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Abstract

We obtain new transport-entropy inequalities and, as a by-product, new deviation es-
timates for the laws of two kinds of discrete stochastic approximation schemes. The
first one refers to the law of an Euler like discretization scheme of a diffusion process
at a fixed deterministic date and the second one concerns the law of a stochastic
approximation algorithm at a given time-step. Our results notably improve and com-
plete those obtained in [10]. The key point is to properly quantify the contribution
of the diffusion term to the concentration regime. We also derive a general non-
asymptotic deviation bound for the difference between a function of the trajectory of
a continuous Euler scheme associated to a diffusion process and its mean. Finally,
we obtain non-asymptotic bound for stochastic approximation with averaging of tra-
jectories, in particular we prove that averaging a stochastic approximation algorithm
with a slow decreasing step sequence gives rise to optimal concentration rate.
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1 Introduction

In this work, we derive transport-entropy inequalities and, as a consequence, non-
asymptotic deviation estimates for the laws at a given time step of two kinds of discrete-
time and d-dimensional stochastic evolution scheme of the form

Xpt1 = Xp + Y1 Hn, X0, Uny1), n>0,Xg =2 € RY, (1.1)

where (7,)n>1 is a deterministic positive sequence of time steps, the (U;);en- are i.i.d.
RR4-valued random variables defined on some probability space (2, 7, P) with law p and
the function H : IN x RY x R? — R? is a measurable function satisfying for all z € R¢, for
allm € N, H(n,z,.) € £L'(u), and u(du)-a.s., H(n, .,u) is continuous. Here and below, we
will also assume that p satisfies a Gaussian concentration property, that is there exists
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Transport-Entropy and deviation for stochastic approximations schemes

B > 0 such that for every real-valued 1-Lipschitz function f defined on R? and for all
A>0:

BN
T

It is well known that (GC(B)) implies the following deviation bound

Elexp(Af(U1))] < exp(AE[f(U1)] + @e)

PL@) ~ B 2 1) < expl-15) ¥ 20,

Examples of random variables satisfying this property include Gaussians, as well as
bounded random variables. A characterization of (GC(f)) due to Djellout, Guillin and
Wu [8]is given by Gaussian tail of U;, that is there exists e > 0 such that E[exp(e|U;|?)] <
400, see also Bolley and Villani [6] for another proof with a simple link between the
involved constants. The two claims are actually equivalent.

We are interested in furthering the discussion, initiated in [10], about giving non
asymptotic deviation bounds for two specific problems related to evolution schemes
of the form (1.1). The first one is the deviation between a function of an Euler like
discretization scheme of a diffusion process at a fixed deterministic date and its mean.
The second one refers to the deviation between a stochastic approximation algorithm
at a given time-step and its target. Under some mild assumptions, in particular the
assumption that the function u — H(n,z,u) is lipschitz uniformly in space and time, it
is proved in [10] that both recursive schemes share the Gaussian concentration property
of the innovation.

In the present work, we point out the contribution of the diffusion term to the con-
centration rate which to our knowledge is new. This covers many situations and gives
rise to different regimes ranging from exponential to Gaussian. We also derive a general
non-asymptotic deviation bound for the difference between a function of the trajectory
of a continuous Euler scheme associated to a diffusion process and its mean. It turns
out that, under mild assumptions, the concentration regime is log-normal. Finally, we
study non-asymptotic deviation bound for stochastic approximation with averaging of
trajectories according to the averaging principle of Ruppert & Polyak, see e.g. [21] and
[18].

1.1 Euler like Scheme of a Diffusion Process

We consider a Brownian diffusion process (X;);>¢ defined on a filtered probability
space (2, F, (Fi)i>0,P), satisfying the usual conditions, and solution to the following
stochastic differential equation (SDE)

t t
Xo=at [ b X)ds+ [ ofs, Xo)aw., (SDE,.,)
0 0

where (W;)>0 is a g-dimensional (F;);>o Brownian motion and the coefficients b, o are
assumed to be uniformly Lipschitz continuous in space and measurable in time.

A basic problem in Numerical Probability is to compute quantities like E,[f (X))
for a given Lipschitz continuous function f and a fixed deterministic time horizon
T using Monte Carlo simulation. For instance, it appears in mathematical finance
and represents the price of a European option with maturity 7" when the dynamics
of the underlying asset is given by (SDE} ). To this end, we first introduce some dis-
cretization schemes of (SDE} ) that can be easily simulated. For a fixed time step
A =T/N, N € N*, we set t; := A, for all i € IN and define an Euler like scheme by

X8 =, Vi€ [0,N — 1], X2, = X5 +b(ts, XP)A + o (ti, XP)AY2 U, 44, (1.2)

tit1
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where (U;);en~ is a sequence of R%-valued i.i.d. random variables with law p satisfying:
E[U1] = 0,4, E[U1U{] = 1,, where U; denotes the transpose of the column vector U; and
04,14 respectively denote the zero vector of R? and the identity matrix of R? ® R?. We
also assume that u satisfies (GC(S)) for some $ > 0. The main advantage of such a

situation is that it includes the case of the standard Euler scheme where U; LN 0,1,)

and the case of the Bernoulli law where U; < (Bi,--+,Bgq), (Bk)kep,q are i.i.d random
variables with law p = (61 + 61), both satisfying (GC(8)) with 8 = 2.

The weak error Ep(f, A, T,b,0) = E.[f(X7)] — E.[f(X5)] corresponds to the dis-
cretization error when replacing the diffusion X by its Euler scheme X for the compu-
tation of E,[f(Xr)]. Since the seminal work of [22], it is known that, under smoothness
assumption on the coefficients b, o, the standard Euler scheme produces a weak er-
ror of order A. In a hypoelliptic setting for the coefficients b and ¢ and for a bounded
measurable function f, Bally and Talay [2] obtained the expected order using Malli-
avin calculus. Let us also mention the recent work [1] where the authors study the
weak trajectorial error using coupling techniques. More precisely, they prove that the
Wasserstein distance between the law of a uniformly elliptic and one-dimensional diffu-
sion process and the law of its continuous Euler scheme X with time step A := T/N
is smaller than O(N~2/3+¢), Ve > 0.

The expansion of £p also allows to improve the convergence rate to 0 of the dis-
cretization error using Richardson-Romberg extrapolation techniques, see e.g. [22].

In order to have a global control of the numerical procedure for the computation of
E.[f(X7)], it remains to approximate the expectation E,[f(X5)] using a Monte Carlo
estimator M ! x 322" f((X2)7) where the ((X£)7)jeq,ar are M independent copies of
the scheme (1.2) starting at the initial value x at time 0. This gives rise to an empirical
error defined by Egp,(M, f, A, T,b,0) = E,[f(XP)] — M~ x Z;\il f((X2)7). Conse-
quently, the global error associated to the computation of E,[f(Xr)] writes as

Eoton(M, &) = B, (Xr)] - B[/ (XR)) + EalfCER)] - 7 x D F((XR))

= gD(f7A7Ta b7 U) + gEmp(Mv f7 AaTv b7J)'

It is well-known that if f(X4) belongs to L?(P) the central limit theorem provides
an asymptotic rate of convergence of order M'/2. Moreover, if f(X2) € L*(P), a non-
asymptotic result is given by the Berry-Essen theorem. However, in practical imple-
mentation, one is interested in obtaining deviation bounds in probability for a fixed M
and a given threshold r > 0, that is explicitly controlling P (|Egm, (M, f,A,T,b,0)| > r).

In this context, Malrieu and Talay [17] obtained Gaussian deviation bounds in an
ergodic framework and for a constant diffusion coefficient. Using optimal transporta-
tion techniques, Blower and Bolley [4] obtained Gaussian concentration inequalities
and transportation inequalities for the joint law of the first n positions of a stochastic
processes with state space some Polish space. Concerning the standard Euler scheme,
Menozzi and Lemaire [16] obtained two-sided Gaussian bounds up to a systematic bias
under the assumptions that the diffusion coefficient is uniformly elliptic, oo* is Holder-
continuous, bounded and that b is bounded. Frikha and Menozzi [10], getting rid of the
non-degeneracy assumption on o, recently obtained Gaussian deviation bound under
the mild smoothness condition that b, o are uniformly Lipschitz-continuous in space
(uniformly in time) and that ¢ is bounded. It should be noted that it is the bounded-
ness of ¢ that gives rise to the Gaussian concentration regime for the deviation of the
empirical error.

In the current work, we get rid of the boundedness of ¢ and we only need the Gaus-
sian concentration property of the innovation. We suppose that the coefficients satisfy
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the following smoothness and domination assumptions

(HS) The coefficients b, o are uniformly Lipschitz continuous in space uniformly in time.

(HD,) There exists a C*>(R%,R%) function V satisfying 3Cy > 0,|VV|? < CvV, n =
3 sup,ege | V2V (2)|| < +o00 and 3o € (0,1], such that for all z € RY,

3C, >0, sup |b(t7x)\2 < GV(x), ,3IC, >0, sup Tr(a(t,z)) < CJVl_a(x).
t€[0,T] te(0,T]

where a = oo*.

The idea behind assumption (HD,) is to parameterize the growth of the diffusion
coefficient in order to quantify its contribution to the concentration regime. Indeed,
under (HS) and (HD,), with a € [1/2,1], and if the innovations satisfy (GC(f)), for
some positive 3, we derive non-asymptotic deviation bounds for the empirical error
Ermp(M, f,A,T,b,0) ranging from exponential (if « = 1/2) to Gaussian (if o = 1)
regimes. Therefore, we greatly improve the results obtained in [10].

Our approach here is different from [10]. Indeed, in [10], the key tool consists in
writing the deviation using the same kind of decompositions that are exploited in [22]
for the analysis of the discretization error. In the current work, we will use the fact
that the Euler-like scheme (1.2) defines an inhomogenous Markov chain having Feller
transitions Py, £ = 0,--- , N — 1, defined for non negative or bounded Borel function
f:R* = Rby

Pe(f)(@) = B[ F(XE,)

X8 = x] ~E [f (x + b(t, 2)A + ot x)Al/QUﬂ .
For every k, p € {0,--- ,N — 1}, k < p, we also define the iterative kernels P} , by
_ _ A A _
Pep(f)(@) = Pyo---0 B (f)(@) = B [ f(XE)| X5 = a].

Now using that the law y of the innovation satisfies (GC(3)) for some positive 3, for
every 1-Lipschitz function f and for all A > 0, we obtain

Py_i(expOAf)(z) = E [exp ()\f (x +b(ty_1,2)A + a(tN,l,x)Al/QU))]

IN

exp (/\PN_l(f)(a:) + ﬁ/\ZAW(tN_l, a:)|2>

If o is bounded, the Gaussian concentration property will readily follow provided the
iterated kernel functions Py ,(f) are uniformly Lipschitz. Under the mild smoothness
assumption (HS), this can be easily derived, see Proposition 3.5. Otherwise, using
(HD,), we obtain

CoBA

Pn_1(exp(Af))(x) < exp ()\PNl(f)(x) + 4)\2V1_0‘(:E)> . (1.3)

The last inequality is the first step of our analysis. To investigate the empirical
error, the key idea is to exploit recursively from (1.3) that the increments of the scheme
(1.2) satisfy (GC(p)) and to adequately quantify the contribution of the diffusion term
Vlfo‘(x) to the concentration rate. Under (HS) and (HD,,), the latter is addressed using
flow techniques and integrability results on the law of the scheme (1.2), see Propositions
3.1 and 3.6.
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1.2 Stochastic Approximation Algorithm

Beyond concentration bounds of the empirical error for Euler-like schemes, we want
to look at non asymptotic bounds for stochastic approximation algorithms. Introduced
by H. Robbins and S. Monro [19], these recursive algorithms aim at finding a zero of a
continuous function A : RY — R which is unknown to the experimenter but can only be
estimated through experiments. Successfully and widely investigated since this seminal
work, such procedures are now commonly used in various contexts such as convex
optimization since minimizing a function amounts to finding a zero of its gradient.

To be more specific, the aim of such an algorithm is to find a solution #* to the
equation h(0) := E[H(6,U)] = 0, where H : R? x R? — R? is a Borel function and
U is a given R%-valued random variable with law u. The function h is generally not
computable, at least at a reasonable cost. Actually, it is assumed that the computation
of h is costly compared to the computation of H for any couple (#,u) € R? x R and to
the simulation of the random variable U.

A stochastic approximation algorithm corresponds to the following simulation-based
recursive scheme

0) 1 =07 — Vi1 H(0),Unsr), n >0, 6 € RY, (1.4)

where (Un)n21 is an i.i.d. R9%-valued sequence of random variables with law p defined
on a probability space (2, F,P) and v = (y,)n>1 is @ sequence of non-negative deter-
ministic steps satisfying the usual assumption

Y g =oo, and 42 < +oo. (1.5)

n>1 n>1

When the function h is the gradient of a potential, the recursive procedure (1.4) is a
stochastic gradient algorithm. Indeed, replacing H(6},U,+1) by h(0]) in (1.4) leads to
the usual deterministic descent gradient method. When h(0) = M(0) — ¢, 6 € R, where
M is a monotone function, say increasing, we can write M () = E[N(0,U)] where N :
R xR? — R is a Borel function and / is a given constant such that the equation M (9) = ¢
has a solution. Setting H = N — /, the recursive procedure (1.4) then corresponds to
the seminal Robbins-Monro algorithm and aims at computing the level of the function
M.

In the present paper, we make no attempt to provide a general discussion concerning
convergence results of stochastic approximation algorithms. We refer readers to [9],
[14] for some general results on the a.s. convergence of such procedures under the
existence of a so-called Lyapunov function, i.e. a continuously differentiable function
L : R% — R, such that VL is Lipschitz, |[VL|?> < C(1 + L) for some positive constant C
and

(VL,h) > 0.

See also [15] for a convergence theorem under the existence of a pathwise Lyapunov
function. For the sake of simplicity, in the sequel it is assumed that 6* is the unique so-
lution of the equation 2(#) = 0 and that the sequence (6)),,>0 defined by (1.4) converges
a.s. towards 6*.

We assume that the law p of the innovation satisfies (GC(8)) for some 8 > 0 and that
the step sequence (7v,),>1 satisfies (1.5). We also suppose that the following assump-
tions on the function H are in force:

(HL) Forallu € RY, the function H(., u) is Lipschitz-continuous with a Lipschitz modulus
having linear growth in the variable u, that is:

30y >0, VueRI, sup 0w HEO v
(0.0')€(R4)2 16— 6|

< Cu(1+ |ul).
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(HLS),, (Lyapunov Stability-Domination) There exists a C?(R¢, R? ) function L satisfying
3CL > 0,|VL? < CLL, 1:= § Sup,cpa HVQL(J:)H < 400 such that

Vo € RY, (VL(0),h(0)) >0, and 3C), >0, V0 € RY, |h(0)]> < CLL(H).

and Ja € (0,1],

20, >0 v eRrd, syp HOWZHOW o e

(') E(R)2 u— |

(HUA) (Uniform Attractivity) The map h : § € R¢ — E[H(0,U)] is continuously differen-
tiable in 0 and there exists A > 0 s.t. V6 € R?, V¢ € R, )\[¢|2 < (Dh(0)E,€).

Compared to [10], our assumptions are weaker. Indeed, it is assumed in [10] that
the map (0,u) € R? x R? — H(f,u) is uniformly Lipschitz continuous. In our current
framework, this latter assumption is replaced by (HL) and (HLS),,.

The last assumption (HUA), which already appeared in [10], is introduced to derive
a sharp estimate of the concentration rate in terms of the step sequence. Let us note
that such assumption appears in the study of the weak convergence rate order for the
sequence (an)n21 as described in [9] or [14]. Indeed, it is commonly assumed that the
matrix Dh(6*) is uniformly attractive that is Re(Anin) > 0 where A, is the eigenvalue
with the smallest real part. In our current framework, this local condition on the Ja-
cobian matrix of h at the equilibrium is replaced by the uniform assumption (HUA).
This allows to derive sharp estimates for the concentration rate of the sequence (6,,),,>1
around its target #* and to provide a sensitivity analysis for the bias §,, := EJ[|f,, — 6*|]
with respect to the starting point 6.

Let us note that under (HUA) and the linear growth assumption

Vo e R, E [|H(9, U)|2] <C+0-07),

which is satisfied if (HL) and (HLS),, with « € [0, 1], hold and if i satisfies (GC()) for
some 3 > 0, the function L : § — % |0 — 0*|2 is a Lyapunov function for the recursive
procedure defined by (1.4) so that one easily deduces that ) — 0*, a.s. as n — +o0.
The global error between the stochastic approximation procedure 6 at a given time
step n and its target 0* can be decomposed as an empirical error and a bias as follows

|07 = 0" = 105 — 0" — B, (167 — 07[] + B, [|67 — 07]]
= gE’mp(,Yan7H7A;a) +6n (16)
where we introduced the notations gy (v, n, H, A\, ) = |0 — 0% — Ey,[|0; — 6*|] and

6n = B, (167 — 0°]).

The empirical error Egmy(y,n, H, A, @) is the difference between the absolute value
of the error at time n and its mean whereas the bias §,, corresponds to the mean of
the absolute value of the difference between the sequence (6)),>¢ at time n and its
target 6*. Unlike the Euler like scheme, a bias systematically appears since we want
to derive a deviation bound for the difference between 0] and its target 6*. This term
strongly depends on the choice of the step sequence (v, ),>1 and the initial point 6, see
Proposition 4.7 for a sensitivity analysis.

As for Euler like schemes, our strategy is different from [10]. Indeed, we exploit
again the fact that the stochastic approximation scheme (1.4) defines an inhomogenous
Markov chain having Feller transitions Py, £k = 0,--- , N — 1, defined for non negative or
bounded Borel function f : R — R by

Py(£)(0) =B [f(O01)| 07 = 0] =E[f (0 — wsr H (6, V)]
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For every k, p € {0,--- ,N — 1}, k < p, we also define the iterative kernels P} , by

Pip(£)(0) = Pyo---0 Pyr(£)(0) = E[£(67)| 67 = 6] .

For a 1-Lipschitz function f and for all A > 0, using (HLS),, and that the law u of the
innovation satisfies (GC(f)) for some positive 3, we obtain

Py _1(exp(Af))(0) = E [exp (Af (0 = yw H (6, U)))]

2
< exp (/\PN_l(f)(G) + ﬁZC’?X’yJQ\,Ll_O‘(HO (1.7)

Let us note the similarity between (1.3) and (1.7). If (HLS), holds with a = 1 then
the last term appearing in the right hand side of the last inequality is uniformly bounded
in 0. This latter assumption corresponds to the framework developed in [10] and leads
to a Gaussian concentration bound.

Otherwise, the problem is more challenging. Under the mild domination assumption
(HLS),,, the key idea consists again in exploiting recursively from (1.7) that the incre-
ments of the stochastic approximation algorithm (1.4) satisfy (GC(8)) and in properly
quantifying the contribution of the diffusion term L'~%(f) to the concentration rate.

As already noticed in [10], the concentration rate and the bias strongly depends
on the choice of the step sequence. In particular, if v, = 7, with ¢ > 0 then the
optimal concentration rate and bias is achieved if ¢ > % see Theorem 2.2. in [10].
Otherwise, they are sub-optimal. This kind of behavior is well-known concerning the
weak convergence rate for stochastic approximation algorithm. Indeed, if ¢ > W
we know that a Central Limit Theorem holds for the sequence (6,,),>1 (see e.g. [9]). Let
us note that the condition ¢ > % as well as ¢ > m is difficult to handle and may
lead to a blind choice in practical implementation.

To circumvent such a difficulty, it is fairly well-known that the key idea is to carefully
smooth the trajectories of a converging stochastic approximation algorithm by averag-
ing according to the Ruppert & Polyak averaging principle, see e.g. [21] and [18]. It
consists in devising the original stochastic approximation algorithm (1.4) with a slow

decreasing step 7 = (5 )n>1, namely

c Y 1
n = ’ 771 ) ,b )
Y, <b+n) 1/6(2 ) c,b>0

and to simultaneously compute the empirical mean (0;),>1 of the sequence (0;),>0 by
setting

6 0 ... 9" _ -
R B 2717}(97 =) (1.8)

] _

We will not enter into the technicalities of the subject but under mild assumptions
(see e.g. [9], p.169) one shows that

V() = 0%) 5 N(0,5%), n— +oo,

where >* is the optimal covariance matrix. For instance, for d = 1, one has ¥* =
%@;E” Hence, the optimal weak rate of convergence /n is achieved for free
without any condition on the constants c or b. However, this result is only asymptotic
and so far, to our best knowledge, non-asymptotic estimates for the deviation between
the empirical mean sequence (6 ),>o at given time step and its target ¢*, that is non-

asymptotic averaging principle were not investigated.
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The sequence (z])),>o defined by 2 := (0] ,,,07) is F-adapted, i.e. for all n > 0, 2},

is F,,-measurable, where F,, := o(0g, U, k < n). Moreover, it defines an inhomogenous
Markov chain having Feller transitions K, k = 0,--- ; N — 1, defined for non negative
or bounded Borel function f : R x R? — R by

Ki(f)(z) = E[f(ZIZH)‘ zZ =z = E[f(éZ+2a ‘ng)‘ (9Z+1792) = (21,22)],

k+1 1
=E [f (le + m(@ — Y1 H(22,U)), 22 — Yer1 H (22, U))} .

For every k,p € {0,--- , N — 1}, k < p, we also define the iterative kernels K, by
Kip(f)(2) = Ky o+ K1 (f)(2) = E[f(z)| 7 = 2].

Hence, for any 1-Lipschitz function and for all A > 0, using again (HLS), and that
the law p of the innovation satisfies (GC(f)) for some positive 3, one has for all k €
{0,---,N -1}

Ki(exp(Af))(2) = E [exp (\f (2711))| 2] = 2]

< exp (AKk(f)(Z) + 5%2 (CQWH( S 1)L?(Z2)) )

k42
< exp (MG (f)(2) + BAC202 L2 (23)) 1.9)
where we used that the functions u — f (ﬁ—iézl + k%rz(zQ — Va1 H(z2,u)), 22 — Y1 H (22, u))

are Lipschitz-continuous with Lipschitz modulus equals to Ca’)/k_i,_l(%ﬁ +1)L =" (2,) for
all (2’1,22) € R¢ x R?.

Here again, (1.7) and (1.9) are quite similar and if « = 1 the concentration regime
turns out to be Gaussian. Otherwise, an analysis along the lines of the methodology
developed so far provides the concentration regime of the stochastic approximation
algorithm with averaging of trajectories.

1.3 Transport-Entropy inequalities

As a by-product of our analysis, we derive transport-entropy inequalities for the
law of both stochastic approximation schemes. We recall here basic definitions and
properties. For a complete overview and recent developments in the theory of transport
inequalities, the reader may refer to the recent survey [12]. We will denote by P(R9)
the set of probability measures on R?.

For p > 1, we consider the set P,(R?) of probability measures with finite moment of
order p. The Wasserstein metric W,(u,v) of order p between two probability measures
1, v € Pp(R%) is defined by

WP (u,v) = inf {/ lx — yPr(de,dy) : 7€ PR x RY), 7o = p, 71 = u}
R?xR4

where my and 7; are two probability measures standing for the first and second marginals
of € P(RY x R%). For u € P(RY), we define the relative entropy w.r.t v € P(R?) as

dp
H = log(E)d
(1, v) /Rd og(dy> 1

if n <« v and H(u,v) = +oo otherwise. We are now in position to define the notion
of transport-entropy inequality. Here as below, ® : R, — R, is a convex, increasing
function with ®(0) = 0.
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Definition 1.1. A probability measure ;. on R? satisfies a transport-entropy inequality
with function ® if for all v € P(R?), one has

S(Wi(v,p) < H(v,p)
For the sake of simplicity, we will write that u satisfies T .
The following proposition comes from Corollary 3.4. of [12].
Proposition 1.2. The following propositions are equivalent:

e The probability measure . satisfies T.
e For all 1-Lipschitz function f, one has

YA >0, /exp(/\f)d,u < exp </\/fdu + <I>*(/\)) )

where ®* is the monotone conjugate of ® defined on R as ®*(\) = sup,>q {\p — ®(p)}.

Such transport-entropy inequalities are very attractive especially from a numerical
point of view since they are related to the concentration of measure phenomenon which
allows to establish non-asymptotic deviation estimates. The three next results put an
emphasis on this point. Suppose that (X,,),>1 is a sequence of i.i.d. R?-valued random
variables with common law u.

Corollary 1.3. If u satisfies Ty then for all 1-Lipschitz function f and for all > 0, for
all M > 1, one has

M
b (@[ S 1)~ Bl ()] 2 ) < 2exp(~M0(1)
k=1

Deriving non-asymptotic deviation bounds for Wi (uas, i) is of interest for many ap-
plications in the fields of numerical probability and statistic. In its present form, next
result is due to Gozlan and Leonard [11], Theorem 12.

Proposition 1.4. If i satisfies Ty then the empirical measure uy; defined as pup =
& Zkle dx, satisfies the following concentration bound

P (Wi (par, 1) > BIWy (uar, )] + 1) < exp (=M ®(r)).
where for z € R?, §, stands for the Dirac mass at point x.

The quantity E[W;(uar, )] will go to zero as M goes to infinity, by convergence
of empirical measures, but we still need quantitative bounds. The next result is an
adaptation of Theorem 10.2.1 in [20] on similar bounds but for the distance W,. For
sake of completeness, we provide a proof in Appendix A.

Proposition 1.5. Assume that p has a finite moment of order d + 3. Then, one has
E[W1 (s, )] < C(d, p) M~/ (4+2)

where

C(dyp) o= 4v/d + 2¢ / (1+ x|d+1>-1dw¢2-2d 1 g3 / [y|9+3u(dy) + 25-4d(d + 3).
Rd
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This bound is not optimal in general, but has the advantage of having very explicit
constants. In the case of a distribution with compact support, it has been shown in [3],
Section 7, that E[W (uuar, )] is of order O(M~1/4), and that this is the optimal exponent
in d when d > 3.

In view of Kantorovich-Rubinstein duality formula, namely

Wl(u,y):sup{/fdu—/fdu:[f]1 g1}

where [f]; denotes the Lipschitz-modulus of f, the latter result provides the following
concentration bounds Vr > 0, VM > 1

M
P (f:[Sfl]qu (]\14 ; (X)) — JE[f(Xl)}> > O(d, p) M1/ (@+2) 4 T) < exp (— MO(r)).

Similar results were first obtained for different concentration regimes by Bolley,
Guillin, Villani [7] relying on a non-asymptotic version of Sanov’s Theorem. Some of
these results have also been derived by Boissard [5] using concentration inequalities,
and were also extended to ergodic Markov chains up to some contractivity assumptions
in the Wasserstein metric on the transition kernel.

Some applications are proposed in [7]. Such results can indeed provide non-asymptotic
deviation bounds for the estimation of the density of the invariant measure of a Markov
chain. Let us note that the (possibly large) constant C(d, u) appears as a trade-off to
obtain uniform deviations over all Lipschitz functions.

As a consequence of the transport-entropy inequalities obtained for the laws at a
given time step of Euler like schemes and stochastic approximation algorithm, we will
derive non-asymptotic deviation bounds in the Wasserstein metric.

2 Main Results

2.1 Euler like schemes and diffusions

Theorem 2.1 (Transport-Entropy inequalities for Euler like schemes). Denote by X%
the value at time T of the scheme (1.2) associated to the diffusion (SDE, ) starting
from x at time 0. Denote the Lipschitz modulus of b and o appearing in the diffusion
process (SDE, ,) by [b]: and [0];, respectively and by u4 the law of X2. Assume that
the innovations (U;);>1 in (1.2) satisfy (GC(B)) for some 8 > 0 and that the coefficients
b, o satisfy (HS) and (HD,,) for o € [, 1].

Then, 1% satisfies Ty: with ®7,()) = sup,>o {Ap — ®o(p)} and one has:

e Ifa € (3,1, forallp >0
o (p) = Wa(T, A, b,0,7) (07 V p71),
e Ifa =12, forallp € [0,p(T,b,0,A)"1/2);35)

(p(‘O(T, ba g, A)1/2/)‘3.2)2

P =K. .
1/2(:0) 3.21 — (po(T, b, U,A)1/2/)\3,2)

Moreover, we have W (T, A, b, 0, x) = K3.1(o(T,b,0, A)2Vo(T,b,0, A)%=-1), o(T,b,0,A) =
005%63C(A)T, C(A) := 2], +[0]? +A[b]?, the constants K31, \3.» and K3, being
defined in Corollaries 3.2 and 3.4 respectively.

Note that in the above theorem, we do not need any non-degeneracy condition on
the diffusion coefficient.
In the case a € (%, 1], one easily gets the following explicit formula:
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- If X € [0,20], then @3 ()) = 22 A%
o If X €[22 0, +00), then &%(\) = o (Z51)> 1 a2eg

o If A € (20, 522, W),then ®}(\) = A — V.

Let us note that the linear behavior of ®? on a small interval is due to the fact that
d,, is not C1. One may want to replace p2 \V p?-1 by p? + p?-T (up to a factor 2) in the
expression of ®,. However, in this case, an explicit expression for ¢} does not exist
(except for the case a = 1) and only its asymptotic behavior can be derived so that one
is led to compute it numerically in practical situations.

In the case o = 1/2, tedious but simple computations show that

1

2
>\3.2 2
1,0 = ( (1 A) -1
120 << T Konp(T,b,0, )12 ) )

This behavior corresponds to a concentration profile that is Gaussian at short distance,
and exponential at large distance.

M

Remark 2.2. The order of magnitude of our bounds is actually optimal in « under
our general assumptions. For example, if we consider the diffusion process dX; =
(1 + X})(1=*)/2dB,, then the process Y; = V(X), with V(z) := [ (1+ s?)@1/2gs,
satisfies the SDE dY; = dB; + b(Y;)dt, where b is a bounded drift. This process therefore
has the same concentration properties as a Brownian motion, which are known to be
Gaussian. From this, we deduce

P.(Xi>r)=P,(Y; >V(r)) < exp(—cV(r)2).

This is indeed the order of magnitude of the concentration bounds given by Theorem
2.1.

Corollary 2.3. (Non-asymptotic deviation bounds) Under the same assumptions as The-
orem 2.1, one has:

» for all real-valued 1-Lipschitz function f defined on R?, for all a € [1/2,1] for all
M >1andallr >0,

M
P, <|A14 ST X)) — B [f(XR))] 2 ) < 2exp(— M, (1),
k=1

e foralla € [1/2,1], forall M > 1 and allr > 0,

1Y C(d, A) .
P, (f:[i‘l]l})<1 (M;f((XTA)k) - Ew[f(XYA“)]> > ngz) +r> < exp (—M®*(r)),

where the ((X£)*)1<x<a are M independent copies of the scheme (1.2).

The constant C(d, u%) depends on the moment of order d+3 of u%. Hence, an explicit
control in terms of x, b, o, A can be easily obtained under our general assumptions. We
leave the computational details to the reader.

Remark 2.4 (Extension to smooth functions of a finite number of time step). The pre-
vious transport-inequalities and non-asymptotic bounds could be extended to smooth
functions of a finite number of time step such as the maximum of a scalar Euler like
scheme. In that case, it suffices to introduce the additional state variable (Mtf)izl =
(maxgepo,q XtAk)izl- Now, the couple (Xﬁ,Mﬁ)lSigN is Markovian and similar argu-
ments could be easily extended to the couple for Lipschitz functions of both variables.
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Remark 2.5 (Transport-Entropy inequalities for the law of a diffusion process). The
previous transport-inequalities and non-asymptotic bounds could be extended to the
law at time T of the diffusion process solution to (SDE,,) by passing to the limit
A — 0. Indeed, it is well-known that under (HS), one has XTA 2% Xr, as A — 0
and by Lebesgue theorem, one deduces from the first result of Corollary 2.3 that the
empirical error (empirical mean) of X itself satisfies a non-asymptotic deviation bound
with a similar deviation function (just pass to the limit A — 0 in all constants). Then,
using Corollary 5.1 in [12] (equivalence between deviation of the empirical mean and
transport-entropy inequalities), one easily derives that the law of Xt satisfies a similar
transport-entropy inequalities when « € (1/2,1].

We want to point out that it is the growth of ¢ that gives the concentration regime
ranging from Gaussian concentration bound if & = 1 to exponential when a = % How-
ever, in many popular models in finance, the diffusion coefficient is linear, for instance
practitioners often have to deal with Black-Scholes like dynamics of the form

t t
X, = 20+ / b(X.)X.ods + / (X)X odW,
0 0

for smooth, bounded coefficients b,o. This corresponds to assumption (HD,) where
a =0and V(z) = 1+ |z|2, * € RY. For the estimation of I, [f(X#)] for a Lipschitz
function f : R? — R, or even in more general situations, the estimation of 5, [f(X?)] for
a Lipschitz function f : C — R, where C := C([0, T], R?) stands for the space of R¢-valued
continuous functions on [0, 7], equipped with the uniform norm || f||s := supg<;<7r |f(t)],
the expected concentration is the log-normal one. To deal with the latter case, we
consider the continuous Euler scheme X2 associated to (SDEy ) and writing

t t
vt e [0,T], X7 :x—i—/ b(gb(s),X;’(f))ds—f—/ o($(s), X50)dWs, zeRL (2.1)
0 0

where we set ¢(t) := t; for t; < ¢t < t;41, ¢ € IN. The next result provides a general
non-asymptotic deviation bound for the empirical error under very mild assumptions.

Theorem 2.6 (General non-asymptotic deviation bounds). Denote by X4 := (Xf’A)ogth
the path of the scheme (2.1) with step A starting from point x at time 0. Assume that
Vt € [0,T), the coefficients b(t,.) and o(t,.) are continuous functions in = and that they
satisfy the linear growth assumption:

Ve e RY  sup |b(t,x)] < Cyp(1+ |z|), sup Tr(a(t,z)) < Cy(l+ |z|?).
te[0,T] te[0,T]

Then, for all 1-Lipschitz function f : C — R, for all M € IN*, for all r > 0, one has

_ r2 M
2¢” COHNZ expCr(vno.T) | jf LYM _ < ok(b,0,T)
’ 2(1+4|x])

M
P, (AZ ST (X)) — B [f(X52))] > ) <
k=1

_ 1 log( r2M )2 )
2e e D) ea+l=0?/ | otherwise

where (b, 0, T) := 28(1 + (C, V Cy)T) and ((X“?)*),<x<ns are M independent copies of
the scheme (2.1). The result remains valid when one considers the path of the diffusion
X solution to (SDE, ) instead of the continuous Euler scheme.

Remark 2.7. We want to point out that though the constants appearing in the above
non-asymptotic deviation bound are all-purpose and rough estimates, the decay in r is
optimal. Indeed, if we select b(t,x) =0, o(t,x) = ox, 0 > 0, so that X; = xgexp(cW; —
0%t/2), M = 1 and f = Ilr, where Il denotes the projection at time T, sharp bounds
can be easily derived and it is plain to see that in this simple example the concentration
regime for large values of r is the log-normal one and gaussian for small values of r.
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2.2 Stochastic approximation algorithms

Theorem 2.8 (Transport-Entropy inequalities for stochastic approximation algorithms).
Let N € IN*. Assume that the function H of the recursive procedure (6))o<n<n (With
starting point 6y € R?) defined by (1.4) satisfies (HL), (HUA) and (HLS),, for o € [1,1],

and that the step sequence v = (v,)n>0 satisfies (1.5). Suppose that the law of the
innovation satisfies (GC(j3)), > 0. Denote by ;1 the law of 0.

Then, yi, satisfies Te: with ®}, ()) = sup,s {\p — o, n(p)} and one has:

e Ifa € (3,1, forallp >0
a 2o
Oo N (p) = @aly, H,00)(CYp* v O p7a=T).

e Ifa=1, forallp € [0, A\1.1/3n),

p/Aa1)?
D15 n(p) = 201/2(7, H, 90)07”—((//)5;;141)'

Moreover the three concentration rate sequences are defined for N € IN* by

= Il
1, N
07\’ Z Te+177, I,

k=0
N-1
TaoT HLN =
O = S i ()25 (ke + 1) log?(h + )3
= 1,k
/ m, n 1 N-1 1
sy = max (k+1)Y?log(k +4 ( ) ex
ogng—1( ) & V41 I & p(];) (p+1)log2(p+4))
with II; y = ff:_ol(l — 22X VK41 + C’va,fﬂ), the constants Cy,,, and (v, H, 6y) being

explicitly given in Propositions 4.4 and 4.5 respectively.

As in the case of Euler like schemes, for « € (1, 1], we have:

o HE X € [0, 20(C3/(CT%)2 1) 70w, then @7,y (M) = A2/ (46C3);

2a—1 20
o I\ €[22 p(CF/(C)2~ 1) T | 400), then @7, \(\) = 5= (M 1) o

2a \ 2ap ij’a)%’_l;

cIf A€ (290(01%/(0%0‘)201_1)2(170‘)72@2421(»0(01’17/(0%04)2(1_1)2(170‘))' then &7 y(A) =

(C?I;va)z(l a))\ ‘PM

(CN ) 1—a

For a = % we obtain the following explicit bound for the Legendre transform of

D9 N
1 2
Q@CW ( §N>\4.1)\>2
VA >0, ®F A N 14+ —— -1

Hence, for N > 1 being fixed, the following simple asymptotic behaviors can be
easily derived:

* When A is small, @}, y () ~ AL 1A%/ (20CR);
e When ) goes to infinity, <I>T/2(>\) ~ A1A/SN.
EJP 18 (2013), paper 67.
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Corollary 2.9. (Non-asymptotic deviation bounds) Under the same assumptions as The-
orem 2.8, one has

Py, (103 — 07| > 7+ 0n) < exp (=07, n(r))
and 0y := g, [|0}; — 0*|]. Moreover, the bias 0y at step N satisfies

N-1 2
_ 1 _ _ _
6N <e Al N+Ca,ul2 N ‘90 _ 9*|_~_(2Ca’#)2 (Z ,7]%+1e 22Ty, N —T1,k+1)+2Cq, (T2, N Fz,k+1)> )
k=0

where Ty n == YN 4, Doy i= o0 1 72, Coy i= A2/2+ 2C, KE[|U|2] with K > 0.

Now, we investigate the impact of the step sequence (,),>1 on the concentration
rate sequences C7,, C%:%, 5y and the bias dy. Let us note that a similar analysis has
been performed in [10]. We obtain the following results:

* If we choose 7, = £, with ¢ > 0. Then o5 — 0, N — 400, I'y x = clog(N) +¢} +rn,
¢} >0and ry — 0, so that I y = O(N~22),

_2a _2a
- If ¢ < 5, the series S Ve M, Sy vy (LIS ((k + 1) log?(k +
4))7a=T converge so that we obtain CY = O(N72), O = O(N~7a1d),
Sy = O(Nicé).

-Ifc>$,

O(N~Y), C} = O((log(N))**+=T N=%T), 5y = O(log(N)N~#).

a comparison between the series and the integral yields C}, =

Let us notice that we find the same critical level for the constant c as in the Central
Limit Theorem for stochastic algorithms. Indeed, if ¢ > W where Anin
denotes the eigenvalue of Dh(0*) with the smallest real part then we know that a
Central Limit Theorem holds for (67),,>1 (see e.g. [9], p.169). Such behavior was
already observed in [10].

The associated bound for the bias is the following:

00 — 0|, (2Ca,)?
5N<K< N + et |

+ If we choose v, = £ c>0,%<p<1,then§N—>O,F1’N~lprNl_pasN—%i—oo

ﬁ;
and elementary computations show that there exists C' > 0 s.t. for all N > 1,
I § < Cexp(—ZAiCle‘P). Hence, for all € € (0,1 — p) we have:

o N_NPte N 1
217—1 2 1
Cy =N Z'Ykﬂmc < G QMNIE - o Z =+ Z "
- k=1 k=N—Ne+et1
+e
2 —2A S (NP (N—NPTe)I=P) NP
S c {Ce 1—p + (N _ Np-‘,—e + 1)2/7
e 1
2 —2XAcN L
< c {Ce =+ = } .

Up to a modification of e, this yields C3, = I, y Y p_, 72l L = o(N=7t), ¢ €

(p—(1-a))
(0,1 — p). Similar computations show that C3;* = o(N~ " 201 ~¢) and we clearly

getiy =0 (log(N)N‘(p‘% )
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Concerning the bias, from Corollary 2.9, we directly obtain the following bound:

(51\7 <K<6Xp (—1)\0 Nl_p) |90—9*|+(2§;)2> Ve > 0.

The impact of the initial difference |0y — 6*| is exponentially smaller compared to the
case 7, = ». This is natural since the step sequence is decreasing slower to 0.

Theorem 2.10 (Transport-Entropy inequalities for stochastic approximation with av-
eraging of trajectories). Let N € IN*. Assume that the function H of the recursive
procedure (0))o<n<n (With starting point 6, € R%) defined by (1.4) satisfies (HL),
(HUA) and (HLS), for o € [%,1}, and that the step sequence v = (V,)n>1 Satis-
fies (1.5). Suppose that the law of the innovation satisfies (GC(8)), 8 > 0. De-
note by fi), the law of (0 Jo<n<n defined by (1.8). Then, i}, satisfies T&,; N with

(I)Z,N(A) = Sup,>g {)\p - fI)a,N } and one has:

e Ifa € (3,1, forallp >0

®o.n(p) = aly, H,00)(CYLp> v CLopzaT)

e Ifa= %, for a]lp S [O,)\4,1/§N),

— ~ A h :
®172.v(p) = 2p1/2(v, H, 00)Cx %

Moreover the three concentration rate sequences are defined for N € IN* by

N—-1
CX =Y Vs Z T ((k+ 1) log?(k + 4)) 35
k=1
Sy = max (k; + 1)5 log(k; + 4)’7]9 Nezg ny (p+1)lo.g,2(z7+4)
T 1<k<N-1 ’
with ’S/k?N = ( +Z§V kil(nlj)%)’ and HIN = H;V 01( 2)\7p+1+CHH’7p+1) the

constants goa(% H,0y) and \y 1 being defined in Section 4.2 and Proposition 4.5 respec-
tively.

As regards the explicit computation of the Legendre transform of ®,, y, similarly to
the previous theorem, we have:

» fora € (5,1

1
29

- ifxe|o, (é;v/(é%a)hfl)zul—m] then &}, (\) = (\?/4pCY);

2a—1 «
160 € [ CR/(CF =) T, oo, then @5y ) = o (352) " i

12a 2ap B
- IfAe (2<p(07v/(07’ )% 1)2“ 7, 5227 p(CF/(CR)?*71)207), then @7, \(A) =
(C )1 a

(CXT”) 1 a

_ 1 2
2@07 §N)\4.1>\ 2
YA >0, ®F A) = 14+ ——— -1
1/2, N( ) S?V <( + 2900]'(,

2a1

C7 | 2o=L
(67\7& ) 2(17(1) \—

Hence, for N > 1 being fixed, the following simple asymptotic behaviors can be
easily derived:
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- When X is small, ®} , vy (A) ~ AT 1A?/(20C7);
- When X goes to infinity, @T/Q()\) ~ A1)N/8N.

Corollary 2.11. (Non-asymptotic deviation bounds) Under the same assumptions as
Theorem 2.10, for all N > 1 for all r > 0, one has

Py, (|0 — 07| > 7+ dn) < exp (—®, n(r))

I

Now, we analyze the impact of the step sequence on the concentration rate se-
quences C7,, CY“, 3y and the bias 5. We first simplify the expression of the con-
centration rate. Let us note that since the step sequence (v, ),>1 satisfies (1.5), there
exists a positive constant K > 0 such that (Hl)jHi}c)% < Kexp(—=A(T1; —T1k41)), k< J.
Moreover, since the function = — exp(—Az) is decreasing on [I'1 ,,T'1 p1+1], one clearly

getsforalli,j € {0,--- ,N—1},i<j

and by = Eg, [|O} — 6

j—1 J=1 Ty

Mj — Mz = Ze_irl""*'l’yp_*_l = Z/ e_érl’p+1d$ <

p=i p=i FLIJ

(e—AFu — Al j)

>~

so that, using the latter bound and an Abel transform, we obtain

N-1 N-1 N-1

_ 1 ATy AT ) —
D oexp(=ATi ) = > (Mg — My < DN D (e — e Ayl
j=k+1 j=k+1 = \j=k+1
L[ —arin.—1 Al g1 a1 - —ALY g1 (a1 -1
< X1C T TN T T T k2 T Z e (Y0 — Ypg1)
- p=k+1
which finally leads to the following bound
K [yl 5 N-1
- k k - - - _
R B et D D G bl (2.2)
- p=k+1

Now, we are in position to study the impact of the step sequence (v,),>1 on the
concentration rate sequences:

* If we select 7, = £ with ¢ > 0, then, using that I'; y = clog(N) +¢| +7n, ¢} > 0
with ry — 0, one easily derives from (2.2) that there exists C' > 0 such that

N—-1
1 1 1 1
<Ol — 1+ —— — —
Ve, N = N + kl—cA N pZ:;C pAc )

and a comparison between the series and the integral yields the following bounds:

- If A < 1, one has: €, = O(N—22), C%* = O(N~=1%) and 4y = O(N ).

- If Ac > %, one has: C}, = O(N™Y), C%® = O((log(N))*2s-T N~ 2-1) and
Sy =O(N"2).

Hence, we clearly see that for the case v, = ;, averaging the trajectories of a

stochastic approximation algorithm is not the key to circumvent the lake of ro-
bustness concerning the choice of the constant c.
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The bound for the bias is obtained by averaging the bound previously obtained for
dn. We easily get:

0'1 |

N-—-1 1
1 . 60 — 0] | (2Ca.u)?
N Z EOOHQZ -0 |] <K ( NAc + NAL//\JJ%
k=0

e If we choose ~,, = n—cp c>0, % < p < 1then we have for k <p
J+l P+l
Typ— Flk—ZgP—Z/ —dm>/ —dz
j=k+1 j=k+1 k+1 x
1

> T () - (4 1))

so that for some positive constant C' which may vary from line to line

N-1 N — N-1 — 1
—A(Ty,,-T , ) -1 _ -1 = k+1) L (p+1)" ="
Z € prm e (A/p+2 ’7p+1) < Cet Z e s ’ (p+1)t-r

p=k+1 p=k+1

A (k+1)'—7 N _A 1-p —(1—p)

< Cet= e 10 x Pldx
k+1

1—p

N
A 1— 2p—1
< Cet=7 (FHD p/ e~ 50 ¥ dy
(k+1)1-r

where we use a change of variable in the latter integral. For k large enough, the
A 2
function z — e~ 7%z 77 is decreasing on [k, +00) which implies

—+oo

A (pt1)lP (N_l)l g A 2p 1 2 1-— P P
PeACany / e TrxTr ——dx < C(k+ 1) {m_l—ﬁ]
(k4+1)1-r xT-r P (k4+1)1-r

< Ok +1)°.

Hence, we finally have 9, y = O(N ') and C}, = O(N 1), C* = (’)((log(N))Q%N_mai—l)
and 3y = O(log(N)N~2). Hence, averaging has allowed the concentration rate

to go from the slow concentration rates o( N —°7¢), (N_ e _6) foralle > 0
and O (log(N)N‘(f"%)) to the optimal rates O(N~1), O((log(N))? 2T N~ 20—1)
and y = O(log(N)N~2) for free, i.e. without any condition on the step sequence
parameter c.

Concerning the bias, by averaging the bias sequence (0y)1<x<n—1 we directly ob-
tain the following bound

. 0o — 0% (2C,,)?
5N§K<|°N |+(§g*‘32>,ve>o

Hence, we see that there is no sub-exponential decreasing of the impact of the
initial condition but a decay at rate O(N~!). Consequently, this leads us to say
that a stochastic approximation algorithm must be averaged after few iterations
in practical implementations and not directly from the first step.

3 Euler Scheme: Proof of the Main Results

In this section we will assume that (HS) and (HD,) are in force.
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3.1 Proof of Theorem 2.1

The proof of Theorem 2.1 is divided into several propositions. Next proposition
stresses the key role played by the Gaussian concentration property of the innovations
law, that is a weaker concentration regime will lead to a lower integrability rate with
respect to a.

Proposition 3.1. Denote by X* = (XtAk)OSkSN the scheme (1.2) with time step A =
T/N, N € IN* associated to the diffusion (SDE, ) starting from x at time 0. Assume that
the innovations (U;);>1 of (1.2) satisfy (GC(f3)) for some 3 > 0. Then, there existseg > 0
which only depends on the law p such that for all A < min(1,e5(2naC,T exp(CT))™1),
one has

sup log (Ew [exp()\V“(Xﬁ))]) < )\eXp(CT)V‘X(x)—l—% log (E [exp ()\QnaCUT exp(CT)|U1|2)]) .
0<n<N

with C := C(b,0,V, o, A) = a(Cy Cy) 2 + BCa(1 4 2nA)2(Cy + Cy) + anCyA.
Proof. Using the concavity of  — z%, a € (0, 1], we have forall k > 0

Va(XA

tht1

) = VX)) < aVeTHX)(VIXG,) — VX)),
A Taylor expansion of order 2 of the function V, recalling that 21 = sup_cra ||V2V(9c) || <
400, yields

V(XA

te4+1

) = V(X)) < VV(XE).(X5

te4+1

- X5 +nlX5,, - X0

te41

which together with the previous inequality leads to

%VV(XtAk)O'(tk,XtAk)Uk_i_l

VV(XE).b(ty, X&) N

o A o A
\% (thﬂ) - VHXg) <A Vlfo‘(XtAk) al Vlfa(XtAk)
lb(tr, X732 3 b(tr, X720 (b, X5 ) Uk

A2 23 ) A2 23 Lk
+ 7 Vl—(x(XtAk> + an Vl—a(XtAk)

lo(tr, X5 Up 1 |

A k
+ an Vlfo‘(XtAk)

From (HD,), for all (z,u) € R? x RY, we clearly have supyeo,r) [VV(2).b(t, )| <
(CvCy)2V (x) and sup,eo 1 lo(t, 2)ul? < CV1~*(x)|u|? which yields

VEXE, ) S VXL + a(CyCh) A + anCyA?)
(VV(XE) +b(X2)).0 (X2 )Uita

+al?(1+29A) T
tr

+ CyanAlUss |

Using (HD,,), V= € R¢ the functions g(z,.) : u (vv(@ﬁfﬂ(?f@)u are Lipschitz, and
more precisely satisfy

vz € RY, sup lg(z,u) — g(z,u)|

, < (2 + )PV E (a).
(u,u’)€(R9)?2 "LL —u ‘

Hence, from the Cauchy Schwarz inequality and since the law of the innovations sat-
isfy (GC(p)) for some 3 > 0, there exists €5 > 0 such that for A < min(1,e5(2naC,A)~1),
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one has

B [exp(AV(XE)| 7] < expV(X2)(1 + a(CrCi)E A + anCya?)

xp(
[exp 2)\aA (1+ 277A)g(X$, Uk+1))‘ ‘Ftk:| ’
E [ex

exp(2A1aC, AlUx 41 2)] }'tk}%
< exp(/\V“(Xtﬁ)(l +a(CyCy) A + anC,yA?))
x exp(A2BaA(1 + 2nA)? (Cy + Cy)Co V(XS))
x B [exp(2AaC, A|Uy[?)] 2
< exp(AC(A)V*(X2))E [exp(2XnaC, AU 2)]?

where C(A) :=1+ A (a(CvC'b)% + BC,a%(1 4 2nA)*(Cy + Cyp) + omeA). Now define

Vo XA
Vi = %, for K € {0,---,N}. Taking expectation in both sides of the previous

inequality clearly implies

E [exp(AVis1)] < E [exp(AVi)] E [exp (A%Wﬂz)]

and by a straightforward induction, for n € {0,--- , N} we have

E [exp(AV)] < exp(AVh) :11 E [exp (Aé’zaiﬁwﬁﬂ g

which finally yields, for A < min(1,e5(2naC,AC(A)™)™1),

E [exp(A\V*(X1))] < exp(AC(A)"V*(z)) ]:[ E [exp (A2naC, AC(A)* U | )]%
k=0

Observe now that C(A)N < exp(CT) with C := C(b,oV,a, A) = a(Cy Cy)2+8C,a2(1+
2nA)?(Cy + Cy) + anCyA. Using Jensen’s inequality, the latter bound clearly provides
the following control of the quantity of interest for A < min(1,e5(2naC,T exp(CT))™!)

0<su<pN log (E [exp()\Vo‘(XtAn))]) < /\exp(CT)Vo‘(x)Jr% log (E [exp (A2naC, T exp(CT)|U;?)]) .

O

Corollary 3.2. Assume that the assumptions of Proposition 3.1 are satisfied. Then,
there exists a constant K31 such that for all o € (%, 1], one has

YA >0, sup log (Ez [exp()\Vl"”‘(XtAn))]) < K31 (AVAZa-T),
0<n<N

Remark 3.3. The constant K31 can be explicitly computed. Indeed, one has K3 :=
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max (U1 (T, A, z,b,0),Vo(T, A, x,b,0)) with

2a—1

_ 1a—_0<1 1— 1 eg(l—a) 2
U (T,A,z,b,0):==e a2 " exp (paeCTVa(a:) + §logE[e Ul })
e

+ (Vl‘a(m) - (C”]EI[{UP])T) (1- KT

1—a 200 — 1 1-— 1 1-—
Uy(T, A, x,b,0) := p~ 2a-1 a +p aeCTVa(x) + glogIE {exp <65(2OZQ)U|2>} ,

« Y

1
=3 min(1,es(2naC, T exp(CT)) ™),

C:=Cb,oV,a,A) = a(CyCy)? + BC,a%(1 4 2nA)(Cy + Cy) + anCyA
K = K(V,b,A) = (CyCy)* +nCyA

Proof. For A € [0,1], one has

—« —« >\k —«
B [exp(A\V' ™*(X2))] = 1+ AE [V (X2 + ) 71 Ee (VO (X))
k>2

N 1 —a
S LEABL V()] A Y B[V R ()
k>0

< exp (A(Eo [V (X)) + Eglexp(VI (X))

Tedious but simple computations, in the spirit of Proposition 3.1, show that

21\ 2
B[V (XA)] < B, (Ve (XA))'5" < (vl%) " (C”EI[('U }> ) L1-IKT,
with K := K(V,b,A) = (CyCy) 2 + nCyA.
Thanks to the following Young inequality, for all (p, z) € Ry xR%, V1=%(z) < 1=2pV(z)+

200—1
«

P 2a=T, which is valid if o € (3,1], one has for p = p := 3 min(1,e5(2naC,T exp(CT)) ")

20-1 5% 1-—
sup Eylexp(VI"*(X2 )] <e = 2 7" sup E, [exp (aPVQ(Xt,A))]
0<n<N " 0<n<N @ "

l—c e eg(1—a)
o1 p252eCTV (2)+1 log Elexp(“25|U|?)

2a—1 —
<en¢1£2

where we used Proposition 3.1 for the last inequality.
11—« o
Now, for all A > 1, using the Young inequality A\V'~%(X/) < (2&=1)p 21 7T 4
(:=2)pV*(X{), valid for all p > 0 (to be chosen later on) and for all @ € (3,1], one
derives

E[exp(AV'=*(X{)))] < exp ((2aa_ Lo Maal) E, [eXp ((1 ;a> pVa(XtAn))]
< exp (KA%-T)

with K (p) := %/f%—i—log(EI {e(%)pv"(xfn)b and =2 < min(1, e5(2naC,Te“T) 7).
We select p = p in the last inequality to complete the proof and use Proposition 3.1 to
bound the quantity K(p). O

Corollary 3.4. Under the same assumptions as Proposition 3.1, one has

A A3.2)?

VA€ [0,A log (E, V2 AN < fey M As2)"
€[0,X3.2), BN og( [exp( ( tn))D < Ks2 15500
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with K3 5 := A2 ,¢CT (2V % (2)+2naC,E[|U1 |2]T) and \s  satisfies E[e*322n0Co T exp(CD|U1*] <
2.

Proof. By definition of A3 2, we have Vk > 1, A\3% (2naC, T exp(CT))FE[|U;|?*] < 2k!. Con-
sequently, setting temporarily C; := exp(CT)VY2(z), Cy := 2naC, T exp(CT) for sake of
simplicity, simple computations show that for A < A3

2 2 2 2 NRCYE(ULPY] 2 2
log E [exp (\?Ca|U1[?)] — N2CLE[|U1|?] = log 1+Z* — N2OLE[|UL 2]
k>1 :
NRCYE(|UL ]
- k!
k>2
2k 2
> A3.2 1— (M A32)
hence, using Proposition 3.1 for o = % we clearly get
C2E[|U1]?] (A As.2)?
271,1/2( v A < \2 2 1 Ry 3.2
5 log (Ex [expO2V2(x2))] ) < A3, (01 + 2= Wl + 125 )
CE[ULPT\ (M As2)?
<2\2 .
S 20 (Cl T T~ (\hsa)
This completes the proof. O

Proposition 3.5. (Control of the Lipschitz modulus of iterative kernels) Denote the
Lipschitz modulus of b and o appearing in the diffusion process (SDE} ) by [bl; and
[0]1, respectively. Denote by Py, and Py, = Pyo---0oP, 1, k, pe {0,--- ,N—1}, k<p
the (Feller) transition kernel and the iterative kernels of the Markov chain defined by
the scheme (1.2), respectively. Then, for all real-valued Lipschitz function f and for all
k, pe{0,--- N — 1}, k < p the functions Py(f) are Lipschitz-continuous and one has

[Prp(P1 = sup |Pk’p(f)(T) = P/]Tp(f)(x/) < [fh(l+C(b,0,A)A) T
(z,2')E(R4)2 r—x

where [f]; stands for the Lipschitz modulus of the function f and C(b,0,A) = 2[b]; +
[0]% + A[b]3.

Proof. Using the Cauchy Schwarz inequality and (HS), for all (x,y) € (R%)? and for all
ke {0,---,N — 1}, one has

[PL(£)(@) = Pe(D)] < B[ £z +bltr 2)A + (s, 2)00) = £+ bltip)A + Aot )0
< BB {0 =+ (00 2) Bt 9D + A¥o(10,) ~ ottt [ |
< [h(1+Cb,0, A)A) 2| — g,

A straightforward induction argument completes the proof.
O

Proposition 3.6. (Control of the Laplace transform) Denote by X% the value at time T
of the scheme (1.2) associated to the diffusion (SDE, ). Assume that the innovations
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(Un)n>1 in (1.2) satisfy (GC(B)) for some 5 > 0. Let f be a real-valued 1-Lipschitz-
continuous function defined on R?. For all A\ > 0 and for all a € (3,1], one has

B, [oxp(\(X2))] < expOB, [f(X3)]) exp (Ksa(9(T,b, 0, ) V o(T, b, A) 1) (N2 v AT )

with (T, b, 0, A) := Co3UEERIN ST and C(A) = 2[b]y + [o]F + A[b]3.
Ifa=1, forall A € [0,(T,b,0,A)"*/2);,), one has

(Ap(T, b, 0, A)Y/2 /X3.9)? >

E, [exp()\f(Xqé))] < exp(AE; [f(XTA)])eXp (K3-2 1— (Ao(T,b,0,A)1/2/\35)

Proof. As mentionned earlier on in the introduction, we begin our proof using that
the law p of the innovation satisfies (GC(8)) and (HD,). Hence, for A > 0 and k €
{0,---,N — 1}, one has

Pu(expO0f))(z) = E [exp ()\ f (x Fb(t, ) A + o(ty, z)Al/QUkH)ﬂ
< exp (AR + 52 Blotn, o)
< e (AN + P TAV () @1

Taking expectation from both sides of the last inequality and using the Holder in-
equality with conjugate exponents (p, q) (to be specified later on) leads to

q

B, [ 02,)] < s [expor (D] B [exp (52 an v (x8) )|

(3.2)
Now, we apply the last inequality for f := P11 y(f) and obtain

E, [exp(\Peoan (F(XE,,))] < Ex [expOpPin (£)(XE)]7

q

Co _
< B, |oxp (XL AN PN DRV (2) )|
Consequently, an elementary induction yields

eXp()\PN,N(f)(Xﬁv))]
exp(Ap™ Py v (f)(2))] o~

N Cob ya, 21 N\
< T { Ba |exp ( =5-Aap™ AlPy_k v (DREVI T (XR )
)

E, [exp(\f(X7))] =

N-1
X exp (Z ikl sup log (Em [eCZB*2qu2N(1+C(A)A)Nv1—a(XtAn)}))
o D" 4 o<n<N

where we used Proposition 3.5 for the last inequality. Observe now that since (p, ¢) are

- INN-11 17 1y 1 1p _
conjugate exponents, we have >, —r = £ (1 pN)k% < 4771 = L so that

CoB \2p,,2N Nyl—a yA
SUPg< < log (]Em [e B2 aqp?N 1+C(a)a)N v (th)}>
e

E, [exp(\f(X%))] < exp(AE, [f(X£)])
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Setting p := 1+ C(A)A, ¢ = p%l = 712%%A and using the straightforward inequality
(1+ C(A)A)PN < exp(3C(A)T), we derive

A T R )
E, [eXp(/\f(XT ))] < exp(AE, [f(XT )])e

We set o(T,b,0,A) := CJ@%WQSC(A)T_ For a € (1,1], Corollary 3.2 clearly implies
E, [expMf(XP))] < exp(AE, [£(X2)]) exp (K1 (o(T,b,0,A) V 9(T, b, 0, A)7T)(A2 v A7) )

and for a = % according to Proposition 3.4, for A < ¢(T), b, o, A)_1/2)\3‘2, one has

(Ap(T, b, 0, A)Y/2 /X3.5)? >
1-— (A(p(T, b7 a, A)l/Q/)\g,,g) '

B, [exp(V (X)) < expRE, (7003 exp ( Kaz

3.2 Proof of Theorem 2.6

We will prove the result for the process X solution of (SDE} ). The proof for the
continuous Euler scheme is similar. The following lemma is standard. As will become
clear in the discussion below, the only interest it holds is to know the explicit behavior
with respect to p. This behavior is optimal as it can be readily checked by taking X; =
zgexp(acW; — o?t/2), t € [0,T], see also remark 2.7.

Lemma 3.7. Under the assumptions of Theorem 2.6, for all p > 1, one has

E.[ sup |X¢|*"] < (1 + |z])? exp(26p2(1 + (Cy V C,)T)).
0<t<T

Proof. Let g : x + +/1+ |z|? satisfying for all x € R?, Vg(z) = g~ ' (2)x, V3g(x) =
g Y (2)I; — g 3(x)zz* and V : x — ¢g?P(x). We apply Itd’s formula to the process V(X;)
with VV (z) = 2pg(2)*P~'Vg(z), V2V (z) = 2pg(x)**~' Vg (2)+2p(2p—1)g(z)** >V g(x)Vg(x)*
noticing that for all ¢ € [0, T

YV (2).b(t, ) + %TT(U*V2VU)(7§,$) < 2pChg(z)P~1(1 + |z]) + %c(,u + 2P|V (@)
< 4pCig(x)*
£ 505 (14 [af)(4pg (e + 2p(2p — V)g()? )
< 4p(Cy V Co)g(2)* +2p(Cy v Co)g(2)*”

+p(2p — 1)(Cy V Cy)g(z)*
< 8*(Cy V Cy)V ()

we clearly obtain,
t tATm
V(X7m) < V(x)+8p*(Cy Vv C’g)/ V(XIm)ds +/ (VV*o)(XI™)dWs, (3.3)
0 0

where we classically introduced the stopping time 7, := inf {t > 0: |X; — z| > m} for
m € IN* and X™ := (Xya~,, )t>0. The stochastic integral M]" := OMT"‘ (VV*o)(XTm)dW,
defines a continuous martingale so that taking expectation in the previous inequality

clearly yields
t
B [V(XT™)] < V(z) + 8p2(Cy v C) / B, [V(X7)]ds.
0
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Now, using Gronwall’s lemma we derive

Vm € N*,  sup B [V(X[™)] < (1+ |z|)? exp(8p*(Cy vV C,)T)
te[0,T)

As T, — +00 @.s., @s m — +00 (since sup,¢ g ) [ Xs| < +00) using Fatou’s lemma, we
finally obtain for all p > 1
sup E,[V(X)] = sup E.[g(X:)??] < (1 + |z])* exp(8p*(Cp V Cy)T). (3.4)
0<t<T 0<t<T

We then observe that It6’s formula also implies

B[ sup V(X™)] < V(z) + 8p2(Cy v Co) /0 E,[ sup V(XI™)ds + E.[(M™)] (3.5)

0<s<t 0<u<s
where (M]™)* := supg<,<; M. Combining Jensen’s and Doob’s inequalities, one clearly
gets

Eo[(M]")"]? < Bol(M;"))?] < 4B, [(M")?] < 16p20a/0 Eq[g(XTm)*]ds

< 16p*C,T(1 + |z])*? exp(32p*(Cy vV C,)T)

where we used Yz € R?, (VV*0)2(x) < 4p*C,g(z)**~2(1 + |z|?) = 4p*C,g(x)*? and (3.4)
for the last inequality. Consequently, plugging the latter estimate into (3.5), one has for
allt € [0,7)

E.[ sup V(X[™)] <V(z)+ 4p(CUT)%(1 + |2])?? exp(16p*(Cy V C,)T)

0<s<t

t
+8p2(Cb\/Ca)/ E,[ sup V(Xgm)lds
0

0<u<s
< (1+ |2])? (1 + 4p(CoT) % exp(16p*(Cy V Co)T))
t
+ 8p%(Cy v Cy) / E.[ sup V(XIm)]ds
0 0<u<s

so that using Gronwall’s lemma yields and passing to the limit m — 400, forallp > 1

E.[ sup |X¢|*] < E,[ sup V(X;)] < 2(1 + |z])* exp(26p*(1 + (Cy V C,)T)).
0<t<T 0<s<T

O

For all real-valued and 1-Lipschitz function f defined on C and for all p > 1, one has
Eu[|f(X) = Eo[f(GOI*] = Ex[|f(X) = £(0) + £(0) — Eo[f(X)][*"] < 2PE,[|| X|[32]

< 2271 4 |2))?P exp(26p* (1 + (Cy V C,)T)) (3.6)

where we used Lemma 3.7 for the last inequality. Now, combining the Chebyshev and
Rosenthal inequalities for independent zero-mean random variables (see e.g. [13]), for
all p > 1, there exists C3, > 0 such that

M M kY _ 2p
P, (;4%: f(Xk)_Em[f(XmM) < Bl 7O ~ Bl G0
E,[|f(X) — E,[f(X)][?
< 0, Bl 0BG
200+ )P exp(28p°(1 + (G, v Co)T))
= 120 NP

:= 2exp(—¢(p))
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with ¢(p) := —k(b,0,T)p* + plog(@({i%) and where we used for all p > 1, (5, <

(2p)?P < exp(2p?), see e.g. p.235-236 in [13], and (3.6) for the last inequality. Optimizing
. . . . . . _ 1 r’M

the latte.r inequality with respect to p with p > 1, i.e. selecting p = 55 0,0.7) log( DG ),

we obtain

M . 1 r2M ?
P, <M| > 00 - Bl () > ) < 2exp <—4ﬂ(b, -7 () )

for 72M > (2(1 + |z|))? exp(2k(b,0,T)). Otherwise, using the Jensen and Rosenthal
inequalities, one has for all p € [0, 1]

k=1 k=1

where we used (3.6) for the last inequality. Now, noticing that we have 4e < exp(k(b,0,T)),
Chebyshev’s inequality yields

— r2PMP T r2PMP T

M P p
P, (AZIZf(X’f)—EI[f(X)]zr>< <2 exp(—otr)
k=1

with ¢(p) := —plog(p) + plog(’"QCM), C = (2(1 + |z|))? exp(2k(b,0,T) — 1) and where
we used that for all p > 0, C? < 2(Cp)P since the function p — 2p” is minimized for
p =exp(—1) and 2exp(—1/e)) > 1. Consequently, optimizing over p such that p < 1, i.e.

. 2
selecting p = ", one has

1 & & r2M
P, (M > 708 Bl ()| > ) < 2exp ( T T))>

for r?M < Ce = (2(1 + |z]))? exp(2k(b, o, T)). This completes the proof.

4 Stochastic Approximation Algorithm: Proof of the main Results

Throughout this section we will assume that (HL), (HLS), and (HUA) are in force.

4.1 Proof of Theorem 2.8

The proof of Theorem 2.8 is divided into several propositions.
Proposition 4.1. Denote by (07)o<n<n the scheme (1.4) with step sequence v =
(Yn)o<n<n satisfying (1.5). Assume that the innovations (U;);>1 of (1.4) satisfy (GC(B))

for some 3 > 0. Then, there exists g > 0 which only depends on the law . such that for
all A < min(1,e5(8naC2I1y y)~1), one has

sup log (B, [**"OD]) < (L(60) + C Y 74)Ta,wA
0<n<N
with Iy vy =1 n (@) := 2:01(1 + (2naCy, + gaQC’i)’yzH) and C = 4naC2E[|U|?].
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Proof. The proof relies on similar arguments as those used in the proof of Proposition
3.1. Using the concavity of z — z%, a € (0,1], a Taylor expansion of order 2 of the
function L, and finally (HLS),,, for all k € {0,--- , N — 1}, we have
L(071y) = LOF) < aL7H07) (VL(6})-(0] 4, — 07) +mlo),, —O1)

= — 10 L7 (0]) (VL(O]), h(6]))

= V1L TN O (VL(O]), H(O], Uk+1) — h(67))

+ i LN O H (0], U1,

< =1L HO) (VL(6Y), H(0), U1) — h(6)))

+ 2nayi o LY O H (6], Upyr) — h(0)|? + 2nani LY H(6]) [h(67) .

Let us note that (HLS),, implies that V(0,u) € R? H(9,u) — h(0)]? = |H(0,u) —

E[H(0,U)]|> < 202 L'~ (0)(E[|U|?] + |u|?) which leads to

L(07,) — LY(0)) < =yl H(0)) (VL(6]), H(0, Ur11) — h(0))) + 4naCini  E[IU ]
+ 4770402'71%+1|Uk+1|2 + 277040h’713+1La(9z)-
Using again (HLS),,, V0 € R? the functions g9(0,.) :u— <VL(9)L’11{,(2’('§))_M9)> are Lipschitz
and more precisely satisfy

19(0,u) — g(0,4)]

lu—u|

v € RY, sup < C,L%(h).

(u,u’)€(R9)?

Consequently, denoting C' = 4naC2E[|U|?], from the Cauchy-Schwarz inequality and
since the law of the innovation satisfies (GC(3)) for some 8 > 0, there exists ¢g > 0 such

that for A < min(1,e5(8naC2~7)~!), one has
E [exp(AL*(0711))] Fir] < exp(A(1 + 20aChyj41) L (6])) exp(Ciy1A)
x B [exp(—20X7419(0), Un+1))| Fi]* E [exp(80aXCEAE 1| Unr1?)| Fi]

1
2

< exp(\(1 + (210Ch + 5 02?1 (6)) exp(Coi N

x [exp(SWa)\Cg’Y/%H‘UP)]%

In the aim of simplifying notations, we define Il ,, == [[}—¢(1 + (2naC), + gCia)'y,fﬂ)
and temporarily set Ly := L*(0})/Ils s, for k € {0,--- , N}. Taking expectation in both
sides of the previous inequality clearly implies

[N

2
Eq, [exp(ALk+1)] < Eg, [exp(ALk)] exp (C’M)\> E {exp <8naC2 Vit )\|U|2)]
1o j41 I k41

and by a straightforward induction, for n € {0,--- , N} we have

n—1 2 n—1 2
Eg, [exp(ALn)] < exp(ALo) exp (cz ”’““A) I1E [exp (Snacilg“:;AIUFﬂ ,
k=0 ’

II
o Li2.k+1

Nl=

which finally yields for A < min(1,e3(8naC2~3)~1)

n—1
I3
gy [exp(AL? (67))] < exp(IT3,n L% (60)) exp (02 L, ﬂiHA)
k:O k) +

H [eXp (877a [an 7]%+1)‘|U2>:|
o I 141
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Up to a modification of a constant, we can assume without loss of generality that
SUPg<p<n Yn+1 = 71 < 1 so that using the Jensen’s inequality, the latter bound clearly
provides the following control of the quantity of interest for A < min(1,e3(8naC21ly x)~ 1)

sup log (Ego [e)‘La(gx)D < (La(%) +C]Vz_:1713+1> Iy N A

0<n<N o

N-1
1 2 8naC2Ty, N AU|?
(35 ks o).
k=0
O

Corollary 4.2. Assume that the assumptions of Proposition 4.1 are satisfied. Then,
there exists a constant K, depending on v, «, 0y, H such that for all a € (%, 1], one has

YA >0, sup log (Ego [exp()\Ll_"‘(eg))]) < Kg1(AV )\2@%1).
0<n<N

Remark 4.3. The constant K41 can be explicitly computed. Indeed, one has K, :=
max(Vq (v, a, 6o, H), Va(y, , 00, H)) with

N—-1 N—-1
—a l-a
Uy (v, e, 00, H) = <L1 (60) + (SnaCZE(UP] Y viy) = ) I+ 2001 = a)Curiyn)
k=0 k=0
Qaw—lﬁ*%

+e

_ B _ sﬂ(lfa) 2
(Lﬂ<eo>+2agzifz;w,%ﬂ)nz,w—lau(%zgzolyg+1)1og<E[e 5 lU\D
X e

20—1__ 1a N =, 1—a
\112(770[7907[{) = o 14 2a-1 + L (00) +Q 7k+1 H2,NPT

1 N—-1 ) 56(1—0)‘U|2
(3 2ot s (B[]

1
p= 3 min(1, 55(8naC§éH2,N)_1)

Proof. We only give a sketch of proof since it is rather similar to the one of Corollary
3.2. For X € [0, 1], one has

Egy[exp (AL'=(07))] < exp (A(Bq, [L'~(67)] + Eo, [exp(L~*(67))]) -

Tedious but simple computations in the spirit of Proposition 4.1 easily show that

N1
sup Eg, [L'™%(0))] < sup Ty, [L“(Q;’)]ET& < (Ll_"(é’o) + (8naC2E[|U|?] Z ’Y;%H)l;a)
0<n<N 0<n<N k=0

N-1

X H (1+2n(1 — @)Crisy)-
k=0
Moreover, thanks to the Young inequality L'~*(6) < 1=2pL%(6) + %pfﬁ, for
every (p,f) € R} x R% and o € (%, 1] and using Proposition 4.1, one obtains for p =7 :=
%min(1,£5(8na021_[271v)_1)

N-—1
20[ —1 _l-—a 71 —
sup g, [exp(L'*(6;))] < exp ( P 2(“) exp ((L“(eo) +C 'yiH) Mo Np——

0<n<N @ k=0
N-1
1 cp(l—a) o
+ <2 kgo W13+1> log <E {e = |Ul ])) ;
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so that for all A € [0, 1]
Egy[exp (AL'~(67))] < W1 (v, 60, H)A.

Now, for A > 1, we use the Young inequality AL'~*(§)) < 221y~ 20T AT 4 =apre6y)
to derive

Eg, [exp(AL'~%(67))] < exp (KAZ-T)

with K(p) := %p_%—i—log]}ﬂgo lexp ((:52) pL*(07))] and 1=2p < min(1,e5(8naC2Ily x) 7).
We select p = p in the last inequality and use Proposition 4.1 to bound the quantity
K(p). O

Proposition 4.4. (Control of the Lipschitz modulus of iterative kernels) Denote by P
and P, = Pyo---oP, 4, k, p € {0,---,N —1}, k < p the (Feller) transition kernel
and the iterative kernels of the Markov chain defined by the scheme (1.4). Then for all
Lipschitz function f and for all k, p € {0,--- ,N — 1}, k < p the functions P ,(f) are
Lipschitz-continuous and one has

P (A= sup  LelDO) = Pep (N
P . (0,0")€(R4)>2 |9 _ 9/‘

p—1
<[fh H(l —2)\Vip1 + CH,u7i2+1)§
i=k

where [f], stands for the Lipschitz modulus of the function f and Cp, = 2C%(1 +
E[|U]%).

Proof. Using the Cauchy-Schwarz inequality, (HUA) then (HL), for all (6,60') € (R%)2,
one has

|Pe(f)(0) = Pe(f)(0) < E[|f(0 = Yo H(0,Urs1)) — F(0" = yrr 1 H(O', Upy1))]]

< FWB[10 =0 = ysa (H(O,Una) = HO', Uns)) |
< [f11 (10— 02 = 27041 (0 — 0/, 1(0) = h(9))

+7’1€+1E [|H(9»Uk+1) — H(¢, Uk+1)|2])5
<101 = 22 yk41 + 2C% (1 + BlU N2, 1) 210 — 0]

A straightforward induction argument completes the proof.
O

Proposition 4.5. (Control of the Laplace transform) Denote by 63, the value at step
N of the stochastic approximation algorithm (1.4) with step sequence v := (Vp)n>1
satisfying (1.5). Assume that the innovations (U, ),>1 in (1.4) satisfy (GC(5)) for some
B > 0. Let f be a real-valued 1-Lipschitz-continuous function defined on R¢. Then, for
allA >0, forall N > 1, for all « € (1,1], one has

B, [MOR)] < ¢EoolM X)) goa (7. H.00) CRANVCR AT
with the two concentration rates C}; := ivzfol ’y,zﬂ?ﬂ—:’:, withIl; = fg:ol(lfQA’kaJr
. N-1_32%7 .1 2a 2 d-a
Crpig) and OF% =37 " ety ( o) > ((k + 1) log”(k + 4))2=~1 for all N > 1 and
] 1—o Bci ,@Ci a N-1
where @, (7, H,0p) = K4.122=1 ==V (=7=)2—T exp (Tl,l > k=0 m)'
Ifa= % then there exists two positive constants \y.1 and 1 /5(7, H,6p) such that

2
VA e [Oa )\4.1/§N)7 EGO [eAf(OXI)] < GAEHO [f(@?v)]eQw]/g(’y,H,Go)C;’\, 1—(();\/-5%1‘/1*)4.1)

N—-1

1 1
with §y := maxo<p<n—1(k + D2 1og(k + 4)ve 11 (%11—];’) ? o Xr=0 Gines?Gid
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Proof. The proof relies on similar arguments as those used for the proof of Proposition
3.6. For A\>0andk € {0,--- ,N — 1}, one has

PuespO)0) < exp (AR + 5 B2 L 20))

Taking expectation on both sides of the last inequality with § = 6, and applying the
Holder inequality with conjugate exponents (py, gx) (to be fixed later on), one obtains

e

B fexp A (01)] < En lexp O PN ODII oy [exp (a5 alsiczz o) |
and applying the last inequality to f := P41 n(f) yields

By [exp(APiy1,v () (07))] < By lexp (pxPe v (£) (07))] 7

2 qaK
% By, [p( Aﬁvkﬂ[PHlN(f)ﬁciLlawz)ﬂ @

We use Corollary 4.2 to obtain for a € (1, 1]
s

Ea, oxp (0 Ao P, vDBCRLe@) )

< exp (Kﬁ Sy (Z2) " CalPean RN VA P O A 1))
= fk(>\)

Now, an elementary induction argument leads to

Eg, [exp(Af (0% )] = Ego[exp(APn n f(0}))]

N-1 L N-1 K [Ty
< B, lexp(A [ ] prPo.v () (00)]Te=o # ] fv—1-n (/\ HpN—i>
k=0 =1

k=0
4.2)
. 1 _ 1 2

We select Pk = 1 + W' qr = (1 + W)(k + 1) log (k + 4) S 2<I€ +

1)log?(k +4), k=0,--- ,N — 1 so that H,If:_ol pi, converges and more precisely we have
N—1 N—1
[Te=o Pr < exp(Xi—o m) < o0.
c?

We set o, (7, H,00) = K422 £ V(B 2)z-T eXp(Za DI m)' Now,
using Proposition 4.4 and Corollary 4.2, we easily derive from (4.2)

VA0, B, lexp(M(0))] < exp (Bagg W O)]) exp (pal, H, 00)(CYA v O A1) )

. « N—-1 35-—1 2o T I1 d—a
with C]V’ =D k=0 Vet ( nlll,j) ((k +1) log (k+4))2e-T1.
For a = % we start from (4.1). First, we use the control obtained in Proposition 4.1

to derive

2 ak
Eg, [eXp < A —B%e41[Prta, N(f)]?cf/zLé(%))]

1 i 501/2
< exp Lz(6p) +C Z 7p+1 o v (1/2) 7k+1[Pk+1 N(f) Z 7p+1

p=0
x 10g E [exp (B1C1 o112,y (1/2) a2 [P v (VU ])
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To simplify the latter bound, that is to obtain an explicit and computable formula for the
second term appearing in the right hand side, we will need the following lemma:

Lemma 4.6. Forall A € [0, )\4,1/5}\,/2), one has

log E eﬁncf/znz,N(l/Q)Qk’YiH[Pk+1,N(f)]?)\2\U|2] < 67701/2H2,N (1/2) E[|U‘2]Qk’}/z+1[Pk+1,N(f)]?/\2
(M Aa1)?

1-— ()\8}\[/2/>\4,1) ’

with sy := maxo<gp<n_ 1qk’yk+1n Y and \y.1 satisfies Elexp(\f.; 810} ,112,n (1/2) [U]?)] <
2.

+ 20177 11 [Prs1,n ()]

Proof. The proof is similar to the proof of Corollary 3.4. By definition of A\, 1, we have
NP (BnCY oTls v (1/2)/2)PE[U 2] < 2pl, ¥p > 1. Hence, setting Cy = SnCY 5105 v (1/2)

we easily deduce for \ < )\4_1/5}\?2,

log I [exzclqmzﬂ[pkH,N(f)qu — N2CiaginE o [Pein (N)ZE[UP
. Z NPCY (@i [Prran ()]R)PE[U?P)

|
p>2 P
A Qk7k+1 Pk+1 N(f)ﬁ g
<2)° ( = >
o2 1.1
(M A41)?
< 2q1%i 1 [Prr1, v (N —F7——
* 1— ()\8%2/)\41)
This completes the proof. O

Using the previous lemma, we obtain for all A € [0, )\4_1/5%2),

ax

22 s
Eq, [exp (%467§+1[Pk+1,N(f)]f012/2L2(92))]

Ry (A A1)?
<exp | BN, 7, 000781 [Pesn v (DN + ( D 2240 | alPeran (DR —" 15— |
p=0 17()\51\[ /)\4_1)

2
where we introduced the notation ¥(N, v, y) := (L% (60) +C Zp o 7p+1) Iy v (1/2) &;/2
677C1/2H2,N (1/2) E[|U|2]

Now, as for o € (%, 1], an induction argument in the spirit of (4.2) yields for all
A€ [0,)\4_1/5]\[)

+

N-—1
Eg, [exp(Af(0%))] < exp (AEg,[f(03)]) exp (%‘P (N, 7, 8p) eXk=0 TFDTo D \2

N e 2 v (A M)
+e (k+1) logZ (k+4) Chr——"———],
T;}'ypﬂ Nl—()\SN/Azl.l)

< exp (AEg, [£ (0} >]>exp(2sa1/2<%H %0)CA (WM %))

2
= exp (AEq, [£(63)]) exp (2%/2(% H,60)CY 1—(XAN/)A> )

. N-1 ~
with @1/2(’}/7}[ 90) = eXP(Zk:O 4(/@-&-1) lolgz(k—i-4)7)(/\ 1\I’(N ’7,00) + Zp 0 "Yp+1) and SN =
1/2
8]\/( eXp(Ek 0 m), and where we used agaln szo e < eXp(Zk:O m)
O
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In contrast to Euler like schemes, a bias appears in the non-asymptotic deviation
bound for the stochastic approximation algorithm. Consequently, it is crucial to have
a control on it. At step n of the algorithm, it is given by 4, := E[|6) — 6*|]. Under the
current assumptions (HL), (HLS)., (HUA), we have the following proposition.

Proposition 4.7 (Control of the bias). For alln > 1, we have

n—1 2
_ 1 — — " —
5, < e Al n+Co y T2 n |90 _ 9*| + (QCa,u)2 (E 7/3-1—16 2A(C1,n—T1 k41)+2Cq, u (T2 n F2,k+1)> ,
k=0

where Ty, := S 1 Ve, Don i= Sy V2 Cap i= A?/2 + 20, KE[|U|?] with K > 0.

Proof. With the notations of Section 1.2, we define for all n > 1, AM,, := h(0)_;) —
H(0)_,,Un) =E[H(0)_,,Upn)| Fao1]—H (0}, U,). Recalling that (U, ),>1 is a sequence of

n—1»
ii.d. random variables we have that (AM,,),>1 is a sequence of martingale increments
w.r.t. the natural filtration F := (F,, := 0(0o, Uy, -+ , Uy, );n > 1).

From the dynamic (1.4), we now write for alln > 0,

Antl T 9;/,-4—1 — 0" =0} — 0" — a1 {(0)) — AMpya}

1
R L / AADR(O" + NB) — %)) (67 — 6) + 71 AM,poy,
0

where we used that h(6*) = 0 for the last equality. Setting J,, := fol dADR(0*+ (07, —6%)),
we obtain z,11 = (I — Ypt1Jn)2n + Ynt1AM, 11 which yields

Eo, [|20+11%) = Eoo [ = vn1T*120[%] + 27041 B0 [(1 = Y1 Jn) AMyg1] + Vi g1 B [| AMi 1 |°]
= g, [|1 — ’7n+1Jn‘2|Zn|2] + 73+1E00[|AMn+1|2]‘
From assumption (HLS),, we deduce that V(#,u) € R? x R, |h() — H(0,u)|* <

2C2 L1=%(0)(E[|U|?]+|u|?) which combined with the independence of 6,, and U, ; clearly
implies

Eo, [|h(67) — H(07,, Un11)|?] < ACTE[|U*)Eq, [L'~(67)]-
Now, let us notice that L has sub-quadratic growth so that there exists a constant
K > 0 such that
Eg, [|AMo11[*] = Eo, [|R(60) — H(60, Ups1)*] < ACIE[U[*|Eq, [L'*(67)]
< AKCE[UP](1 + Eg, [|2n]*)),
which provides the following bound
Eé’o[‘zn+1|2] <(1- A77L+1)2E00[|Zn|2] + 4KC§EHU‘2]772L+1E90Hzn|2]
< (1 = 2MYny1 + 20{1-#’734-1) Eg, [|2n|’] + QCa,u’YEH-r
n—1

Temporarily setting II,, = Hp:0(1 — 2Mp41 + QCOW%% 1), a straightforward induction
argument provides

n—1
2 I 2 2 T 177—1
o, [|2n|7] < 11,00 — 077 + 2C, E :Vlc+1HnHk+1
k=0
n—1
< 672AF1,7L+20(1,MF2,7L 0y — 9*‘2 + QCOz”U. § 7£+1672A(F1,n7F17k+1)+2ca,u(FQ,WL*FQ,ICJrl)
k=0

where we used the elementary inequality, 1 + 2 < exp(z), © € R. This completes the
proof.

EJP 18 (2013), paper 67. ejp.ejpecp.org
Page 31/36


http://dx.doi.org/10.1214/EJP.v18-2586
http://ejp.ejpecp.org/

Transport-Entropy and deviation for stochastic approximations schemes

4.2 Proof of Theorem 2.10

Proposition 4.8. (Control of the Lipschitz modulus of iterative kernels) Denote by K,
and Ky, = Kyo---0Kp,_1, k, pe {0,--- ,N — 1}, k < p the (Feller) transition kernel and
the iterative kernels of the Markov chain z = (9, 0) defined by the scheme (1.4), (1.8).
Let f : R? — R be a 1-Lipschitz function. Then for allk, p € {0,--- ,N — 1}, k < p the
functions Ky, ,(f) : z — E[f(§g+1)‘ z, = z] are Lipschitz-continuous. In particular, for all
(2,2") € (R? x RY)?, one has

1
k+1 1 & [IO,;)\2
[ Kep()(2) = Kip(f)(2)] < =2+ — ) ( ’j> |22 — 23
P+ 1 p+ 1 i1 Hl,k’

where I1; , = Hz;é(l = 2XM k41 + CH.uVe 4 1)-

Proof. Let (z,2') € (R? x R%)2. We denote by 257 = 057, and 2/"; = 0% the values at
step p of the two components of the stochastic approximation algorithm (z,),>o starting

at point z at step k. Using (1.8) and a straightforward induction, one easily derives

_ k41 1 &
gk,z — 94,2
p+1 p+121+p+1z J 7
j=k+1

so that taking conditional expectation in the previous equality and using Proposition
4.4,we obtain

Kip()(2) = Kip(F)(2)] = [E[f(@5F)] — EIf007)]] < E[057, — 057 ]]

k+1 / 1 . A
< 21— 2|+ —— E E[|077% —07*
P |1 1| p+1_k [|] J |]
j=k+1

1

k41 , 1 & (IO,
< 21— 2|+ —— g — 29 — 2
_p+1| 14l p+1 4= \IL, |22 = 24|

O

Let k € {0,---,N —1} and f be a real-valued 1-Lipschitz function defined on R<.
Using that the law of the innovations of the scheme satisfies (GC(3)), for all A > 0, one
has

E [eAKk,N—lf(Zk)

Zk—1 = Z} =Lk {e’\K’“vN—lf(ﬁéer#lgz’ez)

(67.67) = (21, 22)]

< e)\kaLN—l(f)(Z)e)\Z%[g]?

where g : u — K n_1(f) (ﬁzl + k%rlzg — k”—Jle(zg,uLzQ — Aka(z%u)). Combining
Proposition 4.8 and (HLS),, one easily obtains

1 1

[g]1 < Cal™ T (25) + - (Hl,j)
91 = Cals 2 (22)7 | v T~ —_
N Nj:k+1

so we deduce that

E [exp(AKp,n—1f(2k))| 2x—1] < exp(AKk—1,v-1(f)(2r-1)) exp (AzfciLla(Zk—l):)’i,N>
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1
where we introduced the notation 4 y := & (1 + ZJ 1 Iy ; /T4 i) 2). Hence, taking
expectation in the previous 1nequa11ty and using the Holder inequality with conjugate
exponents (p, qx ), one clearly gets

1
Ey, emk,M(f)(zk)] < By, [P 81 (Do) 5 By [eV%Ciqu‘a(ezflwi,N} E

Similarly to the proof of Proposition 4.5, we set pr = 1 + ng"’(kﬂ)' g, = (1 +

m)(k +1)log®(k +4) < 2(k +1)log*(k + 4) and use Corollary 4.2 to obtain for

Eq

o
a1 sC gc?\ za—1 2y 2 T ey
[ G O] < 023 G (2G5 ) T vl el AR
0 ’ = .

An elementary induction argument allows to conclude

Eo, [exp(AF(0%))] = Bo, [exp(AKy 1,51 (F)(zn-1))
< exp(AEg, [ (0]) exp (10 (3, H, 00) (CYA? v CATT) )

with €3 = Yo R O = o~ 11?“ 1((k + 1)log®(k + 4))><T and where we

—a 2 2
introduced ¢, (v, H, 6p) := K4_122a71 % V (Bf“

For a = % similarly to the proof of Proposition 4.5 (we actually use again Lemma
4.6), we derive for all \ € [0, )\4_1/5}\{2)

1 ZN—I 1
D eZo—T 2k=0 i) 102 (ki) |

1 <2 2 N—1_2 \z2 [CY2YRO
2 . W (N,v,00)7;, NN+ 0 Ve N 175
Ey, [eqk%ﬁvi,NCi“/zLW(@Z—l)} P i ferercver

501/2

with W(N,7,00) = (L3(80) + C SN0 2200 ) Tlow (1/2) 252 + BC, T v (1/2) BUP)
and Sy := maxi<g<n-1(k +1) log? (k + 4)fyk7N. Then an elementary induction argument
clearly yields

VA€ 0, 01/3n), BoyleV 0] < Bl ORIGE =000 R BB

N—-1 1 _
with ¢y /5(7y, H,0p) = e2k=0 T Tog (T (A7, U(N,,00) + Z;V:(Jl Y541), and also 8y :=

N-1 1
g}V/QeEkzo (k+1) log2 (k+4) |

A Proof of Proposition 1.5

Let e, := 5= exp(—|x|/o) be the density of the exponential distribution with variance
202 on R. If i is a probability measure on R?, we define ° as the convolution of ; with
e2?, that is

d
5 (d) = / 1 55 exp(-les — wil/)n(ay).

Lemma A.1. Ify is a probability measure on R with finite first moment, then Wy (j1, u%) <

V2do.

Proof. Let X and Y be independent random vectors with laws p and e£? respectively.
Then (X, X +Y) is a coupling of p and u“, and

Wi(p, n7) < E[[Y|] < E[lY"]V? < V2do.
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We therefore have the bound
Wi (pars i) < Wilpar, piy) + Wilpgs, 17) + Wa(p?, p) < Wi(ugy, p7) + V8do, (A1)

so what is left is to bound E[W;(u,, 1)] and to optimize with respect to o.

The density of u§, with respect to the Lebesgue measure is given by g1, m(z) :=
& 24:1 e®4(z — X}), and the density of 17 is g2 , () := E,(e2%(x — X)).

By the Kantorovitch-Rubinstein duality formula, we have

WG n”) = sup / (@) 91001 () d— / F(2)g2.0 (@)dz < / 211,001 (2) — 92,0 (&) dat
f:fli<1

To bound this quantity, we use the Cauchy-Schwarz inequality, namely for any non-
negative measurable function f on R¢, we have

/f(x)dx < C’d\// (14 |z|d+1) f(x)2dz, C4:= \//IRd ﬁdw.

Using this inequality, we get the bound

Wi (ply, 1”) < Cd\//(H |24t |2]2]g1,0,m (2) — 92,0 (x)|?dx (A.2)

< Cd\// (1 + 2(2*3)|g1,0,0 (7) = g2,0 () d.

Therefore,

g

1
EW (1§, 7)) < Cal || [ (14 21l 0) 57 3 e - X0) — By (o — X)) 2
k=1

< fdﬂ\//u + 2|3 Var, (e84« — X))da

< %W (1+ 2a]#+9)E[ed*(z — X)?)da.

Note that e®4(z)? = 2*2do*de§/dz (x), so that we get
o o Cd d+3 ®d
E[W1(ugy, 17)] < Siga2 /il (1 +2[2|"3) [ e j5(z — y)u(dy)de
<G (14 2Ju + y|+3)e®% (u)dupa(dy)
= Qdgd/2 AL Yy o/2 uiay
Ca d+3 (], |d+3 d+3)),®d
< m (14 293 (Ju + 1yl ))eg/g(u)duﬂ(dy)

Ca d+3 d+3 d+3 d+3,®d
= M\/H? |y ™3 u(dy) + 2 [u 4362, (u)du

Cq 4 ‘
_— +3 d+3 d+3 43, ®d
= zdgd/z,ﬁw\/lﬁ /Iyl (dy) +o /IuI er”(u)du

Cy
< 1 4+ 2d+3 d+3 1, (d 2d+35d+3(d + 3)!
_dem\/ w2089 [ Jyftop(dy) + 20000452d(d +3)
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In the end, assuming o < 1, we obtain

o V/ Ca d+3 d+3 d+3 ,d+3 !

o—d/2

VM

Taking 0 = M ~1/(4+2) we get the upper bound we were aiming for.

< O(d, pw)(o + )
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