownian motion. Then for v > 0
and A > 0,

E, |:I(70(B) > t) exp<—/\/0t é—;)} <E, |:I(TO(R) > t) exp(—)\ Ot %)}

Proor. Up to time 74(R), R solves the stochastic differential equation
1
dR, = —d
t 2Rt Bt’

ROZU,

where B is a one-dimensional Brownian motion. Then by It&’s formula, R}
is a squared Bessel process of dimension 3/2. Since B? is a squared Bessel
process with dimension 1, if B, = v? then by the Ikeda—Watanabe comparison
theorem [see Rogers and Williams (1987), Theorem 43, 1 on page 269], the
conclusion of the lemma holds. O

Now, we look for an upper bound of the functional involving Z.
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THEOREM 4.4. For each A > 0 there is an integer p = p(A) > 3 such that
if v, is a squared Bessel process with dimension p, for A > 0 and v € (0, AY2],

¢ ds ¢ ds
E A — <K . A — .
<”’°>[exp< /o|zs|2+k2>}— ”[e"p( 0 ysl/2+k2>]

ProoOF. The process Z, satisfies the stochastic differential equation

dZ,=3(1Z,” + k*)"1?dp,,

ZO - (U, 0),
where now B, is two-dimensional Brownian motion. Set
Y, = |Zt|4'

By It6’s formula,

2|, [ Z, ] Z,?

Vvl A Bl R VA
2y 2y,
==L dM, + L,
\/th 42 Y2 +k

where dM, = é_il - d B, is one-dimensional Brownian motion [note since Z, =
(v, 0) # 0, Z, never hits 0]. Thus,

2Y1/2
dY, = oy(Y,)dM, + —td,
(44) Yt i ¢ ¢ Y:/Z + kZ
0o=1U,
where
y3/2 1/2

Let vy, be the square of a Bessel process with integer dimension p > 3 to be
chosen later,

(4.6) dy, = oo(y,)dM, + pdt,

Yo = U4’
where
4.7) 03(3) = 2/3.
We use an idea of O’Brien (1980). Define for y > 0,
2y'2 + k2
(4.8) AY) =

4yl/A(yl/2 1 |2)3/2
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and
(4.9) Ay(y)=P2=1.
2y
Then
1/2
4.10) 410+ 3010 | = 2
and
1
(11) |42+ 304 | on() =
Finally, for i = 1, 2 define
Y

Fi(y) =/U4 o v=0
Note
(4.12) F3l(x) = (x + v?)>2

We now need a technical lemma which we prove at the end of this section.

LEMMA 4.5. There is an integer p > 3 such that

Fl(y)+ vZ - 2y1/4(y1/2 + k2)3/2

0.
p—1 - 2y2tkRz Y7

This lemma and (4.12) imply

-1 _ 272\ _ p—1
(4.13) Ao Fie P = 4R +o]) = 2[Fy(y) + v?]
’ 2y12 4 2

= AylUt(yl2 § k)32 A1(y)-

Writing

Ui(t) = Fi(Y,),

Us(t) = Fa(v,)
by Ito’s formula, by (4.4) and (4.6), and by the fact that Y, and v, never hit 0,
1/2

_ / 2Yt 1 1 2
U (1) = Fl(Yt)[«rl(Yt)th ey dt} FSFUY )y (Y )R dt
1 2y /2 1
=—dM . t = Y
a ﬁ[crl(Yt) Y2 e 2 f)]dt

—dM,+ A,(Y,)dt [by (4.10)]
=dM,+ A, o FT1(Uy(t)) dt
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and similarly, using (4.11),
dUy(t) = dM, + Ay o F31(Uy(2)) dt.

Since U;(0) = F;(v*) = 0, by (4.13) and the Ikeda—Watanabe comparison
theorem cited above,

U1(2) = Us(2).

That is,
(4.14) /Y () du < /7 ay(u) du.
From (4.5),
y1/2 1/2
o(y) = 2y1/2|:m] <2y'% = oy(y),
so we have

y y
/4 oy (u) L du > / oo(u) " du.
Combined with (4.14), it follows that
Y, <»

(this is O’Brien’s idea), and hence

¢ ds ¢ ds
B exo([[ p7ege) | = B oo Y§/2+k2>]
¢
<E,. |:exp<—)\ WL)}
0 Vs + kZ
as desired.

We close this section with the proof of Lemma 4.5. Performing the integra-
tion (which can easily be done using MAPLE) we find that

Fi(y) = yY4y"2 + E2)2 — v[v? + R2]Y2
LR In(yY 4 [y + B2]Y2) - R In(o + [0 + K2]2).
Then
Fi(9)+0v2 < yV4y" 2+ B2]V2 —o[0? + E2]V2 + B2 In(y Y4+ [y /2 4 B2]?)
(4.15) —k*Ink+v?

YU L [yV/2 4 k212

< y1/4[y1/2+k2]1/2+k21n Z

Now for RHS = right-hand side,

11151 y~ V4 RHS (4.15) =2k
y—>0*
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and
oy 2y1/4[y1/2 + k2]3/2 _op
y—0*t 2y1/2 + kZ )

Hence for some 6 > 0 we have for 0 < y < §,

y1/4+[y1/2+k2]1/2 - 2y1/4[y1/2+k2]3/2
k 2yl/2 4 k2

1
(416) §[y1/4[y1/2+k2]1/2+k21n

By (4.15), for p > 3, this yields
Fl(y)+ U2 - 2y1/4[y1/2 _I_k2]3/2

(4.17) b1 = Y17 1 2 , 0<y<é.
Also,
1/4 12 | p271/2
lim y—1/2[y1/4[y1/2 + kY2 4 B2 1n y +[yk + k%] ] _1
y—00
and

QWA 1/2 4 p213/2
lim y~ 2. vy + R
Y00 2y1/2 1 2
So for some M > 0, (4.16) holds for y > M, and therefore by (4.15), (4.17)
also holds for y > M and p > 3. Notice that both 6§ and M are independent of
p=>3.
Now choose the integer p > 3 so large that

2y1/4[y1/2 + k2]3/2 1
> RHS (4.15).
siveM 2y k2 T p—1,o0y 419

Then (4.17) holds for 6 < y < M. In any event, we have shown for this choice
of p, (4.17) holds for all y > 0. This proves the lemma. O

5. Bounds on the Bessel expectations and proof of Theorem 2.3. By
Lemma 4.1, Remark 4.2, Lemma 4.3 and Theorem 4.4, Theorem 2.3 is an
immediate consequence of the following theorem.

THEOREM 5.1. For each v > 0 there exist positive constants A; and Aq such
that for any A > 0,

t
5.1 -4 = liminf A2 10g<Ev [1(70(3) > t) exp(—/\ é—s|>])
— 00 0 .
and
: ~2/3,-1/3 ¢ ds
(5.2) limsup A2t 13 1og( E,| exp( —A — <A,
t—00 0 ')’s/ + kz

where B, is one-dimensional Brownian motion and v, is the square of a Bessel
process with integer dimension p > 3.
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PrOOF. For d =1 or p, let B, be d-dimensional Brownian motion starting
from 0. Let P® be the law of \/¢B, on C,([0, 1], R?), the space of continuous
functions on [0,1] which vanish at 0. First we consider (5.1), so take d = 1.
For typographical simplicity, write P = P!. Then for v > 0, changing variables
s = ut and using scaling in the third line,

£ [1) - ese( [ 2]
= 5. [on( 4 [ 12 749)]

(5.3) = E_exp<—)\/t |Bsi my ds)}
e 2] )]
- _e"p<‘”5/o o)

Let « € (1/2,1) and define
g(u) =u”.
Set
=inf{u > 0: V2B, + vy/e/t < g(u)}
and
=inf{u > 0: B, < —v/t}.
The right-hand side of (5.3) is greater than or equal to

E[I(n > 1)exp<—AJEf()l %)],

and if Q¢ is the law of B(¢) — g(t) , then the last expectation is

u &
Thus (5.3) becomes

(5.4)

Ev[l(ro _— exp(—)\/ot |dBj|)]
1

> exp(— OEZ))Q*’(é - 1),

By the Cameron—Martin—Girsanov formula, @¢ is absolutely continuous
with respect to P and the Radon—Nikodym derivative is

%wxp(—— g0)ds,— o [ [8(0)] dt)

te
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Although g’ is singular at 0, fol[g’(t)]2 < 00, so this is well defined. Hence

Q€(£>1)=E[I(§>1)exp< (), 2 f g W] du)}

(5.5) 1A Vel 1
:exp(—§;£[gxu)qu)E[Iqeguexp(—;l;g(u)dﬂu>]
For any 6 > 0,
B[ 10> Dewp(~ 7 [ 2w, )|
(5.6) > E[I({ > 1)e_5/81</01 g'(u)dg, < S/ﬁ)]

P v-P(e 1 [ dwds, - 5/v5) |

Since P is the law of one-dimensional Brownian motion started at 0, it is
well known that

e e 2dy — 1

2
7L

NG
e 12 dy

P({>1)=

2
(5.7) __“
v277/()

~\/%(u/ﬁ) ast— oo
(here f ~ h as t —> oo means lim,_, % = 1). Also,
1 1
P(e=1 [ gwidp, = o1ve) < e Blexp( [ ¢wdp,)| = ce -
0 0

since fol g'(u)dB, is Gaussian with variance fol[ g'(w)]? du under P. Taking
(5.8) e = A23¢13
we get
1
(5.9) P<§ > 1,/ g'(u)dg, > S/JE) =o(P({>1)) ast— oo.
0

Using (5.4)—(5.6) and (5.8),
elog EU|:I(7'0 > t) exp(—/\/t é—s|)j|
0 s

W 2 e au

~o+slogl P> 1= P(0= 1, [ @ dp, = 5/35) |
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1 1
= _/0 % - %/0 [g'(w)]’du — 8+ slog P({ > 1)

P(¢>1, [y g(w)dB, > (wa]

—i—slog[l— P =1)

By (5.7)—(5.9), this yields
. ~92/3,-1/3 tds
Lminf A™*°¢=?log E | I(7¢ > t)exp| —A | —
t=>00 o |B
1 du 1 1 2
- —— == ! du — 8.
0o g(u) 2 /o @] du
Since 6 > 0 was arbitrary, (5.1) holds with

I du 1 /1 , 2
=/, g(u)+§/0 [¢'(w)] du.

Now for (5.2). This time d = p > 3. Changing variables s = u¢ and using
scaling of vy,,

¢ 1
Ev[exp(—)\ —1/2ds >i| = EU|:exp<—)t —szu >]
0 ys'" + k2 O vy +k?
1 tdu

1 du
= Byl exp( -2 [ )|

o= \"2/3;-1/3

1

Writing
and denoting by w, the coordinate process on Cy([0, 1], R%), this becomes
Bulowp( 20 [ s
- Ev/t[exP<_%/01 T _Cil;eQ(s/t)l/2>]
= E[exp(—% /01 Je|B, + (v/t)all72| + k2(8/t)1/2)]
< E[exp(—% /01 NG (sv/;i;fm + k2(g/t)1/2>}

e 101 du
=E [exp<‘5/o o, +<sv/t)1/2+k2(e/t>l/2>]

_ g [exp(—§F€<w>)],

(5.10)
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where
1 du
(5.11) F ()= _/0 lw,| + (ve/t)1/2 + k2(g/t)1/2’
Define

d o .
fol —u, if integral exists,
F(o)= |@,|
00, otherwise.

Then F' is nonnegative, and by Fatou’s lemma it is lower semicontinuous on
Co([0, 1], RP). Also, as w,, - w in Cy([0, 1], RP) and £ — 0, by Fatou’s lemma,

F(w) < liminf F,(o,).

n—o0

Application of Theorem 2.3 on page 4 of Varadhan (1984) gives

lim sup slog E*” [exp(—%Fs(w)>i| < —(ilelgo[F(w) + I(w)]

e—0

where Cy = C(([0, 1], R?) and I(w) = % fol |w'(t)|? dt if w is absolutely continu-
ous with square integrable derivative o’ and I(w) = co otherwise. Expression
(5.2) follows from this and (5.10) with

Ay = inf [F(w) + I(w)],
weCy
once we show the infimum is positive and finite.
To this end, let {ey, ..., e,} be the natural basis of R? and let w(u) = u?3e;.

Clearly, the infimum is finite. To show positivity, assume the contrary. Then
there is a sequence w, € C, such that

Flw,)+ I(w,) > 0 asn— oc.

In particular,
1
/ ! (W) du = 2I(w,) > 0 and F(w,)— 0.
0

Then for each n there is a set I,, C [0, 1] with zero Lebesgue measure such
that for ¢ € [0, 1\],,,

ontt) = | [ o) du

Hence for t € [0, 1\U, I,,,

t
< [ 1w ()] du.

w,(t) >0 asn— oo

that is, w,, — 0 almost everywhere as n — co. This forces

11
F(wn)Z/O mdt—)()o,

contrary to F(w,) — 0. Hence the infimum must be positive as claimed. O
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