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Abstract: In aregression model, we write the Nadaraya-Watson estimator
of the regression function as the quotient of two kernel estimators, and
propose a bandwidth selection method for both the numerator and the
denominator. We prove risk bounds for both data driven estimators and
for the resulting ratio. The simulation study confirms that both estimators
have good performances, compared to the ones obtained by cross-validation
selection of the bandwidth. However, unexpectedly, the single-bandwidth
cross-validation estimator is found to be much better than the ratio of the
previous two good estimators, in the small noise context. However, the two
methods have similar performances in models with large noise.
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1. Introduction

Consider n € N\{0} independent random variables X1, ..., X,, having the same
probability density f with respect to Lebesgue’s measure. Consider also the
random variables Y7, ...,Y,, defined by

Y;:b(Xl)+57,72€{1>7n},

where b is a measurable function from R into itself and ¢4,...,&, are n i.i.d.
centered random variables with variance 02 > 0 and independent of X7, ..., X,,.

Since Nadaraya [15] and Watson [20], a lot of consideration has been given
to the estimator of b defined by

~ " K (X=2)y;
by () = Zzz_nl K(()}(LZ—Z)
=1 h

where K : R — R is a kernel, and h > 0 is the bandwidth. This estimator has
been dealt with as a weighted estimator, for K > 0:

s eR,

bun(z) =Y wl (@)Y, w()(2)= <—ﬁx
2 i ) = S (G

and is often called “local average regression”. It is studied e.g. in Jones and Wand
[11], Gyorfi et al. [8] or defined in Tsybakov [19]. Recent papers still propose
methods to improve the estimation, see Chang et al. [3]. Several strategies have
been proposed to select the bandwidth in a data driven way. Cross-validation
based on leave-one-out principle is one of the most standard methods to perform
this choice (see Gyorfi et al. [8]), even if a lot of refinements have been proposed.
Optimal rates depend on the regularity of the function b and have been first
established by Stone [18]: roughly speaking, they are of order O(n~—?/(2p+1)
for b admitting p derivatives. From theoretical point of view, the rates of the
adaptive final estimator are not always given, nor proved.

In this paper, we re-write the Nadaraya-Watson as the quotient of two esti-
mators, an estimator of bf divided by an estimator of f:

e S ()

~ 1 Xi — X
fn)h/(x) = W zzle ( W ) .

and
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Clearly, fmh/ is the Parzen-Rosenblatt estimator of f (see Rosenblatt [17] and
Parzen [16]). The question we are interested in is the following one: can we choose
separately the two bandwidths in an adaptive way and obtain good performance
for each, and then for the ratio? This is why we study the estimator

~ b
b () = j;fh—h((; .zeR

as an estimator of the regression function b, where h, MW>0and K:R—Risa
(not necessarily nonnegative) kernel. Thus, bn hh = b . is the initial Nadaraya-
Watson estimator of b with single bandwidth h. For thls reason, the estimator
studied in this paper is called the two bandwidths Nadaraya-Watson (2bNW)
estimator.

Adaptive estimation of the density has been widely studied recently. A band-
width selection method has been proposed by Goldenschluger and Lepski [7],
and proved to reach the adequate bias-variance compromise. Implementation of
this method revealed to be difficult due to the choice of two constants involved in
the procedure, the intuition of which is not obvious. This is why the question was
further investigated by Lacour et al. [13]: they improve and modify the strategy
by using specific theoretical tools for their proofs. Precisely, thanks to a devia-
tion inequality for U-statistics proved by Houdré and Reynaud-Bouret [10], they
bound the Mean Integrated Square Error of their final estimator, which they call
PCO (Penalised Comparison to Overfitting) estimator. Numerically, the good
performance of their proposal has been illustrated in a naive way and for high
order kernels in Comte and Marie [5], and through a systematic numerical study
in Lacour et al. [14], including the multivariate case. These two methods and
the associated results are dedicated to the selection of h' for f/’\nyh/(:z), and we

can use them. Unfortunately, the theoretical results do not apply to gj\cn,h(ag),
mainly because they hold under a boundedness assumption: in our context, this
would lead to assume that the Y;’s are bounded. We do not want to require such
an assumption as it would exclude the case of Gaussian errors ¢;, for instance.
Thus, we give moment assumptions under which the Goldenshluger and Lepski
method on the one hand (see Section 3) and the PCO estimator on the other
hand (see Section 4) can be applied to the estimation of bf. When gathering
the results for the numerator and the denominator, we can bound the risk of
the quotient estimator of b.

Concretely, we implement the PCO method for bf and compare it with a
cross-validation (CV) strategy: in our examples, PCO almost always performs
slightly better than CV. Therefore, the PCO adaptive estimation strategies for f
and for bf are clearly good. However, unexpectedly, for small noise (o = 0.1), the
quotient fails systematically to beat the specific regression CV method. Even if
we compare the classical single-bandwidth CV regression estimator to the ratio
of the oracles estimators of the numerator and the denominator, the former
wins, and we obtain a quotient with two bandwidths which is in mean much less
good than the CV estimator with single bandwidth. In practice, the bandwidth
selected by the CV algorithm in that case is very small, and associated to
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quite bad estimators of the numerator and of the denominator. This remark is
of important interest for practitioners. In a second time, we increased the noise
(o0 =0.7), and finally obtained results indicating that the two methods can have
similar Mean Integrated Squared Errors (MISE) in this more difficult context.
This, together with the fact we establish a theoretical risk bound on the PCO
adaptive 2bNW estimator, imply that the PCO method, for both numerator and
denominator, remains an interesting bandwidth selection method. Moreover, we
believe that both positive but also negative results are of interest, and detailed
tables, explanations and discussion are given in Section 5.

Notations:

1. For every square integrable functions f,g: R — R,
(Fr9)@)i= [ Jla- gty v e R

2. K. :=1/eK(-/e) for every ¢ > 0.

2. Bound on the MISE of the 2bINW estimator

First, we state some simple risk bound results in the case of a fixed bandwidth.
Consider § > 0 and £ := | 3], where || denotes the largest integer smaller

than 8. In the sequel, the kernel K and the density function f fulfill the following

assumption.

Assumption 2.1.

(i) The map K belongs to L?(R,dy), K is bounded and [, K(y)dy = 1.
(ii) The density function f is bounded.

Under this assumption, a suitable control of the MISE of g}n,h has been
established in Comte [4], Proposition 4.2.1.

Proposition 2.2. Under Assumption 2.1,

E(Hg}n,h _ bf||§) < |Ibf — (bf)hH% + Cz_}lY

where (bf)p := Kp, * (bf) and cxy == || K|3E(Y?).

In order to provide a suitable control on the MISE of the 2bNW estimator,
we assume that b and f fulfill the following assumption.

Assumption 2.3. The function b*f is bounded by a constant cy ¢ > 0.

Note that this assumption does not require that b is bounded and is satisfied
in most classical examples.

Moreover, for any S € B(R), consider the norm ||.||2, s s on L*(S, f(x)dz)
defined by

1/2
lollass = ( / so(x)zf(w)dx> Vg € L2(S, f(e)da).
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Proposition 2.4. Let m,, be a positive real number and consider

={z eR: f(x) = ma}.
Under Assumptions 2.1 and 2.3,

B (B0l 1.5,) < b £ (Iof = @I+ o+ 20 (1 = Sl + 1 35))

where (bf ), := Kp* (bf), frw = Kp = f, cp = ||f|% V1 and cx = fR (y)%dy.

The idea behind Proposition 2.4 is that we cannot pretend to accurately
estimate b on domains where few X;’s are observed. Such domains correspond
to small level of the density. For small m,, the set S,, excludes these cases.

Proposition 2.4 gives a decomposition of the risk of the quotient estimator as
the sum of the risks of the estimators of the numerator b f and of the denominator
f, up to the multiplicative constant 8c¢/m?2. Therefore, the rate of the quotient
estimator is, in the best case, the worst rate of the two estimators used to define
it (see also Remark 2.5 below). The factor 1/m?2 may imply a global loss with
respect to this rate. Clearly, the smaller is m,,, the larger is the loss.

For instance, if f is lower bounded by a known constant fy on a given compact
set A, then we can take S,, = A and m,, = fp. In that case, no loss occurs. If fj
is unknown, we still can bound the risk with S,, = A and 1/m?2 = log(n) for n
large enough. A log-loss occurs then in the rate.

Remark 2.5. We consider, for 8, L > 0, the Nikol’ski ball H(B,L), defined as
the set of £ = |B]| times continuously derivable functions ¢ : R — R such that
0O satisfies

0o 1/2
{/ (O (x +1t) — w(e)(x))de] S LtPt vt eR.

— 00

For instance, for p € N, any function o € CPTY(R) such that supp(¢®)) = [0,1]
and ||PTV || < L belongs to H(p + 1, L). Indeed, for everyt € Ry,

/Oo(<p(p)(x+t)—ap(p)(x))2dx < / / PP (2)?14g 1) (2)dzda

— 00

< Lt /_t((x+) 1—zVO0)dz

14t 1
= L% (/ (x A l)dx — / xda:) = L.
0 0

More subtly, 1 : x +— e""1g_ (x) belongs to H(1/2,1). Indeed, for everyt € Ry,

/ (Y(x +t) —(x))%dr / e 2@ dy — 2/ e T dy —|—/ e 2 dx
—oo —t 0 0

1
= lim —=[e7 (e — %) — 27 (e — 1)
T—00
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te —1]=1-e"'<t
Now, assume that bf belongs to H(B1,L) and f to H(B2,L). We also assume

that the kernel K satisfies Assumption 2.1 and is of order { = |max(f51, 52)],
that is

/ |uP K (u)|du < oo and / uF K (u)du =0 ; Vk € {1,...,0}.

— 00 — 00

Then, it follows from Tsybakov [19], Chapter 1, that
Ibf = bF)nll3 < C(Br, IR and ||f = fwll3 < C"(B2, L) (W),
This implies that choosing hopt = et/ B in Proposition 2.2 yields
E([bf oy = bFIB) < 02/ BT,
which is a standard optimal rate of estimation on Nikol’ski balls. The same rate

holds for the estimation of f under our assumptions, with 1 replaced by Ba,
and R, = con'/ P24 This implies that

C C
165 = (0 |3+ ¥ 4 oc, (llf—fh;pt||§+ K )

/
Nhopt nhgp;

< max(n’wl/(wlﬂ),n*2ﬁ2/(252+1))_

So, the rate is optimal if 8 = min(B, B2) is the reqularity of b.

However, such bandwidth choices are not possible in practice, as they depend
on unknown regularity parameters. Data driven bandwidth selection methods are
settled to automatically reach a squared bias-variance compromise, inducing the
optimal rate if the function under estimation does belong to a reqularity space.

3. A bandwidth selection procedure for the 2bNW estimator based
on the GL method

The bound on the MISE of En’h’h/ obtained in Proposition 2.4 suggests to select
h and I’ separately, so that both bounds are minimal. The Goldenshluger-
Lepski method (see Goldenshluger and Lepski [7]) allows to do this for f, j,
but requires to be extended to the estimator of bf. In particular, extensions of
the proof are required as we do not wish to assume that the Y;’s are bounded.

Consider the collection of bandwidths H,, := {h1,...,hn(m)} C [0, 1], where
N(n) e {1,...,n} and

1
—<hy < <hyne-
n

Moreover, we will need the following conditions.
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Assumption 3.1. There exists m > 0, not depending on n, such that

2

(n)

1<
— <m,
h

S|

7

and for every ¢ > 0, there exists m(c) > 0, not depending on n, such that

% Jree(ie) <

Example. Consider the dyadic bandwidths defined by

log(n)]
log(2) | ©

h; ::2%%:0,1,...,{

Then,
1 [log(n)/log(2)] R
2' <

n ‘ n
i=1

<2

and
[log(n)/ log(2)]

Z 2°/2 exp(—c2'/?) < Z\/;exp (—cVi) <m(c) < oo,

i=1
Thus, Assumption 3.1 is fulfilled.
Consider also

mmw:=memm
= —ZY *Kh SL’)

We apply the Goldenshluger-Lepski bandwidth selection method to gj\cnﬁ by
solving the minimization problem

juin {4 (h) + Vi (h)} (1)
where
An(h) = sup ([6fnpy =B ll3 = Vam)s  and  Vi(h) = oL

nEHn

with v > 0 not depending on n and h, and cxy = |K||3E(Y{). In the sequel,
the solution to the minimization Problem (1) is denoted by h,,.

The idea behind the criterion is that A, (h) is an estimate of the squared bias
term ||(bf)n — bf||3 and V,,(h) an estimate of the variance. So, T, makes the
compromise. See more details about the heuristics in Chagny [2], Section 4.4.
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Theorem 3.2. Under Assumptions 2.1 and 5.1, if E(Y®) < oo, then there exist
two deterministic constants ¢,< > 0, not depending on n, such that

log(n)?

B0, 5, = bIIIB) < ¢ inf {|(bF)n = bFIE + Valh)} 4+ =

Theorem 3.2 states that ﬁn W automatically leads to a compromise between

the squared bias (||(bf)n — bf||2) and the variance (V;,(h)) terms. The multi-
plicative constant ¢, which is larger than one, is the price of the method but
preserves the rate. Lastly, the additive quantity ¢log(n)?/n is negligible with
respect to the possible rate of convergence (see Remark 2.5).

We recall now a version of the result proved by Goldenshluger and Lepski [7],
which is available for the estimator of f. See also a simplified proof in Comte
[4], Section 4.2. Let us consider

’H/ . A (B "(h!
n € arg min {4, (1) + Vo (R},
where

O e e s o F 2y v o IR
n(B) = sup (| Ky * frp = fanlz = Va(n)s and  Vi(R') := x ;
nEHw nh

with x¥ > 0 not depending on n and h’. Under Assumptions 2.1 and 3.1, there
exist two deterministic constants ¢/, ¢ > 0, not depending on n, such that

=/

Fo _fIY< . i L f|12 1(p! c
B(If 5, = /I3 <€+ jnf {5 = fIB+ Vi) + @

Gathering (2) and Theorem 3.2 yields a Corollary similar to Proposition 2.4.

Corollary 3.3. Let m,, be a positive real number and consider
Spi={zeR: f(x) =my}.

Under Assumptions 2.1, 2.3 and 3.1, if E(Y) < oo, then

BB 5 5 ~bBss) < € inf (I —bFI3+ Ifw — £I3

(h,h)EHZ
_1 2
where
8¢ - 8y - [
¢, = mfé:(c V (2c,p¢) and &, = é(c + 205,47).

The comments following Proposition 2.4 and in Remark 2.5 apply here.
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4. A bandwidths selection procedure for the 2bINW estimator based
on the PCO method

The Goldenshluger-Lepski method is mathematically very nice and provides a
rigorous risk bound for the adaptive estimator with random bandwidth. How-
ever, it has been acknowledged as being difficult to implement, due to the square
grid in h,n required to compute intermediate versions of the criterion and to
the lack of intuition to guide the choice of the constants v and x which should
be calibrated from preliminary simulation experiments, see e.g. Comte and Re-
bafka [6]. This is the reason why Lacour et al. [13] investigated and proposed a
simplified criterion (PCO) relying on deviation inequalities for U-statistics due
to Houdré and Reynaud-Bouret [10]. This inequality applies in our more com-
plicated context and Lacour-Massart-Rivoirard’s result can be extended here as
follows.
Let us recall that K,(-) = 1/hK(-/h) and

(bf)n = E(bf, ) = Kn * (bf)

(see Lemma 6.1). Let hmin be the smallest bandwidth value in H,, and consider

crit(h) = [|bfy = by |13 + pen(h)

with
2K Kp)e
pen(h) = 2B hunins Kn)2 Zyﬁ
i=1

n2

Then, let us define

hy, € arg min crit(h).

The idea behind the proposal of Lacour et al. (2017) is that, instead of comparing
estimators g]\”n 5 to a collection of estimators g}n h,p for different bandwidths 7,
it is sufficient to compare them to the same single estimator, corresponding to
the smallest bandwidth. See their Section 3.1 for more heuristic elements. This
implies a faster and more efficient numerical procedure.

In the sequel, in addition to Assumption 2.1, the kernel K, the functions b
and f, the distribution of Y7 and hp;, fulfill the following assumption.

Assumption 4.1. The kernel K is symmetric and K(0) > 0,

1 <1

< b
nhmin

bf is bounded, and there exists o > 0 such that E(exp(a|Yi])) < 0.

As for Assumption 2.3, we can note that assuming bf bounded does not
require b to be bounded, since most densities decrease fast at infinity. Moreover,
the moment condition here is E(exp(a|Y1|)) < oo and is stronger than for the
Goldenschluger and Lepski method (E(Y®) < c0).
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Theorem 4.2. Consider 9 € (0,1). Under Assumptions 2.1 and 4.1, there exist
two deterministic constants a,b > 0, not depending on n, hyin and 9, such that

b log(n)®
: .

— . — a
E([bf,, 5, —bflI3) < (140) inf E(([bf, n=bF 1)+ 51 (0F s =bF 5+

Theorem 4.2 states that the estimator gfn 7, has performance of order of the

best estimator of the collection infyeqy, E(ng\‘nh —bf||3) up to a factor (1+49).
Indeed, the two other terms can be considered as negligible. If bf is in the
Nikol’ski ball H (81, L) as in Remark 2.5, then the first right-hand-side term is
of order n=2%1/(2A1+1) Since for hpin = 1/n, ||(bf)n.... — bf]|3 is of order n=2F1,
both this term and the last residual term log(n)®/n are negligible compared to
the first one.

Now, we state the result that can be deduced from Lacour et al. [13] for the
estimator of f. Let us consider

I . W) !/
h,, € arg in crit’(h'),

where
2<Khlnin 5 Kh>2

2 4 pen/(h/) and pen’(h') :=
n

crit’ (B') == || fr.nr — frohonin

By Lacour et al. [13], Theorem 2, there exists two deterministic constants a’, b" >
0, not depending on n and Ay, such that for every 9 € (0, 1),
E(F, 5y~ £18) < (149 inf E(Fun = FI3)+ Sl frnss — £+ o
n,h" h/eHn ) 19 min 'l9n
Again, we can gather this last result and Theorem 4.2 to get the following
Corollary.

Corollary 4.3. Let m,, be a positive real number and consider
Spi={zxeR: f(z) =my}.
Consider also ¢ € (0,1). Under Assumptions 2.1, 2.3 and 4.1,
E([bf, 5 7. —bfl? < (1+0)¢,(1,1)  inf  {E(|bf, , —bf|3
(57 7,7, ~ V) < A+ OEQD, | int E(5T o 013

FE(|| fo e — FII3)}

¢, (a,a
S (10 = I+ U — F1B)
+¢n(b, b) log(n)57
) n

where g
Cp(u,v) = %(u V (2¢,40)) 3 Yu,v € R.
mn

The proof of Corollary 4.3 relies to the same arguments as the proof of Corollary
3.3 provided in Section 3.3, and is therefore omitted.



2576 F. Comte and N. Marie

5. Simulation study

For the noise, we consider ¢ ~ oN(0,1), with ¢ = 0.1 and o = 0.7. For the
signal, we take either X ~ N(0,1) or X ~ ~(3,2)/5 (where the factor 5 is set
to keep the variance of X of order 1, as in the first case). For the function b, we
took functions with different features and regularities:

by (x) = exp(—a?/2),

bo(z) = 2%/4 — 1,

bs(x) = sin(nwx),

ba(x) = exp(—|z]).

We illustrate in Figures 1 and 2 the difference between a sample generated
with ¢ = 0.1 (small noise) and with ¢ = 0.7 (large noise), compared with the
functions to estimate. We can see that the first case is easy and that the second
one is very difficult. Notice that the vertical scales are different.

1.5 2

1

0.5 0
0 -1
05 2
-4 2 0 2 4 -4 2 0 2 4
2 15
1 f& 1
+
0 0.5
+F e
-1 ¥ O "F
2 05
-4 -2 0 2 4 -4 2 0 2 4

Fic 1. Observations (X;,Y;)1<ign for n = 1000 in the four cases of functions by to by, with
small noise o = 0.1, and true regression function in bold red.

5.1. Estimation of bf

The PCO method is implemented for f and bf with a kernel of order 7 (i.e.
[a*K(z)dx = 0 for k =1 to 7), defined by K (z) = 4n;(z) — 6na(z) + 4nz(z) —
na(z), where n;(.) is a Gaussian density with mean 0 and variance j. Note that,
for n; p(x) := 1/hn;(z/h), it holds that

o 1 1

i hy» N ho )2 = N by (T)1 0, (2)d2 = X —= - 3
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4
4 4
+ 4
T
2
2
0
0 +
2 I +
* +$+ i
-4 -2 =
-4 -2 0 2 4 -4 -2 0 2 4

FIG 2. Observations (X;,Y;)1<i<n for n = 1000 in the four cases of functions by to by, with
large moise o = 0.7, and true regression function in bold red.

The bandwidth is selected among M = 75 equispaced values in between 0.01
and 1. All functions (true or estimated) are computed at 100 equispaced points
in the interquantile interval corresponding to the 2% and 98% quantiles of X.
The bandwidth is selected via the PCO criterion, where Ay, = 0.01, and
. - . UK Kp)o —
crit(h) == [|bf,, =S po lI3+pen(h)  with pen(h) := w Z:Yl2
i=1
Note that the bandwidth of the density estimator is selected as in Comte and
Marie [5], by minimizing
~ —~ 2Ky . K
crit’ (h) := || fon — Frholls + 2pen’ (k) with pen’(h) := M
n

The L2-norm is computed as a Riemann sum on the interquantile interval, while
the penalty is explicit and exact, thanks to Formula (3).

The cross-validation (CV) criterion for selecting the bandwidth of E?nvh is
computed as follows:

e [wpdr - — 2 S~ S yyn (XK
CV(h).—/bfh(x) dz n(n_l)h;j:;#myjjv - ,

where N(.) is the Gaussian kernel, also used to compute the estimator g?n hin

this case. It provides an estimation of ||5?h||§ - 2(5?,” bf)s relying on the idea
that the empirical for (t,bf)2 is 1/nY_;, Yit(X;). The chosen bandwidth is the
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TABLE 1
100*MISE (with 100*std in parenthesis below) for the estimation of bf corresponding to the
four ezamples b1, ...,ba, 200 repetitions, X ~ N(0,1) and o = 0.1. Columns PCO and CV
correspond to the two competing methods. “Or” is for “oracle” and gives the average error
of the best possible estimator of the collection, computed for each sample.

bif baf
n PCO ()% Or PCO CcvV Or
250 0.33 0.37 0.16 0.32 0.38 0.15
(0.28) (0.82) (0.14) (0.28) (1.01) (0.14)
500 0.17 0.29 0.08 0.17 0.26 0.07
(0.13) (0.86) (0.07) (0.14) (1.10) (0.07)
1000 0.09 0.21 0.05 0.09 0.21 0.04
(0.07) (0.57) (0.04) (0.07) (0.60) (0.03)
bs f by f
n PCO ()% Or PCO CcvV Or
250 0.45 0.42 0.31 0.35 0.40 0.17
(0.25) (0.32) (0.17) (0.24) (0.81) (0.17)
500 0.23 0.35 0.15 0.20 0.39 0.11
(0.14) (0.88) (0.08) (0.13) (0.84) (0.06)
1000 0.12 0.24 0.09 0.11 0.19 0.07
(0.07) (0.55) (0.05) (0.07) (0.40) (0.04)
TABLE 2

100*MISE (with 100*std in parenthesis below) for the estimation of bf corresponding to the

four examples b1, ...,ba, 200 repetitions, X ~ N(0,1) and o = 0.7. Columns PCO and CV

correspond to the two competing methods. “Or” is for “oracle” and gives the average error
of the best possible estimator of the collection, computed for each sample.

bif ba f
n PCO CcVv Or PCO Ccv Or
250 0.56 0.70 0.30 0.51 0.92 0.28
(0.40) (1.44) (0.22) | (0.33) (2.83) (0.22)
500 0.30 0.32 0.16 0.29 0.33 0.16
(0.23)  (0.68) (0.13) | (0.23) (0.60) (0.13)
1000 0.14 0.29 0.08 0.15 0.30 0.08
(0.10) (0.91) (0.06) | (0.15) (1.14) (0.07)
b3 f baf
n PCO CcVv Or PCO Ccv Or
250 0.91 0.85 0.61 0.67 0.71 0.39
(0.60) (0.72) (0.37) | (0.37) (1.09) (0.21)
500 0.45 0.47 0.32 0.38 0.33 0.22
0.27)  (0.77)  (0.19) | (0.21) (0.21) (0.13)
1000 0.21 0.30 0.16 0.21 0.27 0.12
(0.11)  (0.63) (0.08) | (0.12) (0.58) (0.06)

minimizer of CV (k) in the same collection as previously. Tables 1 and 2 give the
MISE obtained for 200 repetitions and sample sizes 250, 500 and 1000, for the
estimation of bf with PCO and CV methods, for ¢ = 0.1 (Table 1) and o = 0.7
(Table 2). The column “Or” gives the mean of the minimal squared errors for
each sample, which requires to use the unknown true function and represents
what could be obtained at best (that is if the best possible bandwidth was
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TABLE 3
Means of selected bandwidths (with std in parenthesis below) for the estimation of bf, 200
repetitions, X ~ N(0,1), o =0.1.

by f bo f
n | PCO Vv or | PCO  CV Or
250 0.71 0.54 0.54 0.78 0.62 0.62
(0.14)  (0.15)  (0.08) | (0.15) (0.17)  (0.09)
500 0.62 0.47 0.51 0.70 0.54 0.28
(0.13)  (0.14) (0.08) | (0.15) (0.18)  (0.08)
1000 0.55 0.41 0.47 0.63 0.50 0.54
(0.11)  (0.14) (0.07) | (0.12) (0.17) (0.07)

bs f by f

n PCO CcVv Or PCO [6AY4 Or
250 0.35 0.28 0.31 0.57 0.39 0.37
(0.04) (0.05) (0.03) | (0.17) (0.14) (0.07)
500 0.32 0.26 0.28 0.48 0.32 0.33
(0.04)  (0.06) (0.03) | (0.13) (0.14) (0.07)
1000 0.30 0.24 0.26 0.39 0.28 0.28
(0.03) (0.07) (0.03) | (0.11) (0.11) (0.06)

chosen for each sample). We postpone results with X ~ +(3,2)/5 in Appendix
A since they are similar. We can see that the PCO method is globally better
than the CV, with no important difference, and the oracle shows that we are in
the right orders even if not at best.

Table 3 presents the mean of the selected bandwidths in each case PCO
and CV, and allows to compare it with the oracle bandwidth, for the same
paths and configurations as previously. The conclusion here is that, in mean,
the PCO method over-estimates the oracle bandwidth, while the CV method
slightly under-evaluates it. Clearly, the too-large choice gives better results.

5.2. Estimation of b

Now, we present the results for the estimation of the regression function b,
obtained either with a single-bandwidth estimator, or with the ratio of two
adaptive PCO estimators of bf and f.

The PCO estimators are the ones studied above, which proved to be good
estimators (see also the study for the estimation of f in Comte and Marie [5]).
We simply take a point by point ratio of the two adaptive PCO estimators. The
oracle we refer to is computed with the estimator of b obtained as a quotient
of the two oracles of bf and f for each path. It is the best performance we can
expect with a PCO-ratio strategy. R

For the one-bandwidth Nadaraya-Watson estimator by, j,, it is computed with
the Gaussian kernel N(.). The leave-one-out cross-validation criterion which is
minimized for the bandwidth selection is

CVNw(h) :

I
7
=
|
=
2T
T .

=
—
s
~
~
(&)
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TABLE 4
100*MISE (with 100*std in parenthesis below) for the estimation of by, i =1,...,4, 200
repetitions, X ~ N(0,1), o = 0.1. CV and PCO are the two competing methods. Column
“Or” gives the average of ISE for the ratio of the two best estimators of bf and f in the
collection.
b1 b2
n (A% PCO Or (2% PCO Or
250 0.34 2.80 1.15 0.43 3.41 1.37
(0.19) (2.80) (1.04) | (0.24) (3.98) (2.77)
500 0.19 1.44 0.61 0.23 1.49 0.58
(0.08) (1.05) (0.53) | (0.12) (1.83) (1.28)
1000 0.10 0.74 0.37 0.13 0.53 0.26
(0.05) (0.51) (0.31) | (0.05) (0.58) (0.28)

bs b
n CV  PCO  Or CV  PCO  Or
250 1.34 7.93 6.30 0.39 2.87 1.22
(0.75)  (5.09) (4.72) | (0.18) (2.07) (0.69)
500 0.66 4.42 2.96 0.22 1.72 0.81
(0.31)  (2.58)  (2.09) | (0.09) (0.94) (0.45)
1000 0.30 2.30 1.65 0.12 0.92 0.48
(0.08) (1.24) (1.01) | (0.04) (0.55) (0.21)

with
NSRS - N((X; —x)/h)

()= =1 k=t ks N(Xk — 2)/h) g

5.2.1. Small noise case

We've started the study with ¢ = 0.1, which in our mind was an easy case
(see Figure 1). Table 4 presents the results for the estimation of b, either with
the CVnw criterion, with ratio of PCO of bf and f, or with the ratio of the
best estimators of bf and f in the collection. More precisely, the column “Or”
gives here the MISE computed with the estimator of b obtained as a quotient
of the two oracles of bf and f in each example and for each sample path.
Clearly, the performance of the Nadaraya-Watson cross-validation criterion is
much better, within a multiplicative factor from 2 and up to 6. The variance of
the quotient estimators (oracle and PCO) are large, which shows that the mean
performance is probably deteriorated by a few very bad results. However, the
result is puzzling: even the ratio of the two best estimators of the numerator and
denominator does not reach the good performance of the single-bandwidth CV
method. Table 5 shows in addition that the selected bandwidths are in mean
very small. We can check that the ratio of this bad numerator divided by a bad
denominator fits well to the b quotient function: this is illustrated by Figure
3. It is likely that both imply a compensation resulting in a locally, and thus
also globally, better estimate. We can notice that the selected bandwidth also
decrease more slowly when n increases (see Table 5) than for the estimator of
bf (see Table 3). Our explanation (see the heuristic Remark 5.1 below) is that
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TABLE 5
Mean of selected bandwidth (with std in parenthesis below) with the C'V method for
NW-single bandwidth estimator of b, o = 0.1.

n | b1 b2 b3 b4

250 0.13 0.13 0.06 0.10
(0.02) (0.03) (0.01) (0.02)

500 0.12 0.11 0.05 0.09
(0.02) (0.02) (0.01) (0.01)

1000 0.11 0.09 0.05 0.08
(0.01) (0.02) (0.01) (0.01)

0.5

0.45

0.4

0.35

0.3

0.25

0.2

Fic 3. Small bandwidth effect, the ratio of two bad estimators is a good estimator. For band-
width h = 0.01 and n = 1000, true (bold) and estimated f (left), b1 f (middle), and by (right).

the risk of the Nadaraya-Watson estimator behaves as C(h** + o2/(nh)), for
some « > 0 related to the regularity of b, like in the projection least-squares
method (see e.g. Baraud [1]). In the small noise case, 02 makes the variance
term negligible, so that the bandwidth selection method aims at having small
bias term h2®. On the other hand, the risk decomposition of the estimator of
bf involves a variance term of order ||K||3E(Y{?)/(nh), and in all our examples,
empirical evaluations of E(Y?) is in the range [0.34,0.70], making the ratio with
o2 between 34 and 70. In other words, the variance term for this estimator is
34 to 70 times larger. This is why it is important to investigate large noise case
and a less favorable signal to noise ratio.

5.2.2. Large noise case

When setting o = 0.7, the empirical order of E(Y?) for the four models is
between 0.91 and 1.31, which divided by o2 gives now a value between 1.85 and
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TABLE 6
100*MISE (with 100*std in parenthesis below) for the estimation of by, i =1,...,4, 200
repetitions, X ~ N(0,1), o = 0.7. CV and PCO are the two competing methods. Column
“Or” gives the average of ISE for the ratio of the two best estimators of bf and f in the
collection.
b1 b2
n (A% PCO Or (2% PCO Or
250 7.81 9.02 6.54 8.32 8.61 5.18
(5.32) (5.86) (5.13) | (6.02) (6.67) (4.87)
500 4.33 4.34 3.25 4.57 4.83 3.02
(3.09) (2.71) (2.15) | (2.86) (4.07) (2.58)
1000 2.26 2.19 1.72 2.38 2.13 1.40
(1.37)  (1.30) (1.16) | (1.39) (2.04) (1.15)

b by
n CcV.  PCO  Or cV. PCO  Or
250 16.2 18.5 14.8 7.84 9.36 7.89
(847) (10.3) (9.06) | (4.94) (4.62) (4.94)
500 8.54 9.28 7.58 4.41 5.01 4.23
(3.58) (5.26) (4.41) | (2.83) (2.31) (2.27)
1000 4.54 4.62 3.87 2.40 2.85 2.35
(1.81) (235) (2.18) | (1.28) (1.42) (1.20)

2.67. This is much smaller than previously. This corresponds to a more difficult
estimation problem, as can be seen from Figure 2.

We now comment the results given in Table 6. The MISE are quite larger,
but in Figure 4, we show examples of estimated curves in this case, and the
associated orders of MISEs, computed for 25 repetitions; they are not as good
as for small noise, but still reasonable. The results in Table 6 show that the
MISE have now the same orders, and the oracles can be much better than the
results of the Nadarya-Watson estimator. The selected bandwidths are larger
and decreasing with n (see Table 7 in Appendix).

The conclusion of this study is that adaptive estimation of functions with
kernel estimators and bandwidth selection relying on the PCO method proposed
by Lacour et al. [13] gives very good results in theory and practice, not only for
density estimation. However, for regression function estimation, one bandwidth
selected with a criterion directly suited to the regression function is safer than
the two different bandwidths selected when considering the Nadaraya-Watson
estimator as a quotient of two functions that may be estimated separately. The
results are not bad, but the strategy must be devoted to more complicated
contexts where direct estimators of b are not feasible.

Remark 5.1. Note that if h = I/, which means that/l;n,h,h/ is the usual Nadaraya-
Watson estimator by, ,

P =S w® (e with @ (g — KX —2)/h)
bpn(x) = izzlwn’h(x)sl with  w, () := Z?:l K (X, —2)/h)°
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-1

Fic 4. Ezample of 25 estimated b with large noise o = 0.7, n = 1000, true b in bold red,
estimated b with sign-bandwidth CV selection (dotted green, left) and with ratio of PCO
(dotted green, right) for functions 1 and 8. 100*MSE(100 sta) are 2.62(1.64) and 2.87(3 41)
(top); 4.71(1.74) and 5'49(2.85)'

Then,

Zn h( Zw(Z) +Zw h 57,7

and for a nonnegative kernel with compact support [—1,1], if the regression func-
tion b is Lispchitz continuous, then

E[(bnn(z) — b(x))?] < OR? +0%E | 3wl (2)?

i=1

Moreover,

) (@) ) = 1 i K (X —a)/h)?
Z nh <[n_1h > iy K(X; —w)/h)]2)’

and for a fixred h > 0, by the law of large numbers,
1 o Xi—a\° 1 X
- K i a.s. E K 1= / K
— ; < ) T ( f(z + uh)du

and
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e ()] e i ()]
_ UO; K (u)f(z + uh)du

Then, for small h, the first limit has order | K||3f(x) and the second one has
order f2(x). To sum up, the risk of Bnh(x) is heuristically of order Ch? +
o?||K||3f(x)/(nh). This explains why, for small o2, the variance term gets small
and the estimator can choose small bandwidth to make the bias as small as
possible.

2

6. Proofs
6.1. Proof of Proposition 2.4
On the one hand, by Comte [4], Proposition 3.3.1,
E(| e = J13) < 1 = el + S ()
and, by Proposition 2.2,
CKY

E([bfn — bFI3) < IIbf — (0)all3 + =5 (5)

For the proof of Inequality (4), the reader can also refer to Tsybakov [19]. On
the other hand,

- bfnp—bf 11
bty — 0= ( A R R o AV S

n,h’ n,h’
Then,
[br,nnr = blI3 5.5,
8e1 (1% 2 oo 2 n 2
S g | Iofnn = bfll2 + b(@)” f ()| fp (@) — f(2)|"dx
n — 00

2
+2/$ b(@) ()17, (@)= (@) >mn 29T

n

with ¢y = || flloo V [ fII3-
By Markov’s inequality,

8¢ — —~
305, < g (B(I0S 0~ bFI3) + co B fnp = F113))

n

]E(H/I;n,h,h’ —b

+2cb,f/5 P (1Foe (o) — fa)] > o) do

8(c1 V1) i f,
< %(E(”bfn,h — bf1I3) + 2¢6, /Bl fo,pr = F1I3))-

n

Inequalities (4) and (5) allow to conclude.
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6.2. Proof of Theorem 3.2

First, let us prove the following lemma.

Lemma 6.1. Consider
(bf)n == Kp*(bf) and (bf)ny = Ky,* Kp* (bf).
Then,
E@f,n(@) = @0f)n(x) and E(bf, () = 0f)ny(2)-
Proof. Since E(e;) = 0 and X}, and ¢, are independent for every k € {1,...,n},

+ = E(en)E(Kn(X) — )

k=1

/_ " Kaly — 2)b)f ()dy = (1) (x)

3|>—‘

E(bf,p(7) = —ZE (X)) En( Xy — )

and
E(bf () = Z ) (K K) (X, — )
lz K, * Kp) (X — 2))
-/ Z(Kn Ky — 2)b(e) F )y = (b (o).
O
Since

h in {4, n
hn € arg hrggl{ (h) + Va(h)},
for every h € H,,
E([6, 7, — bf13) < 3E([6F, — bFIZ) + 6V(h) + 6E(A () (6)

Let us find a suitable control of E(A, (h)). First of all, for any h,n € H,,

16 F sy = bFnnll3 < 310F g — (OF nnll3
H0F ey — BOF)n 12+ 11O — (BF)nll3)-

Then,

nEMn

An(h) < 3[5@ (nE}n,h,n—(bf)hm3‘Vnén)> "
+
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# 5w (67— OOl = 52) 410000 01,18
+

n€EHn

On the one hand,

10 nm = OF Inllz = [Ey * (Kn o (0f) = bf )2 < [IK[1[16f = (0 )nll2-

On the other hand, let C be a countable and dense subset of the unit sphere of
L?(R, dx) and consider m(n) > 0. Then, by Lemma 6.1,

E[sup (157..0 - 0ul - 22) ]
nEHn +

Z E ((bup 2Vn 7,(¢)2 - Vn("] > ) +2 Z n 7}
NnE€EHn +

nEHn

where, for any ¢ € C,

Von ) ==+ 3 0 (X, Vi)~ Bl (X, Vi)
k=1
with
Vi (T,Y) = YLy |<m(n) /_Z Y(u) K,y (z — w)du ; Y(z,y) € R?,
and

I [™
ni= Z/ V5L v 5 () Ko (Xn = 1) = E(Yi Ly 5 m ) Ky (X g — ) [P du.
k=1v 7~

In order to apply Talagrand’s inequality (see Klein and Rio [12]), we compute
bounds.

e For every ¢ € C, z € R and y € [-m(n), m(n)],

onae )l < ol [ 100l Ky (- 2l
() K
<yl 1Ko (- = 2)||p < SN2
ol =)l <
Then,
m(n) Kz

SUp [y nplloc <ma(n,n) =
pec

Vi

e By Proposition 2.4 and Lemma 6.1,

E <Sup Vnﬂ?(d))z) g /OO Var(g?n,n(u))du
pec oo
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e Forany ¢ € Cand k € {1,...,n},
V&I‘('Uw n U(Xk’ Yk

(Yk/ P(u ku)du2>

SE((Ky + ) (X)) PR < IFIL2IE, « olIE(Y) 2.

By Young’s inequality, || K, * ]ls < ]2 K, la/s. So.

m
var (Vy, g (X, Yi)) < mg = %
ith P12 4B (Y2
with my g == || flloo™ [ K3 5 E(YT) /=
By applying Talagrand’s inequality to (vy n,5)ypec and to the independent ran-

dom variables (X1,Y1),...,(X,,Y,), there exist three constants cq,co,c3 > 0,
not depending on n and 7, such that

E <<sup Vo (1)? — 4ma(n, n)) )
Ppec n
<o (W onp (e meln)) )l o (—CM»
/

n ms mi(n, 1)
my K C2CKY 1 20 2112 E(Y?)! 2)}
=c — exp | — + —m(n)°||K||zexp | —v/n .
' {n\/ﬁ p< mf,K\/ﬁ) n?n ()1 Iz p( Ve m(n)

By taking m(n) := c3E(Y)/?n'/2/log(n)'/?,

E ((sup Vo (¥)? — dmy(n, 77)) )
Ppee n

< 2} {mf,K exp ( oKy ) +C§E(Y12)|K|%} '
n | Vi my /1 nnlog(n)

By the conditional Markov inequality,

E(W,,) < / (Y211 sy Ko (X1 — 2)?)dz
K2
= %'E(YfE(lwom(n)Yl))
KR —osr  aeoas ;los(n)’
< E(Y?) = ¢; "E(Y, E(Y?)|| K .
S E(YY) = B0 RO KB

Finally, for v > 48,

> dmy(n,n).
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Then, since
1 1 1 c
- ~<m, and Z — exp <——) <m(e) ; Ve >0,
n nEHn N neEHn \/7_7 \/T_’
there exists a constant ¢4 > 0, not depending on n, such that
B | s (157~ 01 - 2
WEHn —+
<2 E <supvn,n<w)2 —4m2<n,n>> +2 > E(Wy,)
nE€EHR wece + nEHn
1 2
< C4M (8)
n

The same ideas give that there exists a constant ¢5 > 0, not depending on n
and h, such that

sup (néfn,h,n—(bf)h,nn%— V"‘”)) ] < 580 )
+

E
nEH, 6 n

Therefore, by Inequalities (6)—(9), there exist two deterministic constants ¢,t >
0, not depending on n, such that

_ o
E(bf,, 7, = bfI3) < - inf {1(6f)n = bFII5 + Valh)} + E_nglm .

6.3. Proof of Corollary 3.3
As established in the proof of Proposition 2.4,
18, 5. 5 = bll3.1.s,

8(1 - 9 RPN 2
< 30 (1,5, 0818+ ens [ 1Fo5 0~ fla)a0)

2 .
+2cbvf/S L7, 0 @)= @) 1> m 20

with ¢1 := || f]leo V || f||%- By Markov’s inequality,
8C1

o~

BB, 5, ~W3ss) < L (E(EF, 5, ~ b1 + e sEAIF, 5, — FI2)
) .
w2y [ B(1F5 ) - f@)] > 52) ds

8 1 ) —
VD w167, 5, b513)

n
26, BT, 5, ~ FIB))-

N

Theorem 3.2 and Inequality (2) allow to conclude.



On a Nadaraya-Watson estimator with two bandwidths 2589
6.4. Proof of Theorem 4.2

The proof relies on three lemmas, which are stated first.
Lemma 6.2. Consider the U-statistic
Un(hy hamin) 1= Y (YK (Xp, = ) = (0f )y ViR pp (X1 = 2) = (0f Yy )2-
k#l

Under Assumption 2.1, if there exists a > 0 such that E(exp(c|Y1|)) < oo, then
there exists a deterministic constant ¢y > 0, not depending on n and hyy,, such
that for every ¥ € (0,1),

[Un(hy hinin)| 9| K ||% 2 log(n)5
— < _—
’ (hse%)" { n? an PO g ) S w0

Lemma 6.3. For every n,n’ € H,, consider

—

V(1) i= (bf g = (0 ), (0f )y — b )2-

Under Assumption 2.1, if there exists o > 0 such that E(exp(o|Y1])) < oo and
bf is bounded, then there exists a deterministic constant ¢y > 0, not depending
on n and hyin, such that for every ¥ € (0,1),

ogln 3
E( sup {IVn(n»n’)l—ﬁl(bf)n/—bf||§}> < o 08

n,n €Hn Un

Lemma 6.4. Under Assumption 2.1, if bf is bounded and if there exists a > 0
such that E(exp(a|Y1|)) < oo, then there exists a deterministic constant ¢y, > 0,
not depending on n and hyin, such that for every ¥ € (0,1),

log(n)®
e

1~ ¢
E bf)n—bfI2+ Y nf —bf|2Y ) < ——E
(hselfn{uf)h Tt =g~ 1=y P en =0l g ) < 505

6.4.1. Steps of the proof.

The proof of Theorem 4.2 is dissected in three steps.
Step 1. In this step, a suitable decomposition of

16,5, —fl3

is provided. On the one hand,

16F,, 5, — bfI3 + pen(hn)
= 1f 5. = 0F I3 + PE(P2)
HIF e = DF I3 = 200 F s = 0F > 0F e — D)2

min
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Since
ﬁn € arg hm%l crit(h) with crit(h) = HE]\“nh — gfnh % + pen(h),
for any h € H,,
167, 5. = bF I3 < 157, — bFIZ + pen(h) — 26 (h) — (pen(n) — 206 () (10)
with - -
VYn(h) == (bf s p — O, 0f 0 — 0f )2
On the other hand,
wn(h) = wl,n(h) + w2,n(h) + wB,n(h)
where
K h hmln
,(/)Ln(h) — < mm Y h Z Yk n2 ) ,
Yo n(h) = (Z Yie (B i (Xi = )5 (b ) )2
1
+;Yk<Kh(Xk = )5 (O Yhnin )2 > + E((bf)hmin, (bf)n)2 and
w3,n(h) = Vn(hv hmin) + Vn(hmina h) + <(bf)h -b ; (bf) Rmin f>2

Step 2. In this step, let us provide some suitable controls of

E(ti,n(h)) and E(; (7)) ;

1. Consider

i=1,2,3.

7 K ’K - U h’a hmin
Buah) = oy () — e Kl §ya Ul o)
k=1
By Lemma 6.2,
" 0K, 0 , 2¢0 log(n)®
< -
E(j1n(h)]) < = SZEYY) + = -
" 013 2 log(n)’
c og(n)?
(mmnKE(Nﬁmﬁ);f
nh, n

2. On the one hand, for every n,n" € H,,, consider

W 1.7) = - D Vil (X = ), ()
k=1
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Then,

E( sup I%,n(mn’)|>

n,n' €Hn

<E(Inl sw [ 1,00 - 0enwl)

n,n' €Hpn J—oco
SEY?)Y2 K361 o-
On the other hand,

sup  [((0f)n, (bf)n)2l < sup  [|KG = (Bf)[l2[ Ky = (BF) 2
n,1 EHn N1 E€EHn

< IKIEIBA1E < EQD)PIKNT]0S oo
Then,

S|w

E([¢2.a(h)]) < ZEYD)?|KIF 0 loo

and B
E([1h2,n(hn)]) <

S|lw

E(YE) 2 KN30/ oo
3. By Lemma 6.3,

3
E(ua®) < 2O~ I3+ 16— bFIE) + ey 20

on
o\ 1/2 9\ 1/2
o T R
0
SR CE N T
+4cvlog(n)3
on

and
E(|¢ns(hn))) < OE([(bF); — bfII3)

6 2 5 log(n)3
(545 ) 10D, — 13 + e 5

Step 3. Consider

By Step 2, there exists a deterministic constant ¢y > 0, not depending on n,
h and Apin, such that

E(a(m) < 0 (16 — b3 +20)
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coy  log(n)® 0 2 2
t——, tl3gty [0 b — OS2

and
B, G < o [Eles, —os1) + B (5]

c log(n)® 6, 2
L O (22 6, — 013

0 2
Then, by Lemma 6.4,

0
1-0 2

Uy v Cr, 10g(n)5
* ( b 1= 9) "

- 0 _
BITn(0) < g BT un =718+ (5 + 5 ) NOD s, — 13

and

0 0

~ ~ —~ 2
B(Fnl) < 1o gBURT, 5, ~b8)+ (5 + 5 ) 10N, ~ 0113

+ (cU,V + Cr, ) log(n)s.

0 1-06 n

By Inequality (10), there exist two deterministic constant ci,co > 0, not de-
pending on n, h and Ay, such that

E(|bf,7, —bfl3) < E([bf,, — bfI3) + 2B (1 (B)]) + E(|ton(hn)])

20 —
< (1 125 BT~ b1IB)

20 —~
+—gBUbS 5, — bfll3)
log(n)®

2l TR
+ 0 ||(bf)hmin bf||2 + 9(1 _ 0)

This concludes the proof.

6.4.2. Proof of Lemma 6.2
Consider
Ay ={(k)e{l,...;n}:2<kand l < k}

and Zy, := (X, Yy) for every k € {1,...,n}.
On the one hand, consider n € N such that m(n) := 4log(n)/a > 1 and

n
U (hy hnin) =Y Y (Gohosn (Zies Z1) + G n(Zks 21))

k=2 1<k
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where, for every 0,1’ € {h, hmin} and z, 2’ € R?
Gy (2,2') =
<Z21|zz|<m(n)Kn(Zl =) = f )n.ns Zél\zg\ém(n)Kn/(zll =) = (Of Jn )2
and
0f)nm = EXV 11}y, j<mn) K (X1 =)
For every 7]777/ € {h7 hmin} and (lf, l) S Ana
E(Gnyu (Zr, Z0)| Z1) = / YLy <m(n) K (X — 2) = (0f )np(2))

— 00

XE(Y11 v <m(n) K (Xi — 2) = (0f )y (2))dz = 0.

So, by Houdré and Reynaud-Bouret [10], Theorem 3.4, there exists a universal
constant ¢ > 0 such that

P(|UL (B, hanin)| = e(6n A2 40,0 + 0,032 4 a,A2)) < 5.54e (11)

where the constants a,, b,, ¢, and 0,, will be defined and controlled in the
sequel.

e The constant a,,. Consider

!
ap == sup An(Z,Z )7
(z,2")€R2 xR?

where
An(2,2) = |Grhihin (2 2)) + Grhin n (2, 2)] 5 V2, 2" € R,
First, note that for every n € H,,
10 )nmllt < EY1 L}y, j<mm) [ I < m(n) [ K

and IK]
m(n o
[(0f)nnlloc < :
n
For any z, 2" € R x [-m(n), m(n)],

An(z,2") < (2aKn(z1 =) = (0f )nshs 20K hpn (21 =) = (0F )0 B )2
(22K (21 = ) = (0 ) hnin s 20 K0 (21 = -) = (0f )n,n )2
< 2(m(n) [ Knpin lloo + 1(0f ). i
x(m(n)[ K1+ [[(6f)n.nll1)
8|\K|\1||K||oom(n)2.

hmin

o)

Therefore,
an A\ _ SIIE 1 [[ K ]l

~

m(n)?\%.

n? 12 hmin
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e The constant b,,. Consider
bi = nmax { sup E(Gn i (25 Z1)2) i sup E(Gr i, n (2, Zl)Q)} .
zER2 z€ER2

First, note that for every n € H,,

m(n 2| K112
161 < LI,

For any 1,1 € {h, hmin} and z € R x [-m(n), m(n)],
E(Gn,n,n’(f27 ZI)Q)
< 22 Ky(z =) = (bf)n,n”%

x / E(1Y1 11y, 1<y Ko (X1 — ) = (b ) () [2) s

oo

2| K o
< Mm(n)Q/ var(Y11y, |<m(n) K (X1 — u))du

7 —o
2||K |3

S ” /”2]E(Y12)m(n)2.
m

Therefore, for any 6 € (0,1),

b, A3/ K3 /2132
n2 g \/5 ’ ng/z(hhmin)l/Q]E(Yl ) / m(n))\ /
3¢\ "? || K]l ; o\ K|
o /2 - 72 2 1/2
< 2 ( 9) /2 m(n)A>/ = x <3e> n1/2h1/2E(Y1)
Be|KI3 oys, OIS
— A ——=K
orzn ™) Senh PO ).

e The constant c,. Consider

2= Y B(Gnhhn(Zrs Z) + Critsnn(Zis Z)P).
(k,Den,

First, note that for every n € H,,

1) nnlloo < (R[] flloo K1

For any 1,7 € {h, hmin} and (k,1) € A,

E(Grar (Z, 21)7) < 4(m(n)*E((K (Xk — ), Koy (X = ))3Y)
IO ) n BB Ky (X0 = )I7)
HIOF )y 2BV (X = ))
HI O n 1210 ) 17)
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< Am(n)?(E((K,(Xy, — ), Ky (Xi = ))3Y)%)
+3| I I K ITE(YE)).
Moreover,

E((Ky(Xi — ) Koy (X = D3YR) = 0?B((Ky % Ky )(Xe — X0)?)
FE((K, * o) (Xi — X0)?b(X0)?)

< P llooll Ky * Ko 3
oo E(B(X1) )1 K, * K13
o K 2 K 2
< W KU g 4oy

Ui

Then, there exists a universal constant ¢; > 0 such that

K 2
& < a1l EmenEe?) (L1 4 sl 2).

Therefore, since m(n) is larger than 1, there exists a universal constant
¢ > 0 such that

A2 9| K2 ¢
< OIRIB g vy 1 ) el ()2 1172 4 )

n2 3enh
The constant 0,,. Consider
0, := sup E((Ghhin (Zs Z1) + Gy 0 (Z, Z1)) o (Z1) Bi(Z1)),

(a,B)ES (k,)EA,
where

S = {(a,ﬂ) > E(ar(Zk)?) <1 and Z_:]E(ﬁz(zl)Q) < 1}~
=1

k=2

For any (o, ) € S,

> EAGhihin (Zis Z1)or(Z1)Bi(Z1)) < Da(av, B) sup Dy (av, B, )
(k,)EAR ueR

with, for every u € R,

Di(a,B,u) = Y E(la(Ze) Vil j<mm Kn(Xe = 1) = (0f)nn(w))])
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" 1/2
< (Z E(ak(Zk)2)>

k=2
n

1/2
X E(Y21 )y, 1< (n) BKn (X5 — U)2)>
=2

1/2
[FESE PR

< /2 (n)
and
Da(a, B)
n—1 0o
=) E (‘Bl(zlﬂ/ Y11y <m(n) K (X0 = 1) = (b )b (U)|du>
=1 -
n—1 1/2
<V2 (Z E(ﬂl(Zl)2)>
=1
n—1 1/2
X (Z[E(YlelKhmin(xz - + |(bf)n,hmm||f]>
=1
V2| KWE(Y2) 20t
Then,
A AFES
2, < 2n hU; E(Y2)Y?m(n).
Therefore,
2. ONY? 1Kl oo, (32)2 IKILF12
nz - /2 = AT Hoo
3 < 2x (Se) (nh)l/QE(Yl) X <9) 13 m(n)A
OIK3 1 oy, SlEITNS oo 2,2
< —=E(Y, _— .
3enh (V) + on m(n)"A

So, there exist two universal constants c3, ¢4 > 0 such that, with probability
larger than 1 — 5.54e™*,

. 2
|U1,n(h; hmln)' < GHKHQE

2
IE B loo o (A 15
+C3< n2ho m(n) 0 + A
|| K7
A E o)
no
OIK3 1 2
< —=E(Y,
Klagyz)

Lo (IR e | 171l K12
0 n2hmin n

)mmﬁu+xﬁ
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Then, with probability larger than 1 — 5.54|H,|e™*,

ca (IE[LWEso | Ifllll KT 2 3
n hmin g Y 1 A
Suttmin) < (IR ML) iy 4
where Ut (B hunin)| 0] K13
n hmin = Ln\™ Pmin/l _ 2E Y2 .
Sn(hmin) hséugn{ 2 o B 1)}

For every s € Ry, consider

s 1/3
/\(S) = 71 + (m(n,hmin’9)> 5

Cq K| K|l fooK2
o) = £ (I e IR o

where

Then, for any A > 0,

E(Sn(hmin)) < A+ / P(Sn{fimin) > )ds
A
A1/3
< A+ 554C5|Hn|m(n’ hmin, 9) eXp ( 2m(n, hmina 9)1/3 >

where

o0 1/3
€5 = / el = /2.
0

Since there exists a deterministic constant ¢g > 0, not depending on n and A,
such that | )
og(n
m(n, hmin7 9) g Cﬁﬁ,
n

by taking A := 23¢glog(n)®/n,

log(n)°

E(Sn(hmm)) < QSCGT + 5.54C5m(n, hmin, 9) ‘,Hnl .

n

Therefore, since |H,| < n, there exists a deterministic constant c¢; > 0, not
depending on n and Ay, such that

‘ 2 5
E ( sup {|U1A,n(h, Amin)| HHK”2]E(Y12)}> < %7 log(n) '

het, n? nh n

On the other hand,
Un(h; hmin) = Z Ui,n(h7 hmin)

where, for i = 2,3, 4,

Uiin (B, hain) = Z gz,h,hmm (Zk, Z1)
£l
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with
Ir s (5:2) = (221 <m(m Kn (21 = ), 251 g () K (21 — )2,
9o i (22) = (221 mmen Kzt = )5 25112 j<m(n) Khsa (21 — ©))2 and
I (22) = (221 mmm Kzt = )5 251 g s m(n) K (21 — )2

for every z,z’ € R2%. Consider k,l € {1,...,n} such that k # [. By Markov’s
inequality,

E ( sup |92 n.. (Ze, zm)

he€Hn

W Y [ KX~ DD Ly i (60— )
heHn,

< () Mol - | Flla | K IZE(VR) 2 Blexp(ali]) > nt)H/2
< 1ol K BE(Y2) V2B explafya ) V2 20 gy, |

Then, there exists a deterministic constant ¢g > 0, not depending on n and

Amin, such that
E < |Us, n(thmm)> <o log(n).
he?—t n n

The same ideas give that there exists a deterministic constant ¢g > 0, not
depending on n and hpyi,, such that

E < |Us, n(thmm)> < log(n).
he?—tn n n

For i = 4, by Markov’s inequality,

E ( sup 164 pn (Zh. Zm)
heH

<y / E( Y11y o K1 (X — w)])

heH
XE(Y1111yi 15 m(m) B hpsn (X1 = ) [)du

Koo
< Wl 1y 1 o )

hmin

« ¥ / E( Yy 5y 1 (X — )]

heH,
Kol K1
< I lBh 30 | vy | > min))

hmin

< oo L [ E(Y)E(exp(alYi]) [Hon -

1
n4 hmin
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Then, there exists a deterministic constant ¢;g > 0, not depending on n and

Bmin, such that
Usn(h, hrin 1
e (sup Lo} ., o),
hEHn i

n? 13 Rmin
Therefore,
Un(hy hinin)| 01K . - 2 cv log(n)®
E — E(Y]; < —- .
(hselﬁfn { n2 nh (¥7) 0 n

6.4.3. Proof of Lemma 6.3

Consider m(n) := 4log(n)/a. For any n,n' € H,,

Vn(’na 77/) = Vl,n(na 77,> + ‘/27n(77a 77/)

where

1 & ; .
Vin(0:1) 1=~ (G, (X0 Vi) = E(gy (Xi Y2))) 5 0= 1,2
k=1

with, for every x,y € R,
Gy (€59) 7= (YE (& =), (0f )y = bF )21}y <m(n)

and

gn (@) == WKy (@ =), (0f )y = bf )21y 5m(n)-
In order to apply Bernstein’s inequality to g},)n, (X, Y), Kk =1,...,n, let us
find suitable controls of

195 1o
Copy 2= n,g and vy /= E(g}m/ (X1,Y7)?).

On the one hand, since ||K||; > 1 and bf is bounded,

1
Cpoy = 5 Sup ‘<yK77(.1‘ - ')7 (bf)n’ - bf>21|y\<m(n)‘
3 z,yeR
min
< ™), — bf o sup 15y 2~
z€R

m(n)

< SEIKILUK A+ Db flloe < mE) K0S lloo-

Wl o

On the other hand,

E((YiKy(X1 =), (bf)y = bF)3L s <m(m))

[ R = (@) - 65

Oy,

)

E <Y121Y1|<m<n>
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< m)? [ f K ITNOS ) — b3

So, by Bernstein’s inequality, there exists a universal constant ¢; > 0 such that
with probability larger than 1 — 2e™*,

12X A
\Vl,n(ﬂ,nlﬂ < ?Un,n’ + Ecnm,

< OI0f)y —bfIE+ o™

on
Then, with probability larger than 1 — 2|H,, |2,

m(n)?
Y on

2
IENT (L lloo + 10£llo0) A

Sn < ¢ IE N flloo + 10£1lo0)A

where

Sni=sup {|Vin(n,n)| = 0l(bf)y —bf3}.
n,n EHn

For every s € R, consider

__ S . _ . m(n)? 2
M) = g with m(n,0) = 6 S LKl + 1)
Then, for any A > 0,
E(S,) < A+/ P(S, > s)ds
A

A
< A+ 20H*m(n, 6) exp <2m(n€)>

where fooo e %/2ds = 2. Since there exists a deterministic constant ¢3 > 0, not
depending on n and hy,;, such that

1 2
m(n, ) < 5 08
n

by taking A := 4c3log(n)3/n,

3
log(n) + 2com(n, 0) |H;| .
n n

E(Sn) < 4

Therefore, since |H,| < n, there exists a deterministic constant ¢4 > 0, not
depending on n and Ay, such that

¢t log(n)3
E( sup {IVLn(nm’)I—9II(bf)nf—bf||§}> < & log(n)?
n,m EHn 0 n

Now, let us find a suitable control of

021, :—1E< sup |V2,n(77,77’)>-

n,n' €Hn
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By Markov’s inequality,

Vo < 2E(Sup IZz,l(n,n’)l)
nEHn
< 2I[4:(}/121\3/1|>m(n))1/2
- o\ 1/2
><E< sup / Kn(Xl_u)((bf)n’(”)_(bf)(u))du)
N, E€EHn |J—o0
< 2E(YH)YAP(exp(alYi]) > nt) VA K|, Sup [(0f)n = bflloo
n'€Hn
1
< 21E(Y14)1/41[*3(e><p(04|Y1|))1/4IIKII?IIbflloog-
Therefore,

log(n)?
On

E ( sup (V') — 06 f)r — bf||%}) <o

n.n' €Hn
6.4.4. Proof of Lemma 6.4
First of all,
10 = bF115 = 1BF = BF1I5 = 05— IRIE — 2V (B, ).
Then, for any 6 € (0,1/2),

(1= 20) (6 = bfI + 55 ) = 67, — S 13

nh

< 21Vl )] = 015 = bII) + An(h) — 2052 (12)

where
AnB) 1= |IBFn — Gl - 55|
- | B Do

with .

Walh) i= - " (Za() — B(Z(1)

k=1
and
Z(h) = Ve Kn(Xe — ) — (0f)nll3 s VE € {1,...,n},
because
E(Zi(h)) = o° /_OO E(Kp (X1 — u)?)du + /_OO E(b(X1)2 K, (X1 — u)?)du
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—2 [ EOCO)ELX — )0+ [ 070
2 (02 4 By ) — 10013 = X — ol

Consider m(n) := 2log(n)/a and note that W, (h) = Wy ,,(h) + W3 ,,(h), where

n

Win(h) = % Z(QZ(Xk,Yk) — E(g},(Xy, Yz))) ;i =1,2
k=1

with, for every z,y € R,

gn(,y) = [lyKn(z —-) = 0F)nl31)yj<m(n)
and

g (2, y) == [lyKn(z =) = 0F)nl3 11y > mm)-
Note also that

16F)nll2 < 1Kz / b)) < '?)LQE(I’)(XIW < (CKTY)W

and
— 00

[} 1/2
sl < Wl ([~ b0PrPar) < IKIIAILECE))

In order to apply Bernstein’s inequality to g} (Xx,Ys), k = 1,...,n, let us find
suitable controls of

1
= ||g}%||oo and vy, = E(g},(X1,Y1)?).
On the one hand,
1
o = g sup [yKa(@—) = GHAlELy<men
z,yER

2 K3  cxy

< = PR )

On the other hand,

o < 2E(Zu(W)(IIV1ER(X1 = )31 vs1<meny + [1(0F)n]]3))

2

< FEZM)(IK|Emn)* + exy) < K3+ cxey)

K)Y 2
Mo m(n)‘.

So, by Bernstein’s inequality, there exists a universal constant ¢; > 0 such that
with probability larger than 1 — 2e™*,

2\ A
Win(h)l </ ——bn+ —cn
n n
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K)Y m(n)2
T

¢
< ¢ (IK13 + ey )

Then, with probability larger than 1 — 2|H,|e™?,

m(n)? 2
n\/tmin < — (|| K A

(i) < 61 g — (1K1 + er:v)

where W (b
Sy (Bmin) := sup {' (Pl f Y }
heEH, n nh
For every s € Ry, consider
s . m(n)2 2
)\(S) = m with m(n, hmina 0) = Clm(”KHQ + CK7Y).
Then, for any A > 0,
o0
A
< A+ 200 Hom(n, huin, 6) A
XX Co | Milpn MU N, Nmin, €xXp 2m(n7 hmin, 0)

where ¢y 1= fooo e %/2ds = 2. Since there exists a deterministic constant ¢ > 0,
not depending on n and Ay, such that

log(n)?

m(”v 9) < C3 n )

by taking A := 2¢3log(n)?/n,

1 3
(S (huin) < 2652 1 csm(n, B, 0)

7]

n

Therefore, since |H,| < n, there exists a deterministic constant ¢4 > 0, not
depending on n and Ay, such that

3
g (sup {Wnl] e 1 e ot

heH, n nh n

Now, by Markov’s inequality,

Wa n(h 2
E ( sup M) < #E ( sup |Zl(h)|1|Y1>m(n))

heH, n hEHn

4
< -E ( sup (||YiKn (X1 — )5 + II(bf)h§)1Y1|>m<n>>
n heH,

< (IEIZE(Y)Y? + crey )P(1Y2] > m(n))'/2

nhmin
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1

< AIKIZEY? + excy Eexp(al i) V2o —.

Then, there exists a deterministic constant ¢; > 0, not depending on n and
Rmin, such that

E < sup {|Wn(h)| B GCK}LY }) <5, log(n)S.

heH, n 0 n

Therefore, by Lemma 6.2, there exists a deterministic constant ¢g > 0, not
depending on n and hpyi,, such that

CKY cv log(n)® ¢ log(n)®
E An(h) — 2055 V) o o losln) e o)t
(:’éﬁfn{ (h) nh }> 0 n i 0 n

I o EB(X1)?)

% log(n)®

<
=0 n

Moreover, by Lemma 6.3,

ogin 3
B ( sup (Vi (0.0 = 00 ~ 0718} ) < - PE

n

In conclusion, by Inequality (12),

1 —
E b b2 CKY b _bfl2
(hseu?_p[)n{( Pn=bfllz + === = 751 = 0112

cr log(n)®

<
A1 - 20) n
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Appendix A: Additional simulation results

TABLE 7
Mean of selected bandwidth (with std in parenthesis below) with the CV method for
NW-single bandwidth estimator of b, o = 0.7, X ~ N(0,1), 200 repetitions.

n | b b b3 by
250 0.32 0.29 0.14 0.32
(0.09) (0.08) (0.03) (0.10)
500 0.29 0.25 0.12 0.27
(0.07) (0.06) (0.02) (0.08)
1000 0.25 0.22 0.10 0.22
(0.05) (0.04) (0.01) (0.05)
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TABLE 8
100*MISE (with 100*std in parenthesis below) for the estimation of bf, 200 repetitions,

X ~~(3,2)/5 and o0 = 0.1. Same columns as in Table 1.

b1 f ba f
n PCO CcvV Or PCO CcvV Or
250 0.39 0.46 0.20 0.51 0.57 0.25
(0.35) (0.56) (0.19) | (0.44) (0.81) (0.23)
500 0.19 0.27 0.10 0.27 0.32 0.13
(0.16) (0.37) (0.09) | (0.21) (0.38) (0.13)
1000 0.11 0.18 0.06 0.15 0.23 0.07
(0.09) (0.30) (0.05) | (0.12) (0.44) (0.06)
bs f by f
n PCO CcvV Or PCO CcvV Or
250 0.61 0.71 0.42 0.20 0.22 0.10
(0.37) (0.70) (0.27) (0.16) (0.26) (0.09)
500 0.31 0.34 0.22 0.10 0.13 0.05
(0.18) (0.30) (0.14) | (0.08) (0.17) (0.04)
1000 0.16 0.24 0.11 0.05 0.08 0.03
(0.11)  (0.41) (0.07) | (0.04) (0.10) (0.02)
TABLE 9

100*MISE (with 100*std in parenthesis below) for the estimation of bf, 200 repetitions,

X ~~(3,2)/5 and 0 = 0.7. Same columns as in Table 1.

b1 f baf
n PCO (2% Or PCO (2% Or
250 0.91 0.85 0.49 0.83 0.93 0.47
(0.84)  (0.74)  (0.40) | (0.74) (1.24)  (0.36)
500 0.43 0.44 0.23 0.47 0.48 0.25
(0.30) (0.39) (0.17) | (0.32) (0.53) (0.19)
1000 0.22 0.23 0.13 0.24 0.24 0.13
(0.14) (0.23) (0.07) | (0.16) (0.22) (0.09)
bsf baf
n PCO (2% Or PCO (2% Or
250 1.21 1.18 0.80 0.66 0.60 0.37
(0.87) (0.86) (0.54) | (0.55) (0.49) (0.29)
500 0.56 0.55 0.39 0.34 0.32 0.18
(0.30) (0.42) (0.22) | (0.25) (0.29) (0.14)
1000 0.28 0.29 0.20 0.17 0.17 0.07
(0.16) (0.26) (0.12) | (0.11) (0.17) (0.07)
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TABLE 10
100*MISE (with 100*std in parenthesis below) for the estimation of b, i =1,...,4, 200
repetitions, X ~ v(3,2)/5, 0 =0.1. CV and PCO are the two competing methods. Column
“Or” gives the average of ISE for the ratio of the two best estimators of bf and f in the

collection.
b1 ba
n CcvV PCO Or CvV PCO Or
250 0.22 0.66 0.39 0.56 8.75 1.74
(0.15) (0.42) (0.34) (0.78) (39.2) (2.50)
500 0.11 0.30 0.17 0.43 1.35 0.67
(0.06) (0.23) (0.14) (0.16) (2.29) (0.91)
1000 0.07 0.15 0.09 0.12 0.38 0.28
(0.05) (0.09) (0.09) (0.08) (0.41) (0.30)
b3 b4
n CcvV PCO Or CvV PCO Or
250 1.07 7.50 3.80 0.24 0.59 0.38
(1.42) (20.6) (4.17) (0.16) (0.28) (0.28)
500 0.42 2.38 1.72 0.13 0.33 0.19
(0.26) (1.67) (1.50) (0.07) (0.15) (0.13)
1000 0.21 1.05 0.74 0.08 0.19 0.11
(0.11) (0.67) (0.56) (0.05) (0.08) (0.08)
TABLE 11

100*MISE (with 100*std in parenthesis below) for the estimation of by, i =1,...,4, 200
repetitions, X ~ v(3,2)/5, o = 0.7. CV and PCO are the two competing methods. Column
“Or” gives the average of ISE for the ratio of the two best estimators of bf and f in the

collection.
by bo
n (@AY PCO Or CvV PCO Or
250 4.86 7.99 6.42 6.77 16.0 7.08
(4.72) (9.41) (7.65) | (6.04) (43.7) (8.63)
500 2.58 2.87 3.12 3.74 3.85 3.37
(2.18) (2.19) (2.95) | (4.06) (4.06) (2.88)
1000 1.51 1.35 1.47 1.94 1.62 1.67
(1.42) (1.16) (1.19) | (1.69) (1.68) (1.53)
b3 by
n cv PCO Or CcvV PCO Or
250 10.6 19.4 11.1 4.54 7.15 6.29
(10.6) (19.4) (11.1) | (4.37) (7.95) (9.28)
500 5.71 5.84 5.51 2.52 2.84 2.97
(3.45) (5.26) (7.10) | (2.16) (2.07) (2.89)
1000 3.17 2.70 2.47 1.50 1.38 1.41
(2.02) (1.69) (1.61) | (1.44) (1.14) (1.17)
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