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We consider the two dimensional discrete Gaussian free field confined between two hard walls.
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1 Introduction and main results

The discrete Gaussian free field is represented as a Gibbs random field with massless interaction
potentials and is interpreted as a probabilistic model of phase separating random interfaces. Because
of its long range correlations the field exhibits many interesting behaviors, especially under the effect
of various external forces (wall, pinning, etc.) and its study has been quite active in recent years (cf.
[16] and references therein). Also, the two dimensional discrete Gaussian free field is related to the
scaling limit of a number of discrete random surface models (cf. [15, Section 1.3] and references
therein). In this paper, we study the behavior of the two dimensional discrete Gaussian free field
confined between two hard walls.

At first, we introduce the model. Let d > 2, Ay = [—N,N]d Nnz4. For a configuration
¢ = {Pxlxen, € R, consider the following massless Hamiltonian with quadratic interaction po-
tential: 1
Hy($)=or Y, (6=,
{x,yInAy#¢
lx—yl=1

We define the corresponding Gibbs measure with 0-boundary conditions by

1

Pdg) = —gexp{-Hy()} | | dox | | So(de.),
N X€AN x&Ay

where d¢, denotes Lebesgue measure on R and ZI(\)] is a normalization factor. By summation by

parts, we have an identity:

c
on Ay

1
Hy(), o =5 (608,

where Ay is a discrete Laplacian on Z? with Dirichlet boundary condition outside Ay and ( -, - ) Ay
denotes 12(Ay)-scalar product. Hence the measure P]?, coincides with the law of a centered Gaus-
sian field on RV with the covariance matrix (—Ay)~!. This model is called discrete Gaussian free
field or harmonic crystal. The configuration ¢ is interpreted as an effective modelization of (dis-
cretized) phase separating random interface embedded in the d + 1-dimensional space and the spin
¢, denotes the height of the interface at the position x € Ay.

Confinement of the field between two hard walls is one of the problems related to the study of
random interface. This was originally investigated by Bricmont et al. [4]. They showed that under
the condition:

(L) = 1§ : || < L for every x € Ay},

the field turns to be massive and the following large L asymptotics holds.
e Free energy :
1 e O ifd=2
- 0 = ’
N 08Py (P(L)) = {e—O(LZ) ifd >3,

for every N large enough (N depends on L).
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e Mass :
e 0w ifd=2
li ——1 EF = ’
|x|1£>noo |x| 8 [d)oquj {e_O(LZ) ifd > 3.
e Variance :
varp;,o((po) = O(L) lf d = 2,

0 < Varp_(¢o) — Varps (¢o) < e 007 ifd > 3.

Here, POL0 is the thermodynamic limit of the conditioned measure P]S( - |#xn(L)). Note that the
family of conditioned measures automatically satisfies tightness and the uniqueness of the infinite
limit is well known (e.g. [7] and references therein). P, denotes the thermodynamic limit of PO,

D d . . _ . .
namely the centered Gaussian field on R”" with the covariance matrix (—=A)™!, A is a discrete

Laplacian of Z9. Refinement of these results in the higher dimensional case was studied in [13] and

1 ;2 —1 72
[14]. When d > 3, the free energy behaves as e gy L) the mass behaves as e “sd (o)

L 12(1+0(1))

and the difference of the variance Varp_(¢() — Varpt (¢o) is e 2 as L — oo, where g4 =

(=A)~Y(0,0) for d > 3.
The main aim of this paper is to make refinement of the above results when d = 2. The difficulty of

the two dimensional case arises from the fact that the field is rough. Namely, we have the following
property of the field:

gologN ifd =2,

1.1

Varpo (¢o) = (—Ay)7(0,0) ~ {

as N — oo, where g, = % By the uniform bound of variance the field is said to be smooth in the
higher dimensional case and this guarantees the existence of the infinite volume limit P, in d > 3,
while the infinite volume limit does not exist in d = 2. For our problem, large fluctuation of the
field makes difficult to handle the effect of confinement in the two dimensional case. For example,
the precise upper bound of the free energy in the higher dimensional case simply follows from a
combination of Griffiths’ inequality:

SN EN [ BN ESH)

XEAN

Gaussian tail estimate:

2

081202 el

PN(|¢X| L) €xp 2V3rp]3(¢x) B
and the variance estimate (1.1). Actually the asymptotics is the same as the i.i.d. Gaussian random
variables with the same one site marginal distribution to P,,. On the other hand, in the two dimen-
sional case this argument does not work well because the variance diverges as N — oo. Large L
asymptotics of the confined field in the two dimensional case is not clear at all since we first con-
sider the confinement of the rough field and take the limit N — co. We also remark that there are
several numerical studies about this problem in the two dimensional case (e.g. [11] and references

therein).

Now we are in the position to state the results of this paper. We first give the precise asymptotic
behavior of the free energy.
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Theorem 1.1. Let d = 2 and g = =. For every € > 0, there exists Ly = Lo(&) > 0 large enough such
that the following holds for every L > Lg: there exists Ny = Ny (L) and it holds that

—(£+e)L 1 —(£-¢)L
e Vit S—Flogpjg(WN(L))Se e (1.2)

for every N > N,,.
For the mass and variance of the confined field, we treat the following slightly modified model: let

Ty be a d-dimensional lattice torus with size 2N (we identify N and —N in Ay) and consider the
following Hamiltonian with quadratic interaction potential and self-potential:

_t 2 2
Hyn($) = o {MZ}CT (6~ 9,0+ 5m XEZTNqb (1.3)
lx—yl=1

Pper is the corresponding Gibbs measure on R™¥ with periodic boundary conditions and PL n de-

notes the thermodynamic limit of the conditioned measure Ppirn( |#7,(L)) where #,(L) = {(,i) :

|| < L for every x € A} for A c Z4. Similarly to the higher dimensional case [14], the reason of
this modification of the model is for the use of reflection positivity /chessboard estimate in the proof.
We stress that the periodic boundary conditions are crucial for reflection positivity, but the mass
term in the Hamiltonian (1.3) serves only to replace the 0-boundary conditions and to make the
model well-defined. See [14, Section 1] for detail. Then we have the following precise asymptotic
behavior of the mass and variance.

Theorem 1.2. Letd =2 and g = % For every € > 0, there exists Ly = Ly(e) > 0 large enough such
that the following holds for every L > L:

1.
—(s+e)L
llan_}{)lfhglnf{—TlogE ©m [ o1z ]} >e 27 1.4
(L
limsuplimsup{—— log EPeom [Pobriz1] } <e aEmt (1.5)
m—0 [—00 [
for every z € S = {z e RY; 2| = 1}.
2.
(\/_E —¢)L < lirnianarpL (¢0)
2 oo,m
JZ (1.6)
<lim supVarpL (4)0) < (— +¢e)L.

m—0

Remark 1.1. Reflection positivity is needed only for the proof of the lower bound of mass (1.4) and the
upper bound of variance (1.6). The upper bound of mass (1.5) and the lower bound of variance (1.6)
hold for the original massless Gaussian field (with 0-boundary conditions). But for consistency, we treat
the case with periodic boundary conditions.
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The rest of this paper is organized as follows. In Section 2, we give the proof of the free energy
estimate. The strategy of the proof of the upper bound is that to suppress the large fluctuation of
the two dimensional Gaussian field, we insert a mass term (quadratic self-potential) to the Hamil-
tonian. This enables us to use Griffiths’ inequality and Gaussian tail estimate similarly to the higher
dimensional case. In the argument, certainly we need a cost to insert the mass term. But we have
precise asymptotic behaviors of several quantities as the inserted mass vanishes and the optimal
choice of the mass give the correct upper bound. For the proof of the lower bound, we use the
result of entropic repulsion [1]. The mass estimate under confinement is given in Sections 3 and
4. The proof of the lower bound (1.4) is based on a combination of a random walk representation
of the correlation of the field by Brydges-Frohlich-Spencer [5] and reflection positivity. The precise
asymptotic behavior of the free energy plays an important role in the argument. The proof of the
upper bound (1.5) is also based on the random walk representation. The key ingredient is a precise
estimate on the number of multiple points of ballistically pinned random walk which represents the
fact that ballistically pinned two dimensional simple random walk turns to be transient. The proof
of the variance estimate (1.6) is given in Section 5.

Finally we remark that throughout this paper below, C represents a positive constant which does
not depend on the size of the system N, height of the wall L and mass m but may depend on other
parameters. Also, this C in estimates may change from place to place in the paper.

2 Free energy estimates

For the proof of the results, we prepare some notations. Let PIS . De a Gibbs measure which cor-

responds to the Hamiltonian Hy(¢) + %mz ZA (]5)2( with 0-boundary conditions and ZI(\),’m be its
XEAN

partition function. Actually, Pf] - coincides with the law of the centered Gaussian field on R with

the covariance matrix (m? — Ay)~!. In the limit N — oo, P]?, weakly converges to Py ,, the

,m
D d . . . _

law of the centered Gaussian field on R with the covariance matrix (m? — A)™! for every d > 1.

{Su}ns>0 is a simple random walk on 74, P, denotes its law starting at x € Z? and E, denotes the

corresponding expectation.

Proof of the upper bound of (1.2). At first, we have

0
N,
PY(#n(L)) = —5=Py  (#y(L)) 2.1)
N
Zy
,m
> — | | Pinliol = 1)
N x€Ay
z0 12
N,m
> 0 [ {1 et gt 1)
z3 cehy 2Varplg,m(¢x) }

for every m > 0, where the second inequality follows from Griffiths’ inequality which holds for the
massless field with symmetric self-potentials (cf. [6, Appendix A] and [10]) and the last inequality
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follows from the Gaussian tail estimate. The crucial point is that we have the asymptotics

Varplg’m(ci)x) < Varpoo,m(¢o)

U (2.2)
= > (——=)"Py(S, =0) = gllogm|(1 +0(1)),
— m-+1
as m | 0, where we used the local limit theorem
1 _3
Py(S, =0) = —+0(n"2), (2.3)
n
o n
as n — oo and the expansion —log(1 —x) = Y, %,0 < x < 1 for the last equality. Therefore, if
n=1
i OLmel is large enough then

L2
1 {1 - eXp{_—ZVarplgym(%) }}

XEAN

12
> eXP{_C|AN| eXp{_2g| logm|(1 + 0(1))}}.

Next, by a random walk representation (cf. [2, section 4.1]),

Al
logZI(\),’m = log((277:)ATN(det(m2 - AN))_%)

1 1
= §|AN|108(27T) - _lAN| log(mz +1)

+ZZ<

XEAN n=

)”IP’X(Sn =x,n< Ty, ),

for every m > 0, where 7, = inf{n > 1;S, ¢ A} is the first exit time from A € Z%. Then we have
1 Iy,
0 —
|An| z3

1 2
= —Elog(m +1)-

s -In-c 3Ly

for some constant C > 0 where we used the estimate Py(S,, = 0) < Q for the last inequality. Now, let

ZZ {1- 2+1)”}IP’ (Sp=x,n<7Ty)

XEAN n=

2|AN|

2

X be a random variable whose dlstrlbutlon is given by P(X = n) = )1 n € N, namely

2+1( m2+1

i% - 2H)”} Z—P(X<n)
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< CE[] = Cm?llogmI(1 +o(1)),

asm | O.

By collecting all the estimates, we obtain

1
— — log Py(#y(L))
|Anl

< 1m2+Cm2|logm|(1+o(1))+exp{— L }
=5 2g|logm|(1+0(1)))°

_L_
Finally, m = e 2/ optimizes the right hand side and we get the lower bound of (1.2). O

Remark 2.1. Actually, the above optimal choice of m indicates the precise asymptotic behavior of the
mass under confinement. This is also used in the proof of (1.5).

Proof of the lower bound of (1.2). The idea of the proof of the upper bound is the same as the higher
dimensional case. We divide Ay into small boxes by 0-boundary conditions and apply the result
about entropic repulsion for the massless field.

By Griffiths’ inequality and Markov property of the field, we can divide Ay into boxes with side-
length 2M + 1 by 0-boundary conditions and we have

PO (W (L)) < PY (#4,(L)) SO

Ny2
5P131(¢x > —L for every x EAM)C(M) ,

1-¢
forevery 1 <M < N. Now, take M as M = e27" for ¢ > 0. Then, by the result of [1] there exists a
constant C € (0, 1) such that

Py (¢, > —L for every x € Ay) < C,
for every L large enough and we obtain
0 N 2 —FL
Py (#n(L)) < exp{—C(M) } <exp{—CN%e v&"}.

This gives the lower bound of (1.2). O

3 Lower bound of mass

In this section, we prove (1.4). Once we have the precise estimate of the free energy (1.2), lower
bound of mass can be proved by a similar argument to the higher dimensional case. We explain
mainly the difference to the higher dimensional case.

At first we recall Brydges-Frohlich-Spencer’s random walk representation (cf. [5, Theorem 2.2])
which is applied to our setting.

2316



Lemma 3.1. It holds that

pper / ew] ILVm(m22+1w)
E'Nm [ oy | Wy, (L)] = Z (2d(m +1)) BEE

w:0—

Ue,(dY),

Nm

where the primed sum represents a summation with respect to paths of simple random walk on Ty
connecting 0 and x. For a path w, |w| denotes its length. u,(dy) = ]| Pn(z,0) () is a product

z€Ty
measure, U, is a measure on [0,00) defined by

6o(dt) ifn=0
Mn(dt) = _¢ 1 .
e (n_l)!I(tZO)dt ifneN.

n(z, w) denotes the total number of visits of site z € Ty in the path w. Also,

E‘IL\J,m( O 1¢) Py (¢2 1,02 L2 for every z € Ty),
ENm = PNy (WTN(L))

Then, by the argument in [14, Section 2] using reflection positivity, we know that

o0

B Lo | #,00] = 3 () O (a )", 3.

k=0 w:0—Xx
|w|=k

where

2 1
qﬁ[’m JPper (¢p2+ Tt < L2 for every x € Ty \ Wr, (L)) ™l (de),

and R(w) = {z € Ty; n(z, w) > 1} is the range of the random walk path w.

We have the following estimate for qﬁ, n- The proof is given later.

Lemma 3.2. For every € > 0, there exists Ly = Lo(e) > 0 such that

_ ey
11msuqum <l-—e v& 7,
N—o0

for every L > L and every m > 0 small enough.

By this lemma and (3.1), after taking the limit N — oo (if necessary along subsequence) we obtain

098]

EPen[ o] < D Eo[I(S = x)(1— pt)lSon]
0 3.2)

:Z’VPL ®P0(Sk :x!S[O,k] C VQ{C),
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_lie
for every m > 0, where pt =e & “and s [0,k] denotes the set of points visited by the random walk

up to time k. v, denotes a Bernoulli measure on {0, 1}Zd with parameter q € (0,1). For i.i.d. {0,1}-
valued random variables o = {0,},cz¢ with v,(0, =1) =q =1 —v,(0, = 0), ./ denotes the set
fzezl0,=1}.

Asymptotic behavior of the right hand side of (3.2) as p* — 0 has been precisely studied in [3]. By
(3.2) and the proof of [3, Lemma 5.1.2], we have

o 1 L

hlm 1nf{—7 log EFwom [Pod(iz1] }
—00

1 (3.3)

> ligglf{—TIOngL ®PO(T{[ZZ]} < Tﬂ)},

for every z € 171, where T, = inf{k > 0;S, € A} is the first hitting time to the set A € Z¢. Also, by
the proof of the lower bound of [3, Theorem 2.3] we know that

Vyr ® Py (Tiyy < Toy) = o [(1 — pH)¥0nil]
o 3.4
< ¢~ C(p7)2logp”| ZIXI’

1+e

for every x € Z% and L large enough. Since p* = e e and e > 0is arbitrary, we obtain (1.4) by
(3.3) and (3.4). O

The rest is to prove Lemma 3.2 For this purpose we prepare the following lemma.

Lemma 3.3. For every € > 0 and 0 < Ay < 1, there exists Ly = Ly(€,Ay) > 0 large enough such that
the following holds: for every L > L, there exist Ny = Ny(L) > 0 large enough and my = my(L) > 0
small enough and it holds that

L(lJrs)L

Pﬁer (WTN(AL) { WTN(L)) < e_NZefx/E )

,m

forevery N> Ny, 0 <m<mgand Ag <A <1

Proof. We first note that the conditioned measure P]f’,e;( - [#1,(L)) can be obtained as a weak limit
of the measure:

dQyy o exp{—p Y 1|yl > L)}dPEs,

x€Ty

as 3 — oo. This also holds for the 0-boundary conditions case. By Griffiths’ inequality, we have
Qrrrp P, (AL) QY 4 (#4,(AL)).
Then, by taking the limits 8 — oo, we obtain
PR (W ALY | #p, (L)) < PG (W (ALY | #4, (L)).
Next, we have

P (0, 01) _ 2 PS(#, )
PI?I,m(WAN(L)) B ZI(\)I,m PI?I(W/\N(L)) ’

Py (#a, (ALY | 7 (L)) =

2318



where we used (2.1) for the numerator and Griffiths’ inequality for the estimate on the denominator.

Also, by the proof of the lower bound of (1.2), we know that N < eClAnlm’llogm| By these estimates

N ,m
with the free energy estimate (1.2), we obtain the lemma.

O

Proof of Lemma 3.2, Lete >0 and 0 <& < 1. We compute that
I = J P ($3+ —

1
[ Loz
0

2 1
N t < L? for every x € Ty }W/TN(L)) NI, (dt)

X pPer (¢2 < L%(1—t) for every x € Ty | Wr, (L)) ITN\dt
1-6 1
<1 _J —(m2 + 1)Lze—§(m2+1)L2t
0

x {1 =Py (W, (W1 —tL) | w4, (L)) |TN‘}dt
=:1-1.

By Lemma 3.3 and Fatou’s lemma, there exists L; = L;(&,5) > 0 such that the following holds: for
every L > L, there exists m; = m;(L) > 0 small enough and for every 0 < m < m; it holds that

1-5 1 1(m241)2 —7‘?(14-5)1,
liminf1, > 5(m2 +1)L2e M DL (] _ e )dt
—00
0

1-6
V1-t
> CLZJ e—%(m2+1)L2 P (1+e)Ldt
0

_1+26L
>e VE

)

where for the second inequality, we used an estimate: if 0 < C < 1 then 1 —e™* > Cx for every
x > 0 small enough. The last estimate follows from changing the variable v1 —t as 1 —s and an
elementary computation. By these estimates we complete the proof of Lemma|3.2| O

4 Upper bound of mass

In this section, we prove the upper bound of mass (1.5). Similarly to the proof of the lower bound
of (1.2), we first insert a mass term. By Lemma (3.1,

En [doby | #i, ()]
> B [ $ocby | #, (1)]
o0 1 :L ((m/)—zﬂil))
P

:O(Zd((m’)2 +1) = b (dY),

|ew|=k
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for every 0 < m < m’. Note that E” N [P0y | #r,(L)] decreases as m > 0 increases by Griffiths’
inequality. Then, by the argument of [14, Section 3], we have

L
longoo’m [¢O¢x]
1 . Lo/
> klogm + ZEO [Ri(j) | Sk = x] log gk, (j) +1og Py(Sx = x) 4.1
iz
= I]_ + Iz +13,

for every 0 < m < m’, where k = [a|x|] with a > 0 is specified later on, Ri(j) = fi{z €
7% n(z,S fok]) = j} denotes the total number of sites that the simple random walk visits exactly
j times in the first k steps and q",(j) = Poo v ® t; (5 + 23po < L?).

_L

Now, the proof of the upper bound of (1.2) indicates that m’ = e 28 gives the correct asymptotic
behavior of the mass under confinement. So we estimate the right hand side of (4.1) for this choice
of m’. Trivially, I; > —k(m’)?. For I,, we first estimate qun ,(j) from below.

qL,(j) = Poow ® 1 (92 + 29 < L?)

= B [t (oo < 5 (17~ 9 (Iol < 1)].

Since EMi[ef%0] = (1%6)1' for every 0 < 6 < 1, for given ¢, with |¢py| < L, we have

]. _ 172 42 2] 1 ;
ui(o < (12 = ¢3)) 21— 20900 (—2),

and this yields

. _1lpy2 1 i , 1942
Qe (1) Z Pt (I0] S 1) = €727 (35 ) B [e27%01 (1] < 1)].

We choose 6 as 6 = 6,/ := (VarpDo m,(qbo))_l. Then it holds that

20,
EPoom’ [6%9m1¢31(|¢0| < L)] — _mL’
T

and by combining these estimates with Gaussian tail estimate, we get

L . _ _lemle ]. ] 29m/
4 ()= 1- e () S

_L
Now, let ¢ > 0 be fixed. Since m’ =e 2/, by (2.2) we have 0, = ﬁ(l +0(1)) as L — oo and

1—¢
L/ N>1— _EL R Y
q,()=1—e (1_9’“/),
for every j > 1 and L > 0 large enough. Especially, if j is less than b; := [m 1;§£L] then
e_%;L( Y <e v,
-0,



and we obtain
at,() 2 exp{ e (——— )}, 4.2)
m - 1-6,,

for L large enough in this case. We remark that b; = O(L?) as L — co. On the other hand, by [14,
(3.3)] we know that

: 1 1
qk/(j) 2 Poow (@5 < ELZ)MJ« (29 < ELZ)

> e CL e C]log],

4.3)

for for every j > 1 and L large enough.
By using estimate (4.2) for j < b; and (4.3) for j > b; + 1, we obtain

) _lep 1 j
I,> Z o [Ri(7) | Sk :x]{—Ce v (1 _ Qm,) }
j<by
+ D Eo[Ri(j) | me=x]{~CL? ~ Cjlogj}
j=b +1
:ZJl +J2

The ingredient of our proof is the following estimate on the number of multiple points of the ballis-
tically pinned random walk. The proof is given in the end of this section.

Proposition 4.1. Let {S,},>( be a simple random walk on 7%, If d = 2, then there exists a constant
C > 0 such that for every € > 0 there exists ag = ag(€) > 0 and for every a > a it holds that

1 ! o
7Eo [Re(DISk=x] =C{1— ——————
2 Eo [Re(ISe = x] < ( g(1+g)loga) ’

for every x with |x| large enough and j > 1, where we set k = [a|x|].

Remark 4.1. A similar estimate in the higher dimensional case is proved in [14]. For a simple random

walk on Z® without pinned condition, it is well known that 1O%Rn(j) —masn—o00 as. ifd =2 (cf

[8]) and %Rn(j) —r2(1—y)Ylasn— oo as. ifd >3, where y = Py(S,, # 0 for every n > 1) (cf
[12]).

_L
Now, for k = [a|x|], choose @ as a = a; := exp{m} where m’ = e 2v2. Then, by Proposition

4.1,

. 1= 1 .
12 e -6,V  aylxl{-ce T (——)}
. 1-6,,
j<by
_1—25L
> —agl|xle &7,

for every L large enough. For J,, we have

Jy= > C(A—0,Y 'y lx|{~CL? - Cjlog }
j=b+1
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_1—3£L
> —aglxle vE

12
for every L large enough. Note that (1 —6,,)P:7! <e” V& t by the definition of b;.

For I3 in (4.1), by a version of the local limit theorem [3, Proposition B.2] we obtain that

1 |x|
logPy(Si = x) > log{ oy }

> Cu(l + 01,(1)),

for every L large enough and x with |x| large enough, where k = [a|x|] with a = a; and o,(1)
represents a term which goes to 0 as |x| — oco.

By collecting all the estimates, we have

1
lim sup lim sup{ ——log EPsm [PoPriz1] }

m—0 [—o00 [

N2 12 _13ep C
<aq(m) +ae & —I—aLe Vel 4 — 4.4)

ap

_1-3¢
<e W&,

for every L large enough and every z € S, Recall that m’ = e Zf a; = exp{g(1+€)9 } and
0, = ﬁ(l +0(1)). Since ¢ > 0 is arbitrary we obtain (1.5). O

Remark 4.2. Our choice of a; optimizes (4.4). Furthermore, if we proceed the same argument without
L

identifying m’ in the beginning, then we can see that the choice of m’ = e 2v2 optimizes (4.4).

Proof of Proposition 4.1. Let {p(x)},cy¢ be a transition kernel of the simple random walk, namely

p(x) == 1f |x] =1 and p(x) =0 otherw1se For A € R, we define a tilted measure p*(x) =
2(11) 7“‘ p(x) x € 7% where Z(A) = Y. e X)p(x). We first remark that for a function f(S) =
xezd

£(Sp,S1,°++,S,), we have

Eolf ($)I(S, = x)] = Z f(w)]_[p(w wi-1)

le "

= > f(co)]_[zme (o) phw; — wiy)

w:0—x i=
lwl=n

=Z(A)"e” PMELF()I(S, = x)],

where we denote the law of a random walk on Z¢ with the transition kernel {p*(x)} vezd and starting
at x € 4 by IE”ﬁ. Eﬁ denotes the corresponding expectation. Especially, we have

Po(Sy = x) = Z(A)"e”»IPA(S, = x), (4.5)
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and
Eo[Ry(I(S, = x)] = Z(A)"e” PN EL R, (IS, = x)], (4.6)

for every A € R9.

Next, let TJSO) =0 and T,Ej) = inf{n > T,Sj_l);Sn = x}, j > 1 be the j-th hitting time to site x € Z.
By Markov property,

ES[R,(DI(S, = x)]
— Z pg(Ty? <n, Ty(f“) >n,S, = x)

yezd

(-1
— Z Z B (1) = ) B} (17 ) 0@ or0(x—¥)

yezd 0ss+t=n

i—1
= Y Pprd V=)D Y PE(TM =5)q) oy (x =),

0<t<n yezd 0Ss<n—t

where qll(x) = IP’S (S, #0foreveryl1 <n<I[—1andS; =x). Also,

Z Z Pé(TJ('U =5)q)_(x—y)= Z PS(T}(,D <n, TJ(,Z) >n,S, =x)
yGZd 0<s<n yGZd

=E¢[R(DI(S, =x)]

< nP{ (S, =x).
Therefore, we have

EAR, (IS, =01 < 3 (n— 004 (197 = )P (n,_, = x), @7

0<t<n

for every n > 1 and x € z<.

Now, set k = [a|x|]. We show that there exists a constant C > 0 such that for every a > 0 large
enough there exists ry = ro(a) > 0 and it holds that for every x with |x| > rg, if we choose
A = Ala, x) appropriately then we have

P (m = x) < CP§ (mi = x), 4.8)
for every [ < k. Since V1ogZ(0) = 0 and V?logZ(0) = diag{l,%,--- ,11, the mapping A —
VlogZ(A) is an analytic diffeomorphism from a neighborhood of 0 € R? to a neighborhood of

0 € RY. Hence, by inverse function theorem, for any & in a neighborhood of 0 € R there exists

a unique A(&) € R? with VlogZ(z(i)) = &. Now, by choosing A as A, := Z(U«T_xl])’ we have

Eéo [Si] = x and (4.8) easily follows from the local central limit theorem (see also the proof of [14,
Lemma 3.1] and [3, Proposition B.2] for this type argument.)

By (4.7) and (4.8), for the above choice of A we obtain

B[Ry (DI(Sx =) < C D kP (19 ™V = t)Fp° (S = x)

0<t<k

< CkPY (T < 00) P20 (S = x)
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= Ck(1 — 71,V "B} (Sk = x),

where y; = IP% (S, #0foreveryn>1), A€ RY. By combining this estimate with (4.5) and (4.6),
we get

Eo [Ri(j) } Se=x] <Ck(1—71,, )"

Next, we compute the asymptotics of v, as a — oo when d = 2. For this purpose we first compute
the asymptotics of Z(A,). By definition, we have

1
Z(A) = Zr(elm e 4P 4 ey
for every A = (A, 1)) € R2. Hence, by Taylor’s expansion
1
Z() =1+ (AP + (&) +o(1)), (4.9)

as |A| — 0. Also, by the choice of A,

. 1 ) 0 x@
EP[SV] = (e} —e 0 )= —— (4.10)

4Z(2o) alx|’

for i = 1,2. Especially, since Z(A) > 1 for every A € R?, this yields Ag) =0if xV=0and |1 = 0
as a — oo uniformly in x with |x| large enough. (4.10) also yields

1 PICEENNPIO

W 2 28 a8 _1
6207 {(e e "0 )+ (e e M0 )}l = ot

Then, by the fact that |)lkilm Z(A) =1 and Taylor’s expansion we have
-0

A2+ Py = %(1 +0(1)), (4.11)
as a — 00. By (4.9) and (4.11) we get
1
Z(Ag) =1+ ;(1 +0(1)), (4.12)

as a — oo uniformly in x with |x| large enough.
Now, let T = inf{n > 1;S,, = 0}. Then

=



and we obtain 1
“21—[[1’3(1' <oo)=a.
Finally, by using (4.5), (4.12), local limit theorem (2.3) and an expansion —log(1—x) = ). x_n”, 0<
n=1

x < 1, we have

Gh = Z ;PO(S =0)= 2 loga(1+0(1))

Sz O n ’
as a — oo. Hence we get v, = m as a — oo uniformly in x with |x| large enough and
this completes the proof. O

5 Variance estimates

Proof of the upper bound of (1.6). By (3.2), we have

Efn [($0)°] < ) JEo[1(S, = 0)(1 —p")Fe]
k=0

No o0
<D Bo(Se=0)+ ) Bo[(1—ph)ion]
k=0

k=N,
= I]_ + Iz,

1+e

where pl = e ﬁL,s > 0. Now, by [3, Section 4.2] we know that [} = %1ogN0(1 + 0(1)) and

1
I, < p%(e_ZPLKNO +0(1) as Ny — oo for k > 0 small enough. Therefore, if we choose N, as Ny = ﬁ—f

with f = B(x) > 0 large enough, then I, = 0(1) as L — oo and I; gives the upper bound of
(1.6). O

Proof of the lower bound of (1.6). The idea of the proof of the lower bound owes to Y.Velenik
(cf.[17]). For every N > M and m > 0, by Griffiths’ inequality,

EPNn [(0)?|#5, (1)]
> EPvn [(0)2|#, (L)]
> EPvn [(0)? [ #,, (L)]
> EPn [($0)21(#i,, (1))]
— EPiim [($0)?*] — EPum [(¢0)*I(|py| > L for some x € Ay)]
> gPim [(¢0)%] - EPum [(90)*] %Plow’mﬂ(j)xl > [, for some x € AM)%.

After taking the limit N — oo and m | 0, we have
.. poLO,m 2
liminf £ [ (¢o)”]
1
> gPu [($0)?*] — EPu [(¢0)*]2PS(I¢«| > L for some x € AM)%.
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Also, by Gaussian computation,
EP [($0)2] = glog M(1 + 0(1)),
0
EP [(¢)*] < C(log M)?,
and 2
L
Pﬁ,ﬂd)xl > L for some x € Ay;) < CM?e ™ 2slosh

1-¢
Now, take M as M = 27" for g > 0. Then,

@L(l +0(1)),

% [(bo)] > g~ _
EM[(90)°] 2 8- 52 L +0(1) =

and

2

L
EPMn [(0)*] Payr.m(Ipx| > L for some x € Ay) < C(log M)*M?e™ 2sioeh
=o(1),

as L. — 0o. By these estimates we obtain the lower bound of (1.6). O
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