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Principal eigenvalue for Brownian motion on a
bounded interval with degenerate
instantaneous jumps®
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Abstract

We consider a model of Brownian motion on a bounded open interval with instan-
taneous jumps. The jumps occur at a spatially dependent rate given by a positive
parameter times a continuous function positive on the interval and vanishing on its
boundary. At each jump event the process is redistributed uniformly in the interval.
We obtain sharp asymptotic bounds on the principal eigenvalue for the generator of
the process as the parameter tends to infinity. Our work answers a question posed
by Arcusin and Pinsky.
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1 Introduction and Statement of Results

In a sequence of recent papers Pinsky [3] [2] and Arcusin and Pinsky [1] considered
the following model of a Brownian motion (elliptic diffusion in [2]) with instantaneous
jumps. Let D C R? be a bounded domain, and let x be a Borel probability measure on
D and V € C(D) a nonnegative function. Let Cy vu := V(2) ([ udp —u), u € Cy(D),
denote the generator of the pure-jump process on D with jump intensity V' and a jump
(or more precisely, redistribution) measure u. For v > 0, the diffusion with jumps
process is generated by the non-local operator —L., , vy, where

1
Ly v = —§A —7Cuv, (1.1)

with the Dirichlet boundary condition on dD. In words, the process considered is Brow-
nian motion killed when exiting D, and while in D, is redistributed at a spatially depen-
dent rate vV according to measure p. The main object of study in the papers above
was the asymptotic behavior of A\o(7), the principal eigenvalue for L., , v, as v — oc.
The first paper, [3], studies the model when V' = 1. The second paper [1] provides the
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nontrivial extension to the case where V is strictly positive on D. In what follows, we
will refer to this positivity assumption as the “nondegeneracy" condition. When V is
constant, redistribution occurs at the jump times of Poisson of rate vV, while for spa-
tially dependent V' the jumps occur according to events of a a time-changed Poisson
processes with constant rate 1, time being sped up when ~«V is lager than 1 and slowed
down when vV < 1. The most recent paper [2] studies the model under the nondegen-
eracy condition in the general setting of elliptic diffusions.

Let X := (X(t) : ¢ > 0) denote the process generated by —L. , v, and let P}, E)
denote the corresponding probability and expectation conditioned on X(0) = = € D.
When v = 0, we abbreviate and write P, and F,. That is, P, and F, correspond to
Brownian motion (no jumps). Let

T:=inf{t >0: X(¢t) € D}

denote the exit time of X from D. Then \(y) has the following probabilistic interpre-
tation [1]. For any = € D,

t—o0

Xo(y) = — lim %lnPg(T>t). (1.2)

Observe that (1.2) implies that given any x € D, we have
Xo(7) =sup{A € R: E] (') < oo} (1.3)
In fact, the limits and equalities in (1.2) and (1.3) remain to hold when replacing the

probability P} and expectation E with sup,.p P} and sup,.p E), respectively.

The above cited papers provide sharp asymptotic behavior for A\¢(y) as v — oo, under
the nondegeneracy condition and smoothness assumptions on 0D and p. In particular,
the following result was obtained.

Theorem A ([1], Theorem 1-i). Assume that D has C*#-boundary for some 3 € (0,1),
min, 5 V(z) > 0, and for some ¢ > 0, yu possesses a density in C'(D°), where D := {x €
D :d(z,0D) < €}, then

i M) _ Jop Frde
L Rval V2 [ v’

where o is the Lebesgue measure on 0D.

(1.4)

We comment that [1, Theorem 1] includes an additional statement generalizing the
result to ; with smooth density near 9D, vanishing up to the ¢-th order for some ¢ € Z, .

The nondegeneracy condition could be viewed as one extreme, the other extreme
being the case where V is compactly supported. It was noted in [1] that when the sup-
port K of V' is compact, then for z € D\ K, and for any v > 0, the distribution of 7 under
P dominates the exit time for the Brownian Motion (no jumps) from D\ K, and hence
it follows from (1.2) that A is bounded above by the principal eigenvalue for —%A on
D\ K, a positive constant independent of .

In light of the above, is it reasonable to expect some transition in the behavior of g
from the nondegenerate case to the compactly supported case to occur when V is posi-
tive on D and vanishes on 0D. The behavior in this regime was left as an open problem
in [1]. In this paper we answer it in one dimension. Our method is based on analysis of
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the moment generating function in (1.3), obtained through probabilistic arguments.

In what follows, for real-valued functions f, g with domain D, and a € 9D or a taken
as 9D, we write f(x) = g(xz) meaning 0 < liminf,_,, f(x)/g(z) < limsup,_,, f(z)/g(x) <
oo, whenever the limits make sense. This notation will be also used when f, g are real-
valued functions on (0, 00), and a taken as 0 or co.

Before stating our main result, we present some heuristics derived from Theorem A,
which provide some indication on the behavior when V vanishes on 0D. Assume that u
is uniform on D and that V' (z) =0 d(xz,0D)* for some a > 0. Observe that (1.4) is not

Tr—r

well-defined also because the surface integral in the numerator of the right-hand side
blows up. We can approximate it through volume integrals of the form

fDe‘% = 2 a+£2
fDedu 530 ’ ’

where D€ is as in Theorem A (note that the ratio approximates the integral with respect
to the normalized Lebesgue measure, therefore a positive multiplicative constant is
missing. Since this constant has no effect on the argument, we will ignore it). When
a < 1, the volume integral in the denominator of (1.4) converges, therefore letting ¢ — 0
in the approximation above, the ratio blows up, giving the prediction /7 = o(Ao(7)).
When a > 1, the denominator also blows up, suggesting a possible phase transition
at a = 1. For a > 1, we can approximate the volume integral in the denominator by
integrating over D — D€ instead of D. Then,

/ d,LL - 11—«
— X € .
D—De¢ V e—0

Combining both approximations (with same ¢, this is not a rigorous treatment), we ob-
tain an approximation to the ratio, proportional to ¢~ % /¢!~ = ¢3!, as ¢ — 0. This
blows up as € — 0 when « € (1,2), converges to 1 when a = 2 and converges to 0 when
a > 2. Summarizing, the heuristics suggest that \/7 = o(Ao(7)) for a € (1,2), while

Ao(7) < /7 for a = 0,2, and A\g(7y) = o(,/7) for a > 2.
Here is our main result.

Theorem 1.1. Let D = (0,1) and i denote the Lebesgue measure on D. Assume that
V € C(D) satisfies V > 0 on D, and for some 0 < o/ < a < oo, V() = 2% and

, z—0t
V(z) el (1—2)~. Letd = 6(a) = 0‘(1’\7}:’21 Then
1
L a=1:
A = A0@)  { Iny ' (1.5)
o) Rt v 1 otherwise.

We would like to note the following.

1. Observe that §(«’) may be larger or smaller than ¢(«), yet the asymptotic behav-
ior is determined by the larger parameter a. This is a result of the fact that in
the formula for the moment generating function for 7, expressed in terms of the
Brownian motion, the function V appears as a penalizing potential, discounting
paths which spend more time at sets where V is larger.

2. The nondegeneracy condition is covered by the case a = 0.
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Figure 1: Graph of §

3. The graph of § is shown in Figure 1. Note the phase transition at a = 1. The
Theorem corroborates the heuristic derivation preceding it.

The remainder of the paper is organized as follows. In Section 2 we prove some
identities and a lower bound on the moment generating function of 7. In Section 3 we
obtain the main estimates on functions of Brownian motion, which when combined with
the results of Section 2 yield the proof of Theorem 1.1. This proof is given in Section 4.
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2 The Moment Generating Function

We define a family of stopping times for X. For y € D, we let
Ty = inf{t > 0: X(t) = y}. (2.1)

We begin by recalling a well-known classical result about the moment generating func-
tion of the exit time of Brownian motion from an interval (see e.g. [4, pp. 71-73]).

Proposition 1. Let0 <a <y <b<1andletp>0. Fori=a,b, let A; := {1, A7, = 7;},
and let j := a ifi = b and j := b otherwise. Then we have :

1.
inh(v/2ply — j h(v/2p(y — %t
E, (e*pnlAi) _ S.Hl (v2ply J|), and E, (e*p(fa/\fb)> _ cos (V2p(y . 7 ))
sinh(1/2p(b — a)) cosh(v/2p>52)
2. If /2p(b—a) < 7, then
. ol — i
B, (e"14,) = sin(v/2ply — jl)
‘ sin(v/2p(b — a))
If \/2p(b — a) > 7, then the expectation above is infinite.
EJP 17 (2012), paper 87. ejp.ejpecp.org
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Proposition 2. There exists a constant 6, € (0,00) depending only on V such that if
\ > 0yya+2, then
ATy
E}(e™) = oo.

Proof. Fix € (0,%). Let 0, := 7 A 72, denote the exit time of the diffusion from the
interval (0,2z). Under P), 7 > o, A J, where J is the time of the first jump. Since
the jump rate on the interval (0,2z) is bounded above by p := ¢;yz?, it follows that 7
stochastically dominates o, A J' where J’ is exponential with rate p, independent of o,.
Let A > p. Conditioning on J,, we obtain

E} (em) > E) (ex\(az/\.l;)) =F, <p/ e’\("m/\y)e”ydy>
0

= Ew (p /G’” e(A_p)ydy + e(>\_l’)‘7z>
0

_r_ ( E,e—pos _ 1) +E, (ewmam) .

= 7)\ E,’I (e()\fp)g'm> — 7p .
A—p A—p
From Proposition 1-(2) we conclude that E, (e*~#)9+) < oo if and only if A — p < %.

2

Thus, whenever A > p + co2™2 = ¢172® + co2~2, one has E] (¢*”) = co. Suppose now

that # = ¢y~ a2 for some ¢ > 0. Then E (¢*”) = oo, provided that
A > 17y w5 4 cge 2yaiT = (cre™ + cac™?) V==

Let 0y := mingepy o) (c16® + c2¢72). If A > foya+2, then

E; (e”) Z/ -, E] (e”) dz = oo.
z€[1,2]y of2

For A€ Randt¢ >0, let

t
Ry(t) == At — ’y/ V(X (s))ds.
0
We have the following proposition, expressing the moment generating function purely
in terms of Brownian expectations.
Proposition 3. Letx € D. Then
AT AJ AT AT
1. E; (6 ) = E;/ (6 1{J<T}) E;I (6 ) —|—E;Y (6 1{T<J}>-
2. By (M 1regy) = Ba (M)

3. E;y (e)\Jl{J<T}) _ >\E;r </ eR/\(t)) +1-— Ex (BRA(T)> .
0

1
1 AByu(fg e Wdt) ©
 Eu(e™M)

AT\
4. El(e') =

This result essentially allows to reduce the problem to estimating the asymptotic
behavior of the Brownian expectations appearing on the right-hand side of each of the
identities. This is carried out in Section 3 below. Since these expectations are also
solutions to some related ordinary differential equations, it is interesting to ask for
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independent analysis not based on the probabilistic analysis. Specifically, let A denote
the differential operator Au := 1u” + (A —~V)u. Then E, (¢f(7)) is known as the gauge
associated to A on D, that is, the solution to

{Au:() onD

ulop =1,
and E, ([, ef*(Vdt) is a potential for A on D, or total mass of Green’s measure, solving

{Au: -1 onD

u|5D =0.

Proof. The first identity follows directly from the strong Markov property. Integrating
both sides of the first identity with respect to ;1 we obtain

EL (&) = B (M yen) B () + B (7 rey). 2.2)

In what follows we assume J\ is less than the principal eigenvalue for —%A on D.
In particular, sup, E, (") < oco. The identities (2)-(4) extend beyond this domain by
analyticity. To prove the second identity, observe that

Nl = (A/ MLy dt + 1> Loy
0

Write I(t) := [ V(X (s))ds. Thus,

0

(oo}
E} (M1epy) = )\/ MPY(T >t < J)dt + P) (1 < J)
0

= \E, (/Oo ektl{r>t}€_’ﬂ(‘r)dt) + E, (e—’YI(T))
0
=E, ((e” — 1)6*71(7)) LB, (e*“(”)
= £, (). (2.3)

This proves the second identity. We turn to the third identity.

6)\(]1{J<r} = <)\/ 6)\t1{J>t} + 1) lijcny
0

= A/O Mo (L — Lirasy)dt + 1oy

Thus,

EY (M) = )\/ MPY(T AN J > t)dt — )\/ MPY (T >t < J)dt + PY(J < 1)
0 0

@\ p (/ eRA(t)dt) —(BY (e 1peyy) = PY(r < J)) + 1= Pl(r < J)
0

@3 \E, </ 6RW>dt> +1- B, (M), (2.4)
0

It remains to prove the last identity. Observe that A [ efrdt + 1 < e, and that
efa(m) < €A, Therefore since sup, E, (¢*”) < oo by assumption, it follows from domi-
nated convergence applied to the right-hand side of (2.4) that

lim By (M 1(y<ny) = 1= B, (770 VEXOD®) — pr(y < 1) <1,
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Consequently, we obtain from (2.2) that

() = E) (1<)
g R e

and the right-hand side is finite. Plugging the second and third identities into this we
obtain
B, (efr()
EZ (e)\‘r) _ NG N( )7' N ;
B, (efM) = XE, ([ efr®dt)

and the result follows. O

3 Brownian Computations

In this section we obtain the main estimates needed to prove Theorem 1.1. We need
1
some definitions. Below we let r = r(y) = r(v,«) := v~ =2, and

() a<l;
h=h(7) = h(7,0) = { r(7)/ Iy a=1;
r(y)® o> 1.

The function h was chosen to satisfy that vh(v) is equal to the right-hand side of (1.5).
We also define a function A = A(6, v, «) by letting

a+1

yotz a<l1;
g
MOy @) :=0vh(7) =04 L= a=1; (3.1)
7&12 a> 1.

In what follows, in order to simplify notation, we sometimes omit the dependence of the
functions r, h and A\ on some of their arguments.

We begin with following simple lemma needed for our estimates and whose proof
will be omitted.

Lemma 3.1.

1. Forvy > e, h(y) < r(v)* and when o < 1, one has h(y) = o(r®(v)) as v — 0.

2. Forc >0, h(y Ldr =< 7r(v)

) ry<ace 380 %,

Lemma 3.2. There exists a constant 6, € (0, 0] and positive constants C1,Cy depend-
ing only on V, such that if § < 0, then there exists a positive constant v, := 1 («, 0) and
v > 1 implies

B, (¢M) < Cir(y),
and
B ([ emvar) < Caplrty).
0
Furthermore

1. For fixed «, the function 6 — ~1(«, 0) is nondecreasing.
2. Ifa <1 then 6; = cc.
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Proof. We first need some preparation before getting into the main argument. The
preparation consists of several steps. The first is a reduction to symmetric V. Since

o > >0, we have that V(z) = 2* <z = V(1 —z). Since in addition V is
z—0+t z—0+t

strictly positive and continuous on D, we can find V € C(D) such that V > V > 0 in D,
V(zx) = d(x,0D)%, and V is symmetric. That is V(1 — z) = V(). Letting R, denote
T—

the analog of R, with V in place of V. Then R) < R,\. Therefore to prove the lemma,
there is no loss of generality assuming that V' is symmetric and V() = d(z,0D)“.
T—

The next step in the preparation is to obtain the constants #;,~; in the Lemma. We
need to define a family of stopping times for the Brownian motion. For [ € (0, %] let

op:=1inf{t > 0:d(X:,0D) =1}.

Therefore o, = 7, A 71_;, where 7; was defined in (2.1). Let 6 > 0 be such that V(z) >
dd(z,0D)" for all z € D. Choose k > 1 such that dx® > 2, and let r;(y) = k’r(y) for

j =1,2,3. Below we will omit the dependence of 7; on y. When o > 1, let 6; := % <1,
and otherwise let 0, := co. Assume that 6 < #;. Since we are looking for upper bound,
there is no loss of generality assuming 6 > 0. Assume first that o < 1. Since by Lemma
3.1-(1), h = o(r*), we can find ~; := 71 («, 8) < oo such that for all v > v, h/r® satisfies

2

h/r® < z7=; < 3. In addition, for fixed o, the function § — 71 (c, #) could be chosen as

nondecreasing. We have A = 0~vh < yr®, as well as
VoArs = V20yY 22 k3 r = V20K Pt FIRL2 V2053 (h/ro)Y? < Z

If « > 1, then h = »® and since 6 < 61, and 6; < 1, we obtain

A < yr® and V2\ry < /20,4723 = g
for all v > 0. In this case we set 71 («, ) := 0. Summarizing both cases, we proved that
there exists 6; € (0, 00] and 7, («, ), nondecreasing in ¢ such that for # < 6; and v > v,
we have -

A < r®and vV2Ars < R (3.2)

For the remainder of the proof we assume that 6 € (0,6,) and v > ;.

The next and the final step in the preparation consists of several estimates to be
later used. Let p := A, a = 0 and b := r3. Then \/2p(b — a) = V2Ar3 < 7, and it follows
from Proposition 1-(2) that for 0 < y < r3

sin(V2\(r3 — (VX
E, (e)\Tl{T<UT }) _ 5111(. (73 y)) and E, (6/\07'31{ar, <T}) _ M
’ sin(v/2Ars3) 3 sin(v/2\r3)

Since t — sin(t) is increasing on [0, 7], we obtain

sin(v/2Ar2) < _a
sin(v2Ar3) ~ 1+ a

By (M 1rn,y) < 1 and B, (51, o) < <1, (33

. —1
where c; is the universal constant satisfying 15}21 = SUPse (o, =) % € (0,1).

Suppose that = € D satisfies d(xz,0D) > rq, and assume 0 < s < t < g,,. Clearly,

V(X (s)) > 6d(X(s),0D)* > orf = §(kr)® > 2.
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Combining this with the first inequality in (3.2), we obtain A < 2V (X (s)). Summarizing,
'7 t

Ra(t) <~ / V(X(s))ds < —r°t, P, ass., 3.4)
0

when d(z,0D) > r and t € [0,0,,]. We now obtain a similar upper bound in terms of z.
Suppose d(z,0D) > ro. Without loss of generality, let = € [ro, %] Next, if y € D is such
that d(y,0D) > x~ 'z, then V(y) > 6d(y,0D)™ > 6(k 'x)*. As aresult, if t € [0,0,-1,],
we have

Ra(t) < At — 6y(k~2)t, P, a.s.

But by (3.2) and the fact that 6x® > 2, we have

A< r® = q(rop™ ) <y ¥z )Y < 'yg(xﬁfl)o‘.
Therefore, letting cs := dx~/2, we obtain
Ry\(t) < —coyzt, P, a.s., (3.5)
provided d(xz,0D) > ro and t € [0,0.-14].

We turn to the main proof, beginning with the first bound. Fix K € IN and let z € 9D
satisfy d(z,9D) < r3. By the Strong Markov property,

E, (eRA(T)AK) < E, <6A71{7<0T3}) +E; (6A0T31{0T3 <‘r}> Era (eRA(T)AK) s

and
E,, (eR,\(T)/\K) < B, (eR,\(o—rl)) E,, (6R,\(T)/\K) .

It follows from (3.4) that E,., (eRA(”n)) < 1. Therefore

B, (eMONY) < By (Mg, ) + Ba (7910, cry ) Ery (€500

(3.3)
<1+ g, (eRWMK). (3.6)

- 1—|—Cl

Letting z = ry, we obtain E,, (e®(M"K) < 1+ ¢, and plugging the latter inequality
back into (3.6), we obtain F, (eR*(T)AK) < 1+ ¢;. Finally, letting K — oo, monotone
convergence gives

E, (eRW)) <l+a, 3.7)

when d(z,9D) < ra.

Next we find an upper bound on E, (e®*(7)) when d(z,0D) > ry. Assume then that
x € [ra, 3]. By the Strong Markov property,

E, (ezzm) —E, (em(oﬁg) E. 1, (ezm%)) E,, (ezzm)

(3.4)
< E, (eRA(UN—lm)) Erl (eR)\(‘r))

3.7)
< E, (eR*(”flw)) 1+e)

(3.5) i
< E, (e‘”” ‘7»‘%) (1+c1).
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Letting p := c3v2®, a := k 'z and b := 1 — a in Proposition 1-(1), we obtain

cosh(v2p(z = 3)) _ V(s ")
cosh(v2p(3 — £)) = "eVZ(-0)
= 26_\/%(1_’971)7) — 26—(137

B, (e res) =

1/2 0/241

— 26704(I/T2)m/2+1. (3.8)
Summarizing, we proved that for x € [rs, %],
E, (eRW)) <21 4 ¢p)e—cal@/r2)7 (3.9)

We are ready to complete the proof of the first bound in the lemma. We have

E, (eRA(T)) < / E, (eRA(T)) dx + / E, (eR*(T)) dz
d(z,0D)<rs d(z,0D)>rq

(3.7),(3.9) o
2ro(1+c1) +4(1+ 1) / eea(@/r)* " gy

r2<x<%
> a/2+1
<4(l+e)re | 1 +/ e du ) = csr.
1

We turn the the second bound. The argument is similar. If d(z, D) > r1, we have

Iry (3.4) Ory o 1 621
E, (/ eR*(t)dt> < E, (/ e " tdt) <— < . (3.10)
0 0 yre A

Assume that d(z,0D) < ro. From Proposition 1-(2) we have

i €>‘(T/\‘7rg) — Slﬂ(\/ﬁx) + Sin(\/ﬁ(’/‘?) — Jj)) (3.2)
ECL( ) Sin(\/ﬁ’r?)) S 2

Let K € IN. From the strong Markov property we obtain

o TNAO . -
Ex (A eRA(t)/\Kdt> S E,L (/0 3 eAtdt> + Ea, (eRA(Ur3)1{0’7.3<T}> E’(‘g (A eRA(t)/\Kdt> )

AT Ao T
(3§3) E, (e ( 3)) -1 N c1 E, / e BAMAK gy
A 1+c¢ 0

1 C1 T R
< E,. AOAK g )
A + 1+c 3 (/O €
But,

Em </T eR*(t)/\Kdt> < Ers </U7-1 eR*(t)dt> +ET’3 (eR)\(a'Tl)) Erl (/T eRA(t)/\Kdt)
0 0 0
(3.10;(3.4) % LB, (/T eRx(t)/\Kdt)_
0

Combining the two upper bounds, we obtain

E, / eminkg) < 1H2al o oa o / ePANK gy (3.11)
0 -1+ C1 A 1+ C1 ! 0
Letting «x = 1, we obtain
E., </ 61:@(15)/\Kdt> < 1+201’
0 A
EJP 17 (2012), paper 87. ejp.ejpecp.org

Page 10/13


http://dx.doi.org/10.1214/EJP.v17-1791
http://ejp.ejpecp.org/

Principal eigenvalue for BM with instantaneous jumps

which in turn implies

E:E /T €R>\ (t)/\Kdt < 1 1+ 201 n C1 1+ 261 _ 1+ 201 .
0 _)\ 1+Cl 1+Cl 1+Cl )\

By letting K — oo, and using the monotone convergence theorem, we have proved that
T 142
E, (/ eRmdt) <1t (3.12)
0 A
whenever d(z,0D) < rq.

Next we obtain an upper bound when d(z,0D) > ro. We begin with an auxiliary
bound. Let z € [ry, 1]. Then

E, </T eRA(t)dt) =F, (/Un eR*(t)dt> + E, (eR*(‘”l)) E., (/T eR*(t)dt> .
0 0 0

(310,3.4) 1 N 1420 _ 2(1+ cl).
- A AT A

(3.13)

We now obtain the main bound. Assume that z € [r2, 3]. We obtain

E, (/T eRA(t)dt) =E, (/JKII eRx(t)dt) + E, (eRA(GR’11)> E.1, (/T eRA(t)dt) .
0 0 0
Y g, ( / e e—cszasds> +gemeale/moN T ( / ! emwdt)
0 0

—cq(x/7 o/
(.13 1 N 4(1 + ¢ )e—cal@/ra(n))*/* ™
coyz® A

Therefore

T 1 - )
)\/ Efr (/ eR,\(t)dt) dx S 29/1/ dx + 4(1 + 01)7’2/ e Cau /2+1du.
d(xz,0D)>r2 0 ry<e<) CoT® .

Lemma 3.1— (2)
<

ce(0+ 1)r.

Along with (3.12) we obtain
AE, (/ eR*(t)dt> < 2(142¢1)rg + (0 + 1)r = (0 + 1)crr.
0
Let 0 := min(%,1). If § > 6o, then (1 + ) < 20. When 6 < 6, we have

AE, /eRA(t)dt < A A0o)E, /eRMB())(t)dt g&ﬂqr,
0 Afo) 0 to

and the result follows. O

For real 6, let vg := 1+ 6_, where 6_ := max(—6,0).

Lemma 3.3. There exist positive constants C3,Cy4,y, depending only on V, such that
forv >~ and 6 € R

B, () o7

\/ Vo ’
and
T Rt 10|
IAE, / B0 ) > ().
0 Vo
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Proof. We begin with some preparation. Let n be a positive constant satisfying V' (z) <
nx® for all x € D. By definition of A and Lemma 3.1-(1), A = 6vh > —0_~r®*. Now let
€ [0,7], and let 0 < s < ¢ < 79,. Then P, a.s. we have V(X (s)) < nX(s)* < n2%re

Therefore

Rx(t) > —0_~vr%t — yey rt > —crvgyrat.
Then,
E, (eRA(T)) > L, (eRk(T)l{‘r<Tzz}) > E, <6_61UQ’YTQT1{T<721}) :

Letting p := c1v97y7r®, a := 0,b = 2z and y := x in Proposition 1-(1) we obtain

—eryror _ sinh(y/2pz) 1 1
E; (e 1{7’<72} ==
v sinh(y/2p2x)  2cosh(y/2 x) 2eVv2oz’

Since /2p = /2c1v97'/2r*/2 = \/2¢cv9r !, we conclude that

E, <6R,\(‘r)> > / E, (eR,\(T)l{T<T2m}> dx
o<z<r

> 1 / 67\/251v97"_1zdx
<z<r

-2
1
_ f/ e—\/QClveydy
1 — e V2c1ve 1—e V22 CoT
= > =
2+/2c1v9 "= 24/2¢c1v9 " VU

and ¢, is a positive constant independent of . This completes the proof of the first
bound.

We turn to the second bound. Fix z € | % We have

‘Fo 50 /\T1.5a
E, </ efir(®) dt> ( R*(t)dt> )
0

Let 0 < s <t < 795: ATi15:- Then V(X (s)) < n(1.52)%, and since A = 6vh > —yf_r> >
—~0_(0.52)%, we conclude with

Ry(t) > —v(0-0.5% + n1.5%)xt = —czvgyxt.
We then have

T0.50/\T1.5x _ —c3v9YT¥T0.52 AT1.52
E, (/ e g) > LB (e ).
0 Cc3V9 YT

From Proposition 1-(1) with p := c3vgyz®, y :== x, a := 0.5z and b := 1.5x to obtain

EI(G—P(TO,sz/\Tl,sw) — L

~ cosh(y/2p0.5x)
Observe that v/2p0.5z > 0.5v/2¢37!/?r®/2+1 = 0.5\/2¢c5. Therefore

52 A\T1.52 ~ (50 Ee
E, ( / e eRw)dt) L e o :
; = P ~ vgyr®

where the positive constant ¢4 is independent of ¢. Integrating this inequality we obtain

E, ( / eR*(t)dt) >4 —dm
0 T Yve 2r<z<i e

The result now follows from Lemma 3.1-(2). O
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4 Proof of Theorem 1.1

In this section we use the results of the preceding sections to prove Theorem 1.1.

Proof of Theorem 1.1. Let A = A\(6,, «) be the function defined in (3.1). We first obtain
a lower bound on A\y(7). It follows from Proposition 3-(4) and Lemmas 3.2 and 3.3, that

1

_ G267
1-Z

E) (M) <

for 6 € (0,60;) and all ~ sufficiently large. In particular letting 0 = %min(g—i,ﬁl), we
obtain that EJ (e*7) is finite for some z € D. We conclude from (1.3) that A < Ao(7),
completing the proof of the lower bound on A\(7).

We turn to the upper bound. In light of (1.3), in order to show that A > \o(v), it is
sufficient to show that E] (¢*”) = oo for some z € D. However, by Proposition 3-(1)
this condition holds if E}(e*") = co. This is what we will prove. We split the discussion
according to the value of a.

Assume first that o < 1. From Lemmas 3.3 and 3.2 we conclude that there exist
positive constants depending only on V such that for every 8 > 0, there exists v, :=
71 (e, 8) € (0,00) and

INE, ( / eR*(t)dt> > Cy0r, and E, (eR“T)) < Cr,
0

provided v > 7. Furthermore, § — ~;(«, 0) is nondecreasing, hence the above inequal-

ities hold for all 0 < § < 25, if ¥ > 74 (a, 25*). But then, Proposition 3-(4) gives
. N , 1
lim 1Cnf EY (e ) > hrrcl ——g =
Q/Ti O/C—i 1-— o

In particular, for § := % we have £ (er) = .

Finally, assume that o > 1. Note that the upper bounds of Lemma 3.2 may not hold
for all 0, so the argument in the last paragraph may not work. Recalling from (3.1) that
A= 97%+2, it follows from Proposition 2 that there exists a constant 6, € (0,00) such
that for 0 > 6y, we have E) (e*7) = oo. O
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