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Abstract: Considering a class of stochastic differential equations driven
by a locally stable process, we address the joint parametric estimation,
based on high frequency observations of the process on a fixed time inter-
val, of the drift coefficient, the scale coefficient and the jump activity of
the process. Extending the methodology proposed in [6], where the jump
activity was assumed to be known, we obtain two different rates of con-
vergence in estimating simultaneously the scale parameter and the jump
activity, depending on the scale coefficient. If the scale coefficient is multi-
plicative: a(x,0) = oa(x), the joint estimation of the scale coefficient and
the jump activity behaves as for the translated stable process studied in [5]
and the rate of convergence of our estimators is non diagonal. In the non
multiplicative case, the results are different and we obtain a diagonal and
faster rate of convergence which coincides with the one obtained in esti-
mating marginally each parameter. In both cases, the estimation method is
illustrated by numerical simulations showing that our estimators are rather
easy to implement.
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1. Introduction

In this paper, we consider a class of stochastic differential equations driven by
a symmetric locally a-stable process

t t
X, :x0+/ b(Xs,e)der/ a(X,_,0)dL?,
0 0

and we study the joint estimation of (6, o, «) based on high-frequency observa-
tions of the process on the time interval [0, T] with T fixed (without restriction
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we will next assume that 7' = 1). In recent years, there has been growing inter-
est in modeling with pure-jump Lévy processes (see for example Jing et al. [13]
and [17]) and estimation of such processes is of particular interest.

A large literature is devoted to parametric estimation of jump-diffusions from
high-frequency observations and we know that, due to the Brownian compo-
nent, the estimation of the drift coefficient is not possible without assuming
that T goes to infinity. For pure-jump processes, assuming that the jump ac-
tivity a € (0,2), the situation is completely different and we can estimate all
the parameters on a fixed time interval. When X is a Lévy process, the first
results in that direction have been established among others by Ait-Sahalia
and Jacod [1] [2], Kawai and Masuda [14] [16], Masuda [18], Ivanenko, Ku-
lik and Masuda [10] and more recently by Brouste and Masuda [5]. Concern-
ing the parametric estimation of pure-jump driven stochastic equations the
literature is less abundant and only partial results are available. The estima-
tion of (#,0) is performed by Masuda in [19], assuming that « is known and
with the restriction a € [1,2). The estimation method proposed in [19] is
based on an approximation (for small h) of the distribution of the normal-
ized increment h~Y* (X, , — X, — hb(X,,0))/a(X;,0) by the a-stable distri-
bution. However this approximation is not relevant if & < 1. To solve this
problem, Clément and Gloter [6] consider the following modified increment
=Y (X — 65(0))/a(Xt, o), where (€7(0));>0 solves the ordinary equation

t
&) =+ / b(ER(0),0)ds, t> 0.

This permits to estimate (6,0), for a € (0,2) known. Turning to the efficiency
of these estimation methods, the LAMN property is established in Clément and
al. [7] for the estimation of (6, o) assuming that the scale coefficient a is constant
and that (L§') is a truncated stable process.

In this paper, we perform the joint estimation of the three parameters (6, o, «)
assuming that a € (0,2). Our methodology follows the ideas of [6] and is based
on estimating functions (we refer to Sgrensen [22] and to the recent survey by
Jacod and Sgrensen [12] for asymptotics in estimating function methods). Let
us recall brieflty the methodology developed in [6]. Observing that the condi-
tional distribution of h=%* (X, — fff‘ (0))/a(X¢,0) is close to the a-stable
distribution (this is estimated in total variation distance in [6]) the idea is to
approximate the transition density pp,(z,y) of the process (X;): by

hie (h—l/aw) ,

a(x,o) a(z,o)

where @, is the density of a symmetric a-stable variable S{. This approximation
permits to construct a quasi-likelihood function and then a natural choice of
estimating function is to consider the associated score function. In the present
paper, the additional estimation of the jump activity « requires extensions to
non bounded functions of total variation distance estimates and limit theorems
established in [6], to prove the asymptotic properties of our estimators. We stress
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on the fact that these asymptotic properties are established without restriction
on the jump activity a.

The estimation of # achieves the optimal rate and the information established
in [7] for a simplified stochastic equation but the rate of convergence and the
asymptotic variance-covariance matrix in estimating (o, &) depend on the func-
tion a. To take into account this new phenomenon, we distinguish between two
cases.

If the function a is multiplicative (multiplicative case), a(z, o) = oa(x), then
we show that the rate of convergence is non diagonal and we compute the
asymptotic variance of the estimator. This case extends the previous results
established respectively in [18] and [5] for a translated a-stable process, where
it is shown that the Fisher information matrix is singular in estimating (o, @)
with a diagonal norming rate, but that the LAN property holds with a non
singular information matrix using a non diagonal norming rate. Furthermore,
we can conjecture that in the multiplicative case our estimator is efficient since
the asymptotic variance in estimating (o, «) is the inverse of the information
matrix appearing in the LAN property established in [5] for the translated a-
stable process. A consequence of the non diagonal rate is that the asymptotic
errors in estimating o and « jointly are proportional, which is supported also
by our numerical simulations.

On the other hand, if the scale coefficient a does not separate o and = (non
multiplicative case), s — %(XS7 0p) is almost surely non constant, the result is
new and surprising. Indeed our estimator is asymptotically mixed normal with
a diagonal norming rate, faster than in the multiplicative case. Moreover, this
rate achieves the optimal rate of convergence in estimating marginally ¢ and
a. Especially this shows that, contrarily to the multiplicative case, the rate in
estimating jointly (0,0) and « coincides with the one obtained assuming that
« is known. Remark that the efficiency in the non multiplicative case is still an
open problem since the LAMN property is not yet established for a non constant
scale coefficient a.

The paper is organized as follows. Section 2 introduces the notation and
assumptions. In Section 3 we state our main results: estimation method and
asymptotic properties of the estimators. The main limit theorems to prove con-
sistency and asymptotic mixed normality of our estimators are established in
Section 4. Section 5 contains some simulation results that illustrate the asymp-
totic properties of the estimators.

2. Notation and assumptions

We consider the class of stochastic one-dimensional equations:
t t
X =z +/ b(Xs,G)ds—i—/ a(Xs—,0)dLY (2.1)
0 0

where (L¥) is a pure-jump locally a-stable process defined on a filtered space
(2, F, (Ft)eepo,1]; ). To simplify the notation we assume that 6,0 are real pa-
rameters. We observe the discrete time process (X, )o<i<n with t; = i/n, for
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i =0,...,n that solves (2.1) for the parameter value 8y = (6y, 09, @g) and our
aim is to estimate the parameter .

We make some regularity assumptions on the coefficients a and b that ensure
in particular that (2.1) admits a unique strong solution. We also specify the
behavior of the Lévy measure near zero of the process (L§)¢cjo,1]-

H1(Regularity): (a) Let Vp, x V5, be a neighborhood of (6y, 0g). We assume
that = +— a(x,00) is C2 on R, bis C? on R x Vp, and

sup( sup [0;b(z,0)| + [0za(z,00)]) < C,
x 96V90

Jp > 0 s.t. |02b(x,00)| + |02a(x,00)| < C(1 + |z[P),

1
a is non negative and Ip > 0 s.t. sup —— < C(1 + |z[?),
o€Vy, a(l‘70'>

(b) Vx € R, § + b(x,0) and o ~ a(x,0) are C>

dp > 0 s.t. sup 12 (|0bb(x, 0)| + |0k a(z, 0)|) < C(1 + |z|P),

X
1<i<3
(0,0)EVpy XV 1302

Jp > 0s.t. sup |0,0b(z,0)| < C(1+ |z|P).
0eVy,

H2 (Lévy measure): (a) The Lévy measure of (L) satisfies

v(dz) = LZ+)11]R\{0} (2)dz,

2"

where a € (0,2) and g : R — R is a continuous symmetric non negative bounded
function with g(0) = 1.

(b) g is differentiable on {0 < |z| < n} for some n > 0 with continuous
9:9(2)
9(2)

This assumption is satisfied by a large class of processes: a-stable process
(g = 1), truncated a-stable process (¢ = 7 a truncation function), tempered
stable process (g(z) = e =l X > 0).

derivative such that supy|.|<, ‘ < 00.

Remark 2.1. Our results rely on Theorem 4.1 and Theorem 4.2 in [6], ob-
tained under H2, that give a rate of convergence in total variation distance
between respectively the rescaled distributions of Xy, and LY, , and the locally
a-stable distribution and the stable distribution. The key point is that the rate of
convergence £y, satisfies \/ne, — 0. However, as in [3], [10] and [24], we could
consider, with some proof modifications (in this paper and in [6]), a more general
class of locally stable processes and weaken H2. In particular, our methodology
permits to consider v symmetric admitting the decomposition

golz
I/(dz) = M%—i-)ll{0<2§n}dz + Vl(dz).
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If v1, possibly singular, is supported on {|z| > n}, then due to the localization
introduced in Section 4.1 of [6], Theorem 4.1 and Theorem 4.2 remain true.
Moreover the result of Proposition 4.1 (in this paper) can be obtained (with a
different proof) assuming that f{|2|>n} |2|°v1(dz) < o0, for 0 < § < min(1, ).

If v1 is supported on R\ 0, we assume additionally that vy is absolutely
continuous for |z| < n with

Lio<lejemi(dz)/dz = Liocsj<m91(2)/|2]PTY, 0< B <a,

where go and g1 are continuously differentiable on {|z| < n} and go(0) = 1.
Then setting g(z) = go(z) + g1(2)|2|*?, we have
Liocjzj<m¥(d2) = Lio<)z1<my9(2) /|27 F1.

One can check that H2(b) is not satisfied for this function g since 0.g is not
bounded on {|z| < n}. But it can be proven that the result of Theorem 4.1 in
[6] remains true under the weaker assumption z — 20,9(z) bounded, which is
satisfied by g defined above. Turning to the result of Theorem 4.2 in [6] (es-
tablished under the condition g(z) = 14 O(|z])), we can obtain (with o dif-
ferent proof) the slower rate of convergence e, = min(n=1/* n=(@=A/a) jf
g(z) = 14+ O(|2]) + O(|2|*#) and 0 < B < a. Consequently to ensure the
convergence \/ne, — 0, we need the additional restriction 8 < a/2.

The rate of convergence and the information in the joint estimation of (6, oo,
ap) depend crucially on the function a and we will prove that if a separates the
parameter o (multiplicative case), the rate of convergence is not diagonal.

NDNM (non degeneracy in the non multiplicative case): s — a%aa(Xs7
00) is almost surely non constant. Almost surely, 3¢; € (0, 1), such that 9pb(Xy,,
6o) # 0, where (X¢)se[o,1) solves (2.1) for the parameter value So.

NDM (non degeneracy in the multiplicative case): a(x,0) = oa(x).
Almost surely, 3t; € (0,1), such that dpb(X¢,,60) # 0, where (X¢);e[0,1] solves
(2.1) for the parameter value fy.

We observe that in the multiplicative case the assumptions H1 can be written
simply in terms of the function @ as soon as oy > 0.

To estimate the parameter By = (6o, 00, ), we extend the methodology
proposed in [6] based on estimating equations (see also [22]). Considering X/,
solution of (2.1) (with f = (6,0,«a)) and introducing the ordinary differential
equation

20(9) = o + /0 b(£70(0),0)ds, t e [0,1], (2.2)

it is proved in [6] (combining Theorem 4.1 and Theorem 4.2) that nl/o‘(Xl/n —

f}’n(ﬂ)) /a(xg,0) converges in total variation distance to S, a stable random
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variable with characteristic function e~¢(@ul® Thus if X, /n admits a density,
denoted by p1/,(70,¥, 3), then p;/, converges in L'-norm to

/o =€, 0)
o) " a0}
where ¢, is the density of S{'. We mention that the existence of the density
P1/n is established under stronger assumptions on the Lévy measure (essen-
tially integrability conditions for the large jumps part), see for example [4] or
[9], but is not required in our method. So to estimate 3, the previous conver-

gence suggests to consider the following approximation of the likelihood func-
tion

1/a

log L, (8,0, ) Zlog( )cpa(zn(Xl 1, X:,0,0, a))) (2.3)

where
= E,0)

o) (2.4)

Zn(xay7970'7 Oé) = Zn(x7y76) =

Note that ¢, can be computed numerically (see for example [21]). A natural
choice of estimating functions is therefore the score function. This leads to the
following functions

G,
Gn.(B)=| G2(B) = —VgzlogL,(8,0,a), (2.5)
Gy

with for £k =1,2,3

£5) = 300 (X X25).
i=1

nl/o 89§f/n(0) 02 Pa

1 i = Zn \ T .
g (z,y,06) a@.0) o (zn(z,y,0)), (2.6)
) = 0D ) B, (2)
@ y.0) = B2 4 z(e ,y,ﬁ)a;%(zn(x,y,ﬂ))) (2.8)
_ Bapa

(zn(z,y,8)).

(e

Note that to compute the above functions, we used

o 9087, (0) P Osa logn

y OgZn = — ZTMazn:_ 2
a «

Opzn = —n/ Zn-

a(z,0)



2928 E. Clément and A. Gloter

To simplify the notation, we introduce the functions

ha(z) = az@a('z)/(pa(z)
ka(z) =14 zho(2), 0:ko(2) = ha(2) + 20,ha (%)

fa(2) = Oapa(2)/pa(2).

Note that we have the relation d,hy = 9, fq-
From Dumouchel [8], we know that

Fa sk (log(|z[))"
021052 pa(2)] < CW’

as |z| goes to infinity. This permits to deduce that hy, 0.ha, ko, 0.k, are
bounded on R x (0,2) and that for |z| large enough

|[fa(2)] < Cloglzl,  [0afa(2)] < Cllog2])*.

We also observe that 0.f, and z — 20,k.(z) are bounded and that z —
204 (%) is bounded, for |z| large, by C'log|z|.

Throughout the paper, we denote by C a generic constant whose value may
change from line to line.

3. Joint estimation
3.1. Main results

We estimate 8 by solving the equation G,(5) = 0, where G,, is defined by
(2.5) with g', g% and g3 given by (2.6), (2.7), (2.8). We prove that the resulting
estimator is consistent and asymptotically mixed normal. However the rate of
convergence and the asymptotic information matrix depend on the function a.
Let us define the matrix rate w,, by

1
_( w7z O _ (vt w2
Un=119 %vn poUn T 2 22 )
n n n

where v, is specified below, depending on the coefficient a.
Under the assumption NDNM, we obtain a diagonal rate of convergence as
stated in the following theorem.

Theorem 3.1. We assume that assumptions H1, H2 and NDNM hold and that
vy, 18 given by (diagonal rate)

v_(lO )
" Olo;n .

Then there exists an estimator (én, G,y Gi) solving the equation G, (8) = 0 with
probability tending to 1, that converges in probability to (6o, 00, an). Moreover
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we have the stable convergence in law with respect to o(L3°,s < 1)

0,, — 6o L
u' | 6 —o0 | = I(Bo) N,
dn — Qp

where N is a standard Gaussian variable independent of I(8y) and

1 89b Xq,e()) 2 «
I(fo) = [ Jo etioo dsEha, (S1%) 0 (3.1)
0 I,0(Bo)
with
1 9,a(X5,00)* 2 Q 1l 9,a(Xs,00) 2 o
aa(ﬁo) _ ( 10 1a(8Xa(<)7(;)20 ()i ]Ek 2(S 0) a? fO a(X, 02;) ds Ek (S O) ) '
a? fo ﬁd sEkg (S ‘) Q%Ekao(slo)

Note that the matrix I(8y) is invertible a.s. since from NDNM

1 L 9,a(X,,00)? Loya(Xs,00)  \’
ZRE2 (§90 9o 2s:90) 4o Yo 25, 90) 4 3.
af a°(51)</o a(Xs 002 </ a(X., 00) ) 0

Turning to the multiplicative case (assumption NDM), we have the following
result.

Theorem 3.2. We assume that H1, H2 and NDM hold. We assume moreover
that

1 logn 1 logn
vl — 4 va’l—Q — gl vb? = 2?2 g2
g0 &5} (o) Oéo
2l o g2t v2? 5 522 (3.2)

and that 790> — 5920%1 > 0. Then there exists an estimator (0,6, éy)
solving the equation G, (8) = 0 with probability tending to 1, that converges in
probability to (0y, 00, ap). Moreover we have the stable convergence in law with
respect to o(L¥0, s < 1)
9n - 90 L. —
ug' | Gn =00 | = I(Bo) VAN

dn_aO

where N is a standard Gaussian variable independent of 1(By) and

1 9gb(X.,00)2 2 g
1(Bo < Jo a(X, 00)20d sEhG, (S1°) e 0(60)_ ) (3.3)

(T T,
= (BTl )

with
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Remark 3.1. In the particular case of constant coefficients a and b (where
assumption NDM holds), our estimator is efficient. Indeed the rate of conver-
gence and the asymptotic Fisher information I are the one obtained recently
by Brouste and Masuda [5], where the LAN property is established from high
frequency observations, for the translated a-stable process

Xt=9t+05ta

Remark 3.2. If we have some additional information on the parameter oy,
we can replace the solution to the ordinary equation (2.2) by an approzimation
(see also Proposition 3.1 in [6]). In particular, if ag € (2/3,2), we can check
Jrom H1 that supyey, 1§5/,(0) =z —b(z,0)/n| < C(1+|x])/n? and consequently

setting Z(x,y, ) = nY/*(y—x—b(x,0)/n)/a(z, o), we deduce that (with V,S")(BO)
defined by (3.4))

sup |zn(@,y, B) — Zn(z,y, B)| < C(1 + |2]P)en,
BeV™ (Bo)

where n'/?e, goes to zero. This control is sufficient to show that the results

of Theorem 3.1 and Theorem 3.2 hold with the estimating functions GL(B) =
—Vglog L, (8) where L, is the quasi-likelihood function obtained by replacing
Zn by Zp, in the expression (2.3).

Remark 3.3. Since I(8y) and 1(Bo) are positive definite a.s., we can check that
the estimator (ém&n,dn) proposed in. Theorem 3.1 and Theorem 3.2 is also a
local mazimum of the quasi-likelihood function L, defined by (2.3), on a set with
probability tending to one (see Sweeting [25]).

For the reader convenience we recall the sufficient conditions established
in Sgrensen [22] to prove the existence, consistency and asymptotic normal-
ity of estimating functions based estimators. To this end, we define the matrix

Jn(ﬁlvﬁQa 53) by
n [ Vg (Xiza, X, B1)7

Tn(B1, B2, Bs) = > | Vag?(Xizi, X, f2)"
i=1 \ Vgg*(Xima, X, B3)"
For n > 0, we also define
Vi (Bo) = {(8,0, )i [|(un) = (B — o) || < 0}, (3.4)
where ||.|| is a vector or a matrix norm and A7 is the transpose of the matrix A.

With these notations, Theorem 3.1 and Theorem 3.2 are consequence of the
two following conditions:

C1: Vi > 0, we have the convergence in probability

sup ||’U’ZJ71(61762; 63)”71 - W(BO)H — 07
B1,82,85€Vi{™ (Bo)
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where W (By) = I(By) (assumption NDNM) or W(By) = I(By) (assumption
NDM).

C2: (ul'G,,(Bo))n stably converges in law to W (3y)'/2A where N is a standard
Gaussian variable independent of W (/) and the convergence is stable with
respect to the o-field (L0, s < 1).

Before starting the proof, we compute explicitly uX G,,(8y) and J,,. This per-
mits to understand how appear the conditions on the matrix v,, depending on
the assumptions on a. We have

Gn(ﬁO)
Vi 1% a0 (25 (o))

n

1\ 2 Ko Llognyp 2,1 i
= | 7= 2im | (o e T e Vkao (21, (Bo)) — v fao (21, (Bo))

Ooa(Xi—1,00)

7= i | (o Ao U2 T k(24 (Bo)) — v fao (21 (o))

where we have used the short notation
2n(B0) = 2n(Xiz1, X, Bo), (3.5)

with z,, defined by (2.4) and

7 X(i—1)/n
€ (00) = €570 (60),

with £ solving (2.2). Using the relation 0qho = O, fo, We now express each term
of the matrix J,,. We have

TENBo) =m0 S D R b (24 () (36)

i=1

- (8951- (90))2 ,
—_ /Dto L i
" Z a(Xi1,00)2 0:hay (2, (50))

=1
n 8 a(X7 1 ) .
Iy (Bo) = i (B0) = =t ) MTJ% n(60)0: Ky (24(Bo))
L3 Bo) = Tt (Bo) =

zn: 8051/n (60) logn
XL 1 0'0

0. 21 60) +azfao<z:;<ﬂo>>}

=1

R = 3 0 (%) (X, oo a4 0)

(X 00 (50)3zka0(22(50))} (3.7)
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T (Bo) = —Z[@ fao(i(Bo)) 1°g3”zfl<ﬁo>aahao(zmo))
#2228 o) + L o, (4 0] 39)
2,3 _ - @ _ _logn i i
J23(Bo) = I (Bo) = Z . (Xiz1,00) gzn(ﬁo)azkao(zn(ﬂt)))
21 (Bo)Dahas (7 (B0))] - (3.9)

From these computations and using the limit theorems established in Section
4, we can check conditions C1 and C2 and proceed to the proof of Theorem 3.1
and Theorem 3.2. We first remark that in the above expressions we can replace
997 /,,(0) by 9gb(x,0)/n. Indeed from H1 and Gronwall’s Lemma we have

1
sup [9p€7,,(0) — ~9pb(,0)| < C(1 + |a[?)/n?, (3.10)
9€V90 n

1
sup |05€7,(0) — —95b(x,0)| < C(1+ |z[?)/n?. (3.11)
0€Vp, n

Furthermore, by a standard localization procedure we can assume that a is
bounded. Indeed setting a® (x,0) = a(x,0)Zx(a(z,0)) where I is a smooth
real function, equal to 1 on [—K, K| and vanishing outside [-2K,2K], and
considering the process X¥ solution of (2.1) with coefficients b and @€, then
X = X% on OF = {w € Q;supgeyy |a(Xy- (w),00)] < K} and P(QX) — 1 as
K goes to infinity. Consequently, in the next proof sections, we assume that a
is bounded.

3.2. Proof of Theorem 3.1
8.2.1. Condition C2

We recall that hg,, ke, are bounded and that f,, is asymptotically equiva-
lent to the logarithm. Moreover some straightforward computations permit to
show that Eh, (S7°) = Eka, (S7°) = Efa, (S7°) = 0 and E(hggka,)(ST°) = 0.
Therefore from Corollary 4.1, we deduce the convergence in probability

1 n .
log ny/n ; fao (25, (Bo)) = 0

and from Theorem 4.1 we obtain the stable convergence in law

69b(X1 1 00)

77 2im 74)( 23 hao (21,(Bo))
Os a( i—1 UO)

7 Limt ety Feo (7 (50)) Loy 1(80) 2N,
S (b (2 (80)) — ok oo (4(50)))
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where I(3) is given by (3.1) and N is a standard Gaussian variable independent
of I(Bo).

Now with u,, given by

1
ni/ag—1/2 0 0
1
Up = 0 ni/2 0
0 0 nl/2logn

and using the approximation (3.10) it yields
1 o 906(Xi=1.00) i
T 2im1 aX ey Mo (21(5o))
ul G, (Bo) = | o OreXiz1.00) i +op(1)
n Ao vn Die1 a(X i-1,00) koo (2, (Bo)) PA)

L5 (ko (2 (80)) — oo (24 (0)))

and the stable convergence in law of ul G, () is proved.

3.2.2. Condition C1

We have to check the uniform convergence in probability

Sup |‘u;1;‘]n(51)623ﬁ3)un_I(BO)H _>O7
B1,B2,8:€V{™ (Bo)

with V" (o) defined by (3.4) and

Ji(B1) Ja2(B1) JE3(81)

n2/a0—1 ni/o0 ni/%0 logn
T _ J2.1(B2) J2,2(B2) J2,3(ﬁ2)
Uan(,BhBQ,,Bg)Un - 17::1/0‘0 = n glogn
Jot(Bs)  Jn(Bs) P (Bs)
nl/20 logn nlogn n(logn)?

where the coefficients of the matrix J,, are given by (3.6)—(3.9).

After a meticulous study of each term appearing in the matrix ul.J, (31, B2,
B3)u, and using the approximations (3.10) and (3.11), condition C; reduces to
prove the following uniform convergence in probability

1 « , ! N
sup | =Y f(Xim1,0,0)9a(1,(8)) — / F(Xe,00,00)dsEga, (S7)] = 0,
Bev,i™ (8) " =1 ' 0

1 n ; ) N
sup |—n1/aO E f(X% ,0,0)90(2,(8))] = 0, if Ega,(S7°) =0,
BEVA™ (Bo) i—1

for functions f depending on a, b and their partial derivatives with respect
to the parameters 6,0 and g, belonging to the set of functions hg, kg, 0.k,
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0z fo, Oxhe, 20 ke Oaha, Oa fa, 200ha. These functions satisfy the assumptions
of Theorem 4.2. Moreover, using the symmetry of ¢, (¢, and f, are even) and
the integration by part formula, we can prove

Eho(S$) = Bk (SY) = Ed.kq(59) = Edyha(SY) = K. fo(S) = 0
ED. ha( i") = —Eh2(S7)

ES$0. ko (SL) = —EE2(S?)  (3.12)
Eda fa(ST) = —Ef2(ST)

]ES?aaha(Sfé) = —ES?fa(Sf‘) ( ) ( afa)( ?)

The result follows then from Theorem 4.2 (convergence (4.3) and (4.4)).

3.3. Proof of Theorem 3.2

We first observe that from NDM 0,a/a = 1/0.

3.8.1. Condition C2

Since Ehq, (S7°) = Eka, (S7°) = Efqa, (S7°) = 0, we deduce from Theorem 4.1
the stable convergence in law

O o (z4(B0)
1 /1 0 \ | T feolznlfo
ﬁ<0 vT>Z Ko (4,(50))

SNEAES)

£ T(50)' 2N,

1=

where () is given by (3.3) and A\ is a standard Gaussian variable independent
of 1(50)
Using the approximation (3.10) and the property of v, (3.2), we deduce

69b(X§,90) i
1 /1 0 \<& mhao(zé(ﬁo))
7o )2 (0

fao( 0))

+OP(1)7

<

i=1
and C2 is proved.

3.3.2. Condition C1

We will prove

Sup Huz;‘]n(ﬁl762aﬁ3)un - T(ﬁo)” _> 0
B1,B2,83€ V™ (Bo)



Joint estimation 2935

‘We have:
ul Jo (81, B2, B3)un =
Ty (B A (JE2(B1), T3 (1) on
b o O 0 )T ol () ) Yo )

and using the symmetry of .J,,, the proof reduces to the following convergence
in probability

JENB) [ 0b(Xs, 00)?

sup | — dsEh2_(S0)] — 0, (3.13)
BEVA™ (Bo) n?/ao-l o a(Xs,00)? o
1
sup |W(J71J2(52), I (Bs))vn| — 0, (3.14)
B2,85€V,™ (Bo)
1 2 (Ba) I3 (B 77 _
sup 12t (i) Tl ) o= o TaaGuyell 0. (319
B2.65€V,™ (Bo) n \P3) Jn A3

From the expression of J,, given in (3.6)—(3.9) and using the approximations
(3.10) and (3.11), convergence (3.13) follows from (4.3) and (4.4) in Theorem
4.2 and (3.14) is a consequence of (4.5) in Theorem 4.2, since the terms of the
matrix v,, are bounded by logn. To study the convergence (3.15) we observe

that
1 logn
Ez("“ ‘113 )xvn+0(1)

0

and consequently we just have to prove

2,2 2.3 _
s 0 (5 (aln) el ) Tl )l 0 30

B2,85€V™ (Bo)
where
— EkZ, (ST°) —E(ka, f )(5a°)>
Jn :713; o 71 o e Oéoao ! Tn,
(o) ( “E(kayfop)(S70)  Ef2(570)
with

1 logn
7
T, = 90 @ .
" 0 1

To simplify the notation we introduce the following normalized sums:
1 n ;
S3(8) =~ Zl (2 (8))

SEH(B) = > A (B)0:ka(24(6)
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1 .
(20h) —— § ) i
Sn (/8) n p— Zn(ﬁ)aah(x(zn(ﬁ))
. 1 <
(0f) — i
SP0) = 5 2 Onfals

and from (3.7) (3.8), (3.9) we obtain

%Js 2(8) = ~ 5 (SP(B) + 5¥(5)

1 _ logn (=) 1 con

1 ogg (10g”) (k") g7 (zon) 5y _ 9108 o) ay _ (o)
L) = - BB 519 (5) 1 21981 500 9) — 9 1B 5(0(5) — 517(5).
A

simple computation gives moreover

_ SR (ST°) sym
In(B0) = | tognpi2 (goo 1 apy 22
TagEkao(Sl ) - %E(kaofao)(sl ) Jn (50)

with 7, (Bo) = UERERR2 (S5°) — 2Y52E(Kay fao)(S7°) + Ef2,(S5°). Then
using once again that v, is bounded by logn, (3.16) is proved as soon as we
have the following convergence in probability (with ¢ < 4)

sup  |(logn)?S(8)| — 0,
BeVii™ (Bo)

sup  (logn)?|SSF) (B) + EkZ (S7°)] — 0,
BeV{™ (Bo)
sup  (logn)?[SGOM (B) + E(kay fay) (ST°)| — 0,

BeV,{™ (Bo)

sup  (logn)?[S{PV(B) + Ef2 (S°)| — 0.

BeV (Bo)

Recalling the equalities (3.12), the above convergence results from (4.5) in The-
orem 4.2.

4. Limit theorems

We state in this section some limit theorems (Central Limit Theorem and uni-
form Law of Large Numbers) that are crucial to obtain the asymptotic properties
of our estimators. We follow the approach proposed in [6], extending the results
to non bounded functions, with some uniformity with respect to the parame-
ter a.

The next key proposition extends to non bounded functions the control in
total variation distance established in [6] (Theorem 4.1 and Theorem 4.2).
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Proposition 4.1. Let f be a real function such that
Ve eR [f(z)] < C(1+ (log(1 + |z]))?),

for some constants C > 0 and q > 0. Then assuming HI1, H2 and a bounded,
we have

i)

(X1/n — &79,,(60))
|Ef <n1/ao 1/a(w0 ZQ) 0 ) 7Ef(n1/a0L(1l7n)| < C’(l + |‘T0|)5na

i)
[Ef(nt/*0L3s ) —Ef(S7°)] < Cey,

where n'/%e,, — 0 as n goes to infinity.

(X1/n—£77,,(60))
W — 1l /n
PT’OOf. e set Zn =N /a0 W

f1{jz|<k,}- By assumption, ||fx,,[|c < C(log K,)? and from Theorem 4.1 and
Theorem 4.2 in [6] we have

and we consider the truncation fx, =

[Efre, (2n) = Efic, (n'/*° L9 )| < C(1 + |ao|) (log Kn)

[Efic, (00 LY9,) = Efk, (S79)] < C(log Kp) %,

where &, = 1/n'=¢ if ay < 1, for any € € (0,1), and &, = 1/n*/* =% if ag > 1,
for any € € (0,1/ap). Then, if K,, = nP for any p > 0, we deduce

Vvn(log K,)%, — 0.

It remains to bound |Ef(S7°) — Efk, (ST°), [Ef(zn) — Efk, (zn)] and
Ef(nV/20 L3 ) — Bfic, (n/*0 L9, )].
For 6 < ag, we have

[Ef(ST°) — Efk, (ST = E[f(ST°)1{ 570> &,
C o C
< K_g(l +E(log?(1 + [SF])[S7° ) < ok

and we conclude choosing K,, = n'/?. Turning to the second term and proceed-
ing similarly we just have to check that for § < ay

E[n'/* (X1/n — &79,,(60))° < C, (4.1)

since from H1 a is lower bounded. Using Gronwall’s Lemma, we have

S

sup [t/ (X, — £70(6p))] < Cnt/e sup | [ a(Xu_,00)dLE°],
s<1/n s<1/n JO
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and (4.1) holds if En®/®0 sup,,, | [5 a(Xu—,00)dLg0|> < C. This is obtained
by rescaling. Setting L} = nl/O‘DLf‘/"n for t € [0,1] then (L});cp0,1] is a Lévy
process with Lévy measure v™ given by

v (dz) = (z/n'/*0)dz.

1
[efeart?

Considering now (X}"):e[o,1) that solves the equation

X =$0+ﬁ/0 b(Xsa9o)d8+m/0 a(X;,00)dLy,

we can check that the processes (X, nl/O‘OLf/(’n)te[Oyl] and (X7, L) ¢ejo,1) have
the same law, and (4.1) reduces to prove

Esup| [ a(X" , 00)dL"]° <C (4.2)
s<1 0

We can split (L) in two parts (small jumps and large jumps): L} = Li"" + L}»?
with

t
L?’lz// zp(ds, dz),
0 J{o<|z|<1}

t
L?’Q:/ / zu"(ds, dz),
0 J{|z|>1}

where ™ and p™ are respectively the Poisson measure and the compensated
Poisson random measure associated to (L}'). Since 2/§ > 1, we deduce using
successively Holder’s inequality and Burkholder’s inequality

S S

Esup| a(X,_, UO)dLZ’1|6 < (Esup] a(X]_,
s<1 Jo s<1 Jo

1
< C(E/ / (12(X3_,00)Z2Vn(dz)ds)5/2 <C,
0 J{o<|z|<1}

o)L )72

since a is bounded. Considering now the large jumps part and assuming more-
over that § < min(1, ap) we have

S

1
Esup| [ a(X"_, 00)dL™?)° < IE/ / |2|° " (ds, dz) < C,
s<1 Jo 0 J{|z|>1}

since 0 < ap, and i) follows. Observing that (4.1) implies ]E|n1/a0L‘f/°n\5 <C
(taking b = 0 and @ = 1), we obtain ii). O
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From this proposition, we obtain a Central Limit Theorem for non bounded
functions.

Theorem 4.1. We assume H1, H2 and a bounded. Let h; : R —- R, i=1,2,3
be Ct functions such that

Vi, Vo € R, |hi(x)] + |0zhi(z)] < C(1 + (log(1 + [=]))9),

for some constants C' > 0 and ¢ > 0 and let f; : R — R be continuous func-
tions. We assume that Eh;(S7°) = 0 for i = 1,2,3. Then we have the stable
convergence in law with respect to o(L%0,s < 1):

L& fl(X1 1)h1(zn(X1 L Xi,ﬂo))
ﬁz f2(X1 1)h2(Z (X1 1 X7,50)) &>21/2N’
[ — f3(X%)h3(z,L(X% Xi’ﬂo))

where z, 15 defined by (2.4), N is a standard Gaussian variable independent of
Y and for1 <i,5 <3

S, = / (i) (X.)ds B(hihy)(S%).
0

Proof. Using Proposition 4.1 and following the proof of Corollary 3.1 in [6], we
obtain the convergence in probability for j =1,2,3

I/Qij (Xis ( (en(X iz, X5, o)) — (nl/a"ALi)> 0,

where AL; = Li — Li—1. Now we can extend the proof of Theorem 3.2 in [6]
to non bounded functions h; with logarithmic growth and we obtain the stable
convergence in law

n f1(Xia)hy(nt/@0ALy)
| B ooh@ /AL | L s D
TR (X e )hg(nV 0 ALy)

An immediate consequence of Theorem 4.1 is the following convergence in
probability.

Corollary 4.1. We assume H1, H2 and a bounded. Let h : R — R be a C!
function such that

Ve e R |h(z)] +|0:h(z)| < C(1 + (log(1 + [x]))?),

for some constants C > 0 and ¢ > 0 and Eh(S7®) = 0. Then we have the
convergence in probability

1
\/_logn
with z, defined by (2.4).

Zh Zn XL 1 X 90,0’0,0(0))—)0
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We finally establish some uniform convergence results that extend Theorem
3.1 in [6].

Theorem 4.2. Assume H1, H2 and a bounded. Let f be a continuous function
such that

P (£ (2, 0,0)| + 199 f (x,0,0)| + 105 f (2,0, 0)]) < C(1 + |z[7),
0,0)eKo

where Ky is a neighborhood of (0y,00) and let (z,a) + ga(2) be a C' function
(with respect to (z,a)) such that 0,g. is bounded (uniformly in o on compact
subset of (0,2)) and such that

|9a(2)| + [0aga(2)] < C(1 + (log(1 +[2]))"), p>0.
Then we have the convergence in probability
1
sup I—Zf (Xi=1,0,0)ga(2,(8)) —/ f(Xs,00,00)dsEga, (S7°)] = 0,
Bevii” (Bo) " 0

(4.3)

where V,ﬁ”)(ﬁo) and z& (B) are defined respectively by (3.4) and (3.5).
Moreover if Ega, (S7°) = 0, the following convergences in probability hold

sup }ao Zf (Xiz1 1,0 ,0)9a(22(B))] = 0, (4.4)
BEV™ (Bo) i
sup logn" Zf Xiz1,0,0)ga(24(8))] =0, ¥g>0. (4.5)

BeV, (Bo)

Before proving this result we remark that for g V,S")(b’o) we have: [0 —6y| <
n/n'/*0"2, Jo — go| < Cnlog(n)/y/n and |a — ag| < Cnlog(n)/v/n.

The proof of Theorem 4.2 relies on Proposition 4.1 and on the following two
Lemmas.

Lemma 4.1 (Lemma 4.2 in [6]). Assuming H1 and H2, there exists p > 0 such
that Ve > 0 and ¥6 € (0,1)

C(e)(L+ |ao|”) 255 if ag < 1,

n("O

1 o
P ('Z"(xO’Xl/n’BO) -n /%Ll;n| > E) = { Ce)(1+ \xo|p) —=, ifag>1,

where C(e) is a positive constant.

Lemma 4.2. Assuming H1 and H2, there exists p,q > 0 such that

Ve >0, Pr,_, ( sup |25 (8) — nt/ AL > 5) <CE) 1+ |Xi1|?)/n,
™ \Bevi™ (o) !

(4.6)

where C(g) is a positive constant, AL; = L5 —L%°, and 2% (B) is given in (3.5).

n n
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Proof. We have the decomposition
nt/e a(Xiz1, 00)
nt/eo a(Xi-1,0)
nl/a a(X%,O’O)
nt/® a(Xi-1,0)
nlt/e 1

+n1/a0 a(Xi-1,0)

n

2 (B) —n'/*AL; = (2 (Bo) — n' /™ AL;)

- l)nl/ao ALI

!/ (€1 (00) = €1/ (6))-

The proof follows then the same lines as the proof of Lemma 5.1 in [6] using
nl/a

Lemma 4.1, 8 € V,,(Bp) and observing that |Z— — 1] < C'log(n)?//n. O

nl/ag
Proof of Theorem 4.2. We recall the following useful result to prove convergence
in probability of triangular arrays (see [11]).
Let (¢I") be a triangular array such that ¢ is F.-measurable then the two

following conditions imply the convergence in probability > &, (* — 0 :

n
Z |Ej7,_, ¢' = 0 in probability,
i=1

n
ZE\}‘Q |Qn|2 — 0 in probability.
i=1 "

From this result, the methodology is similar to the proof of Theorem 3.1 in
[6] and we just outline the main steps. The difference with [6] is that « varies
and the function g, is not bounded. Note however that 0,g, is bounded. We
check the following convergences in probability, Vg > 0,

logn)¥ — )
swp LB SN 0,0) = F(X it 00, 00))ga( (B = 0, (A7)
BV By " =
logn)9 — )
sup [P S (X1 00,00) (00 (24 (9)) — gy (020 AL 0,
BEV™ (Bo) n i=1 )

(4.8)

10 q n
{ogn)? gnn) 3 (X izt, 8, 00)(gag (0120 AL;) — Bgay (S79))] = 0, (4.9)

i=1

1 !
|Ezf(xi;l,eo,o—o)—/ F(X., 09, 0)ds| = 0. (4.10)
i=1 " 0

The last convergence is immediate, (4.9) is a consequence of Proposition 4.1.
We check (4.7) observing that

iyl sup (log(l+|Z(B)) < CO+Xa ), (411)
™ BeVi™ (Bo)
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for some p’ > 0. Indeed from (4.1) we have
By, 450l < C.

for any § < ag. Furthermore a straightforward computation gives

nl/e CL(Xi;_l ,00)

nt/eo q(Xi-1,0)

2n(B) — 21,(Bo) = ( — 1)z}, (Bo)

nt/® 1
Jrnl/o‘o a(Xiz1,0)

nt/®0 (&l (60) — &/, (0))

and then

sup [24(8) = 2, (B0)] < C(L+ [ Xoa ') (1 + |24 (Bo) ) log )2/ V.
BEVL™ (Bo)
This permits to deduce (4.11) and at last, (4.8) follows from (4.11) and Lemma
4.2. The convergences (4.7)—(4.10) permit to obtain (4.3) and (4.5) in Theorem
4.2.
To prove (4.4), combining (4.11), Lemma 4.1 and Lemma 4.2, we check the
convergences in probability for cg > 1

1 = i i
sup [ > f(Xiz1,0,0)1q1x,_, 1<x}[9a(2(B)) = gao (2,(B0))]| = O,
BeVi™ (Bo) i=1 "

n

1 T
sup |WZ]F(X%7970)1{|X§\SK} {gao(zn(ﬁo))
BV (8o) i=1 '

By, Goo (21(50))| | = 0.

R ;
sup |’I7,1/O‘U E f(X%’e’o.)]‘{‘Xizl|§K}E|]:i;1 gao(zn(ﬁo)” — 0.
=1

BeV™ (Bo)
These convergences are obtained with similar computations than the one used
in the proof of Theorem 3.1 in [6] and we omit the details. O

5. Numerical simulations

In this section, we make numerical simulations. We aim to show that the joint
estimation of the three parameters (0,0, ) is feasible in practice in several
models. We also want to illustrate that the asymptotic behavior of the estimator
is different whether the model satisfies the condition NDM or NDNM, which is
the main finding of Section 3.1.

5.1. A multiplicative model driven by an a-stable process

We consider the process (X¢)¢cjo,1) solution of

dX; = 0X,dt + o/1 + X2dS?,
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where (Sf); is a symmetric a-stable process with characteristic function u —
e~ 1" Assumption NDM holds true and we can apply results of Section 3.1.

As matrix rate, we choose v} = 09, v)? = —Z% log(n), v2!' =0, v2? = 1. This
0
choice is such that (3.2) holds true with 7 = (1) ? . Let us denote by Z a
Gaussian random vector with law N(Ogs, K,,) where
E[h2,(55°)] 0 0 B
o= 0 B2, (S7)]  ~Bl(hug fo)(SE| . GD)
0 —E[(kag fao ) (57°)] E[fa,(51°)]

Then, from the stable convergence result of Theorem 3.2, one has the conver-
gence to Z of the vector

fl 8221)(()5(;?0) d8)1/2 1/co— 1/2(9 _90)

V(i) + BEEL/(én — ao)
V(b — ag)

Thus, the rate of estimation is n'/*0~1/2 for 6, and \/n for ag. Moreover, we get

that lo\g/(;)(g";)”“)Jr /(G —ag) =222 0. This implies that \{)(Jn 09) =
—Z—% n(&, —ag) + 0p(1) oo ag 9 Zs. Hence, the rate of estimation for o
\/ﬁ

is Tou(n) and asymptotically the estimation errors for the parameters oy and
ag are proportional and have a correlation tending to —1. Comparing with the
situation of non-multiplicative model, addressed in Theorem 3.1, we see that
both parameters ag and o are estimated with rate slower by a log(n) factor in

the multiplicative case.

5.1.1. Numerical results

For numerical simulations, we choose 6y = 0.5, 09 = 1, a9 € {0.7,1.3,1.7}. We
let the number of data n ranges in the set {128,256, 512, 1024, 2048}. We simu-
late the process (X;) with an Euler scheme with step (1000n)~t. In Tables 1-3,
we give an estimation by Monte-Carlo of the mean of the estimators together
with their standard deviations. In these Monte-Carlo experiments, we used 1000
replications.

From Table 1, we see that for g = 0.7 the joint estimation of the three
parameters works well. Especially, the estimator of the drift parameter performs
extremely well for ag = 0.7, which is expected, since the rate of estimation
is nt/07=1/2 ~ n09 For ay = 1.3 (Table 2), the estimation of o and ag
works well while the estimation of 6y has some bias which reduces slowly as n
increases. For ag = 1.7, we found that the estimation of the drift parameter 6,
has both a very large bias and standard deviation. Actually, the convergence of
the estimator 6, occurs with the extremely slow rate n!/%7—1/2 ~ p0-0882 4nq
it seems impossible, in practice, to get a correct estimate of the drift parameter
when oy = 1.7.
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On the other hand, we see that the estimation of oy and ag works well again.
It means that the impossibility to estimate correctly the drift parameter for
ap = 1.7 has no negative impact on the estimation of the other parameters.

In Tables 4-6, we give an estimation of the standard deviation of the error
of estimation rescaled in a way that it theoretically converges to a Gaussian
variable whose variance can be computed using (5.1). Let us stress that, as the
asymptotic law of 0,, is mixed normal, the estimation error 0,, — 0y is rescaled
by a factor involving the random quantity

1 2 -1
Vg, = </ 0pb(Xs,60) ds) )
o a(Xs,00)?
that we approximate, in practice, by a Riemann sum based on the simulated
observations (X;/y)i=o,....n- As the entries of the matrix K,, given in (5.1) are
not explicit, the theoretical asymptotic standard deviations for these rescaled
errors are computed using numerical integration. These theoretical standard
deviations are reported in the last line of each tables 4-6.

In Tables 46, we see that the asymptotic behavior of the estimator is exactly
as predicted from the theoretical study: the rate of estimation for 6y, o, and «y
are exactly n!/®0=1/2 n1/2/log(n) and n'/2. Moreover, the asymptotic rescaled
standard deviations are close to the theoretical one.

In Figures 1-3, we plot the histograms of the distribution of the rescaled
errors of estimation, together with the density of their Gaussian limits. For the
sake of shorntess, we only plot the results for n = 2048 and « € {0.7,1.3,1.7}.
It appears that the empirical distributions are close to their theoretical limits,
in all cases.

In Table 7, we display the empirical correlation between the estimators &,
and &, for different values of ag and n. As expected from the theory, in the
multiplicative case this correlation tends to —1 as n — oo.

Our last numerical experiment in the multiplicative case is related to Remark
3.2, where we state that for g > 2/3, one can replace in the contrast function,
the quantity §f/n (0) by its one step Euler approximation ff/n(é) ~ z+b(x,0)/n.
We see, by comparison of Table 8 with Table 1, that the quality of estimation is
thf same when one uses the approximation of {7 /n(é’) as when one uses its true
value.

TABLE 1
Estimation: Multiplicative case ag = 0.7

n Mean 6, Std 6, Mean 6, Std 65, Mean &, Std G,
128 0.498 6.7%10 2 1.184 818 % 10 1 0.709 6.76 « 10 2
256 0.500 3.30 % 102 1.157 6.55 % 101 0.702 4.70 % 102
512 0.500 1.65 % 102 1.110 4.75 %1071 0.700 3.19 %102
1024 0.500 7.74 %1073 1.062 3.70% 1071 0.700 2.31%10™2
2048 0.500 4.36 x 1073 1.045 2.75 %1071 0.700 1.64 % 102
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TABLE 2
Estimation: Multiplicative case ag = 1.3

2945

n Mean 6, Std 6, Mean 6, Std 65, Mean &y, Std &g

128 0.443 6.85% 10~ 1 1.048 3.66 % 10~ 1 1.316 1.27 %101

256 0.386 6.31 %1071 1.031 3.01% 107! 1.310 9.35 % 102
512 0.424 5.77% 1071 1.014 2.39% 1071 1.306 6.47 % 102
1024 0.429 5.06 x 101 1.014 1.78 %101 1.302 4.41 %102
2048 0.457 4.26 %1071 1.011 1.38 « 101 1.300 3.16 % 10~2

TABLE 3
Estimation: Multiplicative case ag = 1.7

n Mean 0,, Std 6, Mean 6, Std 65, Mean &y, Std &n

128 -0.549 2.46 1.018 2.20 %10~ T 1.706 1.13 %101
256 -0.493 2.39 1.012 1.76 % 10~1 1.704 9.20 * 102
512 -0.299 2.02 1.008 1.41 %1071 1.701 6.67 %1072
1024  -0.299 2.02 1.011 1.07 x 10~1 1.700 4.75 % 1072
2048  -0.184 1.92 1.004 8.06 102 1.700 3.20 % 102
TABLE 4
Std of rescaled errors: Multiplicative case ag = 0.7
_% 1 1 . NS ~
n Ve0 neo 2(6, —06p) m(an —o00)  V/n(én —ao)
128 1.15 1.91 0.76
256 1.11 1.89 0.75
512 1.08 1.73 0.72
1024 1.05 1.71 0.74
2048 1.06 1.63 0.74
Theoretical limit 1.10 1.55 0.76
TABLE 5
Std of rescaled errors: Multiplicative case ag = 1.3
_% 1 1 . NS ~
n VeO neo 2(6, —0p) m(an —o00) Vn(én —ao)
128 1.27 0.85 1.44
256 1.35 0.86 1.50
512 1.39 0.87 1.46
1024 1.46 0.82 1.41
2048 1.48 0.81 1.43
Theoretical limit 1.52 0.84 1.42
TABLE 6
Std of rescaled errors: Multiplicative case ag = 1.7
~ 3,003 (f N A
n Vo, 2n*0 2 (0n —bo) W(U” —00)  V/n(Gn —ao)
128 1.51 0.53 1.42
256 1.49 0.51 1.47
512 1.45 0.51 1.51
1024 1.49 0.49 1.52
2048 1.50 0.48 1.545

Theoretical limit 1.50 0.51 1.50
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Fic 1. Distribution of the rescaled errors of estimation and comparison with their theoretical
Gaussian limits (0o = 0.5, o0 = 1, ag = 0.7, n = 2048, multiplicative model).
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Fic 2. Distribution of the rescaled errors of estimation and comparison with their theoretical
Gaussian limits (0o = 0.5, o9 = 1, ap = 1.3, n = 2048, multiplicative model).

(a) Vg,

1
2

2

1
n <o

o 2 s s 10 -5 oo o5 10 15 20 pn 2 o 2 3

TEOn—00)  (b) 5 (Gn — ) (©) Vitlan — ao)

Fic 3. Distribution of the rescaled errors of estimation and comparison with their theoretical
Gaussian limits (0 = 0.5, 09 = 1, ag = 1.7, n = 2048, multiplicative model).

TABLE 7
Correlation between &, and én (multiplicative model)

o § 128 256 512 1024 2048
0.7 -0.85 -0.89 -0.93 -0.94 -0.96
1.3 -0.91 -093 -0.95 -0.97 -0.97
1.7 -0.90 -093 -0.94 -0.96 -0.96
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TABLE 8
Estimation: Multiplicative case ag = 0.7. Euler approximation for {f/n(O)

n Mean 6, Std 6, Mean 6, Std 6, Mean &y, Std an
128 0.501 7.10% 10~ 2 1.235 8.74 %10 T 0.707 6.72 % 10~ 2
256 0.500 3.11% 1072 1.146 6.46 % 101 0.704 4.74 % 102
512 0.499 1.71 %1072 1.107 4.62 %101 0.700 3.21 %102
1024 0.501 8.06 % 103 1.035 3.50% 1071 0.702 2.28 % 10™2
2048 0.500 4.25 %1073 1.031 2.61 %1071 0.700 1.59 % 102

5.1.2. Discussion about the implementation

The minimization of the contrast function (2.3) was conducted using quasi-
Newton methods implemented in Python Numpy package. It necessitates to
compute numerically the values of the contrast function and of its deriva-
tives, and thus involves numerous evaluations of the functions ¢, 9,p, and
Oapa- These three functions are computed using their integral representations
given in [20] and [21], that can be numerically intensive. However, numerical
evaluation of the quantities ¢ (2 (X i1 ,X%,ﬁ)), 0200 (2n(Xima ,X%,B)) and
3a<pa(zn(Xﬂ,X%,B)) for different values of i = 1,...,n can be computed in

parallel, using different threads for different values of i. In our numerical simu-
lation, we used CUDA programming language, to implement the computation
of the contrast function, and its derivative, with a multi-threaded code on GPU.
Using a Nvidia GTX1080 GPU, the Monte-Carlo experiments presented in Ta-
ble 1-3 with n = 2048 and 1000 iterations take around 2 hours each. Hence,
searching the values of the parameter for one observation of length n = 2048
takes a few seconds, showing that our contrast method is implementable, and
fast, in practice.

Theorem 3.2 states existence of some zero of the gradient of the contrast
function, that yields a consistent estimator. However it does not prevent exis-
tence of other zeros that would not be a convergent estimator. Nevertheless, in
practice the maximization algorithms always find a consistent estimator, and
do not seem to be trapped on local maximum, or non consistent maximum, of
the quasi-likelihood function. Searching directly the zeros of the gradient of the
contrast function provides convergent estimators as well. This suggests that the
zero of the gradient function might be unique for most simulations and reaches
the global maximum of the contrast function. To support this, we draw one
sample path of observations (X;/y)i=0,..n With n = 2048, 0y = 0.5, 09 = 1,
ap = 0.7, and explore the shape of the contrast function (2.3). In Figure 4, we
plot the graph of

[—2,2] x [0.1,3.961] —R
(0,0) — log L (0,0, )
for aw € {0.5,0.6,0.7,0.8,0.9}. Figure 4a) plots the cross section for the true value

ag = 0.7, and we see that the maximum in (6, 0) is reached in a unique point
close to the true value (6p, o). In Figures 4b)—e), we see that the maximization
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(a) Section of the contrast at o = 0.7
Max is reached at 6 = 0.480 and
o = 0.958 and its value is 16154

(b) Section of the contrast at « = 0.6 (c¢) Section of the contrast at a« = 0.8
Max is reached at 8 = 0.480 and Max is reached at 8 = 0.480 and
o = 3.961 and its value is 16088 o = 0.256 and its value is 16141

(d) Section of the contrast at & = 0.5 (e) Section of the contrast at o = 0.9
Max is reached at 8 = 0.480 and Max is reached at 8 = 0.480 and
o = 3.961 and its value is 14726 o = 0.1 and its value is 16099

F1G 4. Plot of the cross section at different values of «

of the contrast function at cross section with values of « far from «g yields to a
correct estimation of 8, while estimation of ¢ is far from its true value. However,
the values of the maximum in Figures 4b)-e) are lower than the one for oo = 0.7,



Joint estimation 2949

16000
15000

X 14000 |
05 13000
12000

Fic 5. Plot of the cross section at 6§ = 0y = 0.5. Max is reached at o = 0.802 and o = 0.712
and its value is 16157

showing that when maximizing the contrast function with respect to (6,0, «),
the maximum will be reached for a close to ag = 0.7. Figure 5 shows the cross
section of the contrast function at § = 6y = 0.5. We see that the maximum
in (o, 0) is reached near the true value (ag,09). Eventually, maximizing with
respect to the three parameters, by Python Numpy package, yields to Bn =
(0.495,0.849,0.709) and the quasi-Newton maximization algorithm converges
after 18 steps.

5.2. A non multiplicative model driven by an a-stable process

We consider (X¢)¢ejo,1) solution of
dX; = 0X,dt + exp(osin(X;))dSy,

where (S§); is a symmetric a-stable process. The assumption NDNM holds true,
and thus we can apply Theorem 3.1. As a consequence the rate of estimation is
nt/@0=1/2 for @y, \/n for o and /nlog(n) for ay. Comparing to multiplicative
case, the rate of estimation is log(n) faster for both parameters oy and ag. We
make numerical simulations to see if the rate is indeed faster, in practice, in the
non-multiplicative case than in the multiplicative one. The asymptotic law of
the estimation error is mixed Gaussian by Theorem 3.1, and we define rescaled
errors of estimation that have Gaussian laws. Let us define

1 2
0pb(Xs, 00)
= 7d
e </0 a(Xs, 00)? S)

! 800(}(3a00)2 ! 300(}(s700) 2
V“°‘</o a(Xs, 00)? ds‘(/o a(Xs, 00) ds))

-1

—1
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TABLE 9
Estimation: Non multiplicative case ag = 0.7

n Mean 6, Std 0, Mean 6, Std 65 Mean &, Std G,
128 0.500 5.85 % 102 1.170 8.55 % 10~ 1 0.703 2.58 % 102
256 0.500 2.92 % 102 1.056 6.09 x 101 0.702 1.69 x 102
512 0.500 1.13 %102 1.038 4.63% 101 0.701 9.88 % 10~3
1024 0.500 6.50 x 103 1.031 3.69 %101 0.700 6.55 % 103
2048 0.500 3.86 %103 1.023 2.51 %1071 0.700 4.60 % 10~3

TABLE 10
Estimation: Non multiplicative case ag = 1.3

n Mean 0, Std 0, Mean 6, Std 6, Mean & Std an
128 0.458 3.82% 10~ T 1.046 351 %101 1.308 5.94 % 10~ 2
256 0.448 3.44 %10~ 1.019 2.54 %1071 1.302 3.67 %102
512 0.476 3.54 %1071 1.008 1.81 %101 1.302 2.35 % 10™2
1024 0.465 2.91 %101t 1.002 1.34 %101 1.301 1.59 % 102
2048 0.496 2.81 %1071 1.003 9.51 %102 1.300 9.82 %1073

TABLE 11
Estimation: Non multiplicative case ag = 1.7
n Mean 6, Std 6, Mean 6, Std 65, Mean & Std an
128 -0.358 2.04 1.015 2.23%10° 1 1.702 742 %10~ 2
256 -0.289 1.98 1.001 1.75% 1071 1.700 5.08 x 102
512 0.033 1.44 1.003 1.28 101 1.702 3.36 x 102
1024 0.202 1.22 1.003 9.17 % 10~2 1.701 2.52 % 102
2048 0.245 1.06 1.004 6.66 % 102 1.701 1.55 % 102

1 2
Ora(Xs, 00)
‘ra _ 4 o S d ‘70 .
’ 040/0 G(Xsﬁo)z #Vao

Then, from the stable convergence result of Theorem 3.1, we have

Vo /2nt/e0 124, — 6g) 220 N(0, (Bhay (579)) 1) (5.2)
Vo260 — 00) =225 N0, (Bka, (S70)) 1) (5.3)
Vo2 /mlog(n) (A — B0) “=2 N(0, (Bkay (55°)) 1) (5.4)

In Tables 9-14, we present results of numerical simulations conducted with the
true values of the parameters 6y = 0.5, 0p = 1 and g € {0.7,1.3,1.7}. We show
a Monte-Carlo evaluation, based on 1000 replications, for the mean and standard
deviation of these estimators. Moreover, we evaluate the standard deviation of
the rescaled errors of these estimators defined as on the left hand-side of (5.2)-
(5.4). We compare these standard deviations with the theoretical limit given
by the standard deviation of the variables appearing on the right hand-side of
(5.2)—(5.4).

From the results in Tables 9-11, we see that the estimation of the three
parameters performs well for g = 0.7 and ap = 1.3, and the parameters o
and aq are well estimated for ag = 1.7 as well. Moreover, from Tables 12-14,
we see that the asymptotic behavior of the estimator is in practice very close
to the description given by theoretical results (5.2)—(5.4). In Figures 6-8, we
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TABLE 12
Std of rescaled errors: Non multiplicative case ag = 0.7

—_ 1

(9n - 90) VU;% \/ﬁ(&n - 0'0) Vojg% \/ﬁlOg(n)(OA‘n - ao)

Nl
)|

n V90 n o
128 1.23 1.90 1.85
256 1.36 1.93 1.82
512 1.17 2.48 1.87
1024 1.05 3.12 1.84
2048 1.06 2.29 1.86
Theoretical limit 1.05 1.86 1.86

TABLE 13
Std of rescaled errors: Non multiplicative case ag = 1.3
T T 1 _T _I
n Vo200 2 (00— 00)  Vig®v/ildn — 00)  Vag® v/ log(n)(Gn — a0)
128 1.31 1.10 1.16
256 1.29 1.09 1.15
512 1.34 1.15 1.15
1024 1.34 1.14 1.17
2048 1.38 1.16 1.18
Theoretical limit 1.52 1.15 1.15

TABLE 14
Std of rescaled errors: Non multiplicative case ag = 1.7
T T T _T _1
n Vo, 2?0 2 (0n —b0) Voo®v/n(6n —00) Va,® vnlog(n)(én — ao)
128 1.86 0.83 0.89
256 2.01 0.84 0.89
512 1.67 0.86 0.90
1024 1.94 0.90 1.03
2048 2.11 0.89 0.93
Theoretical limit 1.50 0.91 0.91
TABLE 15

Correlation between &y and ém (non multiplicative model)

o o128 256 512 1024 2048
0.7 0.23 0.12 0.12 0.093 0.13
1.3 0.34 041 026 0.33 0.31
1.7 0.34 046 049 0.60 0.50

plot the distributions of the rescaled errors of estimation given by the left hand
sides of (5.2)—(5.4) together with their Gaussian limits, when n = 2048 and
ag € {0.7,1.3,1.7}. From these figures, we see again that the law of the estimator
is very close to its theoretical description. Especially, we observe numerically
that the rate of estimation of o, g is different in this non-multiplicative model
than for the multiplicative model of Section 5.1. Another difference is that the
estimation errors of op and g are no longer asymptotically proportional in the
non-multiplicative case, which is consistent with the numerical evaluation of the
correlation between these two estimators given in Table 15.
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Fic 6. Distribution of the rescaled errors of estimation and comparison with their theoretical
Gaussian limits (6g = 0.5, oo = 1, ag = 0.7, n = 2048, non multiplicative model).
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Fic 7. Distribution of the rescaled errors of estimation and comparison with their theoretical
Gaussian limits (0o = 0.5, o0 = 1, ap = 1.3, n = 2048, non multiplicative model).
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F1a 8. Distribution of the rescaled errors of estimation and comparison with their theoretical
Gaussian limits (0o = 0.5, 00 = 1, ag = 1.7, n = 2048, non multiplicative model).

5.3. Non linear drift S.D.E.

In this section, we consider a model with non linear drift:

dX; = (X )dt + exp(osin(X;))dL§.

0
1+ X7
Here, the quantity £ /n(ﬁ) can not be explicitly computed and we use instead the
Euler approximation &7, (f) = x +b(x, #) /n. We focus on the case ag = 0.7 and
from Remark 3.2, this Euler approximation is valid as g > 2/3. We compare
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TABLE 16
Estimation: Non multiplicative case ag = 0.7, non linear drift, stable process

n Mean 6, Std 6, Mean 6, Std 65, Mean &y, Std &g
128 1.015 1.13% 101 0.951 4.84% 10T 0.712 3.76 % 102
256 1.010 1.61 %101 0.960 3.67 %1071 0.707 2.93 %1072
512 1.003 4.09 % 102 0.966 2.70 % 10~1 0.703 1.97 x 102
1024 1.000 4.72 %1073 0.976 2.09 x10~1 0.703 1.74 %102
2048 1.006 1.34 %101 0.979 1.67 %101 0.703 1.47 x 102

the results for two different driving Lévy processes, one being exactly a-stable,
and the other one being locally a-stable.

TABLE 17
Estimation: Non multiplicative case ag = 0.7, non linear drift, tempered stable process

n Mean 6, Std 0, Mean 6, Std 65, Mean &y, Std an
128 1.004 1.25 %102 1.108 4.99% 10T 0.706 3.08 %10~ 2
256 1.001 1.91 % 102 1.065 3.87 %1071 0.704 1.99 % 102
512 1.001 3.49 %1073 1.022 2.68 %1071 0.701 1.29 x 102
1024 1.000 1.67 %1073 1.010 1.96 % 10~1 0.700 7.78 %1073
2048 1.000 9.13% 104 1.010 1.14 %« 101 0.700 5.19 % 10~3

5.8.1. Process driven by an a-stable process

Here, we assume that the Lévy process (LY); = (S9); is a symmetric a-stable
process, as in Sections 5.1-5.2. Its Lévy measure is thus given by v(dz) =
it Iry {0y (2)dz where ¢q = (—2T'(— ) cos(ra/2)) L.

The empirical means and standard deviations of the estimators are given in
Table 16, for g = 1, 0o = 1 and ag = 0.7. In practice, we see that the estimators
work well. However, the empirical standard deviation of 6, seems unstable, as
it is not perfectly decreasing with n, and we found rather different values, for
different runs of simulations (each with 1000 replications). In Figure 9, we plot
the distributions of the rescaled errors together with their Gaussian limits. All
errors outside of the interval [—20,20] are clipped to the interval borders. We
see that the empirical distributions are close to their Gaussian limits, except for
several larger values that fall outside the interval [—20, 20]. It explains why the
estimators work well in practice, while the estimation of their variances can be
unstable, due to a few extreme values.

5.3.2. Process driven by a tempered a-stable process

Here, we assume that the Lévy process (L$); is a tempered a-stable process,
whose Lévy measure is given by v(dz) = ‘Z‘Cﬁe"dlm{o} (z)dz. To simulate
tempered stable random variables, we use the rejection based method proposed
in [15].

The empirical means and standard deviations of the estimator are given in
Table 17, for g =1, 09 = 1 and ag = 0.7.
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Fic 9. Distribution of the rescaled errors of estimation and comparison with their theoretical
Gaussian limits (0o = 1, o0 = 1, ap = 0.7, n = 2048, non linear drift, stable case).
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Fic 10. Distribution of the rescaled errors of estimation and comparison with their theoretical
Gaussian limits (00 =1, oo =1, ag = 0.7, n = 2048, non linear drift, tempered stable case).

We see that the estimator works very well in practice. Especially, the estima-
tion of the drift parameter has a smaller standard deviation than in the stable
case. In Figure 10, we plot the distributions of the rescaled errors of estimation
together with their Gaussian limits. We see that the empirical distributions fit
very well the theoretical ones. Especially, we do not observe the presence of
extreme values, as it is the case when the model is driven by a stable process.
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