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Abstract: To quantify uncertainty around point estimates of conditional
objects such as conditional means or variances, parameter uncertainty has
to be taken into account. Attempts to incorporate parameter uncertainty
are typically based on the unrealistic assumption of observing two inde-
pendent processes, where one is used for parameter estimation, and the
other for conditioning upon. Such unrealistic foundation raises the question
whether these intervals are theoretically justified in a realistic setting. This
paper presents an asymptotic justification for this type of intervals that
does not require such an unrealistic assumption, but relies on a sample-
split approach instead. By showing that our sample-split intervals coincide
asymptotically with the standard intervals, we provide a novel, and realis-
tic, justification for confidence intervals of conditional objects. The analysis
is carried out for a rich class of time series models. We also present the re-
sults of a simulation study to evaluate the performance of the sample-split
approach. The results indicate that also in practice sample-split intervals
might be more appropriate than the standard intervals.
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1. Introduction

One of the open questions in time series is how to quantify uncertainty around
point estimates of conditional objects such as conditional means or conditional
variances. A fundamental issue arises in the construction of confidence intervals
that ought to capture the parameter estimation uncertainty contained in these
objects. This fundamental issue stems from the fact that on one hand one must
condition on the sample as the past informs about the present, yet on the other
hand one must allow the data up to now to be treated as random to account for
estimation uncertainty. The issue is well-recognized in the literature, however in
practice confidence intervals are commonly constructed by treating the sample
simultaneously as fixed and random. Frequently, such approach is motivated by
presuming to have two independent processes. Assuming two independent pro-
cesses with the same stochastic structure, using one for conditioning and one
for the estimation of the parameters, bypasses the issue. It is a mathematically
convenient assumption as in such case the uncertainty quantification reduces to
an ordinary inferential problem. However, practitioners rarely have a replicate,
independent of the original series, at hand with the exception of perhaps some
experimental settings. As such, the intervals commonly constructed by practi-
tioners lack a satisfactory theoretical justification. Therefore it is the objective
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of the present paper to develop a realistic justification for such confidence inter-
vals around point estimates of conditional objects, and to study the statistical
properties of the proposed justification through a simulation study.

In the literature the fundamental issue described above is encountered in
various ways. In the specific case of a first-order autoregressive (AR) process
with Gaussian innovations, [40] investigates the statistical dependence between
the ordinary least squares (OLS) estimator and the endogenous variable con-
ditioned upon. He obtains an Edgeworth-type expansion for the distribution of
the conditional mean and, further, studies forecasting, where the fundamental
issue equally arises.! [33, p. 95] explicitly states a two-independent-processes
assumption in connection with vector AR models. He postulates that such as-
sumption is asymptotically equivalent to using only data not conditioned upon
for estimation. Other studies investigate parameter uncertainty by using resam-
pling methods, that typically mimic a distribution in which the sample, or at
least a subsample, is treated as fixed and random at the same time (cf. [37],
[37], [38], [35], [35], [36]). Aware of this paradox, [29] points out that condi-
tioning on observing specific in-sample values affects the parameter estimator,
but the effect is often erroneously disregarded. Deviating from the various boot-
strap approaches, [23] examines parameter uncertainty in interval forecasts in
a classical statistical framework. Similar to a general regression framework, he
conditions on an arbitrary fixed out-of-sample value to avoid the issue. However,
conditioning on arbitrary fixed out-of-sample values appears incompatible with
the usual setup of dynamics in which we condition on the final value(s) of the
sample. Acknowledging the issue while avoiding the two independent processes
argument bears careful statements as in [19] who write in view of this issue
“the delta method ... suggests” (p. 162). Similarly, [39] notices that although
such intervals “have been discussed in the econometrics literature, the particular
assumptions that underlie them are not fully recognized” (p. 389).

This paper provides a novel, and realistic, justification for commonly con-
structed confidence intervals around point estimates of conditional objects. Our
solution is based on a simple sample-split approach and a weak dependence con-
dition, which allows to partition our sample into two asymptotically independent
subsamples. For a rich class of time series models we construct asymptotically
valid sample-split intervals, without relying on the assumption of observing two
independent processes, and show that these intervals coincide asymptotically
with the intervals commonly constructed by practitioners. As will be argued
below, an appropriate concept to study conditional confidence intervals is merg-
ing, a concept that generalizes weak convergence. To the best of our knowledge,
except for [3] and [32] who looked at this concept independently of [4], this pa-
per is the only one to study merging in the context of conditional distributions.
Moreover, our paper seems to be the first to employ merging of conditional dis-
tributions in time series. By employing this concept we avoid unnatural assump-
tions such as observing X = z (in dynamic models), losing the time index T,
and instead explicitly acknowledge that the conditional objects vary over time.

LFor prediction intervals some solutions have been discussed. We refer to Section 5.
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The rest of the paper is organized as follows. Section 2 specifies the general
setup and describes the argument of two independent processes as well as our
sample-split approach. In Section 3 we establish merging among the proposed
and the two-independent-processes estimator in probability under mild condi-
tions. Further, we construct asymptotically valid sample-split intervals and show
that these coincide asymptotically with the standard intervals. A simulation-
based comparison of the performance of sample-split intervals and standard
intervals in finite samples is provided in Section 4. The extension to prediction
is discussed in Section 5. Section 6 concludes. The main proofs are collected
in Appendix A, while Appendix B provides additional proofs of intermediate
results.

2. General setup
2.1. The general prediction function

Let {X:} be a real-valued stochastic process defined on the probability space
(2, F,P). 6 denotes a generic parameter vector of length » € N and 6y the true
value, unknown to the researcher.? Let © C R” be the corresponding parameter
space.

Our general setup involves inference on an object that we call the prediction
function, which is a function of both the process {X;} and of the parameter 6.
It represents the random object of interest, and will typically express quantities
such as a conditional mean or conditional variance (without conditioning on a
specific value) as a function of the sample.

Definition 1. The prediction function ¥ : R>® x © — R is depending both on
the parameter 0 and the entire history of the process {X:}, such that we can
write the prediction of the quantity at time T 4 1, using data up to time T, as

¢T+1 = w(XT7XT—1770) (21)

With this setup we can describe most of the possible applications of interest.
We now provide three examples to illustrate the prediction function.

Example 1. Suppose the time series {X;} follows an AR(1) process given by
Xi =X 1 +es, (2.2)

where |8] < 1 and {&;} are independent and identically distributed (i.4.d.) with
Ele:] = 0. The conditional mean of X711 given Xt is given by

pri1 = E[X7 1| X7] = BX7T. (2.3)

Using the prediction function we can then write ury; = (X7, Xpr_1,...50) =
BXr with 6 = 3.

2@enerally, in particular throughout Section 2, we do not distinguish between 6 and g if
there is no cause for confusion. In Section 3 we explicitly use 6y to avoid confusion.
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A more precarious example, due to its large popularity, is the conditional vari-
ance in a generalized autoregressive conditional heteroskedasticity (GARCH)
model [18, 9]. Whereas in the previous AR(1) case it suffices to condition on the
terminal observation, the subsequent Example 2 is more extreme as the entire
sample contains information about the object of interest.

Example 2. Suppose {X;} follows a GARCH(1, 1) process given by X; = o0&,
with

of =w+aXi + o}y, (2.4)

where w >0, @ > 0,1 > 3> 0 and {g} are i.i.d. with E[e;] = 0 and E[¢?] = 1.
The model’s recursive structure implies

w o0
O “1-3 +a) BEXE . (2.5)
k=0

It follows directly from (2.5) that

w

0%t = (X7, X1_1,...50) = T

o0
+a) BXE oy,
k=0

with 8 = (w, a, 8)’, and © C (0, 00) X [0,00) x [0,1).

The next example shows that for a large class of models the prediction func-
tion can be written in the form of Definition 1.

Example 3. Following [10], consider a Markov chain of the form
St = @(S-1, X1;0), t=1,2,... (2.6)

where ¢ is some map ¢ : R* x R x © — R®. Whereas X; is observable by the
researcher at time ¢, S; may be unobservable or only partially observable. The
object of interest ¢r41 is typically a function of the state of the Markov chain
St, such that ¢y = 7(St;60) for some function 7(-). Through the recursion
in (2.6), this is in turn a function of the past of X, such that we may write

VY1 = m(S7;0) = Y (X1, Xro1, .. .3 0).

Many stochastic processes are in fact Markov processes, including ARMA and
GARCH models, several GARCH extensions such as Zakolan’s (1994) threshold
GARCH, and the set of observation driven models considered by [8]. For further
details we refer to [4] and [5].

Note that in many cases, such as the GARCH(1,1) of Example 2, the pre-
diction function actually depends on the infinite past of the series. In order to
express (an approximation of) the prediction function in terms of observable
variables only, we would need to replace X; by s; for all ¢ < 1, where {s;} is
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a sequence of (arbitrary) constants to which we refer as starting or initial val-
ues. For a fixed T, we accordingly define an approximate prediction function
Y5, : RT x © = R that is only a function of observable variables as

1/’%+1(X1:T§ 0) = w(XTaXT—h cee 7X17 S0y S—1y---3 0)7 (27)

where X;.7 = (X1, ..., Xr)". Note that, given the varying input of the left-hand
side in (2.7), we now actually have a sequence of (varying) functions for T' € N.

In many cases the values far in the past are negligible for a wide range of
values for {s;}. Consequently, ¥7., ; will be close to ¢r, 1. This property can be
shown to hold for many different processes including the ones in the examples.
We formalize the exact condition we need regarding the negligibility of the
starting values in Assumption 1.b.

Although the prediction function typically represents a conditional object,
we have not conditioned on anything yet in the definition. We therefore now
extend the analysis by formally conditioning on observing a particular sample.
Let x1.7 = (1,...,27)" denote a specific sample path of X;.7. Throughout
the paper, we will discriminate between random variables and their realized
counterparts by writing the former in capital and the latter in lowercase letters
to avoid ambiguity.

As we will consider sample splitting later on, we define notation that also
allows for conditioning on only a subsample. For that purpose, let ¢ : to denote
the (sub-)period from ¢; up to te, and correspondingly Xy .1, = (Xey, .-, Xt,)'
for any integers 1 < t; < to < T, with a corresponding definition for the observed
subsample Xy, .,. Furthermore, let X¢ .7 = (c1,..., ¢, -1, X¢,,. .., X7)" denote
the vector where all non-considered subsamples are replaced by a sequence of
constants {c¢;}, in a similar way as we did for the starting values. We can now
formally define the conditional prediction function.

Definition 2. The prediction function conditional on observing Xi,.7 = X¢,.1
1s defined as

¢T+1|t1:T = ¢%+1(X§1:T§9)- (2-8)

Note that we phrase the conditional prediction function directly in terms
of the approximate prediction function 17, rather than the true prediction
function. We take this “shortcut” because we cannot observe xg,x_1,..., SO
we cannot condition on those values anyway. Therefore, the “true” conditional
object (which we might represent as ¥r41|—sc.7), is, from an applied point of
view, only the theoretical benchmark.

Example 1. (continued) For the conditional mean of an AR(1) process, con-
ditioning only on the terminal observation X = xp suffices; that is, for any
t; > 1 and any sequence {c¢;}, we have that

Yrp1e:r = Y (X413 0) = Ber = Y5 (X773 0) = Vg7 (2.9)

Example 2. (continued) For objects such as the conditional variance for the
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GARCH(1,1), the conditioning set and the sequence {c;} make a difference, as

T—t,
S C w
Yryajer = Vraa (Xg.ri0) = m +a Z 5%%4@
k=0
5 N (2.10)
+apfT ™t Z Bkcfl,k +aBt Z BFs?,
k=1 k=0

which differs depending on the choice of t;. However, as will be shown later,
with an appropriate choice of ¢1, our Assumption 1.b on the negligibility of the
initial condition, also implies that the difference between 7 1|¢,.7 and Y7y 1|1.7
becomes negligible asymptotically.

Before introducing estimators for € let us discuss the objects we want to
construct inference for. In principle there are two unknown objects one could de-
velop statistical intervals for: 7, ,(Xy.7;0) (or slightly more generally
V71 (X§.p30)) and Y7, (x§.p;0). For a GARCH(1,1), for instance, the first
would read as

T—1 oo
Vi (Xir; 0) = ﬁ +ad BEXG +apTy sy,
k=0 k=0
whereas the second with t; = 1 reads as
T-1 oo
V7 (X173 0) = ﬁ + « kz;) ﬁkaT_k +aB” ];)ﬂksak

or more generally, if ¢; is not taken to be equal to one, as in (2.10). While
statistical intervals for both objects can be constructed we focus here on condi-
tional inference, i.e. on intervals for ¢ 1j¢,.7 = Y7 (X§,.7;0). In a time series
context intervals for 1y q)4,. are motivated by the relevance property of [25]
which postulates that intervals should relate to what actually happened during
the sample period opposed to what might have happened. Indeed, intervals for
Yry1)4,:7 can theoretically be shown to be considerably shorter than the inter-
vals for their unconditional counterparts. While the unconditional objects might
lead to a conceptually easier analysis, our focus on the conditional objects is
therefore not only theoretically but also empirically relevant.

2.1.1. Estimating the prediction function

As 0 is unobserved, we need to estimate it. We assume that the estimator is
based on a subsample 1 : T (with 1 < Tg < T) of the process {XF} which
is potentially a different sample than {X;} that arises in the prediction func-
tion. The estimator of # based on X{;, = (X{,..., XF )" will be denoted by

é(XFTE) The introduction of {XF} serves three purposes: first, using a dif-
ferent process allows us to formulate the two-independent-processes argument
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where XF =Y}, with {Y;} independent of {X;}, Tw = T and an interval is con-
structed for ¢ 1)1.7. Second, it will allow us to discuss the standard approach
where XF = X, Ty = T, and an interval is constructed for Y17 Please
note already here that this means that the same variables that arise in the pre-
diction function are also used for estimating 6. Third, it allows us to define the
sample splitting approach which we study here. In this approach X = X; and
an interval is constructed for ¢ yq|7,.p with Tg < Tp (with 1 < Tp < T)
such that in contrast to the standard approach different subsamples are used
for prediction and estimation.

Before we illustrate why the standard approach is problematic for construct-
ing and evaluating conditional intervals, we need to define the final building
block of prediction function estimation: the conditional prediction function es-
timator.

Definition 3. Let 1 < Tp < T. Define the prediction function estimator con-
ditional on observing Xr,.7 = Xrp.7 GS

$T+1\TP:T = 1ZT+1(XTP:T,X{E;:rE) = 7 (XTpeT, é(XETE))- (2.11)

Note that in the above definition we do not condition on the sample XETE =
x{/ that is used to estimate #. The reason for not conditioning on X{/, =

xﬁTE is that the goal is to preserve the randomness in the second argument

of Y%, ie. in é(XETE), and consequently in $T+1|TP:T. Hence, if this goal
is achieved we can use the (non-degenerate) conditional (on Xr..7 = X1p.7)
distribution of $T+1|TP:T to construct confidence intervals for 7 17,.7. Having
this said let us have a closer look at the standard approach. As mentioned
above in the standard approach one has XtE =Xy, Tp =1 and Tg = T.

Hence, denoting by QJ\STA the “standard” estimator of the prediction function

T+1|1:T
conditional on observing X;.;r = x1.7, it becomes
pSTA =1 =S 0 2.12
Tatjur = Y (xur, xur) = ¥ (xur, 0(x1r)). (2.12)

Notice that there is no capital X in (2.12) because there is only one sample
and one typically conditions on all values of this sample. Hence, (2.12) is non-
random and thus does not have a distribution that could be used to construct
intervals. Instead, to still be able to construct a “standard-looking” interval in
practice, researchers typically implicitly rely on the (approximate) quantiles of
the estimator

-~

PP = Yri1 (1, Xor) = V5 (x1r3 0(X ). (2.13)

It is well understood in the literature that considering the sample as random and
non-random at the same time as in (2.13) does not provide a fully satisfactory
justification of the intervals used in practice. For the readers not so familiar
with the problem just discussed we provide two examples that both illustrate
the problem arising from (2.13). The examples illustrate that the severity of the
problem may vary; ranging from only complicating the analysis (Example 1) to
making the analysis impossible (Example 2).
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Example 1. (continued) For the AR(1), we know from (2.9) that v q)1.0 =

Y71 (X1.7,0) = Brr. Estimating 3 by OLS, say B(XLT), the estimator in (2.13)
becomes

wgiﬁ 7= Ur (x1r; 0(Xpr)) = Vi (X1, B(Xy.r) = B(Xpr)er. (2.14)

Note the discrepancy in treating the terminal observation as random in the
estimation sample, yet fixed for the prediction sample. To construct an interval
for Bx7, one uses

VT (B(Xyr) — B) 5 N(0,03) (2.15)

with 03 = 1 — 3 (cf. [22, p. 215]) and that one can estimate the variance of

this normal distribution by &[23 Xyr)=1- B(XLT)Q. Then an interval for Sz
is typically constructed the following way:

BXur)er £ 87 (7/2) wr 65(Xua) VT, (2.16)

where ®~! denotes the standard normal quantile function. However, the interval
in (2.16) is hard to interpret as the terminal observation is treated simultane-
ously as fixed and random. In essence, researchers typically approximate the
distribution of VT (B(XLT) — B)ar instead of the conditional distribution of
\/T(BA(XLT) — B)Xr given X = xp. The approximation of the latter appears
rather cumbersome because even the rather simple condition X7 = xp has an
influence on the whole series Xj.7; see, for instance, the discussion [29]. Despite
the challenge, [40] obtains such approximation based on Edgeworth expansions

in the case of g, < N(0,02).

Example 2. (continued) For the conditional variance of the GARCH(1,1), the
standard estimator of the prediction function conditional on Xi.;7 = Xj.p, is
given by

. T-1

N 5 w(x1.1)

U%if\f:r ¢%+1<X1:T§0(X1:T)):m a(x1.m Z (x1:7)fat
- LT k=0

+a(xar)Bxir)" Y Blxur)Fs?y,
k=0
(2.17)

where é(xl;T) = ( (x1.7), &(X1.7), ﬁ(xl:T))/ is some estimate for # depending
on x1.7. Clearly, (2.17) illustrates for the GARCH(1,1) the above mentioned
problem that the standard estimator is not random (after conditioning). For the
GARCH(1,1) the estimator in (2.13) whose quantiles are used for an interval
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reads as

O(Xq1.7)
1- B(XLT)

T-—1
6751 = rp (xur; 0(Xuir)) = a(Xir Z (Xr) 7
k=0

+ a(X1r)B(Xir TZ (X1.7)*s%,
k=0
(2.18)

This quantity exemplifies for the GARCH(1,1) that the complete sample is
regarded as random and non-random at the same time. While for the AR(1)
this complicated the analysis, yet not made it impossible, the dependence on the
complete sample here makes it difficult to use this quantity to make meaningful
probabilistic statements.

2.2. Argument of two independent processes

The argument of two independent processes can at least be traced back to
[1], who studies the prediction of AR time series. It reoccurs in [31, p. 394]:
“...the series used for estimation of parameters and the series used for prediction
are generated from two independent processes which have the same stochastic
structure.” The same argument also appears in [33, p. 95] and in [17]. Let {Y:} be
a process independent of {X;} defined on the same probability space (€2, F,P)
with {Y;} having the same stochastic structure as {X;}. In addition to the
sample Xj.7 of the process { X; }, suppose there is a sample Y1.7 = (Y1,...,Yr)
of the process {Y;} that we use as estimation sample, that is XX, = Y1.7. In this
situation we denote the conditional prediction function estimator of Definition 3
by 1/JT T and it equals

1/1%5:91\1 = ra (xur, Yir) = Y (xur 0(Y1r)). (2.19)

Notice that (2.19) does not have the same shortcoming as (2.13) because even if
we consider x1.7 to be known we can nevertheless consider é(Yl;T) to be random
and can hence use its distribution to construct intervals. Throughout this paper,
we call (2.19), the 2IP (two independent processes) estimator. Then, a condi-
tional interval 131 P (x1.7, Y1.7) can be based on the (approximate) quantiles of

@[J%Ifl I It satisfies

P[L?IP(XLT,YLT) > ¢T+1\1:T‘X1:T = X1 = 1—7, (2.20)

with the approximate sign indicating asymptotic equivalence. Note that the in-
dependence implies that the distribution of Y7.7 in (2.20) does not depend on
the realization x;.7, yet the statement does depend on x;.7 because the interval

depends on it (for the AR(1) this can be directly seen from (2.16) when replacing
X171 by Yi.7). Although the 2IP approach is statistically sound, it assumes two
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independent processes with the same stochastic structure. [40] points out that
the assumption “is quite unrealistic in practical situations” (p. 241). Indeed,
it is difficult to imagine this assumption to be satisfied in any real-life appli-
cation beyond experimental settings. Moreover, as only one sample realization
is available, to compute the estimate of the interval I,%IP(XLT,YLT) it is fre-
quently suggested to take Y. = x3.7, violating the independence assumption.
Thus, the 2IP approach appears to be a rather questionable justification for the
usual interval, and as such, in this paper we provide an alternative, realistic,
justification of (asymptotically equivalent) intervals based on sample splitting.

2.3. Sample-split estimation

An intuitive motivation for the sample-split approach is the successive decline
of the influence of past observations present in a substantial class of time series
models. This property permits to split our sample into two (asymptotically)
independent subsamples. Consider the end point of the estimation sample, Tg,
and the starting point of the prediction sample, Tp satisfying 1 < Ty < Tp < T,
such that the two samples are non-overlapping. In this situation we denote the
conditional prediction function estimator of Definition 3 by ¢§"if|Tp:T and it is
given by

wiq‘iﬁTp:T = ’l/)T"Fl(X(‘Tp:T’Xl:TE) = ¢%+1(X§PP:T§ 0(X1.75))- (2.21)
Throughout the paper, we call (2.21) the SPL estimator (due to SPLitting).
Similar to the two sample approach, we can consider the first argument of 17
in (2.21) as given and the second argument as random since the subsamples are
non-overlapping. A conditional interval I:?P L(XTP;T, X1.1) can be constructed
such that

IP[IEPL(XTP:Ta Xl:TE) > wT+1|TP:T XTp:T = XTP:T:| 1- v - (222)

(~)

This statement does make sense as there is still randomness in é(Xl;TE) since
X1.7,, is not conditioned upon, yet the last T — Tp + 1 values of {X;}7 | are
fixed such that their randomness is not taken into account. Similar to (2.20),
the statement in (2.22) does depend on xr,.7 and in contrast to x1.7 in (2.20)
the realization xr, .7 may influence the distribution of X;.7,. However, as said
at the beginning of this subsection the idea of the sample split approach is that
this dependence will vanish asymptotically.

Remark 1. In Section 3 we will discuss how Tr and Tp should be chosen from an
asymptotic perspective to ensure that our regularity conditions are fulfilled. As
we only consider sample splitting as a theoretical approach to validate commonly
constructed conditional confidence intervals, these asymptotic guidelines are
sufficient for our purposes and we do not have to consider how to choose Tr and
Tp in practice. Of course, one could use the sample-split approach in practice to
construct confidence intervals; we present some simulation results in Section 4
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which indicate that the split-approach may lead to better intervals in practice.
Of course, there is a trade-off between obtaining less dependence between the
two subsamples and estimation precision. For the Gaussian AR(1) setting, [40]
derives asymptotic expansions for the case where, in our notation, Ty =T — [
and Tp = T for some [ > 0, showing that even in this simple case there is
indeed a trade-off as described above and the optimal choice of [ is unclear.
An interesting extension of our analysis, in particular in view of the results of
Section 4, would therefore be to investigate the optimal choices of Tr and Tp
to achieve the most accurate confidence intervals in small samples. However,
determining the optimal choice is likely to require other tools than used here.
This is therefore outside the scope of the current paper.

3. Asymptotic justification

In this section, we connect the sample-split procedure of Section 2.3 with the
two-independent-samples approach of Section 2.2. First, in Section 3.1, we show
that the notion of weak convergence is inadequate to study asymptotic close-
ness for objects that vary over time and discuss the concept of merging. Then,
in Section 3.2 we link the 2IP and the SPL estimator by proving that their
conditional distributions merge in probability (Theorem 1). Thereafter, in Sec-
tion 3.3, we construct asymptotically valid intervals (Theorem 2) and show that
the sample-split intervals coincide asymptotically with the intervals commonly
constructed by practitioners (Theorem 3). Last, in Section 3.4, we state intervals
of reduced form and simplified theoretical results under asymptotic normality
of the parameter estimator.

3.1. Merging

To illustrate the inappropriateness of weak convergence in the context consid-
ered here, we revisit Example 1 for the 2IP approach and the SPL approach,
which shows that studying asymptotic closeness between conditional distribu-
tions is often complicated by the absence of a limiting distribution.

Example 1. (continued) For the 2IP approach (2.15) implies that \/T(B(YLT)—
B) 4 N(0,03) and it entails that VT(3(Y1.1) — )z converges weakly to
N(0, U%xQ) for any fixed x # 0. Further, the result suggests that the conditional
distribution of \/T(BA(YLT) — B)Xr given Xp = xp, which is just the distribu-
tion of vT(B(Y1.7) — B)axr, is asymptotically close to N (0, o3x7). Similarly, for
the SPL-approach with Ty /T — 1 we have \/T(B(XLTE)—B) 4 N(0,03) which
suggests as well (if the gap between T and T is large enough which will be for-

mally specified below) that the conditional distribution of /Tg (3(X1.1, )—8) X1

given X7 = x7 is also close to IV (O,ngQT). For both approaches the approxi-

mating distribution N (0, ng%) varies with T through the terminal realization
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zp. Note that the concept of weak convergence is not applicable in this con-
text to characterize this asymptotic closeness, as it requires a (fixed) limiting
distribution, which is absent here.

Next, we discuss what closeness means in the absence of a limiting distribu-
tion. To do so, first recall that weak convergence of a sequence of cdfs {Fr} on
R* with k € N, i.e. Fr(z) — F(x) for all continuity points of F', can alterna-
tively be defined by dgr(Fr, F) — 0. Here dp, denotes the bounded Lipschitz
metric defined by

dBL(F,G):sup{‘/fd(F—G)’:||f|BL§1}, (3.1)
where for any real-valued function f on R¥ one puts ||f||zr = sup, |f(z)| +
SUD, 2y %, with || - || denoting the Euclidean norm, i.e. ||A|| = /tr(A’A)

for any vector or matrix A. We will employ the bounded Lipschitz metric in Def-
inition 4 below to define merging for sequences of distribution functions. Our
definition follows [16] who uses the bounded Lipschitz metric with probability
measures replacing the distribution functions in Equation (3.1) to define merg-
ing for sequences of probability measures on separable metric spaces. Because we
are working on the real line we prefer to define merging for distribution func-
tions instead of probability measures. Before giving the definition of merging
for distribution functions it is worth mentioning that [16] shows that defining
merging with respect to the bounded Lipschitz metric is equivalent to defining
merging with respect to the Lévy-Prokhorov metric; for discussions on further
possibilities to define merging see [13] and [14].

Definition 4 (Merging). Two sequences of cdfs {Fr} and {Gr} are said to
merge if and only if dpr.(Fr,Gr) = 0 as T — oo.

Note that weak convergence can be seen as a special case of merging with
Gr =G forall T € N.

While merging is appropriate to capture the asymptotic closeness of the con-
ditional distribution of vT'(3(Y1.7) — 8) X7 and N(0, o3x%) for a given sample
X1 = xp, we now extend the concept in a way that allows us to deal with
asymptotic closeness when we do not condition on a particular sample. The
necessity of this definition can again be exemplified by the AR(1), which also
illustrates how we will deal the dependence of the statements in (2.20) and in
(2.22) on the sample that we mentioned below these equations. For instance, in
Example 1 as described at the beginning of this section, the goal would be to for-
malize a statement like ‘when T is large, the probability of all 7 such that the
distribution of VT'(3(X1.7) — 8)xp merges with that of v/Tg(3(X1.1y) — 8)xr
is approximately equal to one’. We now first introduce the conditional distribu-
tions of the 2IP and the SPL estimator in the general case and then give the
definition capturing what we just illustrated for the AR(1).

Let mz and mg, be two sequences of normalizing constants with ms¢, mr, —
oo (e.g. mp = /T and mp, = /Tg). For any t; > 1, we define the sub o-algebra
Ly, =0(Xy : t1 <t <T). We denote the conditional cdfs of the 2IP and SPL
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estimator by
F'P(r|Th.r) ::P[mT(lﬁT-H(Xl:T’Yl:T) —Yr41) <7 ’L;ﬂ (3.2)
EFPE(r|Irp ) =P [mr, (&TH(XTP:T,XLTE) —Yr1) <7 |Irper] . (33)

respectively, so that by specifying an event of Zy.7 and Z7,.1, we see that (3.2)
and (3.3) are just the centered and scaled distributions of (2.19) and (2.21),
respectively. Please note that (3.3) actually also depends on ¢, see (2.21), but
since our assumptions will ensure that this dependence vanishes asymptotically
we prefer to suppress the dependence on c¢ here.

Remark 2. Although not explicitly mentioned above we consider (3.2) and (3.3)
to be regular conditional cdfs, which indicates that we assume that
F%IP("ILT)(Q)) and F:*ﬁPL(-|ITp;T)(w) are cdfs for every w € Q; for the exact
definition and the existence see [16, Section 10.2].

We can now define merging in probability (we do so without explicitly using
the conditional cdfs of the 2IP and the SPL approach).

Definition 5 (Merging in Probability). Two sequences of conditional cdfs { Fr}
and {Gr} are said to merge in probability if and only if dpr(Fr,Gr) 2 0 as
T — oo, where “%7 denotes “convergence in probability”.

Remark 3. As alluded to in the introduction [3] also consider merging and merg-
ing in probability. In contrast to Definitions 4 and 5, respectively, they use the
set of bounded continuous functions on the real line to define merging and also
to define merging in probability; see their Definitions 1 and 2, respectively. The
connection between this approach to define merging and the Lévy-Prokhorov
metric is considered in [14].

3.2. Merging of 2IP and SPL in probability

Here, we give conditions such that the conditional cdfs of the 2IP and SPL
estimator merge. Clearly, the conditional confidence intervals are functions of
these distributions so that their merging is a building block for the study of
the conditional confidence intervals based on them. The conditions we give are
divided into three parts. Roughly speaking, the first part (general assumptions)
makes sure that the function we want to predict is well behaved and that we
can estimate the parameter it depends on. The second part (two independent
processes) and third part (SPL estimator) guarantee that these assumptions are
met by the 2IP and the SPL method. To write the conditions in compact form
we employ the usual stochastic order symbols O, and o,. We assume that 6,
belongs to the interior of ©, i.e. 6y € é, and we denote the set of all bounded,
real-valued Lipschitz functions on R™ by BL = {h : R" = R : ||h||p < oo}.
We start with the general assumptions.

Assumption 1 (General Assumptions).
a (Estimator) mp (é(XLT) — 90) S Goo as T — oo for some cdf G : R™ —
[07 1};
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b (Differentiability) 1(-;6) is continuous on © and twice differentiable on ©;
¢ (Gradient) H—anT’XaTe‘l"”;o") ‘ = 0,(1);

PY(Xr, Xr_1,..
06006’

d (Hessian) supgey () (1) for some open neigh-

borhood ¥ '(6p) around 6p;
e (Initial Condition) Given sequences {s;} and {c;}, we have

mr (Vi (X503 00) — (X7, X7-1,...360)) = 0p(1),

o1 (XS .15 00) (X1, X1, -360) 0,(1)

90 00 e

su 82¢%+1(X§1:T? 0) _ O*(Xr, Xp-1,..-50) = 0p(1)
06“1/(%0) 000" o908 p

for any t; > 1 such that (T — t1)/lp — o0 as T' — oo and for some
model-specific [ with I — oc.

Assumption 1.a implies the existence of a limiting distribution for the pa-
rameter estimator. The differentiability assumption in 1.b plus the bounded-
ness Assumptions 1.c ensure that the scaled prediction function estimators can
accurately be approximated by a Taylor expansion; see Lemma 1 for details.
Assumption 1.e with ¢; = 1 ensures the negligibility of the starting values when
using the full-sample for prediction, while taking t; = Tp ensures that this ex-
tends to the case where additionally Xi,..., X7,_1 are replaced by constants,
i.e. where only the subsample (X7,,...,Xr) is used for prediction. This as-
sumption implicitly limits the choice of Tp; as replacing past values of X; for
t < Tp by arbitrary constants should have a negligible effect, 7' — T’ needs to
increase faster than some lower bound I7. For models exhibiting an exponential
decay in memory, it typically suffices to take I7 = logT (see e.g. [6, Eq. (4.6)]).

For the 2IP estimator, we additionally need the two-independent-processes
assumption, which is formalized in Assumption 2.

Assumption 2 (Two Independent Processes).

a (Emistence) {Y;} is a process defined on (2, F,P), distributed as {X;};
b (Independence) {Y;} is independent of {X;}.

For the SPL estimator we replace the two-independent-processes assumption
by a stationarity and a weak dependence condition, which allows to split our
sample into two (asymptotically) independent and identical subsamples. In ad-
dition we need an assumption on Tp and Tg as functions of T, that is T (T)
and Tp (T)

Assumption 3 (SPL Estimator).

a (Rates) The functions Tp : N = Nand T : N — Nsatisfy Tg(T) < Tp(T)
for all T', while %P() — 00 and mqy,(ry/mr — 1 as T — oo;
b (Strict Statzonamty) {X:} is a strictly stationary process;
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¢ (Weak Dependence) {X;} satisfies for each h € BL
/h d(G%I;L(-\ITP:T) - G§§L) 20 as T oo,

where G%g L denotes the unconditional cdf of mrp, (é(XlzTE) - 90) and
GFPE(-|Zpy.r) the corresponding conditional cdf given Zg,.r.

The subsample size assumption in 3.a ensures that the number of observa-
tions used for conditioning is increasing, which along with the negligibility of
the initial conditions implies that the truncation of the prediction function is
negligible. Furthermore, the sample size used for estimation should increase fast
enough that the respective scaling of the 2IP and SPL estimators, m7y and
mr, respectively, are asymptotically identical. If mr increases no faster than a
polynomial rate, which is generally the case, it is sufficient that Tg/T — 1 for
mrg /mT — 1 to hold.

The stationarity assumption in 3.b can actually be relaxed; what matters
is that the conditions in Assumption 1 are still true if only a subsample is

considered. In particular, we need that mr, (é(XlzTE) — 90) LY G, which —
along with the assumptions on gradient and Hessian — is certainly satisfied
under stationarity. However, in general the assumption will be far too strict;
here we use it simply to have a clear, interpretable assumption rather than a list
of high-level assumptions that are difficult to interpret. The weak dependence
condition in 3.c is met by numerous Markov processes. Intuitively, (X1,..., X7ry)
and (X7, ..., X7) approach independence as their temporal distance Tp — Tg
increases. We illustrate a particular case in the Remark 4.

Remark 4. Suppose {X;} is strong mixing (cf. [15]) and let o denote the strong
mixing coefficient. For h € BL and for all ¢ > 0, Markov’s and Ibragimov’s
inequality (cf. [21, Theorem A.5]) imply

PH /hd(GggL(.|ITPZT) - G%;L) > 6]

= %(Cov {h(mTE (é(XlzTE) - 90)>,sign{ / h d(G;SL(.|ITP:T> — G%SL) }}

4]|h||BL
—
€

IN

IN

(Tp —Tk) .

Taking Tp — Ty — oo such that a(Tp — Tg) — 0 verifies Assumption 3.c.

Assumptions 1 to 3 are met by the AR and GARCH processes considered in
Examples 1 and 2 (with 1.e holding for bounded sequences). A detailed verifica-
tion of each assumption under mild conditions is provided in [6]. We state the
following theorem.

Theorem 1 (Merging of 2IP and SPL). Under Assumptions 1 to 3, F#F (-|Zy.7)
and F2PL(|Zr,.7) merge in probability.
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Having established asymptotic closeness between the conditional cdfs
F2IP(\|Zy.7) and EfPE(:|Zr,.7), we now turn to the construction of asymp-
totic intervals.

3.3. Interval construction

Henceforth, for any cdf F we write F~! to denote its generalized inverse given
by F~'(u) =inf {7 € R: F(7) > u}. A confidence interval for 1741 based on
quantiles of (3.2) or (3.3) is typically infeasible as these cumulative distribution
functions are unknown for finite 7". Here, they are infeasible because roughly
they are the distribution functions of some weights which induce merging mul-
tiplied by mr (QA(XLT) - 90) and myy, (GA(XLTE) — 90), respectively, where, in
general, the distributions of mq (é(Xl:T) — 6o) and my, (é(XLTE) — ) are
unknown in finite samples. Since these are the only unknown distributions an
asymptotic approximation can be based on G, with merging induced by the
non-convergent weights. In general, we also need to estimate G ; see Examples 4
and 5 below for common approaches. We denote estimators of (3.2) and (3.3)

resulting from this approximation by F2/7(-) and F2TE(-), respectively. In Sec-
tion 3.4, we provide explicit expressions when G, is multivariate normal. For
the general construction, we refer to relations (A.6) and (A.7) in Appendix A
and the explanations preceding these relations. Based on the 2IP approach, we
consider an interval of the form

IgIP(XlzTa YI:T)

. F2IP (] _ R 2IP
= |:wT+1(X1:TaY1:T) - M s wT-‘rl(xl:T;Yl:T) — Ti(ﬁyl)
mr mr
——1 ——1
2.19) | ~orp F%IP (I—=72) 9rp F%IP (1)
= ) |, 3.4
VT o VT o (3.4)

where 1,72 € [0,1) satisfy v = 41 + 72. We typically take v1 = v5 = v/2 such
that the interval is equal-tailed. Similarly, we construct the following sample
split interval:

P (%G, X))
—1 ——1
~ . FSPL 1— Yo R . FSPL ol
= |:77ZJT+1(XTP;TaX1:TE)wva+l(XTp;T7X1:TE)T4(1):|
mrg mrg
— 1 ——1
@20 [rspp  FRTE (1170 gser FRPE () (3.5)
T+1|Tp:T mr, » YTH+1|Tp:T mr, . .

To achieve correct coverage, we need that FZP(-) and FAF(:|Z;.7) merge in
probability and likewise for SPL. A sufficient condition for this in our setting is
that we can consistently estimate the asymptotic distribution of the parameter
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estimator, G, by an appropriate estimator. This is formulated in Assumption 4
below.

Assumption 4 (CDF Estimator). Let éT() denote a random (r-dimensional)

cdf as a function of Xy.7, used to estimate Goo. Then [h dCAT'T(-) LN [hdGs
as T — oo for all h € BL.

__ Although we did not explicitly specify in Assumption 4 the dependence of
Gr on Xi.7, it should be understood to hold for any subsample of X;.77 whose
size goes to infinity. The verification of Assumption 4 is a standard step in
asymptotic analysis. The two examples below provide common methods for
verifying Assumption 4.

Example 4. Suppose that G belongs to some parametric family {Gg¢|6 €

©,¢ € Z}. Then, given some consistent estimators é(XLT) and E(XLT) for
o and &y respectively, it follows from the continuous mapping theorem that
Gr = Gyx,.1)éx,.p) Satisfies Assumption 4 if G ¢ is continuous in ¢ and £.

Example 5. If G is based on a consistent bootstrap procedure for G, then
Assumption 4 clearly holds.

The following theorem states the intervals’ asymptotic validity.

Theorem 2 (Asymptotic Coverage).

1. (a) Under Assumption 1, 2 and 4, F2'P(:|Iy.r) and F2'F(-) merge in
probability.

(b) If in addition F2F(-) is stochastically uniformly equicontinuous, then
P[IglP(XLT,Yl:T) 3 ¢T+1‘11:T] LA v. (3.6)

2. (a) Under Assumption 1, 3 and 4, F2PE(\|Ir,.r) and F/}gﬁ() merge in
probability.

(b) If in addition F3TL(-) is stochastically uniformly equicontinuous,
then

P[I:\/SPL(X%p:TaXhTE) > ¢T+1’ITP:T} H1—7. (3.7)

However, the standard approach, motivated by 131 P as in (3.6), computes
an interval of the form I$TA(X1:T,X1:T) = I,%IP(XLT,XLT) as only one sam-
ple realization is available. This, of course, strongly violates the independence
assumption of {X;} and {Y:}. Specifically, replacing Yi.r by Xi.r in equa-
tion (3.4), leads to

1574 (x1r, Xa.7)
— -1 _— 1
FSTA 1— Yo R FSTA ~y
w s Y1 (X, Xir) — T—(l)

= 1/;T+1(X1:Ta X1:T) -
mr mr
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_— 1 ——1
(2_13) 7 ST Ax F7§TA (1 - 72) 7 ST Ax FISTA (ryl) 3.8
- wT+1|1:T_ 7771 ,¢T+1|1:T_ S ) ( . )
T mr

where F2T4(.) is defined in relation (A.8) in Appendix A and the text pre-
ceding it. Whereas it is difficult to justify a conditional confidence interval like
IfTA (x1.17, X1.7) directly due to the lack of randomness, we can provide a justifi-
cation by characterizing how closely the interval resembles the SPL interval. We
establish the asymptotic equivalence, defined in terms of location and (scaled)
length, between the two intervals in the following theorem. Note that, as our
characterization of equivalence is probabilistic, we need to introduce the “doubly
random” versions of the STA and SPL estimators, where the sample we condi-
tion on is considered random. These estimators are denoted as Y41 (Xy.7, X1.7)
and ¢T+1(X§“p:T7 X1.15 ) respectively.

Theorem 3 (Asymptotic Equivalence Confidence Intervals).

1. (Location) If Assumptions 1-3 hold, then
Ur1(Xir, Xiir) — Ur1 (X, Xiory) 2 0.

— 1
2. (Length) Under the assumptions of Theorem 1 and 2 and FZTE  (-) being
stochastically pointwise continuous at u = 1,1 — 72, we have

——1 ——1
ESTA  (u) — FSPL () B 0. (3.9)

The first implication states that the locations of the two intervals coincide
asymptotically. The second statement establishes asymptotic closeness of the se-
lected quantiles such that the scaled lengths of the intervals in (3.5) and (3.8) co-
incide asymptotically; recall that my/my, converges to 1. As such, our sample-
split interval coincides asymptotically with the standard interval, meaning that
the standard interval can be substituted for an (asymptotically) equivalent in-
terval which has a formal justification in terms of conditional coverage. As such,
this provides a justification for the intervals commonly constructed in practice
without having to rely on the two-independent-processes assumption.

3.4. Interval construction under normality

In this subsection we present intervals of reduced form and simplified theoretical
results under asymptotic normality of the parameter estimator.

Assumption 5 (Normality). Let G be the cdf of the N(0,To) distribution
with Ty = Y(0p,&p) and assume there exist T(Xj.7) converging in probability
to To.

Usually, the covariance estimator is obtained by inserting consistent esti-
mators for 8y and & into To. Following the plug-in principle, we estimate
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F2IP(.|Zy.7) by a normal distribution with expected value 0 and variance

ry1(zrr;0(Yrr))

p2IP _ Y1 (%173 0(Y 1.
00

r - a0’

))Y(Y1 2

such that F?ﬂﬁ)() ®( - /1/0HP). Then, the interval in (3.4) simplifies to

2P (x1.r, Yir)
L L e IR I S COI IR
= ¢T+1|1:T - mr ) ¢T+1\1:T - m—T :
Similarly, for the sample-split approach we consider FSP Ly = / \/ U
) X% (X . d 6(X
with 0571 = vrial T%'OT, ( 1TE))’I“(XLTE) wTH(xT%‘GT, ( 1TE)) such that (3. )
reduces to
5P (xrpor, Xir)
o A0 ey G
= VP e — o R e &

In Appendix B we show that if the variance estimator is bounded away from

zero in probability, e.g. 1/02IF = 0,(1), then F2P(.) is stochastically uniform
equicontinuous. Therefore, the asymptotic validity of both intervals can be de-
duced from Theorem 2.

Corollary 1 (Asymptotic Coverage under Normality).
1. (a) Under Assumption 1, 2 and 5, F#'¥(-|Z1.r) and ®(- /1/OHF) merge
in probability.
(b) If in addition 1/02IF = O,(1), then

P[LQ,IP(XLT,YLT) > ¢T+1‘I1:T} BH1-vy

2. (a) Under Assumption 1, 3 and 5, F3PE(|\Zrp.r) and ®( - /1/02FL)
merge in probability.
(b) If in addition 1/05FL = O,(1), then

P ISPH (x50, X1y ) D "/’T+1‘ITP:T} 514

Bounding the variance estimator away from zero in probability to establish
that the conditional coverage probability converges to 1 — « in probability has
intuitive appeal: as 02/ approaches zero, N (0, 021P ) becomes degenerate while
the interval in (3.10) collapses (similar for SPL).
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TABLE 1
AR models considered in the simulation study

DGP B1 B2 B3 Ba Bs Be Bz Bs
0.90 0.00 0.00 0.00 0.00 0.00 0.00 0.00
0.20 —0.50 0.40 0.40 0.00 0.00 0.00 0.00
1.20 -0.96 0.77 —-0.61 049 -0.39 0.31 —0.25
0.80 —0.64 0.51 —0.41 033 —-0.26 0.21 —0.17

gQwr

For the standard interval, replacing Y. by Xi.7 in (3.10) leads to

I,fTA*(Xl:TyxlzT)
CSTAG-1(1 _ (ST Ag—1
o op e (1 - ) csrae VT 7 () (3.12)
T41|Tp:T e L .

. In Appendix B we
is bounded in probability, which in turn implies that the quan-
— 1

tile function FRPE (1) = (/02PE®~1(.) is stochastically pointwise equicon-
tinuous at any u € R. Hence, Theorem 3 applies. Whereas the first statement
of the theorem remains unaffected, its second statement reads as follows under
normality.

with @%TA _ 8wT+1(wgg‘/§é(X1:T))T(Xn)awT+1(xlé§;é(X1:T))

prove that 027

Corollary 2 (Length under Normality). Under the assumptions of Theorem 1

and Corollary 1, we have \/05TAD 1 (u) —/OSPLD " (u) B 0 foru = v, 1—7s.

4. Simulation-based evaluation of sample-split intervals

In this section we consider the actual implementation of the sample-split inter-
vals in practice, by comparing their performance to the standard interval (based
on the 2IP justification) in a Monte Carlo simulation study.

4.1. Conditional coverage

We first investigate conditional coverage. We consider the DGP
P
xt://('t—"et) Mt:ZBjxt—ja tzl)"'aT7 (41)
j=1

where we take T' = 50, 75,100, 150,200. For the AR parameters we consider
a large set of models, most which are taken from Ng and Perron [34]. Several
of these models are truncated AR approximations to ARMA(1,1) models, see
Section 3 in [34]. We consider a selection of those models here as given in Table 1
(full results are available on request).
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Let B(XLTE) = (51 (X1:75 )5 - - - ,Bp(xlzTE))’ denote the least squares estimate
of (4.1) based on the sample x;.7,,. We then consider

p
i =Y Bi(Xary)or— 11 = X, pB(x11,)
j=1

giving rise to the confidence interval

\/X'TP;T“AIA(XLTE)XTP:T‘I’*1 (1—-~/2)

CT+1 = ﬂT-‘rl - \/E ) (42)
N S T T -

HT+1 — Ty ’

where T(XLTE) is the standard covariance matrix estimate of the least squares
estimator.

Given the finite autoregressive order, we always take Tp =T — p+ 1, but we
vary Tg. For the standard interval we take T = T', while for the sample split in-
tervals we vary Ty as Tg = T —p—x+/T/50 for a grid of values z = 0, 2, ..., 20.
This setup allows us to evaluate the trade-off between using more observations
for estimation (Tg) and creating a large enough gap between estimation and
conditioning samples (Tp — Tg). We increase the gap for larger sample sizes
by multiplying x with /7"/50, where the factor 50 is simply chosen such that
\/T/50 = 1 for our smallest sample size T = 50. The /T factor incorporates
that with increasing sample size one automatically has more observations avail-
able for estimation, and thus the gap Tp — Tr can be widened at reduced cost.
While the square root is not guided by theory, we consider it as it implies a
compromise between using the additional observations for either estimation or
increasing the gap. Moreover, as we consider a grid of values for x anyway, the
results are informative for more general choices as well.

To simulate conditional coverage, we simulate (4.1) backwards, fixing the final
p observations by drawing them from the stationary distribution once, and then
keeping these values over all 10,000 simulations. As we take g; ~ i.i.d. N(0, 1),
backwards simulation yields the same process as standard forward simulation.
To investigate the sensitivity to the values of final p observations, we repeat the
simulations 10 times, thus in total considering 10 x 10,000 simulations per DGP.
We take v = 0.05.

Figure 1 reports the mean coverage, averaged over the 10 sets of simulations.
On the horizontal axis we report the different intervals. The standard interval is
denoted as STA while the SPL methods for the grid of x are denoted as SPLx.
Overall we can see that for low order AR models, as expected the standard
method performs well. The split method becomes less accurate when increasing
T, — Tk, presumably because using fewer observations decreases the accuracy of
the asymptotic Gaussian approximation. Indeed, the deterioration in coverage
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is mostly visible for the small sample sizes. However, for AR models of higher
order, where the “overlap” between estimation and prediction samples becomes
larger, the SPL intervals outperform the standard interval. The performance is
still sensitive to the split point, with small x the preferred choice, in particular
for small sample sizes.

Figure 2 goes into more detail about the role of the observations conditioned
on by displaying the median as well as minimum and maximum coverage over
the 10 sets of simulated conditioned observations. While in general the patterns
agree with the graphs for the mean coverage, these figures uncover some inter-
esting insights. We see that in particular for higher order DGPs, the conditional
coverage of the standard interval can be off by quite a large amount, dropping
to as far as 0.4 for DGP D. While this only happens for an occasional value
of x7,.7, this is a remarkable result in the light of conditional coverage. In ad-
dition, the SPL intervals do not suffer from the same flaw for any value of z,
making them considerably more reliable.

Finally, we investigate the average length of the intervals in Figures 3.° As
would be expected, the smaller Tg, the wider the interval. The increase is rather
moderate however. Moreover, there are a few instances where SPL with z = 0
actually gives shorter intervals than the standard interval.

Concluding, we find that the sample split intervals are more reliable than the
standard interval, in particular when conditional coverage is concerned, provided
Tr is kept large (such that Tp — Tg is small). As moreover the split intervals
are not much wider than the standard intervals, if at all, their use in practice is
recommended.

4.2. Owverall coverage

In this section we report results obtained from simulating (4.1) forwards to
estimate

P(Cr41 2 prs1) = /P(CT—H Sprai|Xe=ar, ., Xr_pp1 = T7_pi1)

« fXT,.A.,XT7p+1 (:ET7 L ,xp) d{L’T . defp{»lu

where 71 and Cryq are as in (4.1) and (4.2), respectively, and fX7»XT-p+1
denotes the joint density of Xr,..., X7_p1. When estimating this quantity we
are not bound to consider normally distributed errors as in the previous section.
Therefore, in our simulations we used gamma distributed errors shifted such that
their expectations equal zero. Additionally, to see if the results are sensitive to
the distribution of the error terms we ran some simulations with errors that
follow a mixture distribution. Moreover, to make sure that the results are not
driven by the estimation method we estimated the parameters for the results of
this section by MLE. All results are based on 100,000 simulations and the level

3Medians, minima and maxima show the same patterns as the means, and are therefore
not shown here.
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always equals 95%. As in the previous subsection we always took Tp = T —p+1.
For an AR(1) the coverage is even in small samples for both ST A and sample-
split close to the level with a mild dependency on the AR parameter; see Table 2
in Appendix C. On average, for T' = 50 as well as Ty = 40 and T = 45 the
ST A intervals perform slightly better with the advantage of ST A being smaller
for Ty = 45. These conclusions also hold for AR(2) processes; see Table 3 in
Appendix C. The picture changes already for an AR(4). For all combinations of
T and Tg with T — T ranging between 5, 10 and 15 the sample-split intervals
perform better. Clearly, their advantage gets smaller as T — Tg increases; see
Table 4 in Appendix C. The same pattern but with a larger numerical advantage
in terms of coverage for SPL intervals is observed in Tables 5 and 6 (also in
Appendix C) for the AR(8) processes from Table 1. Presumably, the better
performance of the SPL intervals for the AR(4) and the AR(8) processes is a
result of multiplying the estimators of the AR coefficients which depend on the
entire sample by the most recent observations which may move the true finite
sample distribution away from the approximating normal distribution of the AR
coefficient estimators. This is not the case for the sample split approach so that
the normal approximation may work better although we use a smaller sample
to estimate.

5. Prediction intervals

The preceding sections have focused purely on the construction of conditional
confidence intervals to account for parameter uncertainty. Regarding prediction,
a second source of uncertainty arises, that corresponds to the model’s innova-
tion process. In this setting, parameter estimation is typically disregarded in
textbooks as the stochastic fluctuation stemming from the estimation proce-
dure is generally dominated by the stochastic fluctuation of the innovations.
Although the resulting prediction intervals may be asymptotically valid, they
are typically characterized by under-coverage in finite samples. In response, [35]
introduce the concept of asymptotic pertinence to evaluate distribution approx-
imations that account for the two sources of randomness, innovation and pa-
rameter estimation uncertainty, according to their general orders of magnitude.
Whereas [30] and [41] study properties of the unconditional law of the forecast
error, we focus on its conditional distribution to conform with the relevance
property of [25]. The fundamental issue also arises when considering prediction
if one attempts to account for parameter uncertainty. To illustrate this point,
we revisit the introductory examples and write * to denote the convolution
operator.?

Example 1. (continued) Prediction intervals for the AR are often constructed
around the point estimate for the conditional mean. The conditional distribution

4For independent variables X and Y with X ~ Fx, Y ~ Fy and Z = X +Y ~ Fy, we
write Fz = Fx * Fy to denote Fz(z) = [*__ Fx(z — y)dFy (y).
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of the forecast error decomposes into

P[X711 — B(Xi7) X7 < | X7 = 27| = P[BX7 — B(X1:7) X7 < | X7 = 27]
*Plersr <], (5.1)

corresponding to estimation and innovation uncertainty, respectively. As argued
above, an approximation of IP’[BXT - B(Xyr) Xy < | Xp = xT] appears rather

cumbersome. In the special case of &; “ N (0,0?), [40, Theorem 3] gives an
approximation for (5.1) based on Edgeworth expansions.

Example 2. (continued) Suppose we are interested in providing a prediction
interval for X72“+1 in the GARCH(1,1). Conditioning on X;.7 = X1.7, a natural
estimate of X7, is 6%ffl‘14:T as defined in (2.17), since U%Hll:T is its expected

value given information up to time T'. As
P[XTQ"-H - &%-%TA* < Xy = Xer} :P[U%H - &%E?A* < Xy = Xl:T}
* P[U%+1|1:T(€%+1 -1)< } ) (5.2)

where &%E{A* is defined in (2.18), the desired prediction interval, say J:YQTA,

leads to a sensible probabilistic statement due to variability in 7., ;:

P{X%H € JSTA (X, X1;T)‘X1:T = xl:T} = 1—7. (5.3)
However, it cannot incorporate parameter uncertainty either, since the con-
ditional distribution P, , — 62574 < [Xyp = xu1] = P[O—%+l|l:T _

&%flTl‘f:T < ] is degenerate.

In his textbook [39] resorts to a Bayesian-akin approach to avoid the funda-
mental issue in forecasting. He argues that 0, although “fixed at the estimation
stage ... is viewed best as a random variable at the forecasting stage” (p. 389).
Consequently, he assigns some posterior distribution to # motivated by an unin-
formed prior. Treating 6 not fixed but random, the fundamental issue does not
arise, however combining a frequentist view with a Bayesian method does not
seem to be coherent.

[2] require the existence of a transitive statistic U = U(Xy.r) of fixed low
dimension to establish conditional independence between the sample X;.7 and
their considered future random variable given U = u. [43], [44], [45]), [25], [26],
[27], and [28]) extend their approach and derive improved prediction intervals.
Although these methods absorb an additional O(T~!) term in the associated
conditional coverage probability, there are several drawbacks associated with
them: the innovation distribution needs typically be specified (e.g. Gaussian),
the results apply only to a limited set of estimators (e.g. maximum likelihood)
and their framework can only incorporate finite autoregressive components (e.g.
AR(p)).

Assuming two independent processes with the same stochastic structure, us-
ing one for prediction and one for the estimation of the parameters, alleviates
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the fundamental issue faced in the continued Examples 1 and 2. As the con-
ditional distributions of the 2IP and SPL estimators merge in probability by
Theorem 1, the 2IP assumption can be avoided by following a sample-split ap-
proach as described in Section 2.3.

6. Conclusion

In the paper at hand, we study the construction of confidence intervals for con-
ditional objects such as conditional means or conditional variances, focusing on
the conceptual issue that arises in the process of taking parameter uncertainty
into account. It stems from the fact that on one hand one must condition on
the sample as the past informs about the present and future, yet on the other
hand one must allow the data up to now to be treated as random to account
for estimation uncertainty. Assuming two independent processes with the same
stochastic structure, where one is used for conditioning and one for the esti-
mation of the parameters, bypasses this issue, but the assumption itself can
generally not be justified in applications. To avoid this assumption, we propose
a solution based on a simple sample-split approach, that requires a much more
realistic weak dependence condition instead. To acknowledge that the condi-
tional quantities vary over time, we employ a merging concept generalizing the
notion of weak convergence. The conditional distributions of the sample-split es-
timator and the estimator based on the two-independent-processes assumption
are shown to merge in probability under mild conditions. The corresponding
sample-split intervals are shown to coincide asymptotically with the intervals
commonly constructed by practitioners, which provides a novel and theoret-
ically satisfactory justification for commonly constructed confidence intervals
for conditional objects, applicable to a wide class of time series models, in-
cluding ARMA and GARCH-type models. Next to the theoretical justification
sample-split intervals provide for the commonly used intervals, the simulation
results in Section 4 suggest that sample-split intervals can also be superior in
finite samples.

One limitation to our approach is that we restrict ourselves to univariate
time series and objects of interests. At the expense of more involved notation
this could be readily extended to multivariate time series and objects of inter-
ests. A second, and more restrictive, limitation is our weak dependence assump-
tion needed to achieve asymptotic independence between the two subsamples,
which for instance rules out application to integrated processes. Given the fun-
damental role of this assumption in our setup, it appears difficult to generalize
this. However, this also casts further doubt on the two-independent-processes
assumption as validation for confidence intervals constructed for such persis-
tent processes. A case-by-case treatment, as for instance done by [20] for near
unit root processes and [41] for explosive processes, appears to be necessary
in such cases, and standard confidence intervals should be treated with cau-
tion.
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Appendix A: Main asymptotic results

We only present the proofs of the leading results here. The proofs of the lemmas
and corollaries can be found in Appendix B. Before going to the proofs, we first
introduce the following auxiliary metrics that will be encountered in the proofs.
For arbitrary cdfs F' and G on R, the Kolmogorov and Lévy metric are

di (F,G) —Slé%‘F G(T)‘
dp(F,G)=inf{{>0:G(r—&) —E<F(r) <G+ & +¢ VreR}.
(A.1)

Moreover, let Zo, ~ G (With G given in Assumption 1.a) be defined on some
probability space (Q F, IP’) and define the product measure P = P x P on the
space 0 x () with o-field, generated by the measurable rectangles A x A with
Aec Fand A € F (cf. [7, Theorem 18.2]). Notice that Z., is independent of
{X:} and {Y;} by construction.

In the proofs we often consider the “doubly random” versions of estimators
and intervals, where the first function argument, the sample to condition on,
is considered random. Instead, we account for the conditioning in the prob-
ability statements. This notation is more convenient for proving the results,
as we need them to hold for “all sequences xi.p occurring with high proba-
bility”, which is much easier to quantify by treating these sequences as ran-

dom. Therefore we use notations such as the unconditional estimators w%ffl =

¢T+1 (X117, Y1.7) and wﬁiif = w:/url (X%, X1:7 ), as well as their correspond-
ing intervals I2/* (X .7, Y1.7) and ISPL(XCTP:T, X1.15); also see (3.2)—(3.3) and
the remarks above Theorem 3.

A.1. Lemmas

Lemma 1. Let

) D51 (X, 0 5
B3P = (ria (Ko, Yir) = vrin) — w 2 (0(Y1.1) — 6o)
(A.2)
ers—‘PL = mTE <7[)T+1(X§“P:T7 Xl:TE) - wT"'l)
s Xc e 9 ~
_ aqﬁT—H( Tp:T> 0) . (9(X1:TE) _ 90)_ (A~3)

06’

1 If Assumptions 1.a, 1.b, 1.d, 1.e and 2.a hold, then R2IT is 0,(1);
2. if Assumptions 1.a, 1.b, 1.d, 1.e and 3.a hold, then RSPL is op(1).

Lemma 2. Let G%IE)L(~|ITP:T) be as given in Assumption 3.c and denote the
conditional cdf of Z3'F .= myp (é(YLT) — 00) given Iy.p by GHP (| Ty.1).

1. Under Assumptions 1.a and 2, [ hdG3 P (|Ty.r) LN [ hdG Yh € BL;
2. Under Assumptions 1.a and 3, fth%gL(~|ITP;T) LN [ hdGs Yh € BL.
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Lemma 3. Let {Gr} be a sequence of cdfs and G be a (non-random) cdf on
(R",[|[]). If [ hdG % [ hdG for allh € BL, then supy,c | [ hd(Gr—G)| 5
0, where # = {h:R" = R : [|h||p < 1}.

Lemma 4. Assume that the R"-valued random variable wr is Op(1) and Zp-
measurable. Further, suppose the real-valued random variable Ry is o,(1) and
the R"-valued random variable Zr satisfies P[Zp < -|I7] 5 Gu. Then, the two
sequences of conditional cdfs Plw}pZr + Ry < +|Ir] and PlwhZ < -|Ir] merge
in probability.

Lemma 5. Let € > 0 and F and G be cdfs on R with G(1 —¢) —e < F(71) <
G(t+e)+eforallTt €R. Then F~ (u—¢)—e <G Yu) < F1(u+e€)+e for
allu € (6,1 —¢).

Lemma 6. Suppose {Fr} and {Gr} are sequences of conditional cdfs with

dr(Fr,Gr) B0asT — . Further, assume that G is stochastically um’]iormly
equicontinuous: for every e,n > 0, there exist § = d(e,n) > 0 and T = T(e,n)

such that P|sup sup |Gr(7) = Gr(7)| > €] <n for all T > T. Then,
TER 7/ €R:|T—7|<6

dx (Fr,Gr) 5 0.

Lemma 7. If the sequences of conditional cdfs {Fr} and {Gr} merge in prob-
ability and G is stochastically uniformly equicontinuous, then ]P’[G}l(vl) <
Mr < G;l(l —VQ)IIT] £ — 1 — v whenever 0 < v; <1 —19 <1, where the
random variable My given the o-algebra I has the cdf Frp.

Lemma 8. Suppose {Fr} and {Gr} are sequences of conditional cdfs with
dr(Fr,Gr) 50 as T — . Further, assume that G;l 18 stochastically point-
wise equicontinuous at u € (0,1): for all e,n > 0, there exist 6 = é(e,n,u) >0

and T = T(e,n,u) such that P| sup |G7'(v) — Gzl (u)| > e} < n for all
lu—v|<d

T >T. Then |Fy' (u) — Gt (u)] 5 0.

A.2. Proofs of theorems
Proof of Theorem 1. According to our Definition 5 we need to show that
P
dpr (FT[%IP('|1-1!T)7FYS“'PL('|ITPZT)> — 0.

In order to so, we now first introduce some auxiliary conditional distribution

functions. Let w?* equal the transpose of W

8w;‘+1(X’§“P:T;00)

and w3T'F the trans-

pose of ——;F—— and set with Z, as defined just below Equation (A.1)
FLR (1 Tir) :=Pwi ' Zoo < 7|Thr)] (A.4)

F0S<>},DTL(T|ITP:T) : P[wig“PLZoo < T|ITP;T] , (A.5)
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the conditional cdfs of w#¥Z,, given Z;.7 and w3FLZ,, given Zr,.r, respec-
tively. Note that (A.4) and (A.5) can be considered to be the ‘conditional
merging limits’ of w2/ Pmz(0(X1.7) — 6p) and wiFLmr, (0(X1.7,) — 0p) given

Zy.7 and Zrp, . respectively, because the distributions of my(6(X1.7) — 0p) and
mr, (0(X1.7,) — 6o) will converge to the distribution of Z., which has the cu-
mulative distribution function Go,. On the other hand, w2!” and w$FL do not
converge. We therefore indexed the ‘merging limits’ in (A.4) and (A.5) by oo
and T where the former subscript should remind the reader of the fixed compo-
nent, i.e. Z,, of the ‘merging limit’ and the latter subscript of the components

that do not converge at all. The triangle inequality implies

dpr (F%IP('|I1:T), FTSPL('|ITP:T)) <dpr (F%IP('|I1:T)7 Fg,l;('|f1:T))

I

+dpr (FEJ,?(-IILT), Foil,DTLHITp:T))
II
+dpL (FOLZ%HITP:T)’ F%GPL('|ITP:T> :

111

We now prove that I, I] and II] converge to zero in probability. To do so we
will make use of the auxiliary lemmas given above. More precisely, for each term
we will verify that the assumptions of Lemma 4 hold which will either be seen
to be a consequence of our assumptions or can be proven to hold by showing
that the conditions of Lemma 1 and Lemma 2 are met.

We start with I and note that my (25, —ri1) = wi P Z2IP + R¥P where

Z2IP = myp (HA(YLT) — ) and where R3'" was defined in (A.2). The weight

wH P is T;.7 measurable and O, (1) by Assumptions 1.c and 1.e, R ” is o0,(1)

by Lemma 1 and [ h dG3 P (|Z1.1) N [ hdGs for each h € BL by Lemma 2.
Replacing Z7, Rr, wr and Zp in Lemma 4 by Z%IP, R%IP, w%”) and Zy.p
implies that FZ'7(7|Ty.0) = Plwi! " Z#F + RYP < 7|T1.7] and F2I5(7|Ty.0) =
P[w3!P Z, < 7|Z1.7] merge in probability, i.e. I 2.

Consider II and rewrite wiflZ = wHlZ + (Wit — wHP)Z,. The
weight w%IP is 7.7 measurable and O,(1) by Assumptions 1.c and 1l.e, (w%PL —
wHP)Z oo = 0,(1) Op(1) = 0,(1) by Assumption l.e and [hdP[Z < -|T1.7] =
J hdG for each h € BL. Replacing Zy, Ry, wr and Zp in Lemma 4 by Z,
(w%PL —wHP)Z ., w3lP and Z;.r implies that Fg?(ﬂL:T) = Pw2lfZ,, <
7|Z1.7] and FOi{DTL(ﬂITp:T) = P[w%PLZOO < 7|Zy.7]) merge in probability, i.e.
17 %o.

Consider 111 and note that mg, (zﬁ%ljf — Yrg) = wiPlzZiPl + RFPL 4
SPPL where Z2PE = mq, (é(Xl:TE) —0p), and RFFL is as defined in (A.3).
The weight wé‘:P L'is Tr,.7 measurable and O, (1) by Assumptions 1.c and l.e,
R3PL is 0,(1) by Lemma 1 and [ hdGFPL (| Zr..r) & [ hdGx for each h € BL
by Lemma 2. Replacing Zr, Ry, wr and Zp in Lemma 4 by Z?PL, R%PL,
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wiPL and Ir,.p implies that FR75 (r|Ir,.r) = Plwift ZgPE+ RFPL 4+ S9PE <
T|ITP ) and FIPE (7| Tryp.r) = PlwiP* Zoo < 7|Zrp.7] merge in probability, i.c.
II7 % 0. O

Proof of Theorem 2. Consider statement 1(a). This time according to our Def-
inition 5 we have to show that

dos (FFT (\Tur) FRT()) 5 0.

For this, as mentioned a few lines above Equation (3.4), we now first specify

F/'%-HD (+). For this specification it is convenient to introduce the random variable
2%1 P whose distribution given the sample approximates the (unknown) distri-
bution of Z2'¥ in the proof of Theorem 1. That is, Z2/F follows the mixture
distribution @T( -) as a function of Y. such that given Y. the conditional

distribution of the random variable ZzIP is éT() With the help of Z%IP we
now let

F2IP(.) be the conditional cdf of w3 ¥ Z2P given Hy.r (A.6)

where w2I¥ equals the transpose of W and Hip =

o(X1,..., X, Y,...,Yr). Then

dpr, (F%IPHILT)’F%ED(')) SdBL( (), Fif,l;('m:T))
+ dpr (FE(\Tur), FRP())

by the triangle inequality, where F2/.(-|Zy.7) is defined in equation (A.4). In the
proof of Theorem 1, we have shown that FFP(|Ty.p) and F2I7.(:|T1.7) merge
in probability under Assumptions 1 and 2. It suffices to prove that ngg('ﬂl:ﬂ
and F7 2P (.) merge in probability which will again be shown by verifying the
assumptions of Lemma 4. Write w3/ F 2217 = wIP Z2IP 4 R2IP with R¥P =

(W3P — w2 PYZ2IP | First, we show RQTIP = 0,(1). Take an arbitrary e > 0. We
obtain

- s (Xir; 1)
2rP T4l ;
PIA7] 2 ] < Pm 600"

i -—a 71

- 82,(/}8 (X : ;0' ) . ) .
<P H T+810801/T T ‘HG(YLT)90”||Z%IP||ZEDGT€7/(90)
+Blfr ¢ 7 (00)]
i 82¢T+1 Xl Ta folP
=5, ’ 2607 \ O(Y1ir) — 6| [| 237 2 €

+P|dr ¢ ¥ (60)]
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where HT lies between 6 Y1 ) and 90 The first term vanishes as
‘3 e O)H = N0(Y 1) —00]| =

sup
0cv (60)

O,(mz") by Assumptions 1.a and 2.a and HZ%IPH = 0,(1) as Z3P ~ Gr(-)
and [hdGp % [hdGs for all h € BL by Assumptions 2.a and 4. Further,

as 0(Y1.r) 5 0y € #(0o) and ¥ () is open, we have P[0r ¢ ¥ (6p)] — 0 and
2P -

0606’

R2IP = 0,(1) follows. Moreover, w2 P is Hr-measurable and O,(1) by Assump-
tions 1.c and 1.e and fth[Z%fP < Hir] = [hdGr B [hdG. for each
h € BL. Replacing Zr, Ry, wr and Zp in Lemma 4 by Z%IP, R%IP w%lp nd
Hr implies that F2P(-) = Plw2 P 22P + R2'P < |Hyy) and PlwX P Zs <

(Hir] = F2IP( |Z1.7) merge in probablhty
Consider statement 1(b). As FZF(-|Z;.r) and FZP(-) merge in probability
and F2IP(-) is assumed to be stochastically uniformly continuous, Lemma 7

applies. Replacing Fr, Gy, My and Iy by FHP(|Ty.7), FAP(-), mr (1[)%151 -
1/’T+1) and 7.7, respectively, it follows that

P{I$IP<X1:T7Y1:T) e ¢T+1‘I1:T}
1 . 1
= P[F%IP () < mp(VHH —vr) < FEP (1- 72)‘11:T] H1-7.

Claim 2(a) is similarly proven as 1(a). For the same reasons as in the proof of
part 1(a) we begin by constructing the split analogue of Z1F. Let Z%P L follow

the mixture distribution @T() as a function of X;.7,, such that given Xy.7, the
conditional distribution of the random variable Z3F% is G (-). Further, let

ESPL(.) be the conditional cdf of w$FFZ3PE given Z,.1 (A7)
s (XS DXy,
where w5FL equals the transpose of i S X176) Phen

dBL(FfQPL('\ITp:T),F%g—ID\L('))
< dpn (FFPE(\Trpr), FEEF ([ Tnyer) ) + don (PS5 (1T2.0), FEPE() ),

where FiijLHITP:T) is defined in equation (A.5). In the proof of Theorem 1,
we have shown that FZPY(||Zr,.r) and FJFF (| Zp,.r) merge in probability

under Assumptions 1 and 3. It suffices to show that F27F (-|Zr,..r) and FRPL()

merge in probability. Once more we use Lemma 4 for this. Write w3"F Z SPL —

w3PL ZSPL 4 RSPL with RSPE = (w$PL —wSPL) ZSPL, First, we show R;PL =
op(1). Take an arbitrary e > 0. We obtain

| o 123

) 245, (XS
SPL 71 (X3 0
PR 2 | < Pm 2606’
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i1 (X 3 0
= PU 0006’ ’9 (Xi7p) - 90‘ (80)
+Péir ¢ 7 (60)]
025, (XS 1:0) . .
<P a 0(X11s) — Ool| || Z27F]| =
oo s [P ot 21
+Pir ¢ 7 (00)] .
where 07 lies between é(XLTE) and 0. The first term vanishes as
[P0 o
0¥ (00) 8989'
by Assumptions 1.d and l.e and ||6‘ (X171g) — 90H =0 (mT ) by Assump-
tions 1.a and 3.a, |‘Z“T9PLH = 0,(1) as ZSPL ~ GT and fthT LN fth

for all h € BL by Assumptions 3.a, 3.b and 4. Further, as 0(Xy.p,) B 6y €
¥ (6p) and ¥ (6p) is open, we have P[éT ¢ 7 (00)] — 0 and RSPL = 0,(1) fol-
lows. Moreover, w%P L is T,.p-measurable and O »(1) by Assumptions 1.c and 1.e
and [ hdP [Z}?PL < |Tr] = fthT N J hdGw for each h € BL. Replac-
ing Zp, Ry, wp and Zp in Lemma 4 by ZﬁPL, R%PL, w%PL and Zy.r implies
that F3PL() = PlwflEZePE + REPE < |Tyr| and PwiltZy < -|Tir] =
FSPE(|Ir, ) merge in probablhty

The proof of statement 2(b) is similar to the proof of claim 1(b). Because

FRPL(.|Zz,.r) and F2PE(-) merge in probability and FRP%(-) is assumed to be
stochastically uniformly continuous Lemma 7 applies. Replacing Fr, G, My

and Zr by FRPL(:|Zr,.7), F:;?PL( )y my (wTH ¢T+1) and Zr,.r, respectively,
it follows that

P|:I$PL(XTP:Ta Xl:TE) > 'l/)T+1 ‘ITPIT:|
——1 R 1
= P{F:}SPL (71) < may (VT — Yngr) < FFPL (1 - 72)‘ITP:T]

N - v . 0
Proof of Theorem 3. Consider the first statement and expand

1Z)T+1(X1:T7 Xl:T) - ,IZJT—i-l(X%p;Ta Xl:TE)

= (¢T+1(X1:T,X1:T) —ry1) — (lﬁT-H(XCTP;T, Xirg) = Y141)-

We show that both terms are o0,(1). Using (A.3), we have

81/15T+1 (X%p;TQ 90)
0o’

Vr 1 (XS Xuiry) — Y741 = (0(X1.1,) — 60) +mp' REFE,
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RN Y ) .
where w = O,(1) by Assumptions 1.c and l.e and 6(Xi.1,) —

0o = 0,(1) by Assumptions l.a, 3.a and 3.b. Together with RIFL = 0,(1) by
Lemma 1 and mz" = o(1), it implies that P71 (XS, .7, X1:1,) — 141 = 0p(1).
In addition, replacing Y. by Xi.7 in equation (A.2), we get

OV 1 (X1, 00)

Y1 (X, Xir) — Yrpr = 90

(é(XI:T) —00) + mp'RFTA,

where RT4 is obtained by replacing Y1.7 by Xy.7 in R2/F. Note that we have
H%T“(xl 7:80) ‘ = 1) by Assumptions 1.c and 1.e and 6(Xy.7) — 6y = 0,(1)

by Assumption 1.a. Slnce RYP = 0,(1) has been shown in Lemma 1 without
using Assumption 2.b, we have R3TA = 0,(1). Together with m;' = o(1), it

follows that 1/AJT+1(X1;T, Xi1.1) — Y141 = 0p(1) completing the claim.

To prove the second statement we want to apply Lemma 8. The stochastic
continuity assumption of this lemma holds by the assumptions imposed in The-
orem 3. It therefore only/rglains to show that the first assumption of Lemma 8

holds, i.e. FRT4(-) and FPE(-) merge in probability. To show the latter, similar

to the proof of Theorem 2 we let Z574 follow the mixture distribution G (-)
as a function of X1 .7 such that given X;.7 the conditional cdf of the random
variable Z2T4 is GT( ). Further, let

FSTA(.) be the conditional cdf of w374 Z5T4 given Zy.r (A.8)

where w574 equals the transpose of W Now we show that F2T4(-)

and F2PE(.), defined in (A.7), merge in probability. The triangle inequality im-
plies

dpr (FF7EC). FRTA() ) < dpr (FFPEC), PEPH(Tryr) )
+dpr, (FTSPL('|ITP:T)7 F%IP('|I1:T)) +dpr, (F%IP('|I1:T), FigTA(')) ,

where the first two terms on the right hand side converge in probability to
zero by Theorem 2.2(a) and Theorem 1, respectively. We are left to show that

F2P(|Zy.7) and FT4(-) merge in probability. The triangle inequality implies
that
ds (FR'(Z0r), FETAC) ) <dp (P3P (Tir), F25(Tr))
+ dp (FEE (| Tur), FETA()),

where F2L.(-|Z1.7) is defined in equation (A.4). In the proof of Theorem 1,
we have shown that F2/F(-|Z;.7) and FOQOH;( |Z1.7) merge in probability un-

der Assumptions 1 and 2. It suffices to show that FQIP( |Z1.7) and F2TA(Y)

merge in probability. Once more we use Lemma 4 for this. Write wSTAZ L
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wH P Z3TA 4 RSTA with RSTA = (w5T4 — w2 P)Z5TA (note that, in contrast

0000

to w%TA there is no need to 1ntroduce wT4 as it equals w3 T). First, we show
R3TA = 0,(1). Take an arbitrary € > 0. We obtain
A~ a2w%+1(X1:T; QT) A 7STA
?| 5}<P[H 606" ’H“X¢T)_9° [z
19250 (X 80) || 115 A
<P H (X ) ‘Ha(xm)90H||Z§:TA|yzeﬂ 0 € ¥ (6)

+ﬁ@f¢%wﬂ

2,/,8 Xt
<P| sup ’—a Vi1 (X173 6)

| eev (o)

+ B[4 ¢ 7 (00)]

0000

H Hé(Xl:T) —90H ”Z;TA” > 61

where @ 1 lies between é(Xl 7) and 90 The first term vanishes because we have

th 321/1T+1 Xl T5 0)

at sup ||—5gapm— || is Op(1) by Assumptions 1.d and 1.e, ||9 (Xy.7) —
0¥ (0o)

0ol = Op(mz") = 0y(1) as 2§ ~ Gr() 5

G by Assumption 4. Further, as 0(X1.7) B 0y € ¥ (6y) and ¥ (6y) is open, we
have P[6r ¢ ¥ (6p)] — 0 and RFT4 = 0,(1) follows. Moreover, w¥” is T;.z-
measurable and O, (1) by Assumptions 1.c and 1.e and fth’ [ZAﬁTA < -|Il:T} =
[h dGT LN [ hdGs for each h € BL. Replacing Zr, Ry, wr and Zr in
Lemma 4 by Z3TA RSTA 2IP and 7. implies that @( ) = PP Z3TA4
RSTA <. \Il 7] and P[wQIPZ < Iy.r] = FQIP( |Z1.7) merge in probability.
Thus, FI*SP L(.) and @() mergﬁii probability. As mentioned earlier in the

proof under the assumption that F2FL(-) is stochastically pointwise continuous
at 71 and 1 — 9, assertion (3.9) follows by Lemma 8, which completes the
proof. O

Appendix B: Additional proofs
B.1. Proofs of lemmas

Proof of Lemma 1. Consider (i). By Assumption 1.b one can write
follows:

RYF =mp (051 (X113 00) — Y11 (Xp, X1, .. .5 60))
=R}'T
/821/}%+1(X1;T; GT)
0000'

_p2IP
=R3 1

RUP as

+ (é(leT) — 00) mr (é(leT) - 00) 5
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where 07 lies between 6y and é(Yl:T) By Assumption 1.e, R2 17 is 0p(1); hence
we are left to show that R%fff = 0,(1). Take an arbitrary ¢ > 0. We obtain

‘ 5 1 (Xy.r; Or)

00006'
<P [ 62¢%+1(X1:T§9'T)
- 0006’

[’ 21P’> }<}P’

) ==

ur 0¥ a2) — 0o e[ %(ew]

+ﬁ@T¢wwﬂ

i1 (X 0)

<Pl sup 00007

B | 0¥ (60)

+P@T¢%w@y

el o] >

asz+1 Xl Tye) H .

The first term vanishes since supgey (g, 56507 (1) by Assump-

tions 1.d and 1l.e and mTHG (Y1) — 90” = Op(mz ) by Assumptlons l.a

and 2.a. Further, as 6(Y1.r) 2 6y € ¥(6y) and ”//(00) is open, we have
]P’[éT ¢ ¥ (09)] — 0 and R%Iff = 0,(1) follows.

The proof of (ii) is analogous; by Assumption 1.b one can express R;,?P L as
follows:

RIPY =mor, (W5 1 (X503 00) — Y71 (X, X1, -5 60))
=R{4F
/82¢8T+1 (XCTP:T§ éT)
0000’

—RSPL
7R2,T

+ (é(XlzTE) —6h) Tw (é(XLTE) —6o)

with Rlsf;L = 0p(1) by Assumption l.e and 01 lying between 6y and 6(Xq.7, ).
For an arbitrary € > 0, we obtain

P“ REPL| > }<:P

< p||| & K i
- 0006’

52¢ST+1( Tp: Ta
0600’

‘mn,mxng 9J‘>%

‘ mrg | |0(X11,) 90” > €ﬂ9T € 7/(90)]

+ﬁ@T¢ww@}

a2¢%+1(Xch:T? 9) ’

<P| sup 2000

- | 0€7(60)

+P[éT ¢ 7/(90)} .

mry

0(X1.7p) — 90H2 > 6]

1) by Assumptions 1.d

o? ¢T+1 (XTP 139)
0000 -

The first term vanishes as  sup ‘
0¥ (0o)
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and 1.e and myy, ‘ |9A(X1:TE)—00 ’ ’2 = Op(m;;) by Assumptions 1.a and 3.a. Fur-

ther, as 0(X1.7,,) = 6o € ¥ (69) and ¥ (6) is open, we have P67 ¢ #(6p)] — 0
and R;I;L = 0,(1) follows. O

Proof of Lemma 2. Consider (i) and let GZ¥ denote the unconditional distri-
bution of mp (é(leT) — 90). By Assumption 2.b, we have for each h € BL

/th%IP(.m:T) = /thZTIP — /thoo,

where the last assertion comes from Assumptions 1.a and 2.a and Portmanteau’s
Lemma (cf. [42, Lemma 2.2]). Consider (ii); for each h € BL we obtain

/h A(GEEE (| Irpr) — Goo)

N /hd(G%ﬁjL ~ G +/h d(GFE" (1 Trper) — GFET),

I 17

where I — 0 by Assumptions 1.a, 3.a and 3.b and Portmanteau’s Lemma and
IT % 0 by Assumption 3.c. O

Proof of Lemma 3. For r = 1 Lemma 3 appears as Lemma 2 of the supplemental
material to [11]. Extending their result to r > 1 we closely follow the proof of
[16, Theorem 11.3.3] and write Q7 and @ to denote the probability measures
corresponding to G and G, respectively. Let € > 0 and take a compact set K C
R” such that Q(K) > 1—e¢. The set of functions h € 2, restricted to K, form a
compact set of functions for the supremum norm by the Arzela-Ascoli theorem
(cf. [16, Theorem 2.4.7]). Thus for some finite J = J(e) there are hy,...,h; €
such that for any h € ., there is a j < .J with sup,c g |h(y) — h;(y)| < e. Let
K¢={y €R":||lz—y|| < e for some z € K}. One has sup,cg- |h(z)—h;(z)| <
3¢, since if y € K and ||z — y|| < ¢, then

|h(x) = hy(@)] <|h(z) = h(y)] + [~(y) = hi(y)] + [h;(y) — h;(2)]
<|[pllBLlle — yll + e+ ||h;l[BLllz — yl| < 3e.

Let g(x) = max{0,1 — ||z — K||/€e}, where ||z — K|| = inf{||z — y|| : y € K} for
all z € R™. Then g € BL and I{z € K} < g < I{x € K¢}, where I{-} denotes
the indicator function. It follows that

QR \ K9 =1-Qr(K) <1~ [gad@r 1~ [gdQ <1- Q) <

or equivalently P[QT(RT \K¢) > e] — 0. Thus, for each h € J# and h; as above

sup ’/hd<QT_Q)‘ ghsélj%/’h_hj’d(QT‘f'Q)""’/hjd(QT—Q)‘

hest

<2(Qr + Q)(R"\ K°) + Ge + max,

[y d@r - Q)]

<8+ 2Qr(R"\ K°) + max, /hj d(Qr — Q)‘ -
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Hence,

{sup ’/hd QT—Q)‘>116]

het

< T €
< P120r(R"\ K°) + max,

/hj d(Qr — Q)‘ > 36]

<P|Qr(R"\ K°) 26:| —i—IE”[ max
1<5<J

Iz d(QT—@] ze}

- J

<Plor® VK92 | + >r H/h dQT—Q)’ze},

where the last two terms are converging to 0 for finite J noting that [ h; d(Qr—

Q) = [ hjd(Gr—G) 5 0. Observing that sup | [ hd(Qr—Q)|= sup | [ hd(Gr—
hex he#

G)| completes the proof. O

Proof of Lemma 4. This lemma is related to Lemma 8 in [3] where the quantity

corresponding to Plw}Zs < +|Zr] is non-random. Set .# = {f : R — R :
IIf|lp < 1}. The triangle inequality implies

/ [ (whpZr + Rr) — f(w)pZoo)]dB}| 1]

sup
fez

< sup ’ / [f(whZr + Rr) — f(whZr)]|dP[|Zr)

+ sup ’/ (wipZr) — f(wrZs )]dfP[-|IT] .
feEF

=II

We show that I 2 0 and IT 2 0. Let € > 0; as ||f]|pz < 1 for all f € .7 we
obtain

1< sup [|7whZe + Re) - fwr Z0)|d Pl
fez

= sup / |f(wpZr + Ry) — f(wpZr)|d Pl Ir]
S
|Rr|<e

+ ;ug / |f(wyZp + Rr) — f(wrZr)|d Pl |Z7]
S
|Rr|>e€

< sup / ||f||BL’w'TZT + Ry — w'TZT‘d]fD[-|IT]
feF
|RT|<e
b [ (10w Zr+ Re)l + 17w Zr)])d L]

fez
|Rr|>€



2554 E. Beutner et al.

< sup |Ifll5z / \Re| dP[Zr] +2 sup |||z / dP[|Zr)
fes fes

|Rr|<e |Rr|>e€

< / ¢ dP[\Tr] + 2B|Re| > e|Tr] < ¢ + 2B[|Re| > |Zr] .

|Rr[<e
In line with [46, Theorem 3.3], employing Markov’s inequality we have
_ _ = 2_
P[I > 2] <P[P[|Rr| > ¢|T7] = /2] < ZP[|Rr| > ] -0
€
as R = 0p(1) and hence I = op,(1). Consider I1 and let K > 1. We obtain
B[11 > €] <P[ljwrl| > K] + B[11 > 0 |juwr|| < K] .

As |Jwr|| = Op(1) the first term can be made arbitrarily small by choosing K
large. For such K, consider the second term and note that

B[11 > en ||| < K]

=% [ 1t 2r) = sl 2.0))a BTl 2 e sl < K
<[y [ 1a20) 9z aBliza]| = ool < &
<l [ latzn) - gz aiiz)| =

~B|sup| [ga(plzr < iz - Go)| = o]

where ¥ = {g : R™ — ]R| g(z) = f(w'z), for some f € F and some w €
R” with |[w]| < K}. We have that || - || 1, is uniformly bounded for ¢ since for
every g € 9

w'z) — f(w "o —w'
lollor =sup | f(w's)] + sup LD =S WD) fw'a =y
x TH£yY |wx—wy| Hl'_yH

A ’
<sup ’f(w’:c)| + sup |f(w ?) f(,w y)|
T Tz#Yy |w r—w yl

lwl] <[Ifllpr K < K.

Thus, ||g/K||pz < 1 and it follows by P[Zr < -|Zr] & Go and Lemma 3 that

_ g €
> < < = < . — >
IE”[IIi eN|wr]| < K} P[;gg‘/K d(IP’[ZT < -Zr] Goo>’ > K]

s@[:;;\/hd(% < 1Tr] - G| 2 % o,

where 7 is defined in Lemma 3. Thus, IT is o,(1), which completes the proof.
O
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Proof of Lemma 5. Take ¢ > 0 and let F' and G be cdfs on R with G(7—¢) —e <
F(r) < G(T+¢€) + e for all 7 € R. Fixing u € (¢,1 — ¢€), we obtain
inf{r €eR:F(1) >u+e}+e (B.1)
21nf{T€R:G(T+e)+62u+e}+e
=inf{reR:G(r+¢)>u}+e
=inf{r+e,7€R:G(T+€) >u}
=inf{r eR:G(r) > u} (B.2)
=inf{r+e7eR:G(T) >u} —¢
:inf{TeR:G(T—e) Zu}—e
=inf{reR:G(r—€¢)—e>u—e}—e¢
>inf{r€eR:F(r)>u—e}—e. (B.3)
Identifying (B.1), (B.2) and (B.3) as F~*(u+¢€)+e, G~ (u) and F~1(u—¢) —e,
respectively, completes the proof. O

Proof of Lemma 6. Let €, > 0. As G is stochastically uniformly equicontinu-

ous, there exists a § > 0 and an T} € N such that P[sup sup }GT(T’) —
TER 7/ €R:|T—77|<d

Gr(7)| > e} < n for all T > T. Take 3 = min(6/2,¢). As d(Fp,Gr) 5 0 as

T — oo, there exists an T, such that ]P’[dL(FT,GT) > %] < nfor all T > To.
Let T = max(T1, T5).

]P’{sup {FT(T) - Gr(1)| > 26]
TER
<P sup |FT(T) — GT(T)‘ > 2eN dL(FT,GT) < %:| +IP|:dL(FT,GT) > %}
L TER
< P|sx+sup |Gr(r + %) — Gr(7)| > 26:| +P{dL(FT,GT) > %}

TER

< P| sup sup |Gr(7") — Gr(7)| > e] —HP[dL(FT,GT) > %} < 2n
L TER 7/ €R:|7—7| <8

for all T > T. Since the choice of € and 1 was arbitrary, the desired result
follows. d

Proof of Lemma 7. Since Fp and G merge in probability and dp < 2d113/L2 (cf.

[24, p. 36]; [16, Theorem 11.3.3]), we have d(Fr,Gr) 20, Let u e (0, 1) and
take € > 0 sufficiently small satisfying u € (¢,1 — €). P|d.(Fr,Gr) > e|IT] is

0p(1) since for every ¢ > 0 the Markov inequality implies ]P’[]P’ [dL(FT, Gr) >
e‘IT] > 6] < %P[dL(FT,GT) > e] — 0. Employing Lemma 5 we derive the

following bounds:

PMr < 67 (w)|2r]
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< P[Mr < G7'(w) Ndp(Fr,Gr) < €|Ir] + P[dL(Fr,Gr) > €|Ir]
<P[My < Frt(u+e€) +endp(Fr,Gr) < e‘IT] +0,(1)
g}P’[MTgF Yu+e) —|—€‘IT] +0,(1)

=Pr(Fr'(u+e€) +€) +o0,(1) = Ur

P[Mr < G7'(u)|Zr]

> P[Mr < G3'(u) NdL(Fr,Gr) < €|Ir]

> IP’[MT < FT_l(u —€¢)—endy(Fr,Gr) < e‘ZT]

> IP’[MT < F_l(u —€) — e‘IT] — P[dL(FT,GT) > e|IT]
= Fr(Fr (u—e)—e—) —o0p(1) =Ly,

where Frr(-—) denotes the left limit of Frr(-). We show that Ly and Ur converge
in probability to u. Regarding the lower bound Ly we have

’FT (u—e)—e—)—u‘
‘FT (u—e)—e—) Fr(Fr Yu—e€) — )‘

+’FT Fllu—€) =) —(u—e)| +e

Silélg Fr(t —e—)— Fr(r— ‘ ’FT A —€) — )—(u—e)‘—i—e

<sup|Fp(r —e—) — FT(T*)’ +sup |Fr(r) — FT(T*)’ + €
TER TER

< 4dy (Fp,Gr) + sup |Gr(r — e—) — GT(T—)\ +sup|Gr(r) — GT(T—)‘ Ye,
TER TER

where the third inequality is due to [12, p. 217]. As dz(Fp,Gr) 5 0 and GT

is stochastically uniformly equicontinuous, Lemma 6 implies di (Fr, GT) 0.
Further, sup |Gr(7—e—) —Gr(7—)| = 0,(1) and sup |G1 (1) —Gr(7—)| = 0p(1)
TER TER

by stochastic uniform equicontinuity completing L L Regarding the upper
bound Ur we have

‘FT (u—i—e)—i—e —u’<’FT u+e) + €) — Fr(Fy (u—i—e))‘
+ | Fr(Ft (ut 0) = Fr(Fp ' (ute) - )|
‘FT “Hu4e) — )—(u—&-e)‘—i—e

< sup |Fp(r+¢€) — FT(T)‘ + 2sup |Fr(T) — FT(T—)‘ + €
TER TER

< 6dg(Fr,Gr) +sup |Gr(T +¢€) — GT(T>‘ +2sup |Gr(1) — Gr(t=)| + €,
T7ER T7€R
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where all terms on the right hand side are o,(1) such that Up 2 . We obtain

Ly(u) < P[Mr < G (u)|Zr] < P[Mr < G;'(u)|Zr] < Ur(u),
~—— ~——

D, P,
—Uu —u

which implies that P[Mr < G3'(u)|Zr] and P[Mr < G7'(u)|Zr] converge in
probability to u for arbitrary w € (0,1); in particular 1 and 1 — ~o. It follows
that

P[G7 (n) < Mr < G (1= )| Tr]

=P[Mr < G (1 —7)|Ir] —P[Mr < G (W)|Zr] 5 1-7-m. O
Proof of Lemma 8. Let ¢,n > 0 and set € = min{e,u,1 — u}/2. Since G4
is pointwise equicontinuous at u, there exist a § > 0 and an T such that

P[ sup |G;1(U) - G;l(u)| > | < nforall T > Ty. Take 5 = min{6/2,&}. As
s

lu—v|<
dr(Fr,Gr) _£> 0as T — oo, there exists an T, such that }P’[dL(FT, Gr) > %] <n
for all T > Ts.

P||Fy ! (u) — Gt (u)] > 26] < P[\FTl(w — Gpl(u)] > 26]
<P {F;l(u) — G;l(u)} > 2eN dL(FT,GT) < %:| +P[dL(FT,GT) > %}

<Plsc+ |Gt (ust ) — Gl (u)| > 2@} +P[dL(FT,GT) > %}

<P| sup |G;1(v)—G;1(u)|>g}+P[dL(FT,GT)>%}<2n

- lu—v|<d

for all T > T = max(Ty, T»), where the third inequality follows from Lemma 5
and u € (€,1—€) C (3¢,1—>50). As € and 1 were arbitrarily chosen, this completes
the proof. O

B.2. Proofs of corollaries

Proof of Corollary 1. Statement 1(a) follows immediately from Theorem 2.1(a)
and F2'P(.) equals to ®( - /1/0#"). Regarding claim 1(b), it is sufficient to

show that 1/03/" = O, (1) implies that ®(-/1/03F) is stochastically uniformly
equicontinuous by Theorem 2.1(b). Since 1/03/F = O,(1) by assumption, we
have for all 5 > 0, there exist K = K () and T = T'(5) such that P[1/03/F >

K} < » for all T > T. Let ¢ denote the standard normal density. Taking
= —= we obtain

(0)VK’

P[sup sup | @(7'/y/ 03 ) — @ (/03 T)| > 6]
TER 7/:|T—7"|<d

<P [¢(0)§/ 02IP > e} - P[1/@%’P > K} <
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for all T > T such that the stochastic uniform equicontinuity condition holds.

Statement 2(a) follows from Theorem 2.2(a) and FfFL() equals to ®( -

/1/02FE). Claim 2(b) is proven analogously to the claim of 1(b) replacing 03/F

with USPL O

Proof of Corollary 2. In the proof of Theorem 3 we have shown that F2PL(-)

and F7T4(-) merge in probability, which simplify to ®( - /4/05F) and ®( -

/1/02T4), respectively, under Assumption 5.
-1

It remains to show that F2PL (u) = 1/ 02FE® 1 (u) is stochastically point-
wise equicontinuous at u = 71,1 — 7o. First, we show that 027F = O,(1).

The triangle inequality implies 07

) X ;0 0 X ;0
wTﬂ(a;P'T O)To wT“(aeTP'T 0) is Op(1) by Assumptions 1.c and 1l.e. More-

over, for an arbitrary € > 0, we have

~SPL < ,USPL + |USPL S’PL’7 where vé):PL —

b ||| 298 Kz 60) 905 (X 0K ) ||
00 a0 -
[ a27/’%-5—1( T, Ta
<p H i ‘9 (X11,) 00H>eﬂ0Te”I/(90)

+ P[éT ¢ 7(90)}

‘ 82¢%+1 (XCTP:T; 0)

<P| sup

+P[5T ¢ 7/(90)} :
| 0€7(60)

06006’

[ =

where 07 lies between é(Xl 1p) and 6p. The first term vanishes as

a? 0
sup ’ %H = 0,(1) by Assumptions 1.d and L.e and ||0(Xy.7,,)—
96'7/(90)
90H = 71) by Assumptions 1.a and 2.a. Further, since 6(Xy.1,,) % 6o €

7 (6) and 7/(00) is open, we have P[0r ¢ ¥ (6)] — 0 and HMJPT%) -

WT“(XTQGT ) || (1) follows. Together with T(X1.7,) 2 To, it im-

plies ‘USPL %PL| = 0,(1) and hence ¥3FL = O,(1). Next, we show that the
stochastic pointwise equicontinuity condltlon is satisfied. For K > 0, we get

P[\/o2PL  sup |7 (u)— @7 (v)| > e}
vilu—v|<o

SIP’[\/? sup @7 (u) — @7 (v)| > } + P07 > K] .

vilu—v|<d

K can be chosen such that the last term is arbitrary small for large T as 0551 =

O,(1). Given K, the first term is 0 by the choice of § and continuity of ®~1. O
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Appendix C: Graphs and tables
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Fic 3. Mean interval length

TABLE 2
Coverage probability of STA and SPL for an AR(B1) process. DGP 1 refers to gamma
distributed errors with shape 10 and scale 20 and shifted such that they have expectation
zero. DGP 2 refers to a mizture distribution of this gamma distribution with a normal

distribution with standard deviation equal to 10 and the weight of both distributions equals
0.5. Please note that there are small numerical differences for STA for T = 50,Tg = 45

and T = 50, T = 40, respectively. This is because when changing Tr we recalculated ST A

although T was kept fired. We did so to compare STA and SPL based on the same sample.

AR(1)
DGP 1 DGP 2
T =150, T =40 | T=50, Ty =45 | T =50, Tz =40 | T =50, T = 45

By | STA| SPL | STA| SPL | STA| SPL | STA| SPL
01 ] 948 947 | 945 | 944 | 952 95.1 944 99.4
02| 949 | 9458 946 | 946 | 953 95.1 94.5 94.3
03| 947 | 945 947 | 947 | 95.0 95.0 944 | 944
0.4 94.7 94.7 94.4 94.4 95.0 95.0 94.4 94.4
05| 947 | 945 947 | 947 | 95.0 95.0 94.7 46
06| 947 | 945 946 | 948 | 95.0 94.8 94.8 94.7
0.7 | 94.5 944 | 948 | 947 | 947 | 945 94.9 94.8
08 | 941 940 | 949 | 948 | 945 94.3 94.9 94.9
09 | 935 93.2 947 | 945 | 938 93.6 94.6 94.6
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TABLE 3
Coverage probability of STA and SPL for an AR(2) process with 1 = B2. DGP 1 and
DGP 2 are as in Table 2. Small numerical differences between ST A intervals for fived T are
as in Table 1 due to recalculating.

AR(2)
DGP 1 DGP 2
T=50Tg =40 | T=50, Ty =45 | T=50, Ty = 40 | T=50, T = 45
B1=p2 | STA SPL STA SPL STA | SPL STA | SPL
0.1 94.3 94.2 93.9 93.9 94.6 94.8 93.7 93.8
0.15 94.3 94.2 93.9 94.0 94.8 94.8 93.8 94.0
0.2 94.2 94.1 93.8 94.0 94.8 94.8 94.0 94.0
0.25 94.2 94.1 94.0 94.0 94.7 94.5 94.0 94.0
0.3 94.2 94.0 94.1 94.0 94.4 94.4 94.0 94.0
0.35 94.2 93.7 94.1 94.0 94.4 94.2 94.0 94.0
0.4 94.1 93.7 94.2 94.0 94.3 93.9 94.0 93.8
0.45 93.6 92.9 94.1 93.6 93.7 93.0 94.2 93.7
TABLE 4

Coverage probability of STA and SPL for the AR(4) process in row B of Table 1. DGP 1
and DGP 2 are again as in Table 2. Small numerical differences between ST A intervals for
fized T are as in Table 1 due to recalculating.

AR(4)

DGP 1 DGP 2
STA | SPL | STA | SPL
Tp =45,T =50 | 928 93.2 92.7 93.2
Tg =55 T=60 | 93.3 93.7 93.2 93.5
Tg =65,T=70 | 93.6 93.8 93.7 93.9
Tg =75 T=80 | 93.7 94.0 93.6 93.9
Tg =85,T =90 | 94.0 94.2 93.9 94.2

Tg =40,T =50 | 929 93.2 92.7 93.0
Tgp =50,T =60 | 93.3 93.6 93.3 93.5
Tg =60, T=70 | 93.6 94.0 93.6 93.9
Tg =70,T=80 | 93.8 94.0 93.8 94.1
Tg =80,T=90 | 93.9 94.2 93.8 94.1

Tg =40,T =55 | 93.0 93.1 93.1 93.0
Tg =50,T=65 | 93.5 93.5 93.4 93.4
Tgp =60,T=75| 93.6 93.8 93.7 93.9
Tg =70,T=85 | 93.9 94.0 93.8 94.0
Tg =80, T=95 | 94.0 94.1 93.9 94.2
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TABLE 5
Coverage probability of STA and SPL for the AR(8) process in row C of Table 1. DGP 1
and DGP 2 are again as in Table 2. Small numerical differences between ST A intervals for
fized T are as in Table 1 due to recalculating.

AR(8), C

DGP 1 DGP 2
STA | SPL | STA | SPL
Tgp =40,T =50 | 89.8 91.1 90.2 91.2
Tg =50,T =60 | 90.8 92.1 91.3 92.5
Tg =60, T =70 | 915 92.8 91.9 92.9
T =70,T=80 | 92.1 93.2 92.4 93.5
Tg =80,T=90 | 92.6 93.6 92.7 93.5

Tg =40,T =55 | 90.4 91.2 90.3 91.1
Tg =50,T=65 | 91.1 92.3 91.1 92.2
Tg =60, T=75 | 919 92.9 91.9 92.8
T =70,T=85 | 923 93.2 92.3 93.4
Tg =80, T=095 | 928 93.6 92.5 93.5

TABLE 6
Coverage probability of STA and SPL for the AR(8) process in row D of Table 1. DGP 1
and DGP 2 are again as in Table 2. Small numerical differences between ST A intervals for
fized T are as in Table 1 due to recalculating.

AR(8), D

DGP 1 DGP 2
STA | SPL | STA | SPL
Tg =40, T =50 | 89.6 91.3 89.5 91.3
T =50,T =60 | 90.9 92.4 90.6 92.1
Tg =60, T=70 | 915 92.8 91.5 92.9
T =70,T=80 | 92.0 93.4 92.0 93.1
T =80,T=90 | 92.6 93.7 92.5 93.5

Tg =40,T =55 | 90.2 91.2 90.2 91.2
Tg =50, T=65 | 914 92.4 91.0 92.2
Tp =60,T=75| 918 92.9 91.7 92.8
Tg =70,T=285 | 92.2 93.2 92.2 93.2
Tp =80,T=95| 92.7 93.5 92.6 93.6
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