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1. Summary and introduction. Nonparametric analysis of variance tests for
factorial experiments, available in the literature, relate mostly to main effects in
two-way layout linear models without interactions. Although the approach of
Lehmann (1964) (see also Puri and Sen (1967)) can be adapted to construct tests
for interactions, such tests are rather tedious to apply and are only asymptot-
ically distribution-free. To obviate these drawbacks, the theory of permutation-
ally distribution-free rank order tests for main effects, developed independently
by the two authors, Sen (1968), Mehra (1968) (see also Mehra and Sarangi
(1967)), is further extended in this paper to provide suitable tests for interactions
in factorial experiments. The asymptotic power-efficiencies of the proposed tests
are also studied.

[The results of this paper were obtained independently by the two authors
using, respectively, extensions of the Hijek (1962) and the Chernoff-Savage
(1958) theorems on the asymptotic normality of rank order statistics.]

2. Preliminaries. To avoid notational complexities, we shall consider in detail
only the case of replicated two-factor experiments with one observation per cell.
The procedures and arguments below, being perfectly general, can be extended
to cover the case of several factors and/or observations per cell. Let the random
observations Y;; , denoting the yield in the (j, k)th cell and the sth replicate
follow the fixed effects model:

(21) Y=pi+vi+n+yan+Up, 12i=n1sj=pl=sk=yq,

where the replication effects u:’s, and the main effects »;’s, and s, and the
interactions v j’s for the two-factors satisfy the side conditions: u. = ». = 7. =
vj. = v.x = 0 (- stands for the average over the subscript replaced by -). It is
assumed that (Uin, +++, Uipg), 2 = 1,2, -+ -, m, are independently distributed
with common continuous (joint) distribution function (cdf) G(zu, -, Zpg)
which is symmetric in the arguments and satisfies the property that P[U.» =
Uipw] = 0 for any two distinet pairs (j, k) and (5, k). This includes the
conventional assumptions of independence, continuity, and identity of the
distributions of all U;z’s. We want to test

(2.2) Ho:T = (vy) = 0™
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against alternatives that I' is non-null. By using the following intra-block trans-
formations,

(2.3) Z;
(2.4) E;= (I, - p_llpllp)Ui(Iq - q—llqllq)’ 1=1-,mn,

where Y; = (Yijk), Uz = (Uijk), Z;, = (Zijk), E;, = (Eijk), 1=71=n are p X q
matrices, I, is the identity matrix of order ¢, and 1; is the (row) ¢-vector with
each element equal to unity, we obtain

(25) Z¢=F+E,~, i=1,2,~",n.

(I, — p ' L'L) Y1, — ¢'11,), i=1, -, n

In the sequel we shall work with model (2.5) which is free of the nuisance pa-
rameters u,’s, »;’s, and 7’s. Also we will consider only the case where p, ¢ = 3;
for otherwise, because of the side conditions, the problem is easily seen to reduce
to the one discussed in Sen (1968) or Mehra (1968).

3. The basic permutation principle. The cdf G(Xu, - - -, Zpg) Of (Usi1, + -+, Uspg)
is symmetric in its pq arguments. Hence, from (2.3) and some straightforward
computations, (cf. [12]) it follows that the joint distribution of (B, -« , Eipg)
(defined by (2.4),) remains invariant under any permutations of the labels
(1, -+, p) of the first factor and the labels (1, ---, ¢) of the second factor.
This yields a finite group G of plg! transformations on the variables (Eiu, - - -,
E,p,) which maps the sample space onto itself and leaves the distribution in-
variant. Thus, considering the » independent matrices E;, 7 = 1, --- , n, and
using the same group of transformations for each of them, we get a compound
group G,.* which contains (plg!) " transformations, and each of these transforma-
tions maps the sample space (of npg dimension) on to itself and leaves the dis-
tribution of the sample point invariant. Hence, when H, in (2.2) holds, so that
Z; = E;forallt = 1, --- , n, the same group of transformation G,* also works
on Z;, --+, Z, . Considering then the set z, of all possible (plq!)" realizations
of (Zi, ---, Z,) obtained by permuting the rows and columns of each Z;, we
conclude from the above discussions that under H, in (2.2), the conditional dis-
tribution of (Z,, ---, Z,) over z, is uniform, each realization having the (con-
ditional) probability (plg!)™". Let us denote this conditional (permutational)
probability measure by ®.. Since ®, is completely specified, proceeding as in
Hoeffding ((1952), pp. 169-170), the existence of similar size o tests for H, in
(2.2) may be proved. By nature these are conditional tests, based on the above
permutation-invariance structure. In this paper, a general class of rank order
tests which is conditionally distribution-free in the above sense is studied.

4. Formulation of the rank order tests. Let 7.5 denote the rank of Z;j in a
combined ranking of the totality of N = pgn aligned observations Z,;’s, where
on account of the assumptions in (2.1), ties among Z,;’s may be ignored with
probability 1. Let {Jx1, -+, J~.»} be a sequence of real numbers such that
the function Jy(H), 0 < H < 1, as defined by Chernoff and Savage (1958)
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satisfies the conditions of their Theorem 1. Let Jy,r,;, = n:s% and
(4.1) Tw = (Tw.);  Twge =07 20 nim = %ge 5
Tv* = (I, — p L) T, — ¢L) = ((Th.)).

Then it is easily seen that
(4.2) Ty =n" ; (nije — Mik — Mige + Mi-)-

Let % (r:?) stand for the (observed) partition of the ranks in the 7th replica-
tion into the p(q) sets of g(p) ordered elements and let the configuration {7'2(1),
r®:1 < ¢ £ n} be denoted by & We observe that ®y defined in Section 3 is
simply the conditional probability measure given &, and

(4.3) E(Ty* | @) = 07, .
(44) nE(TyMTY™ | ex) = (I, — p L) ® (I, — ¢ 1 1)d" (@),
where Ta™* = (Tym, -+ T.5a), 20d

(4.5) o*(®x)
= (n(p — (g — 1))_1 =1 ZJ?=1 Z%:l (i — Mik — Mij- + n,-..)z.

Thus, considering the generalized inverse of the pg X pg matrix in (4.4) and
employing it to construct a quadratic form in the elements of Tx*, we derive
the following test statistic

(4.6) Ly = [0/ (Ox)] 2t 2ba { Tt}

which is analogous to the classical parametric test based on the variance ratio
criterion [cf. Scheffé (1959)].

For small n, p, and ¢ the exact permutation distribution of £y can be obtained
by considering the (plg!)” (conditionally) equally likely row and column per-
mutations of the matrices H; = (i), ¢ = 1, -+, n. This procedure becomes
prohibitively laborious for large values of n, p, or ¢. For this reason we consider
the following large sample approach.

Let J(u) = limyse Jy(u),0 < u < 1, and
47) &= [2, JIH(2)]|dH(z) — [Z% JIH(2)J[H(y)] dlHw(z, y)
+ Hu(z,y) — Hu(z, y)],

where Ho , Hio, Hu , and H denote, respectively, the bivariate cdf’s of (Zij ,
Zi) fork # K, (Zig , Zijn) forj # j and (Zij , Zijw) forj # jandk =k,
and the common univariate edf of the Z;u’s under the hypotheses Ho . Now if
we assume that

(4.8) PUJH(Za)] — JIH(Z)] — JIH(Zw)] + JIH(Ziw)l} =
constant] < 1
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for at least one pair j # ;' and k # k', then as in Theorem 4.1 of Sen (1968),
it can be shown that (4.7) is strictly positive. The main theorem of this section
is the following:

TuaeoreM 4.1. Under the conditions of Chernoff and Savage (1958) and (4.8),
the conditional (permutational) distribution of £y under Hy converges, in probability,
to a chi-square distribution with (p — 1) (g — 1) degrees of freedom.

Proor. By virtue of (4.3) to (4.6), it suffices to show that for any non-null
A= (ap), Y, = n%z:,’;l > %y anTw. s converges in law (under ®y) to a normal
distribution as n— . By using the first two conditions of Chernoff and Savage
(1958), (4.1) and (4.2), we write

Vo= 000 Vai 4 0p(1);  Yai = 2040 D e ajid (Ri/ (N + 1),
1 = 1, s m,

where a},’s are linear functions of a;’s and satisfy the constraints a}. = a% = 0
for all j and k. By observing that Y, , ---, Y., are stochastically independent
under ®y , we obtain E[Y,;| ®~] = 0 and

(49) 77 2 B(Y5| 0x) = (n(p — 1)(g — 1)) 2 {2 20k
J(Rig/(N + 1) —p ' 20 20
J(Riw) /(N 4+ 1) = g7 20 [220a
J(Riz/(N 4+ 1)) + (pg) (220 2ok
J(Rin/(N + 1)} =5 6" 20 20
(aj)" > 0,

where &° is given by (4.7) and in proving (4.9) we use the arguments of Theorem

4.2 of Puri and Sen (1966) and some routine analysis. Similarly, using the
growth condition of Theorem 1 of Chernoff and Savage (1958), it follows that

(4.10) W D Bl Y| 0] < oo for some 7 > 0.

By the Berry-Esseen theorem (cf. [4]), p. 288), the asymptotic normality of Y,
follows from (4.9) and (4.10) ; hence the theorem.

REMARK. Theorem 4.1 remains true also under the conditions (2.3a) (2.3b)
of Mehra (1968) with J(u) in place of £(u), 0 < w < 1, and if £(u) is strictly
monotonic everywhere, the result holds uniformly in the configuration &.

Theorem 4.1 simplifies the large sample test based on £x and suggests that
the chi-square distribution with (p — 1) (¢ — 1) degrees of freedom (d.f) can
be used to compute the critical values of £x .

b. Asymptotic efficiency. For studying the asymptotic efficiency of the test
based on £y, we consider the sequence of Pitman alternatives { Hy} where

(5.1) HyT =T, =7, A= (),
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where ), are real and finite and satisfy A\;. = A.x = Oforeachl = j < p, £k = ¢q.
Further, set

(5.2) B(H) = [2,{(d/dz)J[H ()]} dH (z),
(5.3) A* = [37%(u) — [[5J(u) dul’,
(5.4) pii = A0 [Z0 JIH (2)JTH () dHii(z, y) — (J§ T (u) du)?)

for (7’)]) = (01 1), (1) 0)3 (1) 1)

The proof of the following theorem can be accomplished by directly extending
the proof of Theorem 5.1 of Sen (1967).

TreoreM 5.1. If (i) {Hx} in (5.1) holds, (ii) the conditions of Theorem 1 of
Chernoff and Savage (1958) hold and (iii) the conditions of Lemma 7.2 of Purs
(1964) hold, £y, defined by (4.10), has asymplotically a non-central chi-square
distribution with (p — 1) (¢ — 1) d.f. and non-centrality parameter

Mg = [(1/pg) 2t D_fca Nl [B*(H) /A (1 — p1o — par + pu)].

Proor. By using the same technique as in the proof of Theorem 5.1 of Sen
(1967), it follows that, under Hy ,

nE{(Tx | Hy} = [(pg) "B(H)]A + o(1),
(5.5) nB{TY TV | Hy} = (I, — p L) @I, — ¢ 1,1,
A*(1 — pio — pu + pu) + o(1)

and, similarly as in (4.9), that under Hy , o*(®x) —p» A*(1 — p1o — poar + pu1)
where ¢*(®y), B(H), and p;;’s are defined, respectively, by (4.5) and (5.2) to
(5.4). The asymptotic normality of (n%TN, ) and (5.5) complete the proof of
the theorem.

REeMARK. Theorem 5.1 also remains true if the conditions (2.3a), (2.3b), (4.1)
and (4.2) of Mehra (1968) hold with a differentiable J(u) in place of &(u),
0 <u <1, Finplace of G, and ¢ = (p — 1) (¢ — 1), provided the errors
Ui in (2.1) are all mutually independent.

Let o,” denote the variance of e . Then as can easily be seen, the classical
ANOVA test statistic for H, has asymptotically, under Hy , a non-central chi-
square distribution with (p — 1) (¢ — 1) degrees of freedom and the non-cen-
trality parameter

(5.6) Do = [(1/pg) D tm 2fa Nil/Ipgod/{(p — 1) (g — 1)}].

We obtain from (5.6) and Theorem 5.1 the following:
THEOREM 5.2. When the conditions of Theorem 5.1 hold, the asymptotic relative
efficiency (ARE) of the L£x-test with respect to the classical analysis of variance test

s given by
(5.7)  eqem.taxn = [P2/{(p — 1) (g — 1) (1 — pwo — par + pu)}] [0’ B*(H) /A",
From Lemmas 4.4 and 4.5 of Sen (1968), it follows that pip = — (p — 1)
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and pg = —(g — 1) with equality if and only if / = H™" (apart from an

additive constant), so that from (5.6) we obtain that
(5.8) eqennionn Z [1 = (p0)7 (1 — (p — 1) (¢ — Dpw)]” [0,'B*(H) /A

which leads to the following:

CoROLLARY 5.2.1. 4 suffictent condition for eqey,iany 0 be at least as large as
lo’B*(H) /A% is that pu < 1/[(p — 1) (¢ — 1)].

For the normal scores version of £y , say £x", it follows, using the well known
[ef. Chernoff and Savage (1958)] lower bound of 1 for [¢,”B*(H) /A%, that

eqeyiayy 2 1 — () "(1 = (p — 1) (g — Dpu)™
(5.9) z 1, if pu=lp—1 (¢g— DIT,
=1, in general

(using the fact that piy < 1). When the parent edf, F, is normal, the left hand side
of (5.8) takes the value 1, so {£y"} and {Qx} are asymptotically equally
efficient. Similarly for the Wilcoxon version, { Wy} of { £a},

(5.10) eqwnriann = (864)/[1 — (pg) (1 — (p — 1) (¢ — Vpu)] = 432

in general. For normal F, it is known that pp = 67 Sin™ (—1/2(p — 1)),
pon = 6 Sin "' (—1/2(¢ — 1)), pu = 67 ' Sin" (1/2(p — 1) (¢ — 1)), and
hence, from (5.7), we obtain that for normal cdf’s, eqwy;.ienn is equal to

(5.11) 3pgir(p — 1) (¢ — 1) [1 + 6 {Sin™" (1/2(p — 1))
+ Sin™' (1/2(¢ — 1)) + Sin™* (1/2(p — 1)(g — I}~

Actual computation shows that (5.11) is bounded below by 0.955 and above
by 0.975.
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