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Abstract

We consider competing particle systems in R?, i.e. random locally finite upper bounded configu-
rations of points in R? evolving in discrete time steps. In each step i.i.d. increments are added to
the particles independently of the initial configuration and the previous steps. Ruzmaikina and
Aizenman characterized quasi-stationary measures of such an evolution, i.e. point processes for
which the joint distribution of the gaps between the particles is invariant under the evolution,
in case d = 1 and restricting to increments having a density and an everywhere finite moment
generating function. We prove corresponding versions of their theorem in dimension d = 1 for
heavy-tailed increments in the domain of attraction of a stable law and in dimension d > 1 for
lattice type increments with an everywhere finite moment generating function. In all cases we
only assume that under the initial configuration no two particles are located at the same point.
In addition, we analyze the attractivity of quasi-stationary Poisson point processes in the space
of all Poisson point processes with almost surely infinite, locally finite and upper bounded con-
figurations.
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1 Introduction

Recently, evolutions of point processes on the real line by discrete time steps were successfully
analyzed for quasi-stationary states, i.e. demanding the stationarity of the distances between the
points rather than the positions of the points, see e.g. [2], [14]. In particular, the processes for
which the joint distribution of the gaps stays invariant under the evolution were determined in
the cases that Gaussian or i.i.d. increments having a density and an everywhere finite moment
generating function are added to the particles. In the i.i.d. case Ruzmaikina and Aizenman proved
that these quasi-stationary point processes are of a particularly simple form, given by superpositions
of Poisson point processes with exponential densities. In the context of spin glass models their
result says that quasi-stationary states in the free energy model starting with infinitely many pure
states and adding a spin variable in each time step are given by superpositions of random energy
model states introduced in [13]. The connection between the cavity method in the theory of spin
glasses and quasi-stationary measures of evolutions of points on the real line is explained in full
extent in [1] and [2]. For an introduction to spin glass models see for instance [11], [15].

The crucial assumption in [14] is that the distribution of the increments possesses a density
and has an everywhere finite moment-generating function. In particular, the increments are
in the domain of attraction of a normal law. Although this is the case in the context of the
Sherrington-Kirkpatrick model of spin glasses, it is of interest to determine the quasi-stationary
states for more general increments. Here we treat increments in the domain of attraction of a stable
law and multidimensional evolutions with increments having exponential moments, thus being in
the domain of attraction of a multidimensional normal law. The results for lattice type and heavy-
tailed increments in dimension d = 1 may be as well applicable in the context of non-Gaussian
spin glass models. The resulting quasi-stationary measures are superpositions of Poisson point
processes, whose intensities vary with the type of the increments considered. In addition to the
Ruzmaikina-Aizenman type quasi-stationary states we find completely new quasi-stationary states
in the case of lattice type increments with either exponential moments or heavy tails. We also prove
attractivity of the quasi-stationary Poisson point processes in the space of all Poisson point processes
in R? with almost surely infinite, locally finite and upper bounded configurations.

To determine the quasi-stationary measures in the case of increments with heavy tails we ob-
serve that the Poissonization Theorem of [14] can be generalized to apply in our context. Hence,
we are able to write each quasi-stationary measure as a weak limit of superpositions of Poisson
point processes. Subsequently, we present a direct argument in which we evaluate the limit in the
Generalized Poissonization Theorem in order to conclude that it is itself a superposition of Poisson
point processes. In the case of increments in the domain of attraction of a normal law we follow the
approach of [14]. In our case we use a version of the Bahadur-Rao Theorem which gives the sharp
asymptotics of large deviations for infinite rectangles in R and is an analog of the results in [10]
for smooth domains in RY. This allows us to perform a compactness argument similiar to the one in
[14] allowing us to pass to the limit in the Poissonization Theorem through a subsequence. One of
the main obstacles hereby is the lack of a natural total order on RY. After proving that in both cases
the quasi-stationary measures are given by superpositions of Poisson point processes we show that
the intensities of the latter are solutions of Choquet-Deny type equations. This is done by extending
the steepness relation on tail distribution functions to the multidimensional setting and generalizing
the monotonicity argument in [14]. In our more general setting we find new intensities in addition
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to the ones in [14]. To prove the attractivity of certain quasi-stationary Poisson point processes in
the space of all Poisson point processes with almost surely infinite, locally finite and upper bounded
configurations we analyze the corresponding evolution of intensity measures and exploit the fact
that the weak convergence of intensity measures implies the weak convergence of the Poisson point
processes.

To define the evolution in R¢ in full generality we consider the partial order > on R? where
a=>bwhena;>b;,1<j<d.LletlC R be any line in RY for which > is a total order and which
contains infinitely many lattice points in the case that the increments are of lattice type. Moreover,
let p : R? — [ be the affine map which assigns to every point x the closest point y on [ with x > y.
Finally, we set a = b if p(a) > p(b) or if a = b and define a = b in an arbitrary, but deterministic
and measurable way for which a > b implies a = b if p(a) = p(b), a # b (one can use induction on
d to prove that this is possible). Note that > is a total order on R? in agreement with the partial
order > and its level sets are infinite rectangles up to a modification of the boundary. We consider
competing particle systems with a random u-distributed starting configuration (x,),>; ordered by
= and evolving by i.i.d. increments (r,),>; of distribution 7, i.e. each step of the evolution is
described by the mapping

(Xn)nzl - ((xn + nn)nzl)l

where | denotes the sequence rearranged in non-ascending order =.

From now on all considered evolutions will satisfy one of the following two assumptions: as-
sumption 1.1 in the case of a one-dimensional evolution with heavy-tailed increments belonging to
the domain of attraction of a stable law and assumption 1.2 in the case of increments being in the
domain of attraction of a (possibly multidimensional) normal law.

Assumption 1.1. d = 1 and there exist sequences (a,),>1, (b;)n,>1 of real numbers such that

n
Sp—ay Zi:1 T — Ay
b, b,

converges in distribution to an a-stable law with a € (0, 2). Further, the initial distribution u is simple,
ie.:

M(U{Xi = xj}) =0, (L.1)
i#j

and both the evolution with increments distributed according to m and the one with increments
distributed according to the corresponding a-stable law make sense (which means that the particle
configuration can be reordered with probability 1 after each step of the evolution). Finally, without loss
of generality E[ 7, ] = 0 and the 7t,, are not almost surely equal to O.

An example of a robust condition on u and 7 which assures that the evolution makes sense
is the following. Denote by A the intensity measure of u, i.e. define

IO N 1.2)

n>1
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for Borel sets A C R. If A7 is finite on all intervals of the type [x, 00), then the particle configuration
can be reordered with probability 1, since it can be checked by a direct computation that A * 7t is the
intensity measure of the point process resulting from u after one step of the evolution.

Assumption 1.2. The sequence of i.i.d. R%-valued random variables (7t )n>1 Which describes the
increments of the evolution satisfies

VieRineN: exp(A(Q)=E[exp({-m,)] <oo (1.3)

and each component of the m,, is of positive variance. For d > 1 assume further that the 1, have a
density or take values in a lattice AZ® +b for a fixed real d x d matrix A and a vector b € RY. Moreover,
the initial measure u on particle configurations is simple and such that

Vi<i<d 3¢ >0: Zexp({ix;) < o0 (14)

n>1

u-a.s. where x:'l is the i-th coordinate of x,,. Finally, without loss of generality E[7,] = 0.

In the case d = 1 assumption 1.2 allows us to deal with the evolutions considered in [14],
as well as various lattice-type evolutions of interest, e.g. 7, being Bernoulli {—1,1}-valued or
following a signed Poisson distribution. Moreover, assumption 1.2 ensures that starting with a
locally finite, upper bounded configuration

xltXétx?)...

we get a configuration of the same type after each step of the evolution (apply the remark in section
1.2 of [2] to each of the d coordinate processes). We will denote the space of such configurations by
Q and equip it with the o-algebra & which is generated by the shift invariant functions measurable
with respect to the o-algebra % generated by occupancy numbers of finite boxes. For the sake of
full generality we include the case of configurations with finitely many particles by allowing the x,,
to take the value (—oo0,...,—00). Our main result is the following:

Theorem 1.3. Let u be a quasi-stationary measure under an evolution satisfying assumption 1.1 or
assumption 1.2. Then

(a) u is a superposition of Poisson point processes.

(b) The intensity measures A of the latter are exactly those solutions of the Choquet-Deny equations
A* 1, = A with translates 7, of , going over all a € R? which have no point masses and for
which the corresponding Poisson point process is supported on upper bounded configurations.

(c) In case that d = 1 and supp 7 contains a non-trivial interval the intensity measures are given by
dA =se*dx with s > 0. In case that d = 1 and supp © C pZ + r the intensity measures are
either of the form

A(A)=J Z e da(s,y), neN
Ry x[0,p) xe(Zp+y)nAn

or

A’(A) = J 6_51k_521 d[j(ssz) .y)’ we R—F D Zwn Zp = {O}
R, xR4 x[0,p)x[0,w) k,1€Z: kp+lw+y€EA
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where a, 3 are positive Radon measures such that a(R,,dy), B(R,,R,,dy) have no pure point
components and we have identified [0,p) X [0,w) with a system of representatives of cosets of
Zp ® Zw in R in a canonical way.

In addition, we prove

Proposition 1.4. Let the 7, be not almost surely constant and such that E[7,] = 0. Let further N be
a Poisson point process in RY with intensity measure ., + o where Ay, and p are positive locally finite
measures on R satisfying

Aoo ¥ T = Ago,
IceR?: A (c+ RN =00, Au@®E—(c+(RD) < oo,
o(R! —(R)) <00, Va<b,ye(®): o((a=71y,b=1y)) =yo0 0
and
(a=yy,b=ry)=(a1 —vy, by —yy1) %+ x(aqg = v¥a, ba = 1¥ya)-
Then the joint distribution of the gaps of N after n evolutions converges for n tending to infinity to the

corresponding quantity for a Poisson point process with intensity measure A,.

Remark. The quasi-stationary Poisson point processes with exponential intensities dA = re™""dr,
7 > 0 found in [14] are quasi-stationary also in the case that 7 is a lattice type distribution. They
can be recovered from Theorem 1.3 (c) as the special case

n=1, da(s,y)=doé.(s)te” " dy.

This is due to the computation

A([r,00)) = Z e *Pre” ™V dy ="
0 r—y
ZEZQ[T,OO)
where one has to observe that the sum is a geometric series and the integrand takes only two

different values.

A crucial step in the proof of Theorem 1.3 consists of writing quasi-stationary measures as
weak limits of superpositions of Poisson point processes which is called Poissonization in [14].
More precisely, we use the following generalization of the Poissonization Theorem of [14]:

Theorem 1.5 (Generalized Poissonization Theorem). Let d = 1 and u be a quasi-stationary measure
of an evolution satisfying assumption 1.1 or 1.2, {Fy}y>1 be the family of functions defined by

Fy(x) = > Pr(Xy+my 4+ 4y = X)

m>1

where (x,,),>1 is a fixed starting configuration of the particles. Then for any non-negative continuous
function with compact support f € C*(R) it holds

G,(f) =1\}ijr;0f du G, (f). (L.5)
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Here, EM denotes the modified probability generating functional of u given by
5H:E[exp(—2f(x1—xn))] (1.6)
n

and @FN denotes the modified probability generating functional of the Poisson point process on R with
intensity measure Ay uniquely determined by

An([a, b)) = Fy(a) — Fy(b).

To prove Theorem 1.5 it suffices to observe that the proof of the Poissonization Theorem in [14]
can be adapted to our context by applying the spreading property in the form of Lemma 11.4.I of
[5] which we state now for the sake of completeness:

Lemma 1.6 (Spreading property). Let (Y,),>1 be a sequence of non-constant i.i.d. RY-valued random
variables. Then for any bounded Borel set A € R it holds

sup P(Y1+---+ Yy €x+A) 5y 0. 1.7

xeR4

The paper is organized as follows. We prove part (a) of Theorem 1.3 under assumption 1.1 in
section 2 and under assumption 1.2 in the one-dimensional case in section 3. Having at this point
the fact that each quasi-stationary measure of the one-dimensional evolution is a superposition of
Poisson point processes we determine in section 4 the intensity measures of the latter, thus proving
parts (b) and (c) of Theorem 1.3. Section 5 gives the proof of Theorem 1.3 for multidimensional
evolutions satisfying assumption 1.2 by extending the arguments of the preceding sections to the
multidimensional case. Finally, in section 6 we analyze the evolution in the space of Poisson point
processes with almost surely infinite, locally finite and upper bounded configurations in order to
prove Proposition 1.4.

2 Quasi-stationary measures of the evolution with heavy-tailed incre-
ments

In this section as well as sections 3 and 4 we restrict to the case d = 1 for the sake of a simpler
notation and prove Theorem 1.3 in the one-dimensional setting. Subsequently, we show in section
5 how our arguments extend to the case d > 1. In this section we present the proof of Theorem
1.3 (a) for an evolution satisfying assumption 1.1. We explain the main part of the proof first and
defer the technical issue of approximating the distribution of the increments by an a-stable law
to the end of the proof. The proof uses the Generalized Poissonization Theorem (Theorem 1.5) in
deducing that every quasi-stationary u satisfying assumption 1.1 is a superposition of Poisson point
processes.

Proof of Theorem 1.3 (a) under assumption 1.1. 1) Let L(N) be a slowly varying function

such that —2— converges to an a-stable law. Since we are only interested in the joint distribution
L(N)N«

of the gaps between the particles, we may assume that the particle configuration

x12x22x3>...
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starts at x; = 0. We will shift it subsequently to the left by numbers cy depending on the initial
configuration (x,,),>; and tending monotonously to infinity for N — oo. The resulting configuration
of particles will be denoted by

We note that

n>1 n>1 L(N)N« L(N)N«

FN(X):ZPﬂ(xn+5N2X)=ZPﬂ( - T2 x_xnl).

Since a shift of the particle configuration by ¢, does not affect the value of éu and (cy)y>1 can be
chosen to converge to infinity fast enough, the functions Fy can be replaced by

x —x,(N) 1
P, > Loy M CLIN*N Y —————— 1o oy
; (L(N)Na L(N)Ni ) Xz—ey ; _ Xn(N))oc xX=—ey

in the statement of the Generalized Poissonization Theorem where C = C(a) is a constant and
(en)n>1 is an increasing sequence in R, depending on the initial configuration (x,),>;, converging
to infinity and satisfying ey < %N The approximation by an a-stable law used here is justified in
steps 2 to 4. We remark at this point that the right-hand side is finite due to the assumption 1.1,
since it corresponds to the evolution with a-stable increments. Next, note that

X

G, (f) =J Fy(dx)exp(—Fy(x)) exp (— J e‘f(X‘”FN(dy))
R

—0o0
which follows by conditioning the Poisson point process on its leader and was shown in [14]. Here,
the integrals are taken with respect to the infinite positive measures induced by the corresponding
non-increasing functions. Hence, again referring to steps 2 to 4 for the justification of the approxi-
mation by an a-stable law we may conclude

~ . ) " 1
Gr, (f) ~ CLIN)*N J dZmexp( CLNYN 2, Xn(N_))“)

n>1 n>1
X
x exp | —CL(N)*N e f=)q .
p( ) f PN L T

Setting K(N) = CL(N)*N, the Generalized Poissonization Theorem yields:

~ . —1
Gu(f):]}E%OJ‘dMK(N)J_ dZ(X‘ (N))anp( K(N)Z( _xn(N))a)

n>1 n>1

= n>1

Recalling that x,,(N) was defined as x,, — cy we may rewrite the inner integral as

L KN e exp( KN Gre =iy xn)“)

n>1 n>1
X exp —K(N)f e fx=y)q .
( ] Z; O+ oy —x)°
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Next, we enlarge the shift parameters cy, if necessary, to have

H(x)= NILH;OK(N); Lixz—ey} <00

(x+cy —xp )
such that for every M > 1 the convergence is monotone on [—e,;,00) for N > M. Note that this is
possible, because the sum on the right-hand side is finite for the original choice of (cy)y>1 due to
assumption 1.1 and, moreover, the sequence (cy)y>; can be adjusted separately for each starting

configuration (x,),>1. For the sake of shorter notation we introduce positive measures ay, a on R
defined by

1

a(dx) =H(dx), ay(dx)=K(N)1lg>_,,d Z (x +ey —x,)2
N n

n>1
Now, we would like to interchange the limit N — oo with the u-integral on the right-hand side of
the equation for G,(f). To this end, we remark that the Dominated Convergence Theorem may be
applied, since the integrands are dominated by

1
f ay(dx) =K Y
R

n>1 (_eN tcn _xn)a

and the right-hand side can be made uniformly bounded in N by enlarging the cy, if necessary. By
interchanging the limit with the u-integral we deduce

X

Gu(f)= f du lim f ay(dx) exp (—ay([x, 00))) exp (— f aN<dy>ef(xy>).
R

—00
But ay and a were defined in such a way that a is the weak limit of the ay. Thus, the Poisson
point processes with the intensity measures a, converge weakly to the Poisson point process with
the intensity measure a (see Theorem 11.1.VII in [5] for more details). In particular, their modified
probability generating functionals converge. Thus, we may pass to the limit and deduce

éu(f) = J duf a(dx)exp(—a([x,00)))exp (_J a(dy) e—f(x—y)) )
R

—00

X

In other words, u is a superposition of Poisson point processes with intensities a(dx) mixed accord-
ing to u itself. This proves that each quasi-stationary measure of the evolution is a superposition
of Poisson point processes given that the distribution of the increments can be approximated by an
a-stable law in a suitable sense.

X—XH(N)
1

we need to justify that we are allowed to replace the
L(N)N«

2) With the notation 0, y(x) =

expression

ZPTE (S—Nl = On,N(X))

n=1 L(N)N«
appearing on the right-hand side of the statement of the Generalized Poissonization Theorem by

1

CLON 2 e

n>1
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which plays the same role on the right-hand side of the corresponding Generalized Poissonization
Theorem for increments following an a-stable law. To this end, by the second remark on page 260
of [9] which characterizes domains of attraction of a-stable laws we can find constants dy € [0, 1],
functions ¢y : R — R, and slowly varying functions sy : R — R, such that

S
Pr (—N1 = Qn,N(X)) = (dN + SN(Qn,N(X)))L(N)QNSN(Qn,N(XD

L(N)N% (x — x,(N))*

and ey(¥) =y 0.

3) Suppose first that infy dy > 0. Choosing the shift parameters cy introduced in step 1 to
be large enough, we can achieve

Eny =Sup SN(en,N(x)) —N-ooo 0,
n

because the functions €, vanish at infinity. It follows

ZP S—N >0 N(x) _ZdNL(N)aNSN(Q N(x));
= "loow: " n>1 " (x — x,(N))“

<37 (en(Bun(x))) LIN) Ny (B ()

n>1

; dy +en(Opn(x)) ™ (L(N)Ni B n’N(X)) T dytey ; T (L(N)Ni = n,N(x))

by taking the absolute value inside the sum and using the monotonicity of x — —— ’:rx. Under the
N
assumption infy dy > 0 we have

(2 = x,(N))*

2 < EN
dy +ey ~ infydy + ey

“N—-oo 0.

We conclude
NhféJ du G, (f) = NhféoJ du Gg (f)
for any test function f € C(R) and functions Fy defined by

G = DN N o (D e e

using the approximation of Gy by functionals continuous in F presented in the proof of Theorem
6.1 in [14]. This and the fact that the Fy’s differ from the corresponding expressions in step 1
only by the constants dy and the slowly varying functions sy, which both can be dominated by an
appropriate choice of the sequence (cy)y>1, justify the approximation by an a-stable law in the
case infy dy > 0. We observe that this reasoning goes through also under the weaker assumption of
liminfy_,., dy > 0.
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4) Now, let liminfy_,,,dy = 0. We may even assume limy_,,dy = 0, since we may pass to
the limit in the Generalized Poissonization Theorem through any subsequence. Since %fN is a
multiple of the expected number of particles on [x, 00) after N steps in the evolution with a-stable
increments, the measure induced by %Fv v is not only locally finite, but also finite on intervals of the

type [x,00). Hence, by enlarging the shift parameters cy to make dif v (x) bounded uniformly in N
N

for each x, we can achieve that the measures induced by Fy, converge weakly to the zero measure
on R for N tending to infinity. In addition, we have the estimate
N

- €
< Fy(x)+

1 ~
X)) ay VO

Fy(x) = Fy(x)+ D, (en(0nn(x))) LIN)* Ny (8,5 (x))

n>1

The rightmost expression converges to O for N — oo which shows that the approximation by an
a-stable law may be applied with C = 0. This follows again by the same approximation of @F as
in the proof of Theorem 6.1 in [14]. We observe that this case corresponds to the quasi-stationary
measure in which the configuration with no particles occurs with probability 1. O

3 Quasi-stationary measures of the evolution with increments in the
domain of attraction of a normal law

In this section we show that a quasi-stationary measure u of an evolution satisfying assumption 1.2
is a superposition of Poisson point processes. The main difference to the proof of Theorem 6.1 in
[14] is that we apply a multidimensional version of the Bahadur-Rao Theorem which applies to any
distribution 7 as in assumption 1.2. This leads to the replacement of Laplace transforms by modified
Laplace transforms and of normalizing shifts of the whole configuration by particle dependent shifts
due to the fact that the Bahadur-Rao Theorem gives only information on probabilities of large devi-
ations for lattice points in case that 7 is a lattice type distribution. The version of the Bahadur-Rao
Theorem we use is an analog of the results in [10] where we replace smooth domains by infinite
rectangles.

Lemma 3.1 (Multidimensional Bahadur-Rao Theorem). Let (7,,),>1 be as in assumption 1.2 and set

Sy = Zgzl 7,. Then in case that d =1 and the 7, are non-lattice or d > 1 and the m,, have a density
we have for all x e R and R? 3 ¢ > 0:

P(Sy = x +gN)
P(Sy = gN)

~ exp(=n(v(q)) - x) (II.8)

uniformly in q where ~ means that the quotient of the two expressions tends to 1, n = n(q) is the
unique solution of

(@) =n-q9—Am), (111.9)

A is the logarithmic moment generating function, y is the Fenchel-Legendre transform and v(q) is the
minimizer of y over the set {y € R|y > q}. In case that the , are lattice with values in AZ + b,
equation (1.7) holds for all x € AZ? and all lattice points q > 0 again uniformly in q where A is a real
d x d matrix and b € RY.
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Proof. 1) In the case d = 1 both asymptotics and their uniformity follow directly from Lemma 2.2.5
and the proof of the one-dimensional Bahadur-Rao Theorem in [6].

2) From now on let d > 1 and set
_ d _ d X
r={yeR’y=q}, FN={y€R |y2q+ﬁ},
X
FAFNE{yGRdWZmin(q—FN,q)}

where > and min are meant componentwise. With an abuse of notation let P be the distribution of
the 71, on R¢ and following [10] define the g-centered conjugate by

dP(y;n) =exp(—A(m) +n-(y +q)) dP(y +q).

Next, choose v to be the minimizer of y over I" and let v, be the corresponding minimizer over
[’ ATy. The representation formula for large deviations of [10] implies

P(Sy > x+qN) S ity gy € VIO AP (VN ()
P(Sy = gN) f\/ﬁ(l"—vN) e~ VNn(vy)y dIP’*N(\/ﬁy;n(vN))

Note further that since n(vy) solves Vy(vy) = n(vy) and vy is the boundary point of I' ATy, where
the level set of y touches I A Ty, it follows that n(vy) is the inward normal to I' ATy in vy in
case that vy 7 min (q + fv, q) and a vector pointing inward " A 'y otherwise. Hence, in both cases
the integrands in the numerator and denominator are bounded by 1, because I',T'y € I' ATy by
definition. Next, let V be the covariance matrix of (. ;7(v)) and ¢, v be the Gaussian density with
mean 0 and covariance V. Applying the expansion in Lemma 1.1 of [10] and its analog for the
lattice case in section 2.6 of the same paper and using the boundedness of the integrands we deduce

-JN .
P(Sy = x +gN) fm(rN—vN) e VNI oy (y) dy
P(Sy = aN) fﬁ(r—vN) e VNt ooy () dy

.J.N(FN—VN) e N dy C_Nn(VN)'(q-i_%_vN) —n(vy)x —n(v)x
~ T g e N @y € TN—oo €
[ T
which proves the theorem. O

Next, we define modified Laplace transforms.

Definition 3.2. Let M be the space of finite measures on (0,00) and .# be the Borel o-algebra on M
for the weak topology. Moreover, denote by

R,(x) = f e " o(du) (I11.10)
0

the Laplace transform of a measure o € M and by R o its modified Laplace transform given by

R, (x)=R,([x]) (IIL.11)
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and where [x] = x in the non-lattice case and [x] is the closest number to x in pZ not less than x in
the lattice case with supp @ C pZ+r.

Now we are ready to prove that for d = 1 each quasi-stationary measure u of an evolution satisfying
assumption 1.2 is a superposition of Poisson point processes. This corresponds to the first part of
Theorem 1.3 for evolutions satisfying the assumption 1.2.

Proposition 3.3. Let d = 1 and u be a quasi-stationary measure for an evolution satisfying assumption
1.2. Then there exists a measure v on (M, .#') such that for any f € C:(R):

G,(f) = f v(de)Gg (f). (II1.12)
M
Proof. 1) We introduce again the functions Fy defined by

Fy(x)= ) Pa(xy +Sy = x)

. N . . . es
with Sy = >, _, m, and a starting configuration (x,),>;. In order to deduce Proposition 3.3 from
Theorem 1.5 we want to find measures gy € M such that their modified Laplace transforms R, are

close to the functions Fy in a suitable sense. Since }NQQN (0) =1, we will normalize the functions Fy
such that Fy(0) will be close to 1. For this purpose define numbers zy by

gy = inf{x € R| Fy(x) < 1}.

Moreover, let z, y = zy for all n if the distribution of the 7, is non-lattice and let z, 5 > zy be closest
number to zy satisfying

Zn,N — Xn
—— €pZ+r
N p

if the distribution of the 7, is supported in pZ+r. Lastly, define functions Hy which may be viewed
as the normalized versions of the functions Fy by

Hy(x) =Y Pr(x, + Sy = x +2,3).
n

Note that in the lattice case each function Hy is piecewise constant with jumps on a subset of pZ.
Applying Lemma 3.1 we deduce that for an appropriate K > 0 and all n for which x, > —KN it
holds

Zn,N — Xp
IED7t(xn +SN =X +Zn,N) = IEDﬂ:(SN > ZnN — Xn)exp XM T (1 + En,N)

for all x € R in the non-lattice case and for all x € pZ in the lattice case. Moreover,
sup e, v —=N—o0 O-
n

Hence, with high probability Hy (x) can be written as

J on(dwe (L +ey@)+ Y, Pa(xy+Sy = x+5,)
0

n: x,<—KN
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where

on(d ="}, PrlSy 2y =08, (man ) (du),

n: x,=—KN

because by the affine bound on z, y in step 3 below we have

uloy €M) =y 1.

ZN—Xn
N

Choosing ey(u) = €,y foru=mn ( ) and ey (u) = 0 otherwise, we have

sup ey (W] =y O
ueRr

2) In this step we will prove that

D Palxy+Sy = x+zy)

n: x,<—KN

tends to O for N — oo and an appropriately chosen K.

In case that lim,_,., A’(n) < oo, we conclude that the support of the distribution of the 7,
is bounded from above. Hence, the expression above vanishes for a fixed large enough K and N
tending to infinity (provided that 2, y is bounded from below by an affine function of N uniformly
in n which will be proven in the next step).

It remains to consider the case lim,_,, A'(n) = co. As in the proof of the Bahadur-Rao The-

orem in [6] we define ¥y (1) = 1n1/NA”(n) and let F, ;\1, be the distribution function of Zflzl "/"\;f -
q

In the same way as in [6] we deduce for all n with x,, < —KN that

P.(x,+Sy > x —|—zn)N) =

X+2, N — Xy o X 42, N — Xy N
exp| —Ny - N exp | —yyn (1 - N dFy ).
0

Provided we have a lower bound on z, y which is affine in N and uniform in n and choosing K large
HZ”N—N_X”) > 0 and hence vy (n (%)) > 0, so the
integral is bounded by 1. Thus, it suffices to show that for a large K

X+2z2,y—X
3 (- ()
n: x,<—KN N

converges to 0 for N — oo. Recall the definition of {; in assumption 1.2 and assume the lower
bound

enough we have for large N that 7 (

Z,n = AN +B
with A, B independent of n which will be proven in the next step. Next, choose K such that
Vg=K+A: y(q) =204,
K > —2A,
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which is possible because y is convex with y'(q) = 1(q) =40 00. Thus, for N large enough

Z exp (—N}/ (W)) < Z exp (—2{1(x +z, N —xn))

n: x,<—KN n: x,<—KN
< Z exp (—2¢1(x +AN +B —x,,))
n: x,<—KN
<exp(—201(x+B)) D, exp({1%n) ~yooo O
n: x,<—KN

for u-a.e. (x,),>1 and where the convergence follows from assumption 1.2.

3) We will bound z,, from below by an affine function in N uniformly in n, i.e. find uni-
form constants A, B such that

Z,n > AN +B

for all n, N. To this end note that by the Central Limit Theorem we have

3

FN(Xg) > Pn(xl +SN > Xg) + ]Fn(X2 +SN > Xg) + ]P)H(Xg +SN > Xg) N0 5,

hence Fy(x3) > 1 for N large enough. By the definition of zy it follows that zy > x5 for N large
enough. Thus, we can find constants A, B such that for all N we have zy; > AN + B. The definition
of z, y implies immediately

ZH,N ZZN ZAN"’B

as claimed.

4) Putting the first three steps together, we conclude

Hy(x) = J e” oy )(1+ey(u))du + &y(x)
0

with 6y = sup, ley(W)| =00 0, En(X) =n_o O for all x € R in the non-lattice case and for all
X € pZ in the lattice case. It follows directly that for all such x we can find positive numbers 6
tending to O for N tending to infinity such that

|Hy(x) =Ry, ()] < 6yRyp, (x) + En(x).

Recalling that in the lattice case the functions Hy are piecewise constant having jumps only on a
subset of pZ we may write the same inequality in terms of the functions R, and get

|Hy (x) _EQN(X)l = 5N§9N(X) + &n(x)

with Oy =Ny 0 and gy(x) —y_o O for all x € R in both cases. We will use this estimate in order
to rewrite the equation

Gulf) = lim f dp G, ()
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of Theorem 1.5 in terms of the functions EQN. To this end for each N define a measurable transfor-
mation Ty of the space of configurations by

Ty: 2—1Q, (xn)nZI e (xn + KN +2zy _zn,N)nzl

and let uy be the measure on Q induced by u via Ty. Then by the definition of uy and by the
invariance of G under the shift of particles by KN + zy we may conclude

G,(f) = lim f duy Gy, (f).

The explicit representation of the modified probability generating functional of a Poisson point pro-
cess implies

G,(f) = lim f duy f de™ ) exp (—f (1—e‘f(x-y>)dHN(y)).
R 0

Taking into account the bounds
e —e < |x -yl
for non-negative x, y and

|[Hy(x) = R, ()] < 8yR,, (x) + 8y (x)

it follows that

G,(f) = lim f duy f de™ ) exp (—J (1—e—f<x—”)dHN(y>)
R —00

X
— 1 —Rgy (x) —flx= R
_I\}Egof duy fRde en ¥ exp (— J_Oo (1 —efx y)) dRQN(y))

= lim f duy Gy, ().

N

To be precise, one can estimate |e V() — ¢7Roy )| from above to prove
|de Hn () de_ﬁé’N(x)l %0
and then estimate the difference between the two integrands in a similar way.

5) Define by v, the probability measure on M induced by uy through the measurable map-
ping Ty given by

Tv: Q—M, (x)u>1— On
if o)y € M and TN((Xn)nzl) = 0 otherwise. Step 4 and the definition of vy, imply
Gu(f)= lim JM vn(de)Gg, (f)-
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Our next claim is that the sequence (vy)y>1 is tight. To this end we will show that for each § > 0
there exists a function M such that for all N it holds

vy(@ EM|R,(x) < M(x))=1-36.

The compactness of {o € M| R,(x) < M(x)} will then imply the claim. Note that because of
the monotonicity of R, we may replace R, by INQQ in the last inequality without loss of generality.
Recalling the definition of vyy we observe that the inequality corresponds to

ez € 9 Ry, () < M(x)) = 1 6.

The upper bound on |[Hy(x) —R o ()| and the definition of uy allows us to replace }NQQN by Hy and
subsequently to rewrite the inequality as

(=1 €| Y P, +Sy = x +KN +2y) < M(x)) = 1- 6.

We can get an upper bound on Zn P, (x,+Sy = x+KN +2y) which is uniform in N by adapting the
estimates of step 2 to the present situation and enlarging the constant K if necessary. More precisely,
in

x +KN +zy — x,
P.(x,+Sy =x+KN+2zy)<exp|—Ny N

X+KN+zy—Xx,

we can bound Ny ( ~

zy by AN + B leading to

) from below by {;(x + KN + zy — x,,) and subsequently estimate

D P(x, +Sy = x +KN +2y) < D exp (=1(x + KN +AN + B —x,)).
n n

Finally, the right-hand side is bounded by e ~¢1(:+5) > %1% which is finite u-a.s. The claim follows
now by choosing M (x) satisfying

() e 0D Tl < M(x)) > 1 - 6.
n

Strictly speaking we may have to choose a larger M(x), because the estimate above is only valid
for N > Ny(x) with probability tending to 1 for Ny(x) tending to infinity. Hence, we can choose
Ny(x) such that the probability is larger than 1 — g and fix an M(x) large enough for our purposes
afterwards. The claim readily follows.

6) Define v to be the limit point of a converging subsequence of (vy)y>1. Then the same
approximation of Gy by functionals continuous in F as in [14] implies

Gu(f)= lim J

M

VN(dQ)aﬁg(f):J v(de)Gg (f)

M

which proves the proposition. O
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4 Poisson intensities

Up to this point we have shown that a quasi-stationary measure of a one-dimensional evolution
satisfying the assumption 1.1 or the assumption 1.2 is given by a superposition of Poisson point
processes. In this section we provide the exact shape of the Poisson intensity measures both in case
that assumption 1.1 and in case that assumption 1.2 is satisfied. This is done by exploiting the
properties of the steepness relation defined next.

Definition 4.1. Let & be the space of positive, non-increasing, left-continuous functions F on R with
F(x) =, 0. For any two functions F, G € & define G to be steeper than F if

Yu>0: G(x)=F(y) = G(x+u)<F(y+u). (IvV13)

Remark. Note that since the measures p € M are supported on (0, 00), their Laplace transforms R,
and also their modified Laplace transforms ﬁg are elements of & .

The main tool in the characterization of the Poisson intensities is the following result.

Lemma 4.2. Let p be a measure in M, F = ﬁg € & and A be the unique positive measure on R with
Ya<b: A(la,b))=F(a)—F(b). (v.14)

If the m,, satisfy assumption 1.2, 1 is the probability distribution of each of the m,, and G € & is the
unique function with

Ya<b: G(a)—G(b)=Axn)[a,b)), (IV.15)

then G is steeper than F.

Proof. Let G(a) = F(b) for some a,b € R. Without loss of generality we may assume b = O,
because otherwise we can replace p by g(du) = e p(du) yielding shifted versions F, G of F, G
with F(0) = F(b) for a suitable s. By performing the same argument as below for F, G instead of
F, G we can conclude that G is steeper than F. Thus, G is steeper than F by the invariance of the
steepness relation under shifts. Furthermore we may assume that a > 0, because otherwise we can
replace 7 by a shifted version of itself and note that the following argument does not depend on the
fact that the expectation of 7 is zero. We need to show G(a + v) < F(v) for any v > 0. By Fubini’s
Theorem and integration by parts we can estimate G(x) for x > 0 in the following way:

G(x) = J A([x—y,w))n(dy)=f R,([x — yDn(dy) = J J e o (du)n(dy)
00 -0 JO

—00 —

:f J e“["ﬂn(dy)g(du)sf e ulx] |:J e“[y]n(dy)} o(du)
0 —00 0 —00

:f e ulx] [J e”yn(dy)} e(du) :f [x]e_ta[x]f [J e”yrc(dy)] o(du) dt
0 —00 0 0 -0

where we have used —[x —y] < —[x]+ [y] and the fact that [y] = y on the support of 7. A similar
but simpler calculation for F implies for x > 0 that

o0

F(x)=RQ([xJ)=f

0

e X o(du) = f [x]etlx] f o(du) dt.
0 0
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A calculation for G(a + v) similar to that for G(x) together with the calculation for F(x) imply

Gla+v) < J [v]e‘tmf U e”(y_a)rc(dy)} o(du) dt
0

0 —00

sf [v]e—fMJ o(du)dt =F(v)
0 0

where we have used the inequality

f U e”(y“”n'(dy)} Q(du)if o(du)
0 —00 0

of Lemma 7.2 in [14] which relies only on the fact that 7 is a probability measure and not on its
shape. O

The last tool we need is the following classical version of the Choquet-Deny Theorem (Theo-
rem 3 in [7]).

Lemma 4.3 (Choquet-Deny Theorem). Let 7 be a probability measure on a locally compact abelian
group X. Then the positive measures A on X satisfying A * T = A are given by

A=J (fw)*8, dv(f,x)
EXT

where T is a set containing exactly one representative of each coset of the subgroup Y generated by the
support of 7 in X, the set & is given by & = {f|Vg1,82 €Y : f(g1+ g2) = f(g1)f (g2)}, the measure
w is a Haar measure on Y and v is a positive Radon measure on & x T

The Choquet-Deny Theorem in this general form allows us to finish the proof of Theorem
1.3 in the one-dimensional setting which is one of the main results of the paper.

Proof of Theorem 1.3 in the one-dimensional setting. 1) We have shown above that under as-
sumption 1.1 or 1.2 each quasi-stationary measure is a superposition of Poisson point processes.
To prove that the intensity measures of the latter have the desired form, we will restrict to the
case that assumption 1.2 is satisfied. The other case is completely analogous and requires only
a replacement of the space over which the superposition is taken. From now on we consider an
evolution satisfying assumption 1.2 and let F, G be functions constructed as in Lemma 4.2 where p
will vary over M, so that F varies over the space of the modified Laplace transforms of measures in
M. Making N + 1 steps of the evolution instead of N in the proof of Proposition 3.3 shows that

5“(f)=f V(dQ)@F(f)=J v(de)Gg(f)-
M M

From here it follows that A * 7t is a translate of A with the notation used in Lemma 4.2. This can be
shown as in the proof of Theorem 8.1 in [14], applying our Lemma 4.2 instead of their Theorem 7.3.
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2) Applying the Choquet-Deny Theorem in the case that supp m contains a non-trivial inter-
val (and thus the same holds for supp m,) we get Y =X = R; moreover, I can be chosen as {0} and
w may be chosen as the Lebesgue measure .#* on R. Hence,

?\=f(f$1)a(df)
&

for a Radon measure a on &. Noting that A corresponds to a function in &, we conclude that a is
supported on f € & with the continuity and decay properties of functions in &, i.e. f € {e7**|s > 0}
as claimed.

3) In the case supp © C pZ + r for some p > 0, r > 0, so supp ©, C pZ + (r — a), we dis-
tinguish the cases Zp + Z(r —a) = Z‘H’ for an n € N and Zp N Z(r — a) = {0} which will correspond
to the two different types of the Poisson intensity measures.

In the first case we may apply the Choquet-Deny Theorem with Y = Zp + Z(r —a) = Z%

b

r=[o, %) and w being the counting measure w, on Y and conclude
AMA) = J ((few)5,) ) d¥(f,y)
&x[o.])

for a positive Radon measure v on & X [0, %) Noting that the only elements of & with the decay
properties of functions in & are {e**|s > 0} restricted to Z%, we deduce

A(4) = f - (e w0,)+5,) (A) dals, y)
R,.x|0,2

’n

for a suitable Radon measure @ on R, X [O, %) The last equation can be rewritten as

A(A) = J e da(s, y) =J Z e~ das,y)
R+x[

Q%)xé(l%+y)ﬂA R+X[Q§)x€(2p+ny)nAn

e”n da(s,y)

JR+ x[0.p) xe(zp+y)ran

with a positive Radon measure @ on R, X [0,p). Finally, a Poisson point process with intensity
measure A on R is supported on simple configurations iff a(R,, dy) has no point masses.

In the second case we apply the Choquet-Deny Theorem with Y = Zp & Z(r — a), noting

that w may be chosen as the counting measure w, on Y and identifying I" with [0,p) X [0,r — a)
via the Chinese Remainder Theorem. The result is

AA) = J ((few)6,)dv(f,dy)
&x[0,p)x[0,r—a)
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for a positive Radon measure v on & x [0,p) X [0, — a). The set & of exponentials on Y with the
decay properties of functions in % is given here by f(kp + [(r — a)) = e~1*~%2! with parameters
51,89 > 0. Hence, the last equation can be rewritten as

2'(14) = f e_SIZ_SZk dﬁ(SI)SZ: }’)
Ry XRy x[0,p)x[0,r—a) k,I€Z: kp+1(r—a)+y€A

with a suitable positive Radon measure § on R, X R, X [0,p) X [0,r — a). The equation in the
theorem follows by setting w = r — a. Finally, note that a Poisson point process with intensity
measure u is supported on simple configurations iff (R, ,R,,dy) has no point masses.

4) In this last step we will prove that a Poisson point process with the intensity measure A is
a simple quasi-stationary measure for our evolution (hence, superpositions of such processes are
also simple and quasi-stationary). The simplicity follows from the corresponding remarks in step
3. For quasi-stationarity note that A was constructed as the solution of a Choquet-Deny equation
which by Lemma 7.4 in [14] implies

[o.9] [o.9]

e FO—04dF(x) = f e S AG(x) =Pg(x; — x5 Z ).

—00

Pr(x; —xy>u) = J

—00
Here Py, P; denote probabilities associated with Poisson point processes corresponding to F, G,
respectively. Thus, the distribution of the first gap is invariant under the evolution. A similar
calculation proves that this holds for any finite number of gaps which proves quasi-stationarity.
O

5 Quasi-stationary measures of the multidimensional evolution

This section contains a sketch of the proof of Theorem 1.3 under the assumption 1.2 for any
dimension d in which we explain how the arguments of sections 3 and 4 generalize to the
multidimensional case.

Proof of Theorem 1.3 under assumption 1.2. 1) For the extension of the Generalized Pois-
sonization Theorem define functions Fy in the same way as for d = 1 with = instead of > and
let measures Ay be defined analogously to the case d = 1 by setting Ay([a, b)) for any finite box
[a, b) to be the alternating sum of values of Fy at the vertices of the box. Note that Ay is a positive
measure, because every summand P,(x, + Sy = x) in the definition of Fy defines a probability
measure on RY. Moreover, for test functions f € C:(Rd) let the modified probability generating

functional G,(f) be defined by

Gu()=E[exp (=D f 1= x) |

n

where the configurations are arranged in the non-ascending order =. Define GFN as the corre-
sponding quantity for the d-dimensional Poisson point process with intensity measure Ay. Then
performing the proof of the Poissonization Theorem of [14] with > replaced by = and < re-
placed by # and applying the spreading property (Lemma 1.6) to each of the components to bound
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P.(Sy = x, Sy % x + D) uniformly in x one deduces
Gu(f) = lim J a1 G ()
forany f € Cj(Rd).

2) To prove that u is a superposition of Poisson point processes we generalize the proof of
Proposition 3.3. Using again the Central Limit Theorem we can find points zy on the line I ¢ R¢
appearing in the definition of = with Fy(zy) < 1 and having coordinates which are bounded from

below by an affine function of N. Define the points z, 5 such that z, y > zy and p (Z"NN—_x”) is a

lattice point which is possible by the definition of p (see the definition of =). Then each component
of z, i is also bounded from below by an affine function of N. Applying the d-dimensional version

Z, —X . . .
M) and introducing again measures

of the Bahadur-Rao Theorem (Lemma 3.1) with points p ( N

Ux, vy We can conclude

Gu(f) = Jim J v(d)Gr, ()

M
where now M denotes the space of finite measures on (R, )¢ and ﬁg denotes the Laplace transform
of a p € M with the argument modified to the closest lattice point from above if necessary. Observe
that ﬁg is a tail distribution function of a locally finite positive measure for o € M, because for any
x > 0 the function e™"* is the tail distribution function of a product of exponential distributions on
R. By exactly the same argument as in section 3 it follows that the sequence vy is tight and we let v
be a subsequential limit of it. By the approximation of the functional G by functionals continuous
in F as done in [14] for d = 1 one may conclude

Gu(f)= f v(de)Gz (f),
M
so U is a superposition of Poisson point processes.

3) To extend section 4 to the case d > 1 we extend first the steepness relation to the space
of tail distribution functions F of positive measures on RY which satisfy F(Ax) —;_,, O for
each x € R? — (R_)?. We call G steeper than F if F(x) = G(y) for some x,y € R? implies
F(x+a)=G(y+a)forallae (R +)d. The same calculation as before for each of the d coordinates
yields that functions become steeper if convolved with probability measures in the sense of Lemma
4.2. Finally, the same monotonicity argument as in section 4 shows that for intensity measures A
of quasi-stationary Poisson point processes A * 7t has to be a translate of A. Finally, the Poisson
point process with intensity measure A has to be supported on upper bounded configurations and
be simple, hence A has no point masses. O

6 Attractivity

In this concluding section we prove attractivity of certain quasi-stationary Poisson point processes in
the space of all Poisson point processes with almost surely infinite, locally finite and upper bounded
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configurations by analyzing the corresponding evolution of intensity measures. The latter will be
assumed locally finite satisfying

Ac+R)) =00, ARY=(c+R_))) <0

for a ¢ € RY depending on A which means precisely that the corresponding Poisson point processes
are supported on infinite, locally finite and upper bounded configurations. As before we will denote
the points of such configurations by x;,x,,... in descending order = and call the Poisson point
processes and intensity measures of this type regular. In particular, it turns out that the space
of regular Poisson point processes is invariant under evolutions with i.i.d. increments. For the
increments (7,),,>1 we assume for this section that E[7r,,] = 0 and the 7,, are not almost surely equal
to 0. Obviously, the two assumptions can be made without loss of generality since a recentering of
the increments does not affect the joint distribution of the gaps of the evolved process which will
be the only quantity of interest. Lemma 6.1 and Lemma 6.2 are the key to the attractivity result.
The first is taken from section 11.4 of [5], so we omit the proof and the proof of the second is given
below.

Lemma 6.1. Let N be a regular Poisson point process on R? with corresponding intensity measure A
and configurations (x,),>1. Define N to be the point processes with configurations

(.yn)n21 = (xn + Tcn)nzl

where 1, are i.i.d. random variables with distribution m which are independent of N. Then N is a
Poisson point process with intensity measure A * 7.

Lemma 6.2. Let N be a regular Poisson point process with intensity measure A and suppose that there
exists a measure A, corresponding to a regular Poisson point process and satifying

AxmTm S A (VI.16)

where 1 is the distribution of the increments of the evolution as in Lemma 6.1. Then the joint
distribution of the gaps of N after n evolutions converges to the corresponding quantity for the Poisson
point process with intensity measure A, for n — oo.

Proof. From the multidimensional version of the Levy Continuity Theorem it can be deduced
that the convergence of the joint distribution of the gaps follows from the convergence of the
corresponding modified probability generating functionals

E[exp (- Zn]f(xl —x)) |

for test functions f € Cj(Rd), so it suffices to show the convergence of the latter. To this end
let N}, be the point process resulting from N after k steps of the evolution. By Lemma 6.1 it is a
Poisson point process with intensity measure A*7t*. By the general formula for modified probability
generating functionals of Poisson point processes the modified probability generating functional of
Ny is given by

X

@A*n*k(f) = f (k * n*k) (dx)exp (— (A ) ([x, 0))) exp (—f
Rd

—00

e FE= (L« n:*k)(dy)) .
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Even though @,1 is not a continuous functional of A, it can be approximated arbitrarily well by
continuous functionals of A in the appropriate L' sense as was done in the proof of Theorem 6.1 in
[14]. Hence, the weak convergence of A x ** towards A, implies

Gk (f) =kmo0 G (F)

for all test functions f € Cj(Rd). The claimed convergence of joint gap distributions readily
follows. O

We prove now Proposition 1.4. It shows that any regular solution A, of the Choquet-Deny
equation A * T = A is attractive in the direction of a measure p where p can be infinite, but “small”
enough in the sense that p is regular and its tail at infinity is dominated by the tail of any multiple
of the Lebesgue measure. Since any of these multiples are fixed points under the evolution in case
that the 7, have a density, adding something of the order of such a multiple a.Z? to A., will
result in attractiveness towards A, + a.Z¢ instead of A.,. Hence, Proposition 1.4 is the strongest
attractivity result possible in this context.

Proof of Proposition 1.4. By Lemma 6.2 and the bilinearity of the convolution it suffices to
show

(o *m™)((a,b)) =p00 0

for any a < b. To this end fix a and b and define f(y) = o((a — y, b — ¥)). The spreading property
(Lemma 1.6) implies that for any 0 < € < 1 there exists a sequence 0 < a,(&) —,_ 00 wWith

M (—an(e), an(e)M) < e.

We conclude that for any fixed ¢ it holds

(Q*ﬂ*”)((a,b))=f f)n(dy)< sup f(y)+e sup f(y)
Rd

¥ loo=n(e) |¥loo<an(e)
< sup f(y)+esupf(y).
|.y|oozan(€) _yERd

Hence, by the assumptions on p we have

lim sup (g * 7"")((a, b)) < & sup £ ().

n—o00 yG]Rd
By letting ¢ tend to 0 we deduce that the limit lim,,_, (o * ©*")((a, b)) exists and equals to 0. [
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