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Attention should be drawn to a paper of Xorolyuk [2] wherein the author
gives different versions of the probabilities we have presented for the case

z =y.
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APPENDIX

By J. H. B. KEMBRERMAN

By a path of length n we shall mean an ordered sequence of n + 1 integers

(20, -+, 2n), such that
2i—zig = —1 Z=1,---,n).

For each path w1, = (20, -+, 24), let
P = 1T ple — 20,
(the weight or “probability” of =,). Here, the p; = p(z), (¢ = —1,0, +1, --- ),
denote given (real or complex) numbers, p(—1) # 0. Finally, let
e.(n) = );' p(ma),
the summation being extended over all the paths w, = (20, - - - , 2) With 20 = 0,

2n=z,z,'?£z(1:=0’]_’...,n<_1)'
THEOREM. Forn = 1,2, ---

eun) = —ar(u)/n+ 3G+ Dy
> r(—mir_jm4+n—=1)/(m+n—1).

0<mg+z
Here, for arbitrary integers h and s, ra(s) is defined as the coefficient of w*** in the
Sformal development
hte,

(P1 + pow + pw® + -+ +)" = ; m(s)w™™;

®)

especially, ri(s) = 04f h + s < 0.
Proor. Let n and z be given integers, n = 1. For any path (2, - - - , 2,) with
2 = 0, 2z, = 2, we have

z;—z¢_1=z—Z(z,—z,_1)§z+n—-1,

ye=]
vEL
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CORRECTION 323

(¢ =1,---,n — 1), thus, e,(n) does not depend on the p; with ¢ =2 n + 2.
Further, r4(s) does not depend on the p; with ¢ = h + s, hence, the inner sum
in (8) does not depend on the p; with ¢ = n + 2; moreover, the jth inner sum
equals 0 when j = n + 2. Consequently, it suffices to prove the theorem for the
special case that p; = 0 for ¢ sufficiently large.

In this case,

fw) = il paw’

=

is analytic at each point w > 0. Further, for |w| sufficiently small

0

9) faw)* = 2 r()ut,

gt
hence, fors = 0

m(s) = 22 P(m),

Ts

summing over all the paths m, = (20, -, 2) With zp = 0, 2, = h. Observing

that to each path (2, - - , 2,) With 2z, = 2z there corresponds a unique integer
mwith0 Em £ n, 2 #26=0,1,---,m — 1), 2n = 2, it follows that

r(n) = Zo e.(m)ro(n —m) (n=0,1,---), "
hence,
(10) ES = RS/RO ]
where
(11) R, = Z:o ra(n)t", E, = z:o e.(n)t",

¢ denoting a sufficiently small parameter, ¢ > 0.
Further, from (9), for each integer h,

0

R4 X n@) = Z r(n)t"

—h<n <0 n=—h

0 tn

B w1, 1 (wf(w)t)™
- ,.;h 21/ —1 f]wl—zz f(w) wdw = 2rv/—1 -/;wl-R w — twf(w)

where R denotes a fixed positive number with f(w) # 0 for 0 < |w| = R.
Here, from p(—1) > 0, the integrand is regular at w = 0. Moreover, for ¢ # 0,
| £| sufficiently small, the equation f(§) = £ has a unique solution satisfying
0 < | £| < R. Thus,

Bi= (=t @)~ 2 m(—mi™
0<m=<h

dw,
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Finally, (10) and
O =8O+ " =~ + T G+ Dpg
imply
Bo= 4 (-1t 5 G4 Dpe) | T nl-mi™,

In view of (11), it suffices to prove that, for each integer A and | ¢ | sufficiently
small, ¢ & 0,

£ =—h Y mm)/m+a,

m=—h

m70

where ¢, denotes a constant. Now, for | ¢], | £ | small, the mapping ¢ — ¢ de-
fined by f(¢) = £ is a 1:1 analytic transformation. Hence, integrating along a
small positively oriented circle about 0, we have, for m = 0,

[t a= - [ ag@rm = -2 [10me @ = —20v/ =T = nim).

REMARK. Results and methods analogous to the above may be found in the
paper ‘“The passage problem for a stationary Markov chain” by J. H. B. Kem-
perman, to appear in these Annals.

Let k be a fixed positive integer and choose p(—1) = p(k) = 1, p(z) = 0
for ¢ ¢ —1, k. Then e,(2) is equal to the number of sequences (2, « -+, 2a)
with 2 — Ri1 = —1or + k

G=1---,m), 20=0, 2z, =2 2%z z=01,---,n— 1.
Further, H(z) is equal to the number of sequences (2., 21, ---, 2) Wwith
n=—a+ik+1) =1, 2i — 2= —lork
(t=1,---,n),2, = a,20=0,2; % a(t =0, --- ,n — 1). Hence,

Ha(t) = ea(—a + i(k + 1))
and the above Theorem yields

H,(G) = —arq(n)/n + k(k + 1) K;éa re = mram4n — 1)/(m +n — 1),

where n = —a + #(k + 1). Noting that ri(s) is equal to‘the coefficient of w*™*
in the expansion of (1 -+ w*™)* about 0, formula (1) easily follows.



