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Estimating the covariance of random matrices
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Abstract

We extend to the matrix setting a recent result of Srivastava-Vershynin [24] about
estimating the covariance matrix of a random vector. The result can be interpreted
as a quantified version of the law of large numbers for positive semi-definite matri-
ces which verify some regularity assumption. Beside giving examples, we discuss the
notion of log-concave matrices and give estimates on the smallest and largest eigen-
values of a sum of such matrices.
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1 Introduction

In recent years, interest in matrix valued random variables gained momentum. Many
of the results dealing with real random variables and random vectors were extended to
cover random matrices. Concentration inequalities like Bernstein, Hoeffding and others
were obtained in the non-commutative setting ( [5],[25], [17]). The methods used were
mostly combination of methods from the real/vector case and some matrix inequalities
like the Golden-Thompson inequality (see [8]).

Estimating the covariance matrix of a random vector has gained a lot of interest
recently. Given a random vector X in R", the question is to estimate ¥ = EX X*. A nat-
ural way to do this is to take X, .., X independent copies of X and try to approximate
3. with the sample covariance matrix >y = % Zi Xin. The challenging problem is to
find the minimal number of samples needed to estimate . It is known using a result
of Rudelson (see [22]) that for general distributions supported on the sphere of radius
V/n, it suffices to take cnlog(n) samples. But for many distributions, a number propor-
tional to n is sufficient. Using standard arguments, one can verify this for gaussian
vectors. It was conjectured by Kannan- Lovasz- Simonovits [14] that the same result
holds for log-concave distributions. This problem was solved by Adamczak et al ([3],
[4]). Recently, Srivatava-Vershynin proved in [24] covariance estimate with a number of
samples proportional to n, for a larger class of distributions covering the log-concave
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case. The method used was different from previous work on this field and the main idea
was to randomize the sparsification theorem of Batson-Spielman-Srivastava [7].

Our aim in this paper is to adapt the work of Srivastava-Vershynin to the matrix set-
ting replacing the vector X in the problem of the covariance matrix by an n x m random
matrix A and try to estimate EAA? by the same techniques. This will be possible since in
the deterministic setting, the sparsification theorem of Batson-Spielman-Srivastava [7]
has been extended to a matrix setting by De Carli Silva-Harvey-Sato [10] who precisely
proved the following:

Theorem 1.1. Let B.,..., B, be positive semi-definite matrices of size n x n and ar-
bitrary rank. Set B := ), B;. For any ¢ € (0,1), there is a deterministic algorithm to
construct a vector y € R™ with O(n/e?) nonzero entries such thaty > 0 and

B X > yiB; X (1+¢)B.
%
For an n x n matrix A, denote by ||A|| the operator norm of A seen as an opera-
tor on 7. The main idea is to randomize the previous result using the techniques of
Srivastava-Vershynin [24]. Our problem can be formulated as follows:

Take B a positive semi-definite random matrix of size n x n. How many independent
copies of B are needed to approximate EB i.e taking Bi,.., By independent copies of
B, what is the minimal number of samples needed to make ||+ >, B; — EB|| very small.

One can view this as a matrix analogue to the covariance estimate of a random vector
by taking for B the matrix AA’ where A is an n x m random matrix. Moreover, this
problem implies an averaging approximation of covariance matrices of many random
vectors. Indeed, let X1, .., X,, be random vectors in R" and take A’ the n x m matrix
which has X1, .., X,, as columns. Denote B = - A’A"; itis clear that B = - D i<m X; X3,
Therefore, when approximating IEB we are approximating the average of the covariance
matrices of the random vectors (X;),<m.

With some regularity, we will be able to take a number of independent copies pro-
portional to the dimension n. However, in the general case this is no longer true. In
fact, take B uniformly distributed on {ne;e!}, <n Where ¢; denotes the canonical basis of
R™. It is easy to verify that EB = I,, and when taking Bj, .., By independent copies of
B the matrix % >, Bi is diagonal and its diagonal coefficients are distributed as

n

N(pla ")pn)a

where p; denotes the number of times e;e! is chosen. This problem is well- studied and
it is known (see [15]) that we must take N > cnlog(n). This example is essentially due
to Aubrun [6]. More generally, if B is a positive semi-definite matrix such that EB = I,
and Tr(B) < n almost surely, then by Rudelson’s inequality in the non-commutative
setting (see [18]) it is sufficient to take cnlog(n) samples.

The method will work properly for a class of matrices satisfying a matrix strong
regularity assumption which we denote by (M SR) and can be viewed as an analog to
the property (SR) defined in [24].

Definition 1.2 (Property (M SR)).
Let B be an n x n positive semi-definite random matrix such that EB = I,,. We will say
that B satisfies (M SR) if for some ¢,n > 0 we have :

C

P(IPBP| > 1) < 1

YVt > ¢ - rank(P) and VP orthogonal projection of R".
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In the rest of the paper, ¢ will always denote the parameter appearing in this defini-
tion while C' will be a universal constant which may change from line to line. Also, ¢(7)
will denote a constant depending on ¢ and n which may also change from line to line.

The main result of this paper is the following:

Theorem 1.3. Let B be ann xn positive semi-definite random matrix verifying EB = I,

and (M SR) for some ) > 0. Then for every ¢ € (0,1), taking N = C;! .= we have
£ n
| X
E N ZBZ' —I,|| <& where By, .., By are independent copies of B.
i=1
If X is an isotropic random vector of R", put B = X X! then ||PBP| = ||PX|3.

Therefore if X verifies the property (SR) appearing in [24], then B verifies property
(MSR). So applying Theorem 1.3 to B = X X*, we recover the covariance estimation
as stated in [24].

In order to apply our result, beside some examples, we investigate the notion of
log-concave matrices in relation with the definition of log-concave vectors. Moreover
remarking some strong concentration inequalities satisfied by these matrices we are
able, using the ideas developed in the proof of the main theorem, to have some results
with high probability rather than only in expectation as is the case in the main result.
This will be discussed in the last section of the paper.

The paper is organized as follows: in section 2, we discuss Property (M.SR) and give
some examples, in section 3 we show how to prove Theorem 1.3 using two other results
(Theorem 3.1, Theorem 3.3) which we prove respectively in sections 4 and 5 using again
two other results (Theorem 4.1, Theorem 5.1) whose proofs are given respectively in
sections 6 and 7. In section 8, we discuss the notion of log-concave matrices and prove
some related results.

2 Property (M SR) and examples

A random vector X in R! is called isotropic if its covariance matrix is the identity i.e
EX X! = Id. In [24], an isotropic random vector X in R! was said to satisfy (SR) if for
some c,n > 0,

P (||PX||§ > t) < tl%n’ Vt > ¢ - rank(P) and VP orthogonal projection of R'.
Since |PXX'P| = ||PX]3, then clearly B = X X' satisfies (M SR) if and only if

X satisfies (SR). Therefore if X verifies the property (SR), applying Theorem 1.3 to
B = X Xt, we recover the covariance estimate as stated in [24].

Let us note that (M SR) implies moment assumptions on the quadratic forms (Bz, z).
To see this, first note that if z € $"~! then (Bx,z) = | P, BP,|, where P, is the orthogo-
nal projection on span(z). Now, by integration of tails we have for 1 < ¢ < 1+,

E(Bz,2)? < C(c,q,n).

Moreover, property (M SR) implies regularity assumption on the eigenvalues of the
matrix B. Indeed, for any orthogonal projection of rank k one can write
|PBP|| > min max(Bz,x) = \,_g+1(B),

FCR™ zeF
dimF=k

2

2 1 3 3,2
10y = (640)" T (14 1) v 64(40)m (32 + 22)" 0 v 256(20) 2T (16 + 19)

4
n
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where the last equality is given by the Courant-Fischer minimax formula (see [9]).
Therefore, property (M SR) implies the following: for some ¢,n > 0,

P (Ayps1(B) > 1) < —

\W, Vt}ckandeﬁn

We may now discuss some examples for applications of the main result. Let us first
replace (M SR) with a stronger, but easier to manipulate, property which we denote by
(MSRx). If B is an n x n positive semidefinite random matrix such that EB = I,,, we
will say that B satisfies (M S Rx) if for some ¢, > 0:

C

P(Tr(PB) > t) < i

Vt > ¢ - rank(P) and VP orthogonal projection of R".
Note that since |[PBP| < Tr(PBP) = Tr(PB), then (MSRx) is clearly stronger
than (M SR).

2.1 (2+ ¢)-moments for the spectrum

As we mentioned before, (M SR), one can see that it implies regularity assumptions
on the eigenvalues of B. Putting some independence in the spectral decomposition of
B, we will only need to use the regularity of the eigenvalues. To be more precise, we
have the following:

Proposition 2.1. Let B = UDU! be the spectral decomposition of an n x n symmetric
positive semidefinite random matrix, where U an orthogonal matrix and D is a diagonal
matrix whose entries are denoted by (¢;);<n. Suppose that U and D are independent
and that (o;);<, are independent and satisfy the following:

S =

Vi<n, Ea; =1 and (Eo?)» <C,

for some p > 2. Then B satisfies (M SRx) with 7 =% —1.

Proof. First note that since U and D are independent and [E«; = 1, then EB = I,,.

Now, (M SRx) is a rotationally invariant property. Therefore we can assume without
loss of generality that U = I,, and thus that B = D. Let £k > 0 and P be an orthogonal
projection of rank k£ on R™ and denote by (p;;)i j<n the entries of P. Note that Tr (PB) =
> <n Piicv;, and now using Markov’s inequality we have for ¢ > k,

P{Tr(PB) >t} =P pilai—1) >t —k

i<n

<P me‘(ai—l) >t—k

i<n

Using Rosenthal’s inequality (see [21]) we get

p

E|Y pilai —1)] <Clp)max > phBla; — 1P, | Y piEle; — 1

i<n i<n i<n

(NS}
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Taking in account that p;; < 1, which implies that forany [ > 1, >, pl. < k, we deduce

that
p

E|Y piei —1)] <C(p)k?.
i<n
Instead of Rosenthal’s inequality, we could have used a symmetrization argument along-
side Khintchine’s inequality to get the estimate above.
One can easily conclude that B satisfies (M SRx) withn = £ — 1. O

Applying Theorem 1.3, we can deduce the following proposition:

Proposition 2.2. Let B = UDU! be the spectral decomposition of an n x n symmetric
positive semidefinite random matrix, where U an orthogonal matrix and D is a diagonal
matrix whose entries are denoted by (¢;);<n. Suppose that U and D are independent
and that (a;)j<» are independent and satisfy the following:

Vi<n, Ba;=1 and (Ea?)? <C,

for some p > 2. Lete € (0,1), then taking N = C(p)—3— we have

er—2

E <eg,

1 N
~SN"Bi-1,
W

where Bs, .., By are independent copies of B.

2.2 From (SR) to (MSR)

We will show how to jump from property (SR) dealing with vectors to the property
(M SRx) dealing with matrices.

Proposition 2.3. Let A be an n x m random matrix and denote by (C;);<m, its columns.
Suppose that A" = \/m(C%, .., C!)) is an isotropic random vector in R"™ which satisfies
property (SR). Then B = AA? verifies EB = I,, and Property (M SRx).

Proof. For | < mm, one can write [ = (j — 1)n+ i with1 < i< n, 1 <j<m, so
that the coordinates of A’ are given by a; = \/ma; ;, and since A’ is isotropic we get
Eai,jar,s = %6(2’,]’),0,5)'

The terms of B are given by b; ; = Z a; sajs. We deduce that Eb; ; = d; ; and therefore

s=1

EB=1I,.
Let P be an orthogonal projection of R® and put P/ = [, ® P i.e. P’ is an nm X nm
matrix of the form

P 0O ... 0
p_| 0P
0 ... .. P

Clearly we have ||P’A’||§ = mTr(PB) and rank(P’) = m - rank(P).
Let ¢t > ¢ rank(P) then mt > ¢ - rank(P’) and by property (SR) we have

2 C
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This means that .

(mt)t+n’

and therefore B satisfies (M SRx). O

P (Tr(PB) > t) <

3 Proof of Theorem 1.3

Let us first introduce some notations which will be used in the rest of the paper. The
set of n x n symmetric matrices is denoted by $,,. For X € S,,, the notation A(X) always
refers to the eigenvalues of X. For XY € $,,, X >~ Y means that X — Y is positive
semidefinite. The vector space $,, can be endowed with the trace inner product (-, -)
defined by (X,Y) := Tr(XY).

Let us now introduce a regularity assumption on the moments which we denote by
(MW R):
Jp > 1 such that E(Bz,2)’ <C, VxeS" L

Note that by a simple integration of tails, (M SR) (with P a rank one projection) implies
(MWR) withp <1+mn.

The proof of Theorem 1.3 is based on two theorems dealing with the smallest and
N

. 1
largest eigenvalues of N ; B;.
Theorem 3.1. Let B; be n x n independent positive semidefinite random matrices
verifying EB; = I,, and (MWR) .
Lete € (0,1), then for

we get
XN
EAmin (N ;BZ) >1—¢.
Remark 3.2. The proofyields a more general estimate; precisely if h = & then
1 & =1
EAmin (N ;a) >1— O(p) max {h— , h} .
Theorem 3.3. Let B; be n x n independent positive semidefinite random matrices

verifying EB; = I, and (M SR).
Fore € (0,1) and N > Cy* " we have
IS n

1 N

Remark 3.4. The proofyields a more general estimate; Precisely if h = & then

N
E)\max (11/7 Zl Bz) é 1 -+ C(T]) max {hﬁ,h} .

1 3 3,2 4
205 = 1607 (324 32)170 v 16v2(4e) 2 T (84 &)
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Combining this with the previous remark, for any By, ..., By n X n independent positive
semidefinite random matrices verifying EB; = I, and (M SR), we have

N N
1—c(n) max{hﬁgmh} < EMvin (117 ZBZ) < EMnoz (]17 ZB’> < 1+c(n) max{h%%,h}
i=1 i=1

We will give the proof of these two theorems in sections 4 and 5 respectively. We
need also a simple lemma:

Lemma 3.5. Let1 < r < 2 and Z4, ..., Zn be independent positive random variables
1

with EZ; = 1 and satistying (EZ])™ < M Then

1 N
=Nz, -1
P>

Proof. Let (g;);<n independent +1 Bernoulli variables. By symmetrization and Jensen’s
inequality we can write

1 X
— 7. -1
N2 7

2M

r—1°
T

I <

2
E < =B
N

2 N s
2

1
r

N

Z EiZz‘
i=1
9 N

r

N
2 2M
g AT EZT g —1
N (Zi_l ”) N

O

Proof of Theorem 1.3. Take N > ¢(n)—=2s satisfying conditions of Theorem 3.1 (with

2
242
+W

£
p =1+ 1) and Theorem 3.3. Note that by the triangle inequality

N

1
B, -1,

N
=1

+

1 1 <
| =N"B 1, — 1,

lZthriiBI
N_ ) n N ) n

= A 1NB 1T ! B 1T ! B A 1NB
= max | Amax N; i) - T NZ i), T NZ = Ao Nzl

Since the two terms in the max are non-negative, then one can bound the max by the

N N
. 1 1
sum of the two terms. More precisely, we get o < Apnax <N ; Bi> — Amin (N z_; BZ-)
and by Theorem 3.1 and Theorem 3.3 we deduce that Ea < 2¢.
Note that

8=

N
1 Tr(B;)
=5 -1
N ~ n
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where Z; = %B) Since B; satisfies (MWW R), then taking » = min(2, 1 + 2) we have
1 1 n 1
Vi< N, (EZ))" < - (Bie;, " < e(n).
¢ n ; i€ e5)) c(n)

Therefore Z; satisfy the conditions of Lemma 3.5 and we deduce that ES < ¢ by the
choice of N.

As a conclusion
N

1
v Bi—1I

i=1

E <Ea+ES <3¢

4 Proof of Theorem 3.1

Given A an n x n positive semi-definite matrix such that all eigenvalues of A are
greater than a lower barrier [, = [ i.e A > [.[,, define the corresponding potential
function to be

or(A) =Tr(A—1-1,)7"

The proof of Theorem 3.1 is based on the following result which will be proved in section
6:

Theorem 4.1. Let A = [ - I, and ¢;(A) < ¢, B a positive semi-definite random matrix
satisfying EB = I,, and Property (MW R) with some p > 1.

Lete € (0,1), if
1
< —— v, (4.1)
4(8C,)7 T

then there exist !’ a random variable such that

A+B>=1-1,, ¢v(A+B)<¢)(A) and El' >1+1—e.

Proof of Theorem 3.1. Let ¢ satisfying condition (4.1) of Theorem 4.1. We start with
Ap=0andly = —% so that ¢y, (4g) = — 7+ = ¢.
Applying Theorem 4.1, one can find [/; such that

Ai=Ao+ By =11 In, ¢, (A1) < ¢p(Ag) =@

and
EL>2lh+1—¢

Now apply Theorem 4.1 conditionally on A; to find /s such that
Ay = A1+ By = la- I,  ¢1,(A2) < ¢y, (Ar)

and
E32l2 2 ll +1—e.

Using Fubini’s Theorem we have

EL>2ELH+1—€e2> lo-‘r?(l—&)

EJP 18 (2013), paper 107. ejp.ejpecp.org
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After N steps, we get EApin(An)

> Ely > lp+ N(1 —¢). Therefore,
Emg iZB- >1-c— —
min N ‘ 1 = Nd).

5 Proof of Theorem 3.3

Given A an n x n positive semi-definite matrix such that all eigenvalues of A are less
than an upper barrier uy = ui.e. A < u-I,, define the corresponding potential function
to be

V(A =Tr (u-I, — A",
The proof of Theorem 3.3 is based on the following result which will be proved in section
7:

Theorem 5.1. Let A < u - I,, and ¢, (A) < ¢, B a positive semi-definite random matrix
satisfying EB = I,, and Property (M SR).
Lete € (0,1), if

Y < Cs -3 (5.1)

there exists v’ a random variable such that

A+B=<u - 1I,, Y (A+B)<v¢,(A) and Eu' <u+1+e.

Proof of Theorem 3.3. Let 1 satisfying the condition of Theorem 5.1. We start with
Ay =0, up = % so that 1, (4o) = .
Applying Theorem 5.1, one can find u; such that

Al =Ag+ By <uy - I, wul (Al) < qu(Ao) and FEu; <wug+1+e.
Now apply Theorem 5.1 conditionally on A; to find us such that

Ay = Ay + By <ug - Iy, Yy, (A2) < 9, (A1) and Ep,us <up +14¢.
Using Fubini’s Theorem we have

EUQ<EU1+1+€<’LL0+2(1+E).

N

After N steps we get EA . (Z Bi> < Euy <wup+ N(1+¢).
i=1

Taking N > 2 = C;!

= we deduce that

_n_
2
24+ 2
E+7’

N
1
EAmax (N Z Bi> <1+ 2.
=1

3Cs = [8(20)%(16+ %)1+%]71 A [16(2c)%+%(8 + %)%]
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6 Proof of Theorem 4.1

6.1 Notations

We work under the assumptions of Theorem 4.1. We are looking for a random vari-
able I’ of the form [ + 6 where § is a positive random variable playing the role of the
shift.

If in addition A > ({ + 6) - I,,, we will note

Ls=A—(1+406)-1,

so that
1 1
T (BHA = (1+0)- L) 'BY) = (L7', B).
A1, -, A, Will denote the eigenvalues of A and vy, .., v, the corresponding normalized

eigenvectors. Note that (v;);<, are also the eigenvectors of Lgl corresponding to the
eigenvalues m.

6.2 Finding the shift

To find sufficient conditions for such ¢ to exist, we need a matrix extension of
Lemma 3.4 in [7] which, up to a minor change, is essentially contained in Lemma 20 in
[10] and we formulate it here in Lemma 6.2. This method uses the Sherman-Morrison-
Woodbury formula:

Lemma 6.1. Let F be an n x n invertible matrix, C a k x k invertible matrix, U ann x k
matrix and V a k x n matrix. Then we have:

(E+UCV) '=FE'-E'U(C*+VE'U)'VET!

Lemma 6.2. Let A as above satisfying A = [ - I,,. Suppose that one can find § > 0

verifying 6 < ||L71’1H and
0

(L;* B)

s (A) — on(A) =1

HB%Lng%

Then
)\rnin(A + B) >+ and ¢1+5(A + B) < ¢1(A)
Proof. First note that ﬁ = Amin(A4) — [, so the first condition on ¢ implies that
0
AInin(‘él) 2 l + 6
Now using Sherman-Morrison-Woodbury formula with £ = Ls, U =V = B%, c =1,
we get :

dr45(A+B) =Tr(Ls+ B) ™"

EJP 18 (2013), paper 107. ejp.ejpecp.org
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Rearranging the hypothesis, we get ¢;15(A + B) < ¢;(A).
O

Since || Ly || < Tr (Ly') = ¢i(A) and HB%LElB% < (L;"', B) then in order to satisfy
conditions of Lemma 6.2, we may search for ¢ satisfying:

1 (L5*,B)
"Sa@m M G — @)

For t < é, let us note :

—(L;",B) > 1 (6.1)

q1<t7B) = <L;17B> =Tr (B(A_ (l+t) : In)_l)

and
(t B) <L_ > _ Tl"(B(A— (l+t) 'In)72)
Tr(L; %) Tr(Af(lth) 1)
We have already seen in Lemma 6.2 that if ¢ < § < then A > (I +t) - I, so the

HL )
definitions above make sense. Since we have

Gri5(A) = d1(A) = Te(A = (1+68) - L) = Te(A—1- 1)~
=OTr((A—(14+6)-L,) Y (A—1-1,)7Y)
<OTr(A— (1+6)-I,) 72,

1

then in order to have (6.1), it will be sufficient to choose ¢ satisfying § < = and

<

1
Note that ¢; and ¢» can be expressed as follows:
(Buvi,vi)
E i—1—1)2
2 —l—=1)7?

" (Bu;, ;)
1 N —l—1

q1(t,B) = and ¢(t,B) =
Since ¢;(A) =Y (\; —1)"' < ¢, then (\; — 1) - ¢ > 1 for all i. Thus
=1

I-t-o)N—-D=XN—-l-t-N=0- o< N —I-t< NI
and therefore
@ (t,B) < (1—t-¢)"'q(0,B)
and
(1 -t (b)QQQ(OaB) < Q2(t7B) g (1 —t- ¢)_2q2(0>B)'

Lemma 6.3. Let s € (0,1) and take § = (1 — 5)°q2(0, B)1{4,(0,8)<s} L{4(0,B)<2}- Then
A+ B - (l +90) -1, and ¢l+6(A + B) < ¢i(A).

Proof. As stated before in (6.2), it is sufficient to check that § < é and }¢2(6,B) —
q1(5 B)

If ¢1 (0, B) s or qz(0, B) > 5 then § = 0 and there is nothing to prove since ¢;(A+ B) <
P1(A).

In the other case i.e. ¢;(0, B) < s and ¢2(0, B) < £, we have § = (1 — 5)3¢2(0, B).
3s
Sod < (1—ys) 5<$and
EJP 18 (2013), paper 107. ejp.ejpecp.org
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S02(0.B) — 016, ) = (0, ) - 013, B)

.
(1 —5)3¢2(0, B)
> m(l — 6¢)%¢2(0, B) — (1 — 6¢) 'q1(0, B)
(1—s)? s

ZU=sp (=9 &

6.3 Estimating the random shift

Now that we have found §, we will estimate I£6 using the property (MW R). We will
start by stating some basic facts about ¢; and g¢s.

Proposition 6.4. Let as above A > |- I, and ¢(A) < ¢, B satisfying (MW R) and
EB = I,,. Then we have the following :

1. Eqi(0,B) = ¢1(A) < ¢ and Eqy (0, B)? < CgP.
2. Eg:(0, B) = 1 and Eq(0, B)? < C,,.
3. P(q1(0, B) > u) < Cp(2)? and P(g2(0, B) > u) < 2.

uP

Proof. Since EB = I,, then Eq; (0, B) = ¢;(A) and Eg(0, B) = 1.
Now using the triangle inequality and Property (MW R) we get :

n p % n z n 5
1 <B’Ui,1}i> (E <Bvivvi>p)p Cpp v
P\p — -~ 7 < - - K <Op
(Eqi(0, B)?) E(EI Nl )| ST noT SXn o swe

i=1 i=1 =1

With the same argument we prove that Egs (0, B)? < C,. The third part of the propo-
sition follows by Markov’s inequality. O

Lemma 6.5. If§ is as in Lemma 6.3. Then

()]

Proof. Using the above proposition and Holder’s inequality with % + % =1we get:

Es > (1 —s)?

Ed = B(1 — 5)°2(0, B)1{4, 0.5)<5) Has (0.5)< 2}
=(1-5% _EQ2(0»B) —Eq2(0, B)1{g,(0,B)>s or qz(O,B)>%}}

S (1) _1 — (Ega(0, BYP)¥ . (]P {ql(O,B) > s or ¢2(0,B) > ;})3]
> (-9 [1-Cf (CP( o, (f)p)ﬂ

> (1-s)? _1 —2C, (f)pd} .

NRSY
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Now it remains to make good choice of s and ¢ in order to finish the prove Theo-

rem 4.1. Take I’ = | 4§, the choice of ¢ being as before with s = .

As we have seen, we get A+ B > 1’ - I, and ¢, (A + B) < ¢;(A). Moreover,

-1
e (¢)
s

by the assumption on ¢. This ends the proof of Theorem 4.1.

E'=1+ES>1+(1-s)? >1—¢,

7 Proof of Theorem 5.1

7.1 Notations

We work under the assumptions of Theorem 4.1. We are looking for a random vari-
able v’ of the form u + A where A is a positive random variable playing the role of the
shift.

We will denote

U= u+t) I, — A,

so that
Tr (B%((u 4t)- I, — A)—lB%) = (U, ", B).

As before, A1, .., A, will denote the eigenvalues of A and vy, .., v, the corresponding
normalized eigenvectors. (v;);<, are also the eigenvectors of Ut_1 corresponding to the
eigenvalues ,——-.

7.2 Finding the shift

To find sufficient conditions for such A to exist, we need a matrix extension of
Lemma 3.3 in [7] which, up to a minor change, is essentially contained in Lemma 19
in [10]. For the sake of completeness, we include the proof.

Lemma 7.1. Let A as above satisfying A < u - I,,. Suppose that one can find A > 0
verifying
(Us* B)

< 1. 7.1
z/}u(A) - ¢u+A ( )

1 _ 1
o +HB2UAle

Then
A+ B < (u+A)-I, and t,ia(A+ B) <Py (A).

Proof. Since (Ux?, B) and v, (A) — ¥u+a(A) are positive, then by (7.1) we have
(Ux*, B)
1-|[BtustBt

HB%U;B%H <1 and < Vu(A) = tura(A).

First note that HB%UKIB% = HU;%BU;%H <1, so U;%BU;% < I,. Therefore we
get B < Ua which means that A+ B < (u+ A) - I,,.
Now using the Sherman-Morrison-Woodbury (see Lemma6.1) with £ = Up, U =V =
B%,C =1, we get :
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Yura(A+B) =Tr(Ua - B)™'
—1
= Yura(A) + Tr (UAlB% (1. - B}U5'B?) B%UAl)
(Us* B)
1- st BUL?

< Yura(4) + < Yu(A)

We may now find A satisfying (7.1). Let us note :

Nl=

O.(t, B) = HB%Ut—lB%

- HB% (utt)-I,—A) "B

and

0ut.B) = —UnB) T (Bt L-4)7)
T P (A) = dupi(4) Yu(A) = Yuri(4)
Since @; and > are both decreasing in ¢, we work with each separately. Note that
by (5.1), we have 4c¢ -1 < 1/2. Fix 0 € (4¢-1,1/2) and define A, A, as follows :

A; the smallest positive number such that Q1 (A1, B) < 0

and
A, the smallest positive number such that Q2(As, B) <1 —6.

Now take A = A; + Ao, then Q1(A, B) + Q2(A,B) < 6 +1— 0 = 1. So this choice of
A satisfies (7.1) and it remains now to estimate A; and A, separately.

7.3 Estimating A,

W ite Q1 (A1, B) zn: Bt}
e may write , = _
y 1(A1 2 ut A

Put¢; = B%vivgB%, wi = Y(u—A;) and g = ¥A;. Denote Pg the orthogonal projection
on span ({v; }ies), clearly rank(Ps) = |S|. Then we have :

E||&] = E(Bv;, v;) = 1.

‘|

> &

>t> =P (|PsBPs| 2t) < o5 Vit =clS].

ies
n
= P ¥
1 is the smallest positive number such that < ZI,.
el Ul ol (R

We will need an analog of Lemma 3.5 appearing in [24]. We extend this lemma to a
matrix setting:
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Lemma 7.2. Suppose {}i<n are symmetric positive semi-definite random matrices

with E||¢;]| = 1 and

“

> &

€S

>t><t

14+n
i€S

provided t > c|S| = CZEH&'H,

for all subsets S C [n| and some constants ¢, > 0. Consider positive numbers y; such

that

n

1

im1 M

< 1.

Let i« be the minimal positive number such that

for some K > C = 4c.

Proof. For any j >

Then

> 0, denote

and let n; =

|Z;|. Note that

<K

Z

'Im
Hi ""_/f“

Eu < 22

L= {i/ 2 <ps <27}

+oo

>

2j+1

=0

ZZZ

j=01i€l; ’L<’I’L

Define i’ as the minimal positive number such that

where ¢; = & 2 v £27 i35 and a = > 27735 . First note that p < y/
+o00
S)%»> )3 D&
M+'u j= OZGIM+M 2J+M i€l;
+oo
gl DB
Jj= 0 i€l;
<
§=0
K K
< Y 7:K7
2 * 2

Vi >0

)

2J+,“1 Z& gejv

iel;

; indeed,

and since p is the minimal positive number satisfying the inequality above, then p < y'.
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We may now estimate Ey’; to this aim, we need to look at P {¢/ > ¢}. For ¢ > 0,

P{y>t=PL3j>0 2J+t D& =g

i€l
+oo
gZIP 2]—|—t Z& Z &
7=0 i€l

+oo
=> P> &l =& +1)
7=0

i€l

where the last inequality comes from the fact that €;(27 +¢) > %nj > c|I;| and by

applying the hypothesis satisfied by the &;. Now since ¢; > %Tj %2”, we have

2a) T I c c(n) <X 1

P{/ >t} <= :
= (K oIt (2 ) K“’?j:ZO(QJH)Hf

Now by integration we get,

B = [ P>t Z ydt < ()
= o H K1+"7 2] +t = Kl+n®
O
14+n
Applying Lemma 7.2 we get Ep < ¢(n) (%) , So that
i
EA; < ¢(n) e (7.2)
7.4 Estimating A,
Since
GulA) = ura(A) =t T ((u- L = A7 (w4 8) - L= 4)7),
we can write
_(Bvi,vi) (Bv;,v;)
Q2(t,B) = 24 Gt oA <l i) (7.3)
’ tzl(u—l—t—)\l) l(u—)\i)*l = tzl(u—l—t—)\z) 1(’[1,—)\1')71 ’

1

First note that P»(t, B) can be written as ). o;(t) (Bv;,v;) with >, a;(t) = 1. Having
this in mind, one can easily check that EP, (t7 B) =1and

3n

<), (7.4)

where for the last inequality, we used the fact that B satisfies (MWR) with p =1+ 3777.
In order to estimate As, we will divide it into two parts as follows:

EP,(t, B)'*

AQ = AQ]‘{PQ(O,B)gﬁ} +A21{P2(0,B)>4iw} = Hl +H2
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Let us start by estimating IEH;. Suppose that P»(0,B) < 3 w and denote
= (1+40)P,(0, B).

Since v, (A) < ¢, we have (v — \;).¢p > 1 Vi and therefore u + x — A\; < (1 + z9)(u — Ay).
This implies that
Py(z,B) < (1 + 2v)P2(0, B).

Now write
ol B) < L Po(r B) < T2V Py(0,B) < ”1(1:4;”)9 <1-9,
which means that
AQ]‘{P2(O,B)<&} < (1 +40) P (0, B),
and therefore
EH, = EAQI{P 0.B)<2Z) S < 1+46. (7.5)

Now it remains to estimate IEH>. For that we need to prove a moment estimate for
A,. First observe that using (7.4) we have

P{Ay >t} = P{Qs(t, B) > 1 — 0} < P{Ps(t, B) > t.(1 - 0)} <

By integration, this implies

1

EALT? :/0 P{A2>t}(1+g)t%dt</ (1+g)t%dt+/l M) < o).

0

Let p' = 1 + I, applying Holder’s inequality with 5 + % =1 we have :

, 0\ 7
— p P
EHy = EAolip, o). 0y < (EA2 ) (IP {pg(o,B) > }) (7.6)

Looking at (7.5) and (7.6) we have

EA, < 1+49+C()<1g)2.

Putting the estimates of A; and A, together we deduce

EA < 1+ 40+ c(n) <1g> +c(n )(;f:n

We are now ready to finish the proof. Take v’ = u + A with § = . Then taking ¢ =
c(n)e 143 with the constant depending on ¢ and n properly chosen, we get EA < 1 +e¢.
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8 Isotropic log-concave matrices

A natural way to define a log-concave matrix is to ask that it has a log-concave
distribution. We will define the isotropic condition as follows:

Definition 8.1. Let A be an nxm random matrix and denote by (C;);<m, its columns. We
will say that A is an isotropic log-concave matrix if A" = \/m(C%,..,C?)) is an isotropic
log-concave random vector in R™™.

Remark 8.2. Let (a; ;) the entries of A. Saying that A’ is isotropic means that

1
Ea; jak = —0(i,5), k)

This implies that for any n x m matrix M we have

E(A,M)A=ETr (A'M) A= %M.

One can view this as an analogue to the isotropic condition in the vector case: in fact if
A = X is a vector (i.e an n x 1 matrix), the above condition would be

E(X,y) X =y forallyeR",
which means that X is isotropic in R™.

In [19] and [20], Paouris established large deviation inequality and small ball prob-
ability estimate satisfied by an isotropic log-concave vector. Moreover, Guédon-Milman
obtained in [12] what is known as thin-shell estimate for isotropic log-concave vector.
We will derive analogue properties for isotropic log-concave matrices using the results
above.

Proposition 8.3. Let A be an n x m isotropic log-concave matrix and denote B = AA".
Then for every orthogonal projection P on R"™ we have the following large deviation
estimate for Tr(PB)

P{Tr(PB) > ¢t} < exp (—\/t.m> Vt = rank(P) (8.1)

and a small ball probability estimate

P {Tr(PB) < cae.rank(P)} < ge2Vmrank(P) vy,

N

1. (8.2)
Moreover, we also have a thin-shell estimate
P {|Tr(PB) — rank(P)| > t.rank(P)} < Cexp (—ct3 m.rank(P)) vt < 1. (8.3)

Proof. Let P be an orthogonal projection on R™ and denote P’ = I,, ® P. As we have
seen before Tr(PB) = ||PA||4g = L||P'A’||2 and rank(P’) = m.rank(P). Since P'A’ is

m

an isotropic log-concave vector, then using the large deviation inequality [19] satisfied
by P'A’, we have

P{|P'A|3 > ciu} <exp(—vu) Yu > rank(P).
Let ¢t > rank(P) and write v = ¢t.m. Since u > m.rank(P) = rank(P’) we have

P{m.Tr(PB) > c;t.m} < exp (—M)
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which gives the large deviation estimate stated above.

For the small ball probability estimate, we apply Paouris result [20] to P’ A’:
P {||P'A'|3 < coerank(P)} < e2Vromk P e L 1.

Writing this in terms of B and P, we easily get the conclusion. Using the thin-shell
estimate obtained in [12] and following the same procedure as above, we get the last
part of the proposition. O

Remark 8.4. Recently, it was shown in [11] that s-concave random vectors satisfy a
thin-shell concentration similar to the log-concave one. Therefore, all results of this
section extend to the case of s-concave random matrices.

In [24], it was shown that an isotropic log-concave vector satisfies (SR) and we
showed in Proposition 2.3 how to pass from (SR) to (M SRx). Therefore, we may apply
Theorem 1.3 to log-concave matrices and get the following:

Proposition 8.5. Let A be an n x m isotropic log-concave matrix. Then B = AA?
satisfies (M SR). Moreover Ve € (0,1), taking N > c¢(e)n independent copies of B we

have
1 N
N2 Bi—In
i=1

Proof. Note first that since A is isotropic in the sense of definition 8.1, then B = AA!
satisfies EB = I,,.
By proposition 8.3, B satisfies

E < e.

P (Te(PB) > c1t) < exp(—Vtm) Vt > rank(P) and VP orthogonal projection of R".

and therefore (M SRx). Applying Theorem 1.3 we deduce the result. O

8.1 Eigenvalues of the empirical sum of a log-concave matrix

The concentration inequalities satisfied by log-concave matrices will allow us obtain
some results with high probability rather than in expectation as was the case before.
Precisely, we can prove the following :

Theorem 8.6. Let n,m and N some fixed integers. Let A be an n X m isotropic log-
concave matrix and denote B = AA*. Foranye € (0,1), ifm > & log(CnN))?, then with
probability > 1 — exp(—ce®/m) we have

1 6n
>\max AT Bz < 1 BENE
(5] ereer ik
where (B;);<n are independent copies of B.

Proof. The proof of Theorem 8.6 follows the same ideas developed in the previous sec-
tions. Let ¢ € (0,1), we only need the following property satisfied by our matrix
B = AA%:

P <<B:C,l'> >1+ %) < exp(—ce®y/m) Vo e §" L

EJP 18 (2013), paper 107. ejp.ejpecp.org
Page 19/26


http://dx.doi.org/10.1214/EJP.v18-2579
http://ejp.ejpecp.org/

Estimating the covariance of random matrices

This is obtained by applying (8.3) for rank 1 projections and looking only at the large
deviation part.
Define A, ¢ and « as follows:

1+
1+

[S]0)

A=1+e¢g; 1/):% and o=

™

Recall some notations

N
A0:07 A1:317 A2:A1+Bl7 3 AN:AN—1+BN:ZBv

=1

Denote

n 6n
UO:E’ ur = ug + A, us = ui + A4, .., uN:uN_l—l—A:(l—i—a)N—i—?.

Define
Gu, (Ag) = Tr (w1, — A) 7,

the corresponding potential function when A; < u;.I,,. Denote by 3; the event
S, = “A; < u.l, and ’(/JuL (Az) < w”.

Clearly P (S¢) = 1. Suppose now that S; is satisfied; as we have seen in Lemma 7.1, the
following condition is sufficient for the occurrence of the event 3 :

Q2(A,Bit1) + Q1(A,Bit1) < 1

Note that

Q2(A,Biy1) < sz(A7Bi+1)7

where P; is defined in (7.3) but with A; instead of A. Now denoting )A; the eigenvalues
of A; and v; the corresponding eigenvectors, taking the probability with respect to B; 1
one can write

1
Pp,,, {Q2(A,Biy1) + Q1(A,Biy1) > 1} < Pp,,, {

AP2(A>Bi+1) + Q1(A, Bit1) > 1}

1
<Pp,, {AP2(AvBi+1) > a} + P, {Q1(A, Biy1) > 1—a}

- (Bit1v4,v5) - 1
< IPBi i+1Y5, Vj > aA
o ; (wips = A)(wi = Aj) ; (wips = Aj)(wi = Aj)
" Vi, Vj
P z+1 j? ] >1—a
T B Z Wit1 —
j=1
€ . 11—«
<Py, {31 n | (Biy1vj,v5) > 1+ 5} +Ppyyy (37 < n | (Biy1vs,v5) > 5
< 2Cn. exp(—ce®v/m).
Keeping in mind that B; are independent, we have shown that
P (3i41|90) = 1 — 2Cn. exp(—ce®v/m).
Moreover, we have
EJP 18 (2013), paper 107. ejp.ejpecp.org
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P (Sn)

)
—N—
>

g
&
VRS
==
=
&
N———
N
—_
+
™
+
D
=
——
WV

P (Sn|Sno1) P (Sn_1]|Sn—2) - - P (S0)
1

>
>1—2CNn.exp(—ce3y/m).
Therefore, Theorem 8.6 follows by the choice of m. O

Remark 8.7. Note that in the previous proof, we only used the large deviation inequal-
ity given by the thin-shell estimate (8.3). If one uses the deviation inequality given by
(8.1), then by the same proof it can be proved that

N
1 n
)\max AT Bz < g1 N/
(wgm) <oy
with high probability and with similar condition on m. The advantage of using thin-shell
is that we can get an estimate close to 1.
By the same techniques, we also get an estimate of the smallest eigenvalue.

Theorem 8.8. Let n,m and N some fixed integers. Let A be an n X m isotropic log-
concave matrix and denote B = AA?. Foranye € (0,1), ifm > E% log(CnN))?, then with
probability > 1 — exp(—ce®/m) we have

1 & 3n
)\min N7 Bz 2 1—e— BN
(75)>1e%
where (B;);<n are independent copies of B.

Proof. Here we will use the lower and the upper estimate given by thin-shell (8.3).
Applying (8.3) for rank 1 projections, we have:

P (1 — % < (Bz,z) <1+ %) >1—Cexp(—ce®v/m) Vre§" L

Define §, ¢ and « as follows:

0=1—¢ ¢=§ and o=

Recall some notations

N
Ap=0, Ay =By, A=A+ By, .., Ay =An_1 “FBN:ZBi-

=1

Denote

3
zoz—g, Lh=lo+0 lo=0+0, ., In=Iy_1+6=N(1—¢)— .

€

Define

o (A) = Tr (A — 1,.1,) 7,
the corresponding potential function when A; > [;.I,,. Note also that § < é
Denote by $; the event
%i = “Ai >~ lZIn and ¢li (Al) < (ﬁ”.
EJP 18 (2013), paper 107. ejp.ejpecp.org
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Clearly P (3¢) = 1. Suppose now that J; is satisfied, following what was done after
Lemma 6.2, condition (6.2) is sufficient for the occurrence of the event ;4 :

1
56&(5» Biy1) —q1(6,Biy1) =2 1

Denoting A; the eigenvalues of A; and v; the corresponding eigenvectors, taking the
probability with respect to B;;; one can write :

1
Pp,,, {6(]2(57 Biy1) —q1(6, Biy1) < 1} <

1
< Pg,,, {5612(5, Bip1) < Oé} +Pp,yy {16, Biv1) > a — 1}

" H_lvj,vj - 1 - Bit1v5,v;)
Biis <ady —— »+Pp,_, >a—1
! J:l >‘ - lz+1 Z ()‘ - lz+1) " ; )‘J - l2+1
. € ) a—1
<P, {33 <n [ (Big1v),v5) <1-— 5} +Ppiy (F < n | (Bij1vj,v5) > 5

< 20n. exp(—ce®y/m).

Keeping in mind that B; are independent, we have shown that

P (Si41]S:) = 1 — 2Cn. exp(—c3y/m).

Moreover, we have

P (C\\SN|<\\$N,1) P (SN71|%N72) - P (%0)
1

>
> 1 —2CNn.exp(—ce3y/m).

Therefore, Theorem 8.8 follows by the choice of m.

O

Remark 8.9. Note that in the previous proof, we used the large deviation inequality
alongside the small ball probability estimate given by thin-shell (8.3). If one uses the
deviation inequality given by (8.1) alongside the small ball probability estimate given
by (8.2), then by the same proof it can be proved that

mm< ZB) —c+C

with high probability and with similar condition on m. The advantage of using thin-shell
is that we can get an estimate close to 1.

Combining the two previous results, we will be able to obtain, with high probability,
a similar result to Proposition 8.5 for log-concave matrices:

Theorem 8.10. Let A be an n x m isotropic log-concave matrix. For any ¢ € (0,1), if
n 2 .
m > 5 [log(<2)]", taking o
n
N > -
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copies Ay, ..., Ay of A, then with probability > 1 — exp(—ce3\/m) we have

1 N
~ > AAL-T,
1=1

Proof. Lete € (0,1), N > ‘;—Z and suppose that m satisfies the assumption of the theo-

rem. Note that
1N
> 4&:} <P {/\max <N ;AiA;?) >1+ 26}

]P{
1 N
t
+P {)\mm <NZAiAi> <1 —25}

i=1
and therefore it is sufficient to apply Theorem 8.6 and Theorem 8.8. O

< e

1 N
= Y AAL- T,
N =1

8.2 Concrete examples of isotropic log-concave matrices

For z € R*, we denote by z* the vector with components |z;| arranged in nonin-
creasing order. Let f : R¥ — R, we say that f is absolutely symmetric if f(z) = f(z*)
for all =z € R*. (For example, || - ||p is absolutely symmetric).

Define F' a function on M,,,,, by F(A) = f(s1(A4),..,sx(4)) for A € M,,,, and k =
min(n,m). It was shown by Lewis [16] that f is absolutely symmetric if and only if
F is unitary invariant. Moreover, f is convex if and only if F' is convex.

Let A be an n x m random matrix whose density with respect to Lebesgue measure
is given by G(A) = exp (—f (s1(A), .., sk(A))), where [ is an absolutely symmetric con-
vex function. By the remark above, G is log-concave. This covers the case of random
matrices with density of the form exp (— ),V (s;(A4))), where V is an increasing con-
vex function on R*. When V() = 22, this would be the gaussian unitary ensemble GUE.

Proposition 8.11. Let A be an n x m random matrix whose density with respect to
Lebesgue is given by

G(A) = exp (= f(51(A), .-, sx(A))) ,
where f is an absolutely symmetric convex function and k = min(n,m). Suppose that
E||Al|3;¢ = n, then A is an isotropic log-concave matrix, and /2= A" is an m x n isotropic
log-concave matrix.

Proof. Since f is an absolutely symmetric convex function, then G is log-concave as we
have seen above. It remains to prove the isotropic condition.

Let (a;;) be the entries of A. Fix (i,7) and (k,!) two different indices. Note D; =
diag(1,..,—1,..,1) the m x m diagonal matrix where the —1 is on the 4t term. Let E
be the n x n matrix obtained by swapping the i** and k** rows in the identity matrix.
Note also F{; ;) the m x m matrix obtained by swapping the jt" and [*" rows in the iden-

tity matrix.

It is easy to see that o := AD; change the jt* column of A to its opposite and keep
the rest unchanged. Note that AD; has the same singular values as A.

Similarly, 8 := E(;x)AF(; permute a;; with a;; and keep the other terms un-
changed. Note also that F(; ;) AF{;;) has the same singular values as A.
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Finally note that these a and $ have a Jacobian equal to 1, and since f is absolutely
symmetric, these transformations, which preserve the singular values, don’t affect the
density.

If j # 1, by a change of variables M = AD); the density is invariant and we have

/ai,jak’lG(A)dA = —/ai’jakylG(A)dA.
Doing the change of variables M = D; A when i # k, we can conclude that
Eai_’jak’l = 0 lf (Z,j) 75 (k, l)
Now by a change of variables M = E(i’j)AF(k,l) the density is invariant and we have
/af,jG(A)dA = /aiylG(A)dA.

This implies that

1 1 1
/af,jG(A)dA =— > /a,%,lG(A)dA =— / |A||4sG(A)dA = —.

k<n,l<m
As a conclusion, we have shown that
Ea; jak, = i(5(1',3'),(k,z)a
m
which means that A is isotropic. O

Remark 8.12. The condition E||A||%,4 = n can be obtained by a good normalization of
the function f. Indeed, suppose that

1
+ [ 1Alsc =

Define f(z) = f(y/cx) — nmlog(y/c) and G(A) = exp (—f(sl(A), ..,sk(A))).

Note that G is a probability density. Indeed, by the change of variables M = \/cA
we have

[ tanaa= [exp (- (vess(4).... Voss(a)) (Vo aa
- /exp(—f(sl(M),..,sk(M)))dM —1.

Note also that G satisfies the isotropic condition. Indeed, by the same change of vari-
ables we can write

1 A 1
L [ atsGaria= = [1sGana =1

Applying Theorem 8.6 and Theorem 8.8 for A and A’ we get:

Proposition 8.13. Let A be an n x m random matrix whose density with respect to
Lebesgue is given by
G(A) = exp (_f(sl(A)7 e Sk(A))) )
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where f is an absolutely symmetric convex function, properly normalized as above and
k = min(n,m).

Suppose that m > & [log(cgn)] andn > & [log(<2
probability > 1 — exp(—ce®v/k) we have

1_5 m1n< ZA1A5>\ max( ZAAt><1+5
1

)]2, taking N = 2220 then with

and

N
n 1
—e)— <K . E tA. 2: tA
(1 E)m\/\mln <N i_lAzA7,> X rnax <N A ) 1+E)
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