CONSENSUS OF SUBJECTIVE PROBABILITIES:
A CONVERGENCE THEOREM!

By TorsTEN Norvia
Wellesley College

We investigate here an ‘economic’ model with m individuals and n objects.
We assume that each individual has a certain endowment and places a certain
value on each object, and ask whether one can make dynamic assumptions about
the behavior of the individuals which will insure that in the course of time ‘social’
values will be attached to the objects—values which in some sense represent a
consensus of the values given them by individuals. '

We consider a simple dynamic mechanism and show that in the course of time
it leads to unique ‘social’ values for each object. The dynamic mechanism, al-
though extremely simple, acts as an efficient ‘feed-back’ mechanism, adjusting
the values towards the ‘social’ values.

The model can be interpreted [3) as an economic exchange model in which the
consumers’ preferences are given by linear utility functions. Here, however, we
interpret it in terms of the type of consensus represented by the pari-mutuel
method of betting on horse races. In this system the final ‘track’s odds’ on a
given horse are proportional to the amount bet on that horse.

In formulating the pari-mutuel model we assume that the m individuals in-
volved are bettors, labeled By, ---, B, concerned with one particular race
involving n horses, labeled H;, ---, H,. We assume further that each B; has
arrived at an estimate of the relative merits of each of the H;s which he ex-
presses in quantitative terms. Specifically, we are given an m X n subjective
probability matrix P = (p.;) where p;; is the probability, in the opinion of B;,
that H; will win the race. We may as well assume that each column of the matrix
P contains at least one positive entry. If this were not so then, say p;; = 0
for all 7, and we could then eliminate H ; from consideration entirely.

Having determined his subjective probability distribution, B; will now bet
the amount b, , a fixed positive number called B;’s budget, in a way which maxi-
mizes his subjective expectation. This means, of course, that B; will not necessarily
bet the whole amount b; on that H; for which p;; is largest. In general, B; will
‘bet the odds’, that is he will consider the current track odds, or, more conveni-
ently, the current track probabilities. If these are =, - -+, 7, , he will examine
the ratios p.;/m; and in some way distribute b; among those H; for which this
ratio is a maximum. We shall refer to this course of action as B/’s strategy. It
will be convenient to choose the unit of money so that D my b; = 1.
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We shall now arithmetize the conditions which must be satisfied under the
pari-mutuel system. (We are using Greek letters to represent unknowns, Latin
letters for the given constants of the problem). Let 8;; be the amount which B;
bets on H; . These numbers must satisfy the budget relation

(1) Z;;lﬁij:bi: t=1,--,m.
Next, the pari-mutuel condition requires that
(2) ZT‘lﬁij=7ri7 j=11"°7n)

which is simply the statement that the final track probability =; is proportional
to the total amount bet on H; . Equality holds here because of the normalization
of the monetary unit.

Finally, we must express the fact that each B; is maximizing his expectation.
The reader will easily verify that the condition is the following:

(3) if Bu >0 then pu/m = max; (psj/7j)

which states that B; bets only on those H ;’s for which his expectation is a maxi-
mum.

Nonnegative numbers =; and 8;; which satisfy (1), (2) and (3) are called
equilibrium probabilities and bets. They are said to give equilibrium.

A static pari-mutuel model has been investigated in [1]. In the static model each
bettor makes one bet using the strategy described above. One difficulty is
immediately apparent in this model. The final track probability =; is propor-
tional to the amount bet on H; and thus not known until each B; has made his
bet. On the other hand, each B; must know m, - - -, 7, before he can determine
his bet. Despite this Eisenberg and Gale proved the following:

TaEOREM. Equilibrium probabilities and bets exist. The equilibrium probabilities
are unique.

In the dynamic model we are considering each bettor makes an infinite se-
quence of bets using on each iteration the strategy described above. Formally:

the sequence p* = (m", -+, m*), k = 1,2, --- , is generated by the following
rules.
(i) p* = (m}, -+, m') is arbitrary except that =;' = 0,7 = 1, ---, n, and
;'=1 m; = 1
(ii) =" = 7 + v where v/ = g, bi with ®, = {i| pu/md = pij/

w7 =1, -, n, and there does not exist j < t with pi,/7* = pi;/=}}.

This sequence, of course, has the property Y i— v, = k, for all k. It is clear,
however, from the definition of strategy that B; will place his bet on the same H ;
independent of whether he considers the track probabilities or numbers propor-
tional to these.

Note that (ii) is simply the convention that if for a fixed ¢ max; p:;/7;* is
attained for more than one subscript, then B; bets his entire budget b; on the
H; with the lowest subscript for which this maximum is attained. We prove the
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following:

THEOREM. limi,o w/*/k = m;,7 = 1, -+, n, where m, - -, T, are the unique
equilibrium probabilities of the given model.

It may be noted in passing that this theorem proves a conjecture made by
David Gale in [2]. The Gale conjecture is the analogue for linear economic models
of the Brown-Robinson ‘method of fictitious play’ for matrix games.

We first prove the following ‘betting lemma.’

LemMma 1. If 1I'1k/1l"1 é e é ‘ll"nk/ﬂ'n then Z;‘=1'y]‘k g Z;=j ;i f07' k = 1, 2,
ce,andt =1, -4, n.

Proor. We first note that we can multiply each row of the subjective prob-
ability matrix by a positive scalar without changing the betting strategy of any
of the bettors. For i = 1, - - -, m we multiply row ¢ by b/ Y1y piBijm; * where
B.; is any set of equilibrium bets. It has been shown in [1] that for this new equiva-
lent matrix with entries Pi; = p;;bi/ 2 1 piiBijw; " we have m; = max; Py;,
and that for the new matrix with entries P,; condition (3) takes the simple form

(3*) if By >0 then Py = .

We next note that if P;, = =, , as it must for some r € {1, - - -, n}, then B; bets
on some H; with j < r in view of the ordering assumption m*/m < -+ < m,"/mn .
For B; will bet on iteration k on that H; with the lowest subscript for which
max; P;j/n;" is attained and forj = r + 1, - - -, n we have

Pu/n) = m/m) = nj/x = Pij/xf.

Now let T = {1, ---, #} and consider those B; who bet on some H;,je T, at
equilibrium. In view of (3*) we must have P;; = w;, somej e T, for these B;.
The sum ot their budgets must be greater than or equal to D_j_; 7; . But by the
above remark they each bet on some H;, j ¢ T, on iteration k. The conclusion
of the lemma follows.

We next prove the key lemma.

LEmMA 2. Let # = min;w;. Fork = 1,2, --- and any set T of t indices from
N={1- - n}

(4) 2t/ w2k — (1 — 2 m)/r

where the sums i (4) are over the set T.

Proor. The proof is by induction on k.

k = 1. Fort < n (4) is vacuously satisfied since the right hand side is non-
positive. For { = n (4) becomes an equality.

Inductive step. We assume (4). By reindexing the =; if necessary we may
assume m*/m £ -+« < m," /7, . We want

(5) 2wt Y mizk+1— 1= 2w/

where the sums in (5) are over any set T of ¢ indices from N = {1, ---, n}.
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IfT = {1, ---, ¢ then

2wt i = i (nf )/ D amiz k1 — (1 — Xewy)/w

by induction hypothesis and Lemma 1. This proves () if T = {1, - -+, .
Otherwise, let ! be the smallest subscript such that I 2 T. Let L = {j|j e T,
j<Uandlet C ={j|jeT,j > l}. Now define

I, = 0, M, = Y .= Me = D cmj, o = 3wt
Then
" = 2w+ enf
(6) = durf+ v+ enf
2 Durt + M+ Do,

since by Lemma 1 D, v;* = 2. 7; = I . Now by assumption =;*/r; = =*/m;
forj = I + 1, whence r* = 7;(z*/m) and Q¢ w = H(x//m:). By induction
hypothesis Y .7 = H.(k — (1 — II)/). Hence

0 2 Mk — (1 — M)/n) + Mo + Me(nl/m)
Mk + 1 — (1 — ) /x} + He(wd/m1)
> (U + o)k + 1 — [1 — (I + I¢)]/x}

provided I¢(w/"/m) = Telk + 1 — [1 — (I, + ¢)]/m} + Ou(e/7). Hence
(5*), which is identical to (5), is true if m* = m{k + 1 — [I — (I + M¢)]/#} +
II,m/w. In the opposite case m* < m{k + 1 — [l — (I, + I¢)]/7} + imy/m.
Then, from (6) above

O 2 e+ M+ Do)
@) = —mf+ M+ 2urf + o+ 2onf
> —mik +1—[1 — (I + O¢)]/x} — Opmy/w + 1y
+ (I + m 4 o)k — [1 — (T + = + Te)]/x}.

The first part of the inequality follows from the assumption on =;°. The second
follows from the induction hypothesis applied to the indices {1, -+, I} u C.
From (7) we get

(5%)

/" > —m 4+ I, + /7 + Homy/a
(5*) + (O + Ok — [1 — (W + H¢)]/n}
= (O, + )k +1 —[1 — (O + ¢)]/n}

provided —m; + Iy, + /7 + Tem/m = Oy + Mg, or Hemy/7 + w'/m = Ic
+ 3, or m(l¢ + m) = w(Ie + mi), and this is true since 7; = = = min; m;.
This proves (5**) and thus (5).

THEOREM. liMioe 75/k = 7,5 = 1, -++, n.
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Proor. Reindex on iteration k so that m*/m < -+ < m,*/m,. Let R =
{1, ---, r} and recall the definitions:

k T k r
0 = X ), Me = D 5amj.

We note that if @, b, ¢, d > 0 and a/b < ¢/dthena/b = (a + ¢)/(b + d) =
¢/d whence

(7) W]k/kﬂ'l = Illk/kIII é LR é HNk/’CHN =1 and IL;"/kIIR =< 7I',I-c+1/lc1l',-+1 .

From Lemma 2 with T = {1} we have

8) mfkm 21— (1—a)fkr 21— (1 —m)/kr=1—e,

where 0 < ¢ — 0. Now, using (7), we have
z'/ky — Mpy/kllpy = k' ((Maes + 7,°)/(Teey + 7,)
(9) — Mz1/Tp)
= m(m* /km, — Mp_s/kllzs)/
(Opey + ) = 0.
By (7) and (8) 1 — & < My_y/klz_y < I;*/kIl; < 1 whence, by (9), =,*/kr, —

My /kpy £ [(Mpy + m)/m] & < &/m. Hence, forr = 2, -+, n,

|7 kw, — 1| S |m*fkw, — Mpa/klpea| + |1 — pea/klpn| S /7 + &

For r = 1 we have |m"/kmy — 1| = 1 — m*/km; < & and the conclusion of the
Theorem follows.

The following observations are offered without comment. The author has run
the algorithm on computers and found the ‘convergence’ to be considerably
faster than the bound suggested in the proof of the above Theorem, i.e. |1r,'°/lc1r,
—1| £ k7' (#* — 1). On the other hand, it is easy to construct examples where
the algorithm actually attains the bounds given in Lemma, 2.

The author would like to thank the referee for pointing out errors of omission
and commission and for his many suggestions valuable in the preparation of this
paper.

REFERENCES

[1] EisENBERG, E. and GALE, D. (1959). Consensus of subjective probabilities. The pari-
mutuel method, Ann. Math. Statist. 30.

[2] GALE, D. (1957). General equilibrium for linear models. RAND Research Report P-1156,

[3] GALE, D. (1960). The Theory of Linear Economic Models. McGraw-Hill. New York.



