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Abstract

We study the two-dimensional stochastic nonlinear wave equation (SNLW) and stochas-
tic nonlinear heat equation (SNLH) with a quadratic nonlinearity, forced by a fractional
derivative (of order α > 0) of a space-time white noise. In particular, we show that
the well-posedness theory breaks at α = 1

2
for SNLW and at α = 1 for SNLH. This

provides a first example showing that SNLW behaves less favorably than SNLH. (i) As
for SNLW, Deya (2020) essentially proved its local well-posedness for 0 < α < 1

2
.

We first revisit this argument and establish multilinear smoothing of order 1
4

on the
second order stochastic term in the spirit of a recent work by Gubinelli, Koch, and
Oh (2018). This allows us to simplify the local well-posedness argument for some
range of α. On the other hand, when α ≥ 1

2
, we show that SNLW is ill-posed in the

sense that the second order stochastic term is not a continuous function of time with
values in spatial distributions. This shows that a standard method such as the Da
Prato-Debussche trick or its variant, based on a higher order expansion, breaks down
for α ≥ 1

2
. (ii) As for SNLH, we establish analogous results with a threshold given by

α = 1.
These examples show that in the case of rough noises, the existing well-posedness

theory for singular stochastic PDEs breaks down before reaching the critical values
(α = 3

4
in the wave case and α = 2 in the heat case) predicted by the scaling analysis

(due to Deng, Nahmod, and Yue (2019) in the wave case and due to Hairer (2014) in
the heat case).
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Comparing stochastic NLW and NLH

1 Introduction

1.1 Singular stochastic PDEs

In this paper, we study the following stochastic nonlinear wave equation (SNLW) on
T2 = (R/2πZ)2: {

∂2
t u+ (1−∆)u+ u2 = 〈∇〉αξ

(u, ∂tu)|t=0 = (u0, u1)
(x, t) ∈ T2 ×R+, (1.1)

and the stochastic nonlinear heat equation (SNLH) on T2:{
∂tu+ (1−∆)u+ u2 = 〈∇〉αξ
u|t=0 = u0

(x, t) ∈ T2 ×R+, (1.2)

where 〈∇〉 =
√

1−∆ and α > 0. Namely, both equations are endowed with a quadratic
nonlinearity and forced by an α-derivative of a (Gaussian) space-time white noise ξ on
T2 ×R+.

Over the last decade, we have seen a tremendous development in the study of singular
stochastic PDEs, in particular in the parabolic setting [32, 33, 28, 10, 36, 39, 12, 11, 8, 9].
Over the last few years, we have also witnessed a rapid progress in the theoretical
understanding of nonlinear wave equations with singular stochastic forcing and/or rough
random initial data [51, 29, 30, 31, 44, 48, 41, 43, 46, 49, 47, 42, 7]. While the regularity
theory in the parabolic setting is well understood, the understanding of the solution
theory in the hyperbolic/dispersive setting has been rather poor. This is due to the
intricate nature of hyperbolic/dispersive problems, where case-by-case analysis is often
necessary (for example, to show multilinear smoothing as in Proposition 1.4 below). Let
us compare the hyperbolic and parabolic Φ3

3-models on the three-dimensional torus T3

as an example. In the parabolic setting [24], the standard Da Prato-Debussche trick
suffices for local well-posedness, while in the wave setting, the situation is much more
complicated. In [30], Gubinelli, Koch, and the first author studied the hyperbolic Φ3

3-
model by adapting the paracontrolled calculus [28] to the hyperbolic/dispersive setting.
In particular, it was essential to exploit multilinear smoothing in the construction of
stochastic objects and also to introduce paracontrolled operators. While this comparison
on the hyperbolic and parabolic Φ3

3-model shows that it may require more effort to study
SNLW than SNLH, the resulting outcomes (local well-posedness on T3 with a quadratic
nonlinearity forced by a space-time white noise) are essentially the same.

The main purpose of this paper is to investigate further the behavior of solutions to
SNLW and SNLH and study the following question: Does the solution theory for SNLW
match up with that for SNLH? For this purpose, we study these equations in a simpler
setting of a quadratic nonlinearity on the two-dimensional torus T2 but with noises more
singular than a space-time white noise (i.e. α > 0). In this setting, we indeed provide a
negative answer to the question above.

When α = 0, the equations (1.1) and (1.2) correspond to the so-called hyperbolic
Φ3

2-model and parabolic Φ3
2-model, respectively,1 whose local well-posedness can be

obtained by the standard Da Prato-Debussche trick; see [17, 29]. In this paper, we
compare the behavior of solutions to these equations for more singular noises, i.e. α > 0.
We now state a “meta”-theorem.

“Theorem” 1.1. (i) Let 0 < α < 1
2 . Then, the quadratic SNLW (1.1) is locally well-posed.

When α ≥ 1
2 , the quadratic SNLW (1.1) is ill-posed in the sense the standard solution

1Strictly speaking, the hyperbolic Φ3
2-model would require a damping term ∂tu in (1.1). Since this modifica-

tion does not change local well-posedness properties of the equation, we simply consider the undamped wave
equation (1.1).
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Comparing stochastic NLW and NLH

theory such as the Da Prato-Debussche trick or its variant based on a higher order
expansion does not work.

(ii) Let 0 < α < 1. Then, the quadratic SNLH (1.2) is locally well-posed. When α ≥ 1, the
quadratic SNLH (1.2) is ill-posed in the sense described above.

For precise statements, see Theorem 1.3, Proposition 1.6, Theorem 1.10, and Propo-
sition 1.9. Let α∗ = 1

2 for SNLW (1.1) and α∗ = 1 for SNLH (1.2). Then, for 0 < α < α∗,
we prove local well-posedness of the equation via the second order expansion:2

u = − + v. (1.3)

Here, we adopt Hairer’s convention to denote the stochastic terms by trees; the vertex
“ ” in corresponds to the random noise 〈∇〉αξ, while the edge denotes the Duhamel
integral operator:3

I =
(
∂2
t + (1−∆)

)−1
for SNLW and I =

(
∂t + (1−∆)

)−1
for SNLH.

With this notation, the stochastic convolution and the second order stochastic term
can be expressed as

= I(〈∇〉αξ) and = I( ), (1.4)

where denotes a renormalized version of 2. See (3.2) and (5.2) for precise definitions
of the stochastic convolutions. In particular, we impose (0) = 0 in the wave case and
(−∞) = 0 in the heat case. We then solve the fixed point problem for the residual term
v = u− + . See (1.11) and (1.17).

On the other hand, for α ≥ α∗ we show that the second order term does not belong
to C([0, T ];D′(T2)) for any T > 0, almost surely (see Propositions 1.6 and 1.9 below).
This implies4 that a solution u would not belong to C([0, T ];D′(T2)) if we were to solve
the equation via the second (or higher) order expansion (1.3) or the first order expansion
(= the Da Prato-Debussche trick):

u = + v (1.5)

since the second order term appears in case-by-case analysis of the nonlinear contri-
bution for the residual term v = u− .

In Subsection 1.2, we go over details for SNLW (1.1). In Subsection 1.3, we discuss
the case of SNLH (1.2).

Remark 1.2. Our main goal in this paper is to study to what extent the existing solution
theory5 extends to handle rough noises in the context of SNLW and SNLH. For this
purpose, we consider the simplest kind of nonlinearity (i.e. the quadratic nonlinearity) in
(1.1) and (1.2).

There are several reasons for considering the “fractional” noise 〈∇〉αξ in (1.1) and
(1.2). In studying stochastic PDEs, we often consider a noise of the form Φξ, where Φ is a
bounded operator on L2(T2). Furthermore, we often assume that Φ is Hilbert-Schmidt6

2As we see below, for small values of α, the first order expansion (1.5) suffices.
3In the case of SNLW, this corresponds to the forward fundamental solution to the linear Klein-Gordon

equation: ∂2t u+ (1−∆)u = 0.
4In some extreme cases, it may be possible to have u ∈ C([0, T ];D′(T2)) even if /∈ C([0, T ];D′(T2)),

namely when the singularities of and v in (1.3) cancel each other. We, however, ignore such a “rare” case
since it is not within the scope of the standard solution theory, (where we postulate that v is “nice”).

5In this paper, we restrict our attention to the solution theory based on the Da Prato-Debussche trick or its
higher order variants.

6In the Banach space setting, we often assume that Φ is a γ-radonifying operator from L2(T2) to some
Banach space B.
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from L2(T2) to Hs(T2). See [18, 19, 45]. It is also common to make a further assumption
that a noise is spatially homogeneous. Namely, Φ is given by a convolution operator. The
Bessel potential 〈∇〉α is one of the simplest operator of this kind, which also allows us to
tune the (spatial) regularity of the noise.

Since the work [37], fractional noises have been considered as very natural stochastic
perturbation models. Stochastic PDEs with fractional noises (including 〈∇〉αξ) have been
studied by many researchers (see, for example, [52, 14, 54, 3, 15, 2, 34, 35, 21, 22]
and the references therein). In stochastic PDEs, the first examples studied in this
direction are those given by white-in-time fractional-in-space (or colored-in-space) noises
[56, 18, 52, 14]. In view of the close relation of the Fourier series representation
of the noise 〈∇〉αξ and the fractional-in-space noise (see Subsection 5.2 in [50]), the
models (1.1) and (1.2) provide good substitutes for white-in-time fractional-in-space
noises, enabling us to make an essential point without being bogged down with technical
difficulties related to fractional noises. See Remark 1.13 for the case of fractional-in-time
(and general fractional) noises.

1.2 Stochastic nonlinear wave equation

Stochastic nonlinear wave equations have been studied extensively in various settings;
see [18, Chapter 13] for the references therein. In [29], Gubinelli, Koch, and the first
author considered SNLW on T2 with an additive space-time white noise:

∂2
t u+ (1−∆)u+ uk = ξ, (1.6)

where k ≥ 2 is an integer. The main difficulty of this problem comes from the roughness
of the space-time white noise. In particular, the stochastic convolution , solving the
linear stochastic wave equation:

∂2
t + (1−∆) = ξ,

is not a classical function but is merely a distribution for the spatial dimension d ≥ 2.
This raises an issue in making sense of powers k and a fortiori of the full nonlinearity
uk in (1.6). In [29], by introducing an appropriate time-dependent renormalization, the
authors proved local well-posedness of (a renormalized version of) (1.6) on T2. See
[30, 31, 48, 41, 46, 49, 47] for further work on SNLW with singular stochastic forcing.
We also mention the work [21, 22] by Deya on SNLW with more singular (both in space
and time) noises on bounded domains in Rd and the work [55] on global well-posedness
of the cubic SNLW on R2.

We first state a local well-posedness result of the quadratic SNLW (1.1) on T2. Given
N ∈ N, we define the (spatial) frequency projector πN by

πNu :=
∑
|n|≤N

û(n) en, (1.7)

where û(n) denotes the Fourier coefficient of u and en(x) = 1
2π e

in·x as in (2.1). We also
set

Hs(T2) = Hs(T2)×Hs−1(T2). (1.8)

Theorem 1.3. Let 0 < α < 1
2 and s > α. Then, the quadratic SNLW (1.1) on T2 is

locally well-posed in Hs(T2). More precisely, there exists a sequence of time-dependent
constants {σN (t)}N∈N tending to ∞ (see (3.5) below) such that, given any (u0, u1) ∈
Hs(T2), there exists an almost surely positive stopping time T = T (ω) such that the
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solution uN to the following renormalized SNLW with a regularized noise:{
∂2
t uN + (1−∆)uN + u2

N − σN = 〈∇〉απNξ
(uN , ∂tuN )|t=0 = (u0, u1)

(1.9)

converges almost surely to some limiting process u ∈ C([0, T ];H−α−ε(T2)) for any ε > 0.

In [22], Deya proved Theorem 1.3 on bounded domains on R2 but the same proof
essentially applies on T2.7 For 0 < α < 1

3 , the standard Da Prato-Debussche argument
suffices to prove Theorem 1.3. Indeed, with the first order expansion (1.5), the residual
term v = u− satisfies

∂2
t v + (1−∆)v = −(v + )2

= −v2 − 2v − .
(1.10)

At the second equality, we performed the Wick renormalization: 2  . It is easy
to see that and have regularities8 −α− and −2α−, respectively (see Lemma 3.1
below). Then, thanks to one degree of smoothing from the wave Duhamel integral
operator, we expect that v has regularity 1− 2α−. The restriction α < 1

3 appears from
(1− 2α−) + (−α−) > 0 in making sense of the product v in (1.10).9 Then, by viewing

(u0, u1, , )

as a given enhanced data set,10 one can easily prove local well-posedness of (1.10).
For 1

3 ≤ α <
1
2 , the argument in [22] is based on the second order expansion (1.3). In

this case, the residual term v = u− + satisfies

∂2
t v + (1−∆)v = −(v + − )2 +

= −(v − )2 − 2v + 2 .
(1.11)

If we proceed with a “parabolic thinking”,11 then we expect that has regularity

1− 2α− = 2(−α−) + 1,

where we gain one derivative from the wave Duhamel integral operator; see (3.6). With
this parabolic thinking, we see that the last product in (1.11) makes sense (in a
deterministic manner) only for α < 1

3 so that (1 − 2α−) + (−α−) > 0. Nonetheless,
for 1

3 < α < 1
2 , one can use stochastic analysis to give a meaning to := · as a

random distribution of regularity −α− (inheriting the bad regularity of ). Using the
equation (1.11), we expect that v has regularity 1− α− and, with this regularity of v, all
the terms on the right-hand side of (1.11) make sense. Then, by viewing(

u0, u1, , ,
)

(1.12)

7One may invoke the finite speed of propagation and directly apply the result in [22] to T2. We also point
out that the paper [22] handles noises with rougher temporal regularity than the space-time white noise and
Theorem 1.3 is a subcase of the main result in [22].

8In the following, we restrict our attention to spatial regularities. Moreover, we use a− (and a+) to denote
a − ε (and a + ε, respectively) for arbitrarily small ε > 0. If this notation appears in an estimate, then an
implicit constant is allowed to depend on ε > 0 (and it usually diverges as ε→ 0).

9Recall that a product of two functions is defined in general if the sum of the regularities is positive.
10Namely, once we have the pathwise regularity property of the stochastic terms and , we can build a

continuous solution map: (u0, u1, , ) 7→ v in the deterministic manner.
11Namely, if we only count the regularity of each of in and put them together with one degree of

smoothing from the wave Duhamel integral operator without taking into account the product structure and
the oscillatory nature of the linear wave propagator.
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as a given enhanced data set, a standard contraction argument with the energy estimate
(Lemma 2.4) yields local well-posedness of (1.11).

In view of “Theorem” 1.1, the restriction α < 1
2 in Theorem 1.3 is sharp. See

Proposition 1.6 below. There is, however, one point that we would like to investigate in
this well-posedness part. In the discussion above, we simply used a “parabolic thinking”
to conclude that has regularity (at least) 1 − 2α−. In fact, by exploiting the explicit
product structure and multilinear dispersion, we show that there is an extra smoothing
for .

Given N ∈ N, let N to denote the second order term, emanating from the truncated
noise πN 〈∇〉αξ. See (3.7) for a precise definition. We then have the following proposition.

Proposition 1.4. Let 0 < α < 1
2 and s ∈ R satisfy

s < sα := 1− 2α+ min
(
α, 1

4

)
=

{
1− α, if α ≤ 1

4 ,
5
4 − 2α, if α > 1

4 .
(1.13)

Then, for any T > 0, { N}N∈N is a Cauchy sequence in C([0, T ];W s,∞(T2)) almost surely.
In particular, denoting the limit by , we have

∈ C([0, T ];W sα−ε,∞(T2))

for any ε > 0, almost surely.

See also Proposition 3.2 below for another instance of multilinear smoothing. In [30],
such an extra smoothing property on stochastic terms via multilinear dispersion effect
played an essential role in the study of the quadratic SNLW on the three-dimensional
torus T3. We believe that the multilinear smoothing in Proposition 1.4 is itself of interest
since such a multilinear smoothing in the stochastic context for the wave equation is not
well understood. See also Remark 1.5 below.

In our current setting, this extra smoothing does not improve the range of α in
Theorem 1.3 since, as we will show below, the range α < 1

2 is sharp. Proposition 1.4,
however, allows us to simplify the local well-posedness argument for the range 1

3 ≤ α <
5
12 . While the discussion above showed the Da Prato-Debussche argument to study (1.10)
breaks down at α = 1

3 , the extra smoothing in Proposition 1.4 allows us to study (1.10)
at the level of the Duhamel formulation:

v = S(t)(u0, u1)− I(v2 + 2v )− I( )

= S(t)(u0, u1)− I(v2 + 2v )− ,
(1.14)

where S(t) denotes the linear wave propagator defined in (2.6). Thanks to Proposition 1.4,
we expect that v has regularity 5

4 − 2α−, thus allowing us to make sense of the product
v as long as 1

3 ≤ α <
5
12 , i.e. ( 5

4 − 2α−) + (−α−) > 0. In this refined Da Prato-Debussche
argument, the relevant enhanced data set is given by(

u0, u1, ,
)
. (1.15)

See Theorem 3.3 for a precise statement.
Alternatively, we may work with the second order expansion (1.3) and study the

equation (1.11). In this case, Proposition 1.4 allows us to make sense of the product
in the deterministic manner for α < 5

12 . This in particular shows that for the range
1
3 ≤ α < 5

12 , we can solve (1.11) for v = u − + with a smaller enhanced data set in
(1.15). Namely, when α < 5

12 , there is no need to a priori prescribe the last term in
(1.12). See Theorem 3.4 (i) for a precise statement.

For the range of α under consideration, i.e. α ≥ 1
3 , the extra gain of regularity in

Proposition 1.4 is 1
4 , regardless of the value of α. When 5

12 ≤ α <
1
2 , this extra smoothing
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is unfortunately not sufficient to make sense of the product in the deterministic
manner. Recalling the paraproduct decomposition (see (2.3) below), we see that the
resonant product

=
:= = is the only issue here. Thus, for 5

12 ≤ α <
1
2 , we solve (1.11)

with an enhanced data set: (
u0, u1, , ,

=

)
,

where we use stochastic analysis to give a meaning to the problematic resonant product

=
; see Proposition 3.2.

Remark 1.5. Note that the extra smoothing is at most 1
4 in Proposition 1.4, while a

1
2 -smoothing was shown on T3 in [30]. This 1

4 -difference in two- and three-dimensions
seems to come from the effect of Lorentz transformations along null directions. The same
situation appears in bilinear estimates for solutions to the linear wave equation; see, for
example, Subsection 3.6 in [16]. See also Remark 4.1 for a further discussion, where
(i) we show that our computation on T2 is essentially sharp and (ii) we compute the
maximum possible gain of regularity on Td, d ≥ 3. Lastly, we point out that Proposition
1.4 states that the extra smoothing vanishes as α→ 0.

Next, let us consider the situation for α ≥ 1
2 . In [22, Proposition 1.4], Deya showed

that E
[
‖ N (t)‖2Hs

]
diverges for any s ∈ R, when α ≥ 1

2 . This can be used to show that
the Wick power is not a distribution-valued function of time when α ≥ 1

2 . The following
proposition shows that the same result holds for .

Proposition 1.6. Let α ≥ 1
2 . Then, given any T > 0, { N}N∈N forms a divergent

sequence in C([0, T ];D′(T2)) almost surely.

We point that Proposition 1.6 is by no means to be expected from the bad behavior
of for α ≥ 1

2 . For example, in the parabolic Φ4
3-model, it is well known that the cubic

Wick power does not make sense as a distribution-valued function of time but that
= (∂t −∆)−1 belongs to C(R; C 1

2−(T3)); see [24, 40].12 Furthermore, in Proposition
1.9 below, we prove that, for the quadratic SNLH (1.2), (i) the Wick power is not
a distribution-valued function for α ≥ 1

2 but (ii) in the heat case makes sense as a
distribution-valued function for α < 1. Therefore, we find it rather intriguing that for the
wave equation, both and have the same threshold α = 1

2 .

In the proof of Proposition 1.6, we show that each Fourier coefficient ̂N (n, t) diverges
almost surely for α ≥ 1

2 . See Remark 4.3. This divergence comes from the high-to-low
energy transfer. Namely, the divergence comes from the nonlinear interaction of two
incoming high-frequency waves resulting in a low-frequency wave.13 Such high-to-low
energy transfer was exploited in proving ill-posedness of the deterministic nonlinear
wave equations in negative Sobolev spaces; see [13, 43, 26].

Remark 1.7. (i) The proof of Proposition 1.6 also applies to Td. See Remark 4.3 (ii) for
details. In particular, { N}N∈N forms a divergent sequence in C([0, T ];D′(Td)) almost
surely for α ≥ 1− d

4 .

(ii) It is interesting to note that we can prove local well-posedness of SNLW (1.1) for
the entire range 0 < α < 1

2 without using the paracontrolled approach as in the three-
dimensional case [30].

Remark 1.8. In a recent preprint [20], Deng, Nahmod, and Yue introduced the notion
of probabilistic scaling and the associated critical regularity. This is based on the

12A more fundamental example of this kind may be the space-time white noise ξ which does not make
sense as a distribution-valued function of time, while we can define the stochastic convolution I(ξ) as a
distribution-valued function by a limiting procedure.

13In (4.58), this corresponds to the interaction of two functions of spatial frequencies k and n− k giving rise
to an output function of spatial frequency n with |n| � |k| ∼ |n− k|.
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observation that the Picard second iterate14 should be (at least) as smooth as a stochastic
convolution (or a random linear solution in the context of the random data well-posedness
theory). In their terminology, the quadratic SNLW (1.1) on T2 is critical when α∗ = 3

4 .
Proposition 1.6, however, shows that the Picard second iterate is not well defined for

α ≥ 1
2 in the sense that each Fourier coefficient ̂N (n, t) diverges as N →∞.15 This in

particular implies that the existing solution theory such as the Da Prato-Debussche trick
or its higher order variants [4, 44]16 breaks down at α = 1

2 before reaching the critical
value α∗ = 3

4 . See also Remark 4.3 for the general d-dimensional case.

We now make several remarks. (i) The discrepancy between the critical value α∗ = 3
4

predicted by the probabilistic scaling and the actual value α = 1
2 for the non-existence of

the Picard second iterate (in the limiting sense) stems from the fact that, as discussed
in [20], the probabilistic scaling only takes into account several simple17 interactions
(high-to-high and high-to-low) in computing a critical value. In the proof of Proposition
1.6, we make a more precise computation in proving the divergence of the Picard second
iterate. (ii) As we see in the next subsection, an analogous phenomenon occurs for
the quadratic SNLH (1.2) on T2. More precisely, while the critical value predicted by
the scaling analysis for (1.2) is α = 2, the Picard second iterate fails to exist already
at α = 1 in the heat case. See Remark 1.12 below. In both the wave and heat cases,
this pathological behavior (i.e. the divergence of the Picard second iterate and thus
the breakdown of the existing solution theory) before reaching the predicted critical
values seems to be closely related to the fact that we are dealing with very rough noises
(rougher than the space-time white noise). This is in particular relevant in studying a
stochastic PDE (or a deterministic PDE with random initial data) with a nonlinearity
of low degree (and also in low dimensions). For example, we may expect a similar
discrepancy for the nonlinear Schrödinger equation (NLS) with a quadratic nonlinearity:

i∂tu−∆u+N (u, u) = 0

with rough random initial data, where N (u, u) = u2, u2, or |u|2 (with a proper renormal-
ization).

1.3 Stochastic nonlinear heat equation

In this subsection, we go over the corresponding results for the quadratic SNLH
(1.2) on T2. With I =

(
∂t + (1 − ∆)

)−1
, let and be as in (1.4) and be the Wick

renormalization of 2. We first state the crucial regularity result for the stochastic terms.

Proposition 1.9. (i) For 0 < α < 1
2 and ε > 0, { N}N∈N is a Cauchy sequence in

C(R+; C−2α−ε(T2)) almost surely. In particular, denoting the limit by , we have

∈ C(R+; C−2α−ε(T2))

14More precisely, the Picard second iterate minus the linear solution (= the Picard first iterate). For the
sake of simplicity, however, we refer to this as the Picard second iterate. For example, a Picard iteration
scheme for SNLW (1.1) with the zero initial data yields the jth Picard iterates Pj , j = 1, 2, given by P1 =

and P2 = − I( ) = − . For simplicity, we refer to as the Picard second iterate in the following (where
we also dropped the insignificant − sign).

In the random data well-posedness theory for the quadratic NLW: ∂2t u+ (1−∆)u+ u2 = 0 with random
initial data (uω0 , u

ω
1 ), the first two Picard iterates are given by P1 = S(t)(uω0 , u

ω
1 ) and P2 = P1 −I(P 2

1 ), where
a proper renormalization is applied to P 2

1 . Once again, for the sake of simplicity, we refer to P2 − P1 =
I(P 2

1 ) = I
(
(S(t)(uω0 , u

ω
1 ))2

)
as the Picard second iterate in this discussion.

15While we work on the quadratic nonlinear wave equation (NLW) with a stochastic forcing, the same
divergence result also holds for the quadratic NLW with random initial data considered in [20].

16This includes the paracontrolled approach used in [30].
17A “critical” value should be something which can be computed in advance without too much difficulty. In

this sense, the simplification made in [20] in capturing main interactions seems appropriate.
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almost surely. On the other hand, for α ≥ 1
2 , { N}N∈N forms a divergent sequence in

C([0, T ];D′(T2)) for any T > 0, almost surely. Here, Cs(T2) denotes the Hölder-Besov
space defined in (2.2).

(ii) For 0 < α < 1 and ε > 0, { N}N∈N is a Cauchy sequence in C(R+; C2−2α−ε(T2))

almost surely. In particular, denoting the limit by , we have

∈ C(R+; C2−2α−ε(T2))

almost surely. On the other hand, for α ≥ 1, { N}N∈N forms a divergent sequence in
C([0, T ];D′(T2)) for any T > 0, almost surely.

In short, Proposition 1.9 states that is a distribution-valued function if and only if
α < 1

2 , while is a distribution-valued function if and only if α < 1. Hence, for the range
1
2 ≤ α < 1, while (t) does not make sense as a spatial distribution, = (∂t + (1−∆))

makes sense as a space-time distribution. As mentioned above, such a phenomenon is
already known for the parabolic Φ4

3-model; see [24, 40]. Proposition 1.9 exhibits sharp
contrast with the situation for SNLW discussed earlier (Proposition 1.6 above), where
the threshold α = 1

2 applies to both and .
We now state a sharp local well-posedness result for the quadratic SNLH (1.2).

Theorem 1.10. Let 0 < α < 1 and s > −α − ε for sufficiently small ε > 0. Then, the
quadratic SNLH (1.2) on T2 is locally well-posed in Cs(T2). More precisely, there exists
a sequence of constants {κN}N∈N tending to∞ (see (5.4) below) such that, given any
u0 ∈ Cs(T2), there exists an almost surely positive stopping time T = T (ω) such that the
solution uN to the following renormalized SNLH:{

∂tuN + (1−∆)uN + u2
N − κN = 〈∇〉απNξ

uN |t=0 = u0

converges almost surely to some limiting process u ∈ C([0, T ]; C−α−ε(T2)) for any ε > 0.

In [17], Da Prato and Debussche proved Theorem 1.10 for α = 0. The same proof
based on the Da Prato-Debussche trick also applies for 0 < α < 2

3 . In this case, with the
first order expansion (1.5), the residual term v = u− satisfies

∂tv + (1−∆)v = −v2 − 2v − , (1.16)

where and have regularities −α− and −2α−, respectively. Then, by repeating the
analysis in the previous subsection with two degrees of smoothing coming from the heat
Duhamel integral operator, v has expected regularity 2− 2α− and thus the restriction
α < 2

3 appears from (2− 2α−) + (−α−) > 0 in making sense of the product v in (1.16).
Then, local well-posedness of (1.16) easily follows with an enhanced data set (u0, , ).

For 2
3 ≤ α < 1, the proof of Theorem 1.10 is based on the second order expansion

(1.3) and proceeds exactly as in the wave case (but without any multilinear smoothing).18

In this case, the residual term v = u− + satisfies

∂tv + (1−∆)v = −(v − )2 − 2v + 2 . (1.17)

When α ≥ 2
3 , we can not make sense of the last product in the deterministic manner.

Using stochastic analysis, we can give a meaning to as a distribution of regularity
−α− for 2

3 ≤ α < 1. See Lemma 5.2. In this case, v has expected regularity of 2 − α−
and thus the restriction α < 1 also appears in making sense of the product v , namely

18Since there is no multilinear smoothing for the heat equation, “parabolic thinking” provides a correct
insight.
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from (2− α−) + (−α−) > 0. Then, by applying the standard Schauder estimate, we can
easily prove local well-posedness of (1.17) with an enhanced data set:(

u0, , ,
=

)
.

Remark 1.11. Let us compare the situations for SNLW (1.1) and SNLH (1.2). In this
discussion, we disregard initial data. For the quadratic SNLH (1.2), the required
enhanced data set consists of and when 0 ≤ α < 2

3 . Namely, it involves only (the
powers of) the first order process . When 2

3 ≤ α < 1, it also involves the second order
and the third order processes and

=
. It is interesting to note that for the quadratic

SNLW (1.1), thanks to the multilinear smoothing effect (Proposition 1.4), there is now an
intermediate regime 1

3 ≤ α <
5
12 , where the required enhanced data set in (1.15) involves

only the first and second order processes (but not the third order process). Furthermore,
in this range, while the usual Da Prato-Debussche argument with (1.10) fails, the refined
Da Prato-Debussche argument (1.14) at the level of the Duhamel formulation works
thanks to the multilinear smoothing in Proposition 1.4.

Remark 1.12. Consider the following scaling-invariant model for the quadratic SNLH
(1.2):

∂tu−∆u+ u2 = |∇|αξ.

As in [39], we now apply a scaling argument to find a critical value of α. By applying the
following parabolic scaling (and the associated white noise scaling for ξ):

ũ(x, t) = λαu(λx, λ2t) and ξ̃(x, t) = λ2ξ(λx, λ2t)

for λ > 0, we obtain
∂tũ−∆ũ+ λ2−αũ2 = |∇|αξ̃.

Then, by taking λ→ 0, the nonlinearity formally vanishes when α < 2. This provides the
critical value of α∗ = 2, (which agrees with the notion of local subcriticality introduced
in [33]). It is very intriguing that, for the quadratic SNLH (1.2), the solution theory
based on the Da Prato-Debussche trick or its higher order variants breaks down at
α = 1 before reaching the critical value α∗ = 2. See [34] for a similar phenomenon
in the context of the KPZ equation with a fractional noise. For dispersive equations
including the quadratic SNLW, the scaling analysis as above does not seem to provide
any useful insight,19 unless appropriate integrability conditions are incorporated. See,
for example, [25] for a discussion in the case of the stochastic nonlinear Schrödinger
equation.20

Remark 1.13. Lastly, we state a remark on SNLW and SNLH with a fractional-in-time
noise. The space-time white noise ξ in (1.1) and (1.2) is given by a distributional time
derivative of the L2-cylindrical Wiener process W (see (3.1) below). We may instead
consider a noise ξH = ∂tW

H induced by a (spatially white) fractional-in-time Brownian
motion WH with the Hurst parameter 0 < H < 1. When H = 1

2 , the noise ξH reduces to
the usual space-time white noise ξ.

We recall that the stochastic convolution I(ξH) = Iheat(ξ
H), emanating from the

fractional-in-time noise ξH , has (spatial) regularity 2H−1−. See, for example, Theorem 4

19For example, applying the hyperbolic scaling (x, t) 7→ (λx, λt), the scaling invariant version of SNLW (1.1)
yields a critical value of α = 5

2
, even higher than the heat case but the well-posedness theory for SNLW breaks

down at α = 1
2

.
20In a recent preprint [20], a notion of probabilistic scaling was introduced. While the criticality associated

with this notion seems to provide a good intuition for many problems, it does not provide a good prediction for
the quadratic SNLW (1.1). See Remark 1.8.
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in [54]. Namely, SNLH (1.2) with the noise 〈∇〉αξ formally corresponds to the quadratic
SNLH with the fractional-in-time noise ξH with the Hurst parameter H = 1−α

2 and the
well-posedness result in Theorem 1.10 for α < 1 seems to carry to the fractional-in-time
noise case with 0 < H < 1

2 . Note that the threshold value α = 1 in Theorem 1.10 (and
Proposition 1.9 (ii)) corresponds to the H = 0 case, which we do not discuss here. See,
for example, [27] for the study of the fractional Brownian motion with H = 0 (which is a
Gaussian process with stationary increments and logarithmic increment structure).

In the case of the wave equation, the stochastic convolution I(ξH) = Iwave(ξH),
emanating from the fractional-in-time noise ξH , has (spatial) regularity H − 1

2−. See
Proposition 1.2 in [21]. Thus, SNLW (1.1) formally corresponds to the quadratic SNLW
with the fractional-in-time noise ξH with the Hurst parameter H = 1

2 − α. In this case,
local well-posedness of the quadratic SNLW with the fractional-in-time noise ξH is known
to hold for 0 < H < 1

2 (corresponding to the range 0 < α < 1
2 in Theorem 1.3). See

[21, 22]. Note that the threshold value α = 1
2 in the wave case also corresponds to the

H = 0 case. We also point out that in this fractional-in-time noise case, the regularities
of the stochastic convolutions Iwave(ξH) and Iheat(ξ

H) for the wave and heat equations
agree only when H = 1

2 .

It is also possible to consider a noise ξ
~H = ∂tW

~H coming from a space-time fractional
Brownian motion W

~H with the Hurst parameter ~H = (H0, H1, H2), 0 < Hj < 1, where
H0 corresponds to the temporal direction and H1 and H2 correspond to the two spatial
directions. See, for example, [21, 22] in the wave case. In this setting, the threshold
value α = 1

2 for SNLW (1.1) corresponds to H0 + H1 + H2 = 1 and in this case, we

expect the divergence of N .21 In the heat case, the stochastic convolution I(ξ
~H) =

Iheat(ξ
~H), emanating from the space-time fractional noise ξ

~H , has (spatial) regularity
2H0 +H1 +H2 − 2−. In this case, the threshold value α = 1 for SNLH (1.2) corresponds
to 2H0 +H1 +H2 = 1, at which we expect an analogous divergence of the second order
process (in the limiting sense). We do not pursue this direction in this paper.

This paper is organized as follows. In Section 2, we introduce some notations and
recall useful lemmas. In Section 3, assuming the regularity properties of the stochastic
objects, we prove local well-posedness of SNLW (1.1) (Theorem 1.3). We then present
details of the construction of the stochastic objects in Section 4. In particular, we prove
the multilinear smoothing for (Proposition 1.4) and divergence of (Proposition 1.6).
Finally, in Section 5, we present proofs of Proposition 1.9 and Theorem 1.10.

2 Basic lemmas

In this section, we introduce some notations and go over basic lemmas.

21In the fractional noise case, a subscript N signifies that it is a stochastic process, coming from a certain

approximation W
~H
N of W

~H . See [21, 22].
In [22], the divergence of N is established for H0 + H1 + H2 ≤ 1. In the dispersive setting, however,

it is more important to study the property of N , i.e. N under the Duhamel integral operator since a
common practice in dispersive PDEs is to make sense of a product under the Duhamel integral operator,
exploiting multilinear dispersion. For example, if we consider the stochastic cubic NLS on T, forced by a
space-time white noise: i∂tu−∂2xu+ |u|2u = ξ (with a proper renormalization), then the renormalized product

= : |I(ξ)|2I(ξ) : of the three copies of the stochastic convolution I(ξ) = ISchrödinger(ξ) does not make sense
as a distribution-valued function. On the other hand, it is not difficult to see that the Picard second iterate

= I(: |I(ξ)|2I(ξ) :) is a well defined distribution-valued function of time. The strength of Proposition 1.6

lies in showing that N indeed diverges at the same threshold as N (which is not something we expect
commonly in the study of dispersive PDEs).

EJP 26 (2021), paper 9.
Page 11/44

https://www.imstat.org/ejp

https://doi.org/10.1214/20-EJP575
https://imstat.org/journals-and-publications/electronic-journal-of-probability/


Comparing stochastic NLW and NLH

2.1 Notations

We set

en(x) :=
1

2π
ein·x, n ∈ Z2, (2.1)

for the orthonormal Fourier basis in L2(T2). Given s ∈ R, we define the Sobolev space
Hs(T2) by the norm:

‖f‖Hs(T2) = ‖〈n〉sf̂(n)‖`2(Z2),

where f̂(n) is the Fourier coefficient of f and 〈 · 〉 = (1 + | · |2)
1
2 . We then set Hs(T2) =

Hs(T2)×Hs−1(T2) as in (1.8). Similarly, given s ∈ R and p ≥ 1, we define the Lp-based
Sobolev space (Bessel potential space) W s,p(T2) by the norm:

‖f‖W s,p = ‖〈∇〉sf‖Lp =
∥∥F−1(〈n〉sf̂(n))

∥∥
Lp
.

When p = 2, we have Hs(T2) = W s,2(T2). When we work with space-time function
spaces, we use short-hand notations such as CTHs

x = C([0, T ];Hs(T2)).
For A,B > 0, we use A . B to mean that there exists C > 0 such that A ≤ CB. By

A ∼ B, we mean that A . B and B . A. We also use a subscript to denote dependence
on an external parameter; for example, A .α B means A ≤ C(α)B, where the constant
C(α) > 0 depends on a parameter α.

2.2 Besov spaces and paraproduct estimates

Given j ∈ N0 := N∪ {0}, let Pj be the (non-homogeneous) Littlewood-Paley projector
onto the (spatial) frequencies {n ∈ Z2 : |n| ∼ 2j} such that

f =

∞∑
j=0

Pjf.

We then define the Besov spaces Bsp,q(T
2) by the norm:

‖f‖Bsp,q =
∥∥∥2sj‖Pjf‖Lpx

∥∥∥
`qj (N0)

.

Note that Hs(T2) = Bs2,2(T2). We also define the Hölder-Besov space by setting

Cs(T2) = Bs∞,∞(T2). (2.2)

Next, we recall the following paraproduct decomposition due to Bony [5]. See
[1, 28] for further details. Given two functions f and g on T2 of regularities s1 and s2,
respectively, we write the product fg as

fg = f < g + f = g + f > g

:=
∑
j<k−2

Pjf Pkg +
∑
|j−k|≤2

Pjf Pkg +
∑
k<j−2

Pjf Pkg. (2.3)

The first term f < g (and the third term f > g) is called the paraproduct of g by f (the
paraproduct of f by g, respectively) and it is always well defined as a distribution of
regularity min(s2, s1 + s2). On the other hand, the resonant product f = g is well defined
in general only if s1 + s2 > 0.

We have the following product estimates. See [1, 38] for details of the proofs in the
non-periodic case (which can be easily extended to the current periodic setting).
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Lemma 2.1. (i) (paraproduct and resonant product estimates) Let s1, s2 ∈ R and 1 ≤
p, p1, p2, q ≤ ∞ such that 1

p = 1
p1

+ 1
p2

. Then, we have

‖f < g‖Bs2p,q . ‖f‖Lp1 ‖g‖Bs2p2,q .

When s1 < 0, we have

‖f < g‖
B
s1+s2
p,q

. ‖f‖Bs1p1,q‖g‖Bs2p2,q .

When s1 + s2 > 0, we have

‖f = g‖
B
s1+s2
p,q

. ‖f‖Bs1p1,q‖g‖Bs2p2,q .

(ii) Let s1 < s2 and 1 ≤ p, q ≤ ∞. Then, we have

‖u‖Bs1p,q . ‖u‖W s2,p .

2.3 Product estimates and discrete convolutions

Next, we recall the following product estimates. See [29] for the proof.

Lemma 2.2. Let 0 ≤ α ≤ 1.

(i) Suppose that 1 < pj , qj , r <∞, 1
pj

+ 1
qj

= 1
r , j = 1, 2. Then, we have

‖〈∇〉α(fg)‖Lr(Td) .
(
‖f‖Lp1 (Td)‖〈∇〉αg‖Lq1 (Td) + ‖〈∇〉αf‖Lp2 (Td)‖g‖Lq2 (Td)

)
.

(ii) Suppose that 1 < p, q, r <∞ satisfy the scaling condition: 1
p + 1

q ≤
1
r + α

d . Then, we
have

‖〈∇〉−α(fg)‖Lr(Td) . ‖〈∇〉−αf‖Lp(Td)‖〈∇〉αg‖Lq(Td).

Note that while Lemma 2.2 (ii) was shown only for 1
p + 1

q = 1
r + α

d in [29], the general

case 1
p + 1

q ≤
1
r + α

d follows from a straightforward modification of the proof.

We also recall the following basic lemma on a discrete convolution.

Lemma 2.3. (i) Let d ≥ 1 and α, β ∈ R satisfy

α+ β > d and α, β < d.

Then, we have ∑
n=n1+n2

1

〈n1〉α〈n2〉β
. 〈n〉d−α−β

for any n ∈ Zd.
(ii) Let d ≥ 1 and α, β ∈ R satisfy α+ β > d. Then, we have∑

n=n1+n2

|n1|∼|n2|

1

〈n1〉α〈n2〉β
. 〈n〉d−α−β

for any n ∈ Zd.
Note that we do not have the restriction α, β < d in the resonant case (ii). Lemma 2.3

follows from elementary computations. See, for example, Lemmas 4.1 and 4.2 in [40].
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2.4 Linear estimates

In this subsection, we recall linear estimates for the wave and heat equations. First,
we state the energy estimate for solutions to the nonhomogeneous linear wave equa-
tion Td: {

∂2
t u+ (1−∆)u = F

(u, ∂tu)|t=0 = (u0, u1).
(2.4)

By writing (2.4) in the Duhamel formulation, we have

u(t) = S(t)(u0, u1) + I(F )(t), (2.5)

where the linear wave propagator S(t) is defined by

S(t)(u0, u1) = cos(t〈∇〉)u0 +
sin(t〈∇〉)
〈∇〉

u1 (2.6)

and the wave Duhamel integral operator I is defined by

I(F )(t) =

ˆ t

0

sin((t− t′)〈∇〉)
〈∇〉

F (t′)dt′. (2.7)

Then, the following energy estimate follows from (2.5), (2.7), and the unitarity of the
linear wave propagator S(t) in Hs(Td).
Lemma 2.4. Let s ∈ R. Then, the solution u to (2.4) satisfies

‖u‖L∞T Hsx . ‖(u0, u1)‖Hs + ‖F‖L1
TH

s−1
x

for any T > 0.

In [29, 46], the authors used the Strichartz estimates to study local well-posedness of
the stochastic nonlinear wave equations. Note, however, that the Strichartz estimates
are not needed for proving local well-posedness of the quadratic NLW in two dimensions.
More precisely, the energy estimate (Lemma 2.4), Sobolev’s inequality, and a standard
contraction argument yield local well-posedness of the quadratic NLW in Hs(T2) for
s > 0.

Next, we recall the Schauder estimate for the heat equation. Let P (t) = e−t(1−∆)

denote the linear heat propagator defined as a Fourier multiplier operator:

P (t)f =
∑
n∈Z2

e−t〈n〉
2

f̂(n)en (2.8)

for t ≥ 0. Then, we have the following Schauder estimate on Td.

Lemma 2.5. Let −∞ < s1 ≤ s2 <∞. Then, we have

‖P (t)f‖Cs2 . t
s1−s2

2 ‖f‖Cs1 (2.9)

for any t > 0.

The bound (2.9) on Td follows from the decay estimate for the heat kernel on Rd (see
Lemma 2.4 in [1]) and the Poisson summation formula to pass such a decay estimate
to Td.
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2.5 Tools from stochastic analysis

Lastly, we recall useful lemmas from stochastic analysis. Let {gn}n∈N be a sequence
of independent standard Gaussian random variables defined on a probability space
(Ω,F , P ), where F is the σ-algebra generated by this sequence. Given k ∈ N0, we
define the homogeneous Wiener chaoses Hk to be the closure (under L2(Ω)) of the span
of Fourier-Hermite polynomials

∏∞
n=1Hkn(gn), where Hj is the Hermite polynomial of

degree j and k =
∑∞
n=1 kn. We also set

H≤k =

k⊕
j=0

Hj

for k ∈ N.
We say that a stochastic process X : R+ → D′(Td) is spatially homogeneous if

{X(·, t)}t∈R+
and {X(x0 + · , t)}t∈R+

have the same law for any x0 ∈ Td. Given h ∈ R, we
define the difference operator δh by setting

δhX(t) = X(t+ h)−X(t).

The following lemma will be used in studying regularities of stochastic objects. For
the proof, see Proposition 3.6 in [40] and Appendix in [43]. In the following, we state
the result in terms of the Sobolev space W s,∞(Td) but the same result holds for the
Hölder-Besov space Cs(Td).
Lemma 2.6. Let {XN}N∈N and X0 be spatially homogeneous stochastic processes
: R+ → D′(Td). Suppose that there exists k ∈ N such that XN (t) and X0(t) belong to
H≤k for each t ∈ R+.

(i) Let t ∈ R+. If there exists s0 ∈ R such that

E
[
|X̂0(n, t)|2

]
. 〈n〉−d−2s0 (2.10)

for any n ∈ Zd, then we have X0(t) ∈ W s,∞(Td), s < s0, almost surely. Furthermore, if
there exists γ > 0 such that

E
[
|X̂N (n, t)− X̂M (n, t)|2

]
. N−γ〈n〉−d−2s0 (2.11)

for any n ∈ Zd and M ≥ N ≥ 1, then {XN (t)}N∈N is a Cauchy sequence in W s,∞(Td),
s < s0, almost surely, thus converging to some limit X(t) in in W s,∞(Td).

(ii) Let T > 0 and suppose that (i) holds on [0, T ]. If there exists θ ∈ (0, 1) such that

E
[
|δhX̂0(n, t)|2

]
. 〈n〉−d−2s0+θ|h|θ, (2.12)

for any n ∈ Zd, t ∈ [0, T ], and h ∈ [−1, 1],22 then we have X0 ∈ C([0, T ];W s,∞(Td)),
s < s0 − θ

2 , almost surely. Furthermore, if there exists γ > 0 such that

E
[
|δhX̂N (n, t)− δhX̂M (n, t)|2

]
. N−γ〈n〉−d−2s0+θ|h|θ, (2.13)

for any n ∈ Zd, t ∈ [0, T ], h ∈ [−1, 1], and M ≥ N ≥ 1, then {XN}N∈N is a Cauchy
sequence in C([0, T ];W s,∞(Td)), s < s0 − θ

2 , almost surely, thus converging to some
process X in C([0, T ];W s,∞(Td)).

Lastly, we recall the following Wick’s theorem. See Proposition I.2 in [53].

Lemma 2.7. Let g1, . . . , g2n be (not necessarily distinct) real-valued jointly Gaussian
random variables. Then, we have

E
[
g1 · · · g2n

]
=
∑ n∏

k=1

E
[
gikgjk

]
,

where the sum is over all partitions of {1, . . . , 2n} into disjoint pairs (ik, jk).
22We impose h ≥ −t such that t+ h ≥ 0.
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3 Stochastic nonlinear wave equation with rough noise

In this section, we consider SNLW (1.1). We first state the regularity properties of
the relevant stochastic terms and reformulate the problem in terms of the residual term
v = u− or v = u− + . We then present a proof of Theorem 1.3. The analysis of the
stochastic terms will be presented in Section 4.

3.1 Reformulation of SNLW

Let W denote a cylindrical Wiener process on L2(T2):

W (t) =
∑
n∈Z2

βn(t)en, (3.1)

where {βn}n∈Z2 is a family of mutually independent complex-valued Brownian motions on
a fixed probability space (Ω,F , P ) conditioned so that23 β−n = βn, n ∈ Z2. By convention,
we normalize βn such that Var(βn(t)) = t. Then, the stochastic convolution = I(〈∇〉αξ)
in the wave case can be formally written as

=

ˆ t

0

sin((t− t′)〈∇〉)
〈∇〉1−α

dW (t′) =
∑
n∈Z2

en

ˆ t

0

sin((t− t′)〈n〉)
〈n〉1−α

dβn(t′). (3.2)

We indeed construct the stochastic convolution in (3.2) as the limit of the truncated
stochastic convolution N defined by

N :=
∑
n∈Z2

|n|≤N

en

ˆ t

0

sin((t− t′)〈n〉)
〈n〉1−α

dβn(t′). (3.3)

See Lemma 3.1 below. We then define the Wick power N by

N := ( N )2 − σN , (3.4)

where σN is given by

σN (t) = E
[
( N (x, t))2

]
=

1

4π2

∑
|n|≤N

ˆ t

0

[
sin((t− t′)〈n〉)
〈n〉1−α

]2

dt′

=
1

8π2

∑
|n|≤N

{
t

〈n〉2(1−α)
− sin(2t〈n〉)

2〈n〉3−2α

}
∼ tN2α (3.5)

for α > 0. We have the following regularity and convergence properties of N and N

whose proofs are presented in Section 4.

Lemma 3.1. Let T > 0.

(i) For any α ∈ R and s < −α, { N}N∈N defined in (3.3) is a Cauchy sequence in
C([0, T ];W s,∞(T2)) almost surely. In particular, denoting the limit by , we have

∈ C([0, T ];W−α−ε,∞(T2))

for any ε > 0, almost surely.

(ii) For any 0 < α < 1
2 and s < −2α, { N}N∈N defined in (3.4) is a Cauchy sequence in

C([0, T ];W s,∞(T2)) almost surely. In particular, denoting the limit by , we have

∈ C([0, T ];W−2α−ε,∞(T2))

for any ε > 0, almost surely.

23In particular, we take β0 to be real-valued.
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Next, we define the second order stochastic term by

(t) := I( )(t) =

ˆ t

0

sin((t− t′)〈∇〉)
〈∇〉

(t′)dt′, (3.6)

Then, Proposition 1.4 shows that is a well-defined distribution and is a limit of the
truncated version:

N = I( N ), (3.7)

provided that 0 < α < 1
2 .

Next, we give a meaning to the third order process “ = ”. As mentioned in
Section 1, we need to use stochastic analysis for this purpose when 5

12 ≤ α <
1
2 . Formally

write the product as

= < + = + > .

The paraproducts < and > are always well defined as long as each of and is
well defined. Thus, we need stochastic analysis only to give a meaning to the resonant
product = .

Proposition 3.2. Let 0 < α < 1
2 and s < sα − α, where sα is as in (1.13). Set

=

N
:=

N
=

N . Then, given T > 0, {
=

N
}N∈N is a Cauchy sequence in C([0, T ];W s,∞(T2))

almost surely. In particular, denoting the limit by
=

, we have

=
∈ C([0, T ];W sα−α−ε,∞(T2))

for any ε > 0, almost surely.

Recall from Section 1 that the standard Da Prato-Debussche trick yields local well-
posedness of SNLW (1.1) for 0 < α < 1

3 . When 1
3 ≤ α < 5

12 , we use the first order
expansion (1.5) and study the Duhamel formulation (1.14).

Theorem 3.3. Let 1
3 ≤ α < 5

12 and s > α. Then, the equation (1.14) is locally well-
posed in Hs(T2). More precisely, given any (u0, u1) ∈ Hs(T2), there exists an almost
surely positive stopping time T = T (ω) such that there exists a unique solution v ∈
C([0, T ];Hσ(T2)) to (1.14), where σ > α is sufficiently close to α. Furthermore, the
solution v depends continuously on the enhanced data set :

Ξ =
(
u0, u1, ,

)
almost surely belonging to the class:

X s,εT = Hs(T2)× C([0, T ];W−α−ε,∞(T2))× C([0, T ];W sα−ε,∞(T2)) (3.8)

for some small ε = ε(α, s) > 0. Here, sα is as in (1.13).

When 5
12 ≤ α < 1

2 , we use the second order expansion (1.3) and study the equa-
tion (1.11) satisfied by the residual term v = u− + . With the paraproduct decomposi-
tion (2.3), we write (1.11) as{

∂2
t v + (1−∆)v = −v2 − 2v( − )− 2

+ 2( < +
=

+ > )

(v, ∂tv)|t=0 = (u0, u1).
(3.9)

We now state local well-posedness of the perturbed SNLW (3.9) for the entire range
0 < α < 1

2 .
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Theorem 3.4. Let 0 < α < 1
2 and s > α. Then, the Cauchy problem (3.9) is locally

well-posed in Hs(T2). More precisely, given any (u0, u1) ∈ Hs(T2), there exists an
almost surely positive stopping time T = T (ω) such that there exists a unique solution
v ∈ C([0, T ];Hσ(T2)) to (3.9), where σ ≤ s and α < σ < 1−α. Furthermore, we have the
following continuous dependence statements for some small ε = ε(α, s) > 0.

(i) For 0 < α < 5
12 , the solution v depends continuously on the enhanced data set :

Ξ =
(
u0, u1, ,

)
almost surely belonging to the class X s,εT defined (3.8).

(ii) For 5
12 ≤ α <

1
2 , the solution v depends continuously on the enhanced data set :

Ξ =
(
u0, u1, , ,

=

)
(3.10)

almost surely belonging to the class:

Ys,εT = Hs(T2)× C([0, T ];W−α−ε,∞(T2))

× C([0, T ];W sα−ε,∞(T2))× C([0, T ];W sα−α−ε,∞(T2)).

In Subsection 3.3, we present a proof of Theorem 3.4. In view of the pathwise
regularities of the relevant stochastic terms, we simply build a continuous map, sending
the enhanced data set Ξ to a solution v in the deterministic manner.

Remark 3.5. If we take Ξ =
(
u0, u1, , ,

=

)
as the enhanced data set, then in order

to prove Theorem 3.4, it is enough to have
=
∈ C([0, T ];W−α−,∞(T2)) almost surely.

Namely, we do not need to exploit the extra multilinear smoothing for
=

. See Remark 4.2

for a further discussion. While it is possible to replace
=

in (3.10) by := < +
=

+ > ,

we chose not to do so in order to emphasize the fact that the resonant product
=

is the

only term which needs to be defined a priori. (As mentioned above, given and , the
paraproducts < and > are well-defined distributions.)

We point out, however, that, in Theorem 3.4 (i), the extra smoothing on plays an
essential role in making sense of the product in the deterministic manner in the range
0 < α < 5

12 .

We conclude this subsection by presenting a proof of Theorem 1.3.

Proof of Theorem 1.3. We only consider the case 5
12 ≤ α < 1

2 and s > α. For (u0, u1) ∈
Hs(T2) and N ∈ N, we set

ΞN :=
(
u0, u1, N , N , =

N

)
.

By Theorem 3.4 (ii), there exists a unique local-in-time solution vN ∈ C([0, T ];Hσ(T2))

to (3.9) with the enhanced data set ΞN , where α < σ < 1− α. Then, we see that

uN = vN + N − N

satisfies the renormalized SNLW (1.9).
It follows from Lemma 3.1 and Propositions 1.4 and 3.2 that ΞN converges almost

surely to Ξ in (3.10) with respect to the Ys,εT -topology. In particular, Theorem 3.4 (ii)
implies that the sequence vN = uN − N + N converges to v ∈ C([0, T ];Hσ(T2)). Then,
we conclude that uN converges to

u = v + −

in C([0, T ];H−α−ε(T2)).
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3.2 Proof of Theorem 3.3

In the following, we study the Duhamel formulation (1.14). Let 1
3 ≤ α < 5

12 and
0 < T ≤ 1 and fix ε > 0 sufficiently small. Define a map Γ by

Γ(v)(t) = S(t)(u0, u1)− I
(
v2 + 2v )(t)− (t)

where S(t) and I are as in (2.6) and (2.7). In the following, we take α < σ ≤ s.
By the energy estimate (Lemma 2.4), we have

‖Γ(v)‖L∞T Hσx . ‖(u0, u1)‖Hs + T
(
‖v2‖L∞T Hσ−1

x
+ ‖v ‖L∞T Hσ−1

x

)
+ ‖ ‖L∞T Hσx . (3.11)

By Sobolev’s inequality, we have

‖v2‖L∞T Hσ−1
x
. ‖v2‖

L∞T L
2

2−σ
x

= ‖v‖2
L∞T L

4
2−σ
x

. ‖v‖2L∞T Hσx (3.12)

for 0 < σ < 1. From Lemmas 2.2 and 3.1, we have

‖v ‖L∞T Hσ−1
x
. ‖〈∇〉−α−ε(v )‖L∞T L2

x

. ‖〈∇〉α+εv‖L∞T L2
x
‖〈∇〉−α−ε ‖L∞T L∞x

. Cω‖v‖L∞T Hσx

(3.13)

for some almost surely finite constant Cω > 0, provided that α < σ < 1− α.
Then, from (3.11), (3.12), (3.13), and Proposition 1.4, we obtain

‖Γ(v)‖L∞T Hσx . ‖(u0, u1)‖Hs + T
(
‖v‖L∞T Hσx + Cω

)2

+ Cω (3.14)

Note that we need σ ≤ 5
4−2α in estimating the last term in (3.11). This can be guaranteed

by taking σ > α sufficiently close to α as long as α < 5
12 . Similarly, we have

‖Γ(v1)− Γ(v2)‖L∞T Hσx . T
(
‖v1‖L∞T Hσx + ‖v2‖L∞T Hσx + Cω

)
‖v1 − v2‖L∞T Hσx . (3.15)

Therefore, we conclude from (3.14) and (3.15) that a standard contraction argument
yields local well-posedness of (1.14). Moreover, an analogous computation shows that
the solution v ∈ C([0, T ];Hσ(T2)) depends continuously on the enhanced data set Ξ =(
u0, u1, ,

)
. This completes the proof of Theorem 3.3.

3.3 Proof of Theorem 3.4

Next, we study the perturbed SNLW (3.9). Let α < σ ≤ s and 0 < T ≤ 1 and fix ε > 0

sufficiently small. Define a map Γ̃ by

Γ̃(v)(t) = S(t)(u0, u1)− I
(
v2 + 2v( − ) +

2 − 2
)
(t),

where stands for

= < +
=

+ > . (3.16)

For 0 < α < 5
12 , we see from (1.13) that sα−α > 0. Hence, Proposition 1.4 and Lemma 3.1

with Lemma 2.1 imply that = belongs to C([0, T ];W−α−ε,∞(T2)), almost surely. On
the other hand, for 5

12 ≤ α <
1
2 , Proposition 3.2 implies

∈ C([0, T ];W−α−ε,∞(T2)) (3.17)

almost surely.
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By the energy estimate (Lemma 2.4), we have

‖Γ̃(v)‖L∞T Hσx . ‖(u0, u1)‖Hs + T
(
‖v2‖L∞T Hσ−1

x
+ ‖v( − )‖L∞T Hσ−1

x

+ ‖ 2‖L∞T Hσ−1
x

+ ‖ ‖L∞T Hσ−1
x

)
.

(3.18)

Proceeding as in (3.13) with Proposition 1.4, we have

‖v( − )‖L∞T Hσ−1
x
. ‖〈∇〉−α−ε(v( − ))‖L∞T L2

x

. ‖〈∇〉α+εv‖L∞T L2
x
‖〈∇〉−α−ε( − )‖L∞T L∞x

. Cω‖v‖L∞T Hσx

(3.19)

for some almost surely finite constant Cω > 0, provided that α < σ < 1 − α. From
Proposition 1.4, we also have

‖ 2‖L∞T Hσ−1
x
≤ ‖ ‖2L∞T L∞x ≤ Cω. (3.20)

Putting together (3.18), (3.19), and (3.20) with (3.12) and (3.17), we obtain

‖Γ̃(v)‖L∞T Hσx . ‖(u0, u1)‖Hs + T
(
‖v‖L∞T Hσx + Cω

)2

.

Similarly, we have

‖Γ̃(v1)− Γ̃(v2)‖L∞T Hσx . T
(
‖v1‖L∞T Hσx + ‖v2‖L∞T Hσx + Cω

)
‖v1 − v2‖L∞T Hσx .

The rest follows as in the previous subsection. This completes the proof of Theorem 3.4.

4 On the construction of the relevant stochastic objects

In this section, we go over the construction of the stochastic terms for SNLW (1.1).
As in [30], our strategy is to estimate the second moment of the Fourier coefficient and
apply Lemma 2.6. In Subsection 4.1, we briefly discuss the regularity and convergence
properties of and (Lemma 3.1). By exploiting multilinear dispersive smoothing for

, we then present a proof of Proposition 1.4 in Subsection 4.2. In Subsection 4.3, we
establish analogous multilinear smoothing for

=
(Proposition 3.2). Lastly, in Subsection

4.4, we show that, when α ≥ 1
2 , the second order stochastic term (t) is not a spatial

distribution almost surely for any t > 0 (Proposition 1.6).
Let = I(〈∇〉αξ) be the stochastic convolution defined in (3.2). Given n ∈ Z2 and

0 ≤ t2 ≤ t1, we define σn(t1, t2) by

σn(t1, t2) := E
[̂

(n, t1) (̂−n, t2)
]

=

ˆ t2

0

sin((t1 − t′)〈n〉)
〈n〉1−α

sin((t2 − t′)〈n〉)
〈n〉1−α

dt′

=
cos((t1 − t2)〈n〉)

2〈n〉2(1−α)
t2 +

sin((t1 − t2)〈n〉)
4〈n〉3−2α

− sin((t1 + t2)〈n〉)
4〈n〉3−2α

.

(4.1)

Then, from (3.5) and (4.1), we have

σN (t) =
1

4π2

∑
|n|≤N

σn(t, t). (4.2)

Moreover, from Wick’s theorem (Lemma 2.7), we have

E
[(
|̂ (n1, t1)|2 − σn1

(t1, t1)
)(
|̂ (n2, t2)|2 − σn2

(t2, t2)
)]

= 1n1=±n2
· σ2

n1
(t1, t2). (4.3)

In the following, we fix T > 0.
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4.1 Proof of Lemma 3.1

(i) From (4.1), we have

E
[
|̂ N (n, t)|2

]
= σn(t, t) .T 〈n〉−2+2α (4.4)

for any n ∈ Z2 and 0 ≤ t ≤ T , uniformly in N ∈ N. Also, by the mean value theorem and
an interpolation argument as in [30], we have

E
[
|̂ N (n, t1)−̂N (n, t2)|2

]
.T 〈n〉−2(1−α)+θ|t1 − t2|θ

for any θ ∈ [0, 1], n ∈ Z2, and 0 ≤ t2 ≤ t1 ≤ T with t1− t2 ≤ 1, uniformly in N ∈ N. Hence,
from Lemma 2.6, we conclude that N ∈ C([0, T ];W−α−ε,∞(T2)) for any ε > 0, almost
surely. Moreover, a slight modification of the argument yields that { N}N∈N is almost
surely a Cauchy sequence in C([0, T ];W−α−ε,∞(T2)), thus converging to some limit .
Since the required modification is exactly the same as in [30], we omit the details here.

In the remaining part of this section, we only establish the estimate (2.10) in
Lemma 2.6 for each of N , N , and

=

N
, uniformly in N ∈ N. The time difference

estimate (2.12) and the convergence claim follow from a straightforward modification as
in [30].

(ii) Next, we study the Wick power N . In view of Lemma 2.6 and the comment above, it
suffices to prove

E
[
|̂N (n, t)|2

]
.T 〈n〉−2+4α (4.5)

for n ∈ Z2 and 0 ≤ t ≤ T , uniformly in N ∈ N. From (3.4) and (4.2), we have

̂N (n, t) = 2̂
N (n, t)− 1n=0 · 2πσN (t)

=
1

2π

∑
n=n1+n2

|n1|,|n2|≤N

(
(̂n1, t)̂ (n2, t)− 1n=0 · σn1

(t, t)
)

and thus we have

E
[
|̂N (n, t)|2

]
=

1

4π2

∑
n=n1+n2

|n1|,|n2|≤N

∑
n=n′1+n′2
|n′1|,|n

′
2|≤N

E

[(
(̂n1, t)̂ (n2, t)− 1n=0 · σn1

(t, t)
)

×
(

(̂n′1, t)̂ (n′2, t)− 1n=0 · σn′1(t, t)
)]
.

(4.6)

In order to have non-zero contribution in (4.6), we must have n1 = n′1 and n2 = n′2 up to
permutation.

By Wick’s theorem (Lemma 2.7), we have

E
[
|̂ (n, t)|4

]
= 2σ2

n(t, t). (4.7)

Then, for n = 0, it follows from (4.6), (4.3), and (4.7) that

E
[
|̂N (0, t)|2

]
.
∑
k∈Z2

E

[(
|̂ (k, t)|2 − σk(t, t)

)2
]

=
∑
k∈Z2

(
E
[
|̂ (k, t)|4

]
− σ2

k(t, t)

)
=
∑
k∈Z2

σ2
k(t, t) .T

∑
k∈Z2

1

〈k〉4(1−α)
<∞,

(4.8)
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provided that α < 1
2 . Similarly, for n 6= 0, we have

E
[
|̂N (n, t)|2

]
=

1

2π2

∑
n=n1+n2
n1 6=±n2

E
[
|̂ N (n1, t)|2 |̂ N (n2, t)|2

]
+

1

4π2
· 1n∈2Z2\{0}E

[∣∣̂
N

(
n
2 , t
)∣∣4]

=
1

2π2

∑
n=n1+n2
n1+n2 6=0
|n1|,|n2|≤N

σn1
(t, t)σn2

(t, t)

.T
∑

n=n1+n2

1

〈n1〉2(1−α)〈n2〉2(1−α)
. 〈n〉−2+4α,

(4.9)

provided that 0 < α < 1
2 . In the last inequality, we used Lemma 2.3. This proves (4.5).

4.2 Proof of Proposition 1.4

Let 0 < α < 1
2 and let sα be as in (1.13). In view of Lemma 2.6, it suffices to show

E
[
|̂N (n, t)|2

]
.T 〈n〉−2−2sα+ (4.10)

for any n ∈ Z2 and 0 ≤ t ≤ T , uniformly in N ∈ N. Our argument follows closely to that
in the proof of Proposition 1.6 in [30] up to Case 2 below, where our argument diverges.
We, however, present details for readers’ convenience. See also Remark 4.1 below.

By the definition (3.6), we have

E
[
|̂N (n, t)|2

]
=

ˆ t

0

sin((t− t1)〈n〉)
〈n〉

ˆ t

0

sin((t− t2)〈n〉)
〈n〉

E
[̂N (n, t1)̂N (n, t2)

]
dt2dt1.

(4.11)

Let us first consider the case n = 0. It follows from (4.11) and (4.6) that

E
[
|̂N (0, t)|2

]
=

1

4π2

ˆ t

0

sin(t− t1)

ˆ t

0

sin(t− t2)

×
∑

k1,k2∈Z2

|k1|,|k2|≤N

E
[(
|̂ (k1, t1)|2 − σk1(t1, t1)

)(
|̂ (k2, t2)|2 − σk2(t2, t2)

)]
dt2dt1.

By symmetry, (4.3), and (4.1), we obtain

E
[
|̂N (0, t)|2

]
.
ˆ t

0

ˆ t1

0

∑
k∈Z2

σ2
k(t1, t2)dt2dt1 .T

∑
k∈Z2

1

〈k〉4(1−α)
<∞,

provided that α < 1
2 . This proves (4.10) when n = 0.

In the following, we consider the case n 6= 0. With (4.6) and proceeding as in (4.9),
we have

E
[
|̂N (n, t)|2

]
=

1

π2

∑
n=n1+n2
n1 6=±n2

|n1|,|n2|≤N

ˆ t

0

sin((t− t1)〈n〉)
〈n〉

×
ˆ t1

0

sin((t− t2)〈n〉)
〈n〉

σn1
(t1, t2)σn2

(t1, t2)dt2dt1

+
1

2π2
· 1n∈2Z2\{0}

ˆ t

0

sin((t− t1)〈n〉)
〈n〉

ˆ t1

0

sin((t− t2)〈n〉)
〈n〉

× E
[̂
N

(
n
2 , t1

)2̂N(n2 , t2)2]dt2dt1
=: I(n, t) + II(n, t), (4.12)
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where II(n, t) denotes the contribution from n1 = n2 = n′1 = n′2 = n
2 .

We first estimate the second term II(n, t) in (4.12). By Wick’s theorem (Lemma 2.7)
with (4.1), we have ∣∣∣∣E[̂ (n2 , t1)2 (̂n2 , t2)2]∣∣∣∣ .T 〈n〉−4(1−α)

under 0 ≤ t2 ≤ t1 ≤ t ≤ T . Hence, from (4.12) with (1.13), we conclude that

|II(n, t)| .T 〈n〉−6+4α ≤ 〈n〉−2−2sα , (4.13)

verifying (4.10).

Next, we estimate I(n, t) in (4.12). As in [30], we have

I(n, t) = − 1

4π2

∑
k1,k2∈{1,2}

∑
ε1,ε2∈{−1,1}

ε1ε2e
i(ε1+ε2)t〈n〉

〈n〉2
∑

n=n1+n2
n1 6=±n2

|n1|,|n2|≤N

ˆ t

0

e−iε1t1〈n〉

×
ˆ t1

0

e−iε2t2〈n〉
2∏
j=1

σ(kj)
nj (t1, t2) dt2dt1 =:

∑
k1,k2∈{1,2}

I(k1,k2)(n, t),

(4.14)

where σ(1)
n (t1, t2) and σ(2)

n (t1, t2) are defined by

σ(1)
n (t1, t2) :=

cos((t1 − t2)〈n〉)
2〈n〉2(1−α)

t2, (4.15)

σ(2)
n (t1, t2) :=

sin((t1 − t2)〈n〉)
4〈n〉3−2α

− sin((t1 + t2)〈n〉)
4〈n〉3−2α

(4.16)

such that σn(t1, t2) = σ
(1)
n (t1, t2) + σ

(2)
n (t1, t2).

By Lemma 2.3, the contribution to I(n, t) in (4.14) from (k1, k2) 6= (1, 1) can be
estimated by

1

〈n〉2
∑

n=n1+n2

1

〈n1〉2(1−α)〈n2〉3−2α
. 〈n〉−2−2(1−α)+

for 0 < α < 1
2 , verifying (4.10). Hence, we focus on estimating I(n, t) coming from

(k1, k2) = (1, 1):

I(1,1)(n, t) := − 1

64π2

∑
ε1,ε2,ε3,ε4∈{−1,1}

∑
n=n1+n2
n1 6=±n2

|n1|,|n2|≤N

ε1ε2e
i(ε1+ε2)t〈n〉

〈n〉2〈n1〉2(1−α)〈n2〉2(1−α)

×
ˆ t

0

e−it1κ1(n̄)

ˆ t1

0

t22e
−it2κ2(n̄) dt2dt1,

(4.17)

where κ1(n̄) and κ2(n̄) are defined by

κ1(n̄) = ε1〈n〉 − ε3〈n1〉 − ε4〈n2〉 and κ2(n̄) = ε2〈n〉+ ε3〈n1〉+ ε4〈n2〉. (4.18)

When |n| . 1, it follows from Lemma 2.3 that |I(1,1)(n, t)| .T 1 for 0 < α < 1
2 . Hence,

we assume |n| � 1. As in [30], we must carefully estimate I(1,1)(n, t), depending on
ε̄ = (ε1, ε2, ε3, ε4), by exploiting either (i) the dispersion (= oscillation) or (ii) smallness of
the measure of the relevant frequency set.
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Fix our choice of ε̄ = (ε1, ε2, ε3, ε4) and denote by I(1,1)
ε̄ (n, t) the associated contribu-

tion to I(1,1)(n, t). By switching the order of integration and first integrating in t1, we
have ∣∣∣∣ ˆ t

0

e−it1κ1(n̄)

ˆ t1

0

t22e
−it2κ2(n̄) dt2dt1

∣∣∣∣
=

∣∣∣∣ ˆ t

0

t22e
−it2κ2(n̄) e

−itκ1(n̄) − e−it2κ1(n̄)

−iκ1(n̄)
dt2

∣∣∣∣ .T (1 + |κ1(n̄)|)−1.

(4.19)

From (4.17) and (4.19), we have

|I(1,1)
ε̄ (n, t)| .T

∑
n=n1+n2

1

〈n〉2〈n1〉2(1−α)〈n2〉2(1−α)(1 + |κ1(n̄)|)
. (4.20)

In the following, we assume |n1| ≥ |n2| without loss of generality. Under n = n1 + n2 we
then have

〈n1〉 ∼ 〈n〉+ 〈n2〉. (4.21)

When (ε1, ε3, ε4) = (±1,∓1,∓1) or (±1,∓1,±1), we have |κ1(n̄)| ≥ 〈n〉. Then, the
desired bound (4.10) follows from (4.20) and Lemma 2.3.

Next, we consider the case (ε1, ε3, ε4) = (±1,±1,∓1). In this case, we have |κ1(n̄)| =
〈n〉+ 〈n2〉 − 〈n1〉. By (4.20), the contribution to I(1,1)

ε̄ (n, t) from n2 = 0 is estimated by

1

〈n〉2〈n〉2(1−α)
= 〈n〉−4+2α ≤ 〈n〉−2−2sα ,

satisfying (4.10). Hence, we assume n2 6= 0 in the following. By viewing n1 as a vector
based at n2, we see that three vectors n, n1, and n2 form a triangle. Hence, it follows
from the law of cosines that

|n|2 + |n2|2 − |n1|2 = 2|n||n2| cos
(
∠(n, n2)

)
, (4.22)

where ∠(n, n2) denotes the angle between n and n2. Then, from (4.21) and (4.22), we
have

|κ1(n̄)| = (〈n〉+ 〈n2〉)2 − 〈n1〉2

〈n〉+ 〈n2〉+ 〈n1〉
=

2〈n〉〈n2〉+ |n|2 + |n2|2 − |n1|2 + 1

〈n〉+ 〈n2〉+ 〈n1〉

&
1 + |n||n2|(1− cos θ)

〈n1〉
,

(4.23)

where θ = ∠(n2,−n) ∈ [0, π] is the angle between n2 and −n.

Using (4.20), the contribution to I(1,1)
ε̄ (n, t) from n2 6= 0 is estimated by

.
∑

n=n1+n2

1≤|n2|≤|n1|
1−cos θ&1

1

〈n〉2〈n1〉2(1−α)〈n2〉2(1−α)(1 + |κ1(n̄)|)

+
∑

n=n1+n2

1≤|n2|≤|n1|
1−cos θ�1

1

〈n〉2〈n1〉2(1−α)〈n2〉2(1−α)(1 + |κ1(n̄)|)

=: I(1,1)
ε̄,1 (n, t) + I(1,1)

ε̄,2 (n, t). (4.24)

In the following, we separately estimate I(1,1)
ε̄,1 (n, t) and I(1,1)

ε̄,2 (n, t).
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• Case 1: 1− cos θ & 1. In this case, from (4.24), (4.23), and Lemma 2.3, we have

I(1,1)
ε̄,1 (n, t) .T

∑
n=n1+n2

1

〈n〉3〈n1〉1−2α〈n2〉3−2α

. 〈n〉−4+2α+ . 〈n〉−2−2sα+,

provided that 0 < α < 1
2 . This verifies (4.10).

• Case 2: 1 − cos θ � 1. In this case, we have 0 ≤ θ � 1, namely, n and n2 point in
almost opposite directions. In particular, we have 1 − cos θ ∼ θ2 � 1. By dyadically
decomposing n2 into |n2| ∼ N2 for dyadic N2 ≥ 1, we have

I(1,1)
ε̄,2 (n, t) .T

∑
N2≥1
dyadic

∑
n=n1+n2

θ2�1
|n2|∼N2

1

〈n〉2〈n1〉2(1−α)〈n2〉2(1−α)(1 + |κ1(n̄)|)
. (4.25)

We see that for fixed n ∈ Z2, the range of possible n2 with |n2| ∼ N2 is constrained to an
axially symmetric trapezoid R whose height is ∼ N2 cos θ ∼ N2 and the top and bottom
widths ∼ N2 sin θ ∼ N2θ with the axis of symmetry given by −n. See Figure 1. Hence,
we have ∑

n2∈Z2

θ2�1
|n2|∼N2

1 . 1 + vol(R) ∼ 1 +N2
2 θ. (4.26)

O

n

n2

R

Figure 1: A typical configuration in Case 2

We now use the following seemingly crude bound:

1 + |κ1(n̄)| & |κ1(n̄)| 12 . (4.27)

Then, from (4.23) and (4.27) with |nj | ∼ Nj , j = 1, 2, we have

Θ1 :=
1 +N2

2 θ

1 + |κ1(n̄)|
. N

1
2

1

1 +N2
2 θ

1 + 〈n〉 12N
1
2

2 θ
.
N

1
2

1 N
3
2

2

〈n〉 12
, (4.28)

provided that N3
2 & 〈n〉. The bound (4.28) follows from separately considering the

cases: 〈n〉 . N2 and N2 � 〈n〉 . N3
2 , using the condition N3

2 & 〈n〉. When N3
2 �

〈n〉, the bound (4.28) also holds under an additional assumption N2
2 θ & 1 (which also

implies 〈n〉 12N
1
2

2 θ � 1). When N3
2 � 〈n〉 and N2

2 θ � 1, we simply use the lower bound:
1 + |κ1(n̄)| & 1.
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Hence, from (4.25), (4.26), (4.27), and (4.28) with N1 ∼ |n1| ∼ max(|n|, |n2|), we have

I(1,1)
ε̄,2 (n, t) .T

∑
N2≥1
dyadic

1

〈n〉2N2(1−α)
1 N

2(1−α)
2

Θ1 ·
(
1N3

2&〈n〉 + 1N3
2�〈n〉 · 1N2

2 θ&1

)

+
∑

1�N2�〈n〉
1
3

dyadic

1

〈n〉2N2(1−α)
1 N

2(1−α)
2

· 1N2
2 θ�1

.
∑
N2≥1
dyadic

1

〈n〉 52 max(〈n〉, N2)
3
2−2αN

1
2−2α

2

=
∑

1≤N2<〈n〉
dyadic

1

〈n〉4−2αN
1
2−2α

2

+
∑

N2≥〈n〉
dyadic

1

〈n〉 52N2−4α
2

.

(4.29)

The first term on the right-hand side of (4.29) is bounded by

∑
1≤N2<〈n〉

dyadic

1

〈n〉4−2αN
1
2−2α

2

.

{
〈n〉−4+2α+, if α ≤ 1

4 ,

〈n〉− 9
2 +4α, if α > 1

4

. 〈n〉−2−2sα+,

where sα is as in (1.13). As for the second term on the right-hand side of (4.29), we have∑
N2≥〈n〉
dyadic

1

〈n〉 52N2−4α
2

. 〈n〉− 9
2 +4α . 〈n〉−2−2sα

for α < 1
2 .

Lastly, when (ε1, ε3, ε4) = (±1,±1,±1), we can essentially reduce the analysis to
Cases 1 and 2 above. See Case 3 in the proof of Proposition 1.6 in [30]. This completes
the proof of Proposition 1.4.

Remark 4.1. As mentioned in Section 1, the extra smoothing for on T2 is at most 1
4 ,

while 1
2 -extra smoothing on T3 was shown in [30]. This difference comes from Case 2 in

the proof of Proposition 1.4 above, where we applied (4.27). We point out that the bound
(4.27) is used to cancel the powers of θ in (4.29). Furthermore, we can show that the
estimate shown above is essentially sharp. More precisely, we have the following the
lower bound of I(1,1)(n, t) in (4.17):

I(1,1)(n, t) & t4〈n〉−2−2sα (4.30)

for 0 < α < 1
2 and 〈n〉− 1

2 � t� 1, where sα is as in (1.13).
For simplicity, we drop the truncation |n1|, |n2| ≤ N in (4.17) with the understanding

that a rigorous computation is to be done with the truncation |n1|, |n2| ≤ N in (4.17)
and then by taking N →∞. Namely, we consider that I(1,1)(n, t) in (4.17) is written as
follows:

I(1,1)(n, t) =
1

4π2

∑
n=n1+n2
n1 6=±n2

ˆ t

0

ˆ t1

0

sin((t− t1)〈n〉)
〈n〉

sin((t− t2)〈n〉)
〈n〉

× cos((t1 − t2)〈n1〉)
〈n1〉2(1−α)

cos((t1 − t2)〈n2〉)
〈n2〉2(1−α)

t22dt2dt1.

(4.31)
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A direct calculation shows that

sin((t− t1)〈n〉) sin((t− t2)〈n〉) cos((t1 − t2)〈n1〉) cos((t1 − t2)〈n2〉)

=
1

4

(
− cos((2t− t1 − t2)〈n〉) + cos((t1 − t2)〈n〉)

)
×
(

cos((t1 − t2)(〈n1〉+ 〈n2〉)) + cos((t1 − t2)(〈n1〉 − 〈n2〉))
)

=
1

4

(
− cos((2t− t1 − t2)〈n〉) cos((t1 − t2)(〈n1〉+ 〈n2〉))

− cos((2t− t1 − t2)〈n〉) cos((t1 − t2)(〈n1〉 − 〈n2〉))
+ cos((t1 − t2)〈n〉) cos((t1 − t2)(〈n1〉+ 〈n2〉))

+ cos((t1 − t2)〈n〉) cos((t1 − t2)(〈n1〉 − 〈n2〉))
)

=:

4∑
j=1

A(j)
n,n1,n2

(t, t1, t2). (4.32)

We denote the contribution to (4.31) from A
(j)
n,n1,n2(t, t1, t2) by Ij(n, t):

Ij(n, t) :=
1

4π2

∑
n=n1+n2
n1 6=±n2

1

〈n〉2〈n1〉2(1−α)〈n2〉2(1−α)

ˆ t

0

ˆ t1

0

A(j)
n,n1,n2

(t, t1, t2)t22dt2dt1. (4.33)

As we see below, the main contribution comes from I4(n, t).
First, we show that I1 and I2 satisfy

|I1(n, t)|+ |I2(n, t)| . t3〈n〉− 5
2−2sα (4.34)

for 0 < α < 1
2 , 0 ≤ t ≤ 1, and n ∈ Z2. In the following, we only estimate I1, since I2 can

be handled in an analogous manner. By applying a change of the variable τ1 = t1−t2
2 ,

τ2 = t1+t2
2 to (4.33), we have

|I1(n, t)| .
∑

n=n1+n2
n1 6=±n2

1

〈n〉2〈n1〉2(1−α)〈n2〉2(1−α)

×
∣∣∣∣ˆ t

2

0

ˆ t−τ1

τ1

cos(2(t− τ2)〈n〉) cos(2τ1(〈n1〉+ 〈n2〉))(τ1 − τ2)2dτ2dτ1

∣∣∣∣.
(4.35)

By integration by parts, we can bound the inner integral by∣∣∣∣ ˆ t−τ1

τ1

cos(2(t− τ2)〈n〉)(τ1 − τ2)2dτ2

∣∣∣∣
=

∣∣∣∣− sin(2τ1〈n〉)
2〈n〉

(2τ1 − t)2

− 1

〈n〉

ˆ t−τ1

τ1

sin(2(t− τ2)〈n〉)(τ1 − τ2)dτ2

∣∣∣∣
.

t2

〈n〉

(4.36)

for 0 ≤ τ1 ≤ t
2 ≤

1
2 . It follows from (4.35), (4.36), and Lemma 2.3 with 0 < α < 1

2 that

|I1(n, t)| .
∑

n=n1+n2
n1 6=±n2

t3

〈n〉3〈n1〉2(1−α)〈n2〉2(1−α)

. t3〈n〉−5+4α . t3〈n〉− 5
2−2sα
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for 0 ≤ t ≤ 1 and n ∈ Z2. This proves (4.34).
Next, we prove the lower bound (4.30) on from I(1,1)(n, t). From (4.32) and the

product formula, we have

A(3)
n,n1,n2

(t, t1, t2) =
1

8

(
cos((t1 − t2)(〈n〉+ 〈n1〉+ 〈n2〉))

+ cos((t1 − t2)(〈n〉 − 〈n1〉 − 〈n2〉))
)
,

A(4)
n,n1,n2

(t, t1, t2) =
1

8

(
cos((t1 − t2)(〈n〉+ 〈n1〉 − 〈n2〉))

+ cos((t1 − t2)(〈n〉 − 〈n1〉+ 〈n2〉))
)
.

Moreover, we have

ˆ t

0

ˆ t1

0

cos((t1 − t2)a)t22dt2dt1 =

ˆ t

0

2

a2

(
t1 −

sin(t1a)

a

)
dt1

=
t2

a2
+ 2

cos(ta)− 1

a4

=
2

a4

(
cos(ta)− 1 +

t2a2

2

)
≥ 0

(4.37)

for any a ∈ R \ {0} and t ≥ 0. When a = 0, then the left-hand side of (4.37) is obviously
non-negative. Hence, from (4.33) and (4.37), we see that I3(n, t), I4(n, t) ≥ 0. Hence,
from (4.33) and (4.34), we obtain

I(1,1)(n, t) ≥ I4(n, t)− Ct3〈n〉− 5
2−2sα

≥ J(n, t)− Ct3〈n〉− 5
2−2sα

(4.38)

for 0 < t� 1, where J(n, t) is defined by

J(n, t) :=
1

16π2

∑
n=n1+n2
n1 6=±n2

1n2 6=0 ·
1

〈n〉2〈n1〉2(1−α)〈n2〉2(1−α)

1

(〈n〉 − 〈n1〉+ 〈n2〉)4

×
(

cos(t(〈n〉 − 〈n1〉+ 〈n2〉))− 1 +
t2(〈n〉 − 〈n1〉+ 〈n2〉)2

2

)
+

1

768π2

t4

〈n〉4−2α
.

(4.39)

Once we have

J(n, t) & t4〈n〉−2−2sα (4.40)

for 0 < t� 1 and n ∈ Z2, (4.30) follows from (4.38) and (4.40):

I(1,1)(n, t) & t3
(
t− 〈n〉− 1

2

)
〈n〉−2−2sα & t4〈n〉−2−2sα

for 〈n〉− 1
2 � t� 1.

Hence, it remains to prove (4.40). First, consider the case 0 < α ≤ 1
4 . In this case,

from the second term on the right-hand side of (4.39), we have

J(n, t) & t4〈n〉−4+2α = t4〈n〉−2−2(1−α) (4.41)

for 0 < t� 1. In view of (1.13), this proves (4.40) in this case.
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Next, we consider the case 1
4 < α < 1

2 . Given a dyadic number M , we set n = (M, 0) ∈
Z2 and

KM =
{

(a, b) ∈ Z2 : 2M ≤ a ≤ 4M, |b| ≤M 1
2

}
.

With n1 = (a, b) ∈ KM , we have

〈n〉 −M =
1

〈n〉+M
.M−1,

〈n1〉 − a =
1 + b2

〈n1〉+ a
. 1,

〈n− n1〉 − (a−M) =
1 + b2

〈n− n1〉+ a−M
. 1.

(4.42)

Then, it follows from (4.42) that

〈n〉 − 〈n1〉+ 〈n− n1〉 = M − a+ (a−M) +O(1) . 1. (4.43)

Hence, from (4.43) and the Taylor remainder theorem, we obtain

J(n, t) &
∑

n1∈KM

1

〈n〉2〈n1〉2(1−α)〈n− n1〉2(1−α)

1

(〈n〉 − 〈n1〉+ 〈n− n1〉)4

×
(

cos(t(〈n〉 − 〈n1〉+ 〈n− n1〉))− 1 +
t2(〈n〉 − 〈n1〉+ 〈n− n1〉)2

2

)
∼ t4M− 9

2 +4α ∼ t4〈n〉−2−2( 5
4−2α)

(4.44)

for 0 < t� 1. In view of (1.13), this proves (4.40) when α > 1
4 .

We also point out that the calculation above can easily be extended to the higher
dimensional case. More precisely, the right-hand side of (4.41) is unchanged on Td since
we did not perform any summation. By setting

KM =
{

(a, b) ∈ Z×Zd−1 : 2M ≤ a ≤ 4M, |b| ≤M 1
2

}
and repeating the same computation on Td, the power on the right-hand side of (4.44)
becomes − 11

2 + d
2 + 4α.

By writing

−4 + 2α = −d− 2
(
2− d

2 − α
)

and − 11
2 + d

2 + 4α = −d− 2
(

11
4 −

3d
4 − 2α

)
,

this computation indicates that the regularity of on Td is at best

min

(
2− d

2
− α, 11

4
− 3d

4
− 2α

)
=

{
2− d

2 − α, if 0 < α ≤ 3−d
4 ,

11
4 −

3d
4 − 2α, if α > 3−d

4 .

When d = 3 and α = 0, this agrees with the 1
2 -smoothing shown in [30].

4.3 Proof of Proposition 3.2

In this subsection, we present a proof of Proposition 3.2 on the resonant product

=

N
= N

=
N . As in the previous subsection, we follow the argument in [30] but, as we

see below, our argument turns out to be simpler than the proof of Proposition 1.8 in [30].
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From (2.3) and (3.6), we have

=̂

N
(n, t) =

1

4π2

∑
n=n1+n2+n3

|n1+n2|∼|n3|
n1+n2 6=0

ˆ t

0

sin((t− t′)〈n1 + n2〉)
〈n1 + n2〉

̂N (n1, t
′)̂ N (n2, t

′)dt′ ·̂N (n3, t)

+
1

4π2

∑
n1∈Z2

|n1|≤N

1|n|∼1

ˆ t

0

sin(t− t′) ·
(
|̂ (n1, t

′)|2 − σn1(t′)
)
dt′ ·̂N (n, t)

=: R̂1(n, t) + R̂2(n, t), (4.45)

where the conditions |n1 + n2| ∼ |n3| in the first term and |n| ∼ 1 in the second term
signify the resonant product = . From (4.3) and Lemma 2.6, we easily see that R2 ∈
C(R+;C∞(T2)) almost surely, provided that α < 1

2 . Therefore, it suffices to show

E
[
|R̂1(n, t)|2

]
.T 〈n〉−2−2(sα−α)+ (4.46)

for n ∈ Z2 and 0 ≤ t ≤ T , uniformly in N ∈ N, where sα is as in (1.13). As in [30],
decompose R̂1 as

R̂1(n, t) =
1

4π2

∑
n=n1+n2+n3

|n1+n2|∼|n3|
(n1+n2)(n2+n3)(n3+n1) 6=0

ˆ t

0

sin((t− t′)〈n1 + n2〉)
〈n1 + n2〉

×̂N (n1, t
′)̂ N (n2, t

′)dt′ ·̂N (n3, t)

+
1

2π2

ˆ t

0

̂N (n, t′)

[ ∑
n2∈Z2

|n2|∼|n+n2|6=0
|n2|≤N

sin((t− t′)〈n+ n2〉)
〈n+ n2〉

×
(

(̂n2, t
′)̂ (−n2, t)− σn2

(t, t′)
)]
dt′

+
1

2π2

ˆ t

0

̂N (n, t′)

[ ∑
n2∈Z2

|n2|∼|n+n2|6=0
|n2|≤N

sin((t− t′)〈n+ n2〉)
〈n+ n2〉

σn2(t, t′)

]
dt′

− 1

4π2
· 1n 6=0

ˆ t

0

sin((t− t′)〈2n〉)
〈2n〉

(̂ N (n, t′))2dt′ ·̂N (−n, t)

=: R̂11(n, t) + R̂12(n, t) + R̂13(n, t) + R̂14(n, t), (4.47)

where R12 and R14 correspond to the “renormalized” contribution from n1 + n3 = 0 or
n2 + n3 = 0 and the contribution from n1 = n2 = n = −n3, respectively.

Proceeding as in [30] (and noting that |n + n2| ∼ |n2| implies |n2| & |n|), we can
estimate R̂12 and R̂14 and show that they satisfy (4.46). As for R̂11, by applying Jensen’s
inequality as in [30] (see also Section 10 in [33] and the discussion on

=
in Section 4 of

[40]) and then (4.4), (4.10), and Lemma 2.3 (ii) (noting that |m| ∼ |n3|), we obtain

E
[
|R̂11(n, t)|2

]
.

∑
n=m+n3

|m|∼|n3|

E
[
|̂(m, t)|2

]
E
[
|̂ (n3, t)|2

]

.T
∑

n=m+n3

|m|∼|n3|

1

〈m〉2+2sα−〈n3〉2−2α

. 〈n〉−2−2(sα−α)+,

(4.48)
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provided that 0 < α < 1
2 .

Lastly, we consider R̂13 in (4.47). Let 0 ≤ t2 ≤ t1 ≤ T . Then, from (4.47) with (4.1),
we have

E
[
|R̂13(n, t)|2

]
=

1

2π4
1|n|≤N

∑
k0,k1,k2∈{1,2}

ˆ t

0

ˆ t1

0

σ(k0)
n (t1, t2)

×
[ ∑

n2∈Z2

|n2|∼|n+n2|6=0
|n2|≤N

sin((t− t1)〈n+ n2〉)
〈n+ n2〉

σ(k1)
n2

(t, t1)

]

×
[ ∑

n′2∈Z
2

|n′2|∼|n+n′2|6=0

|n′2|≤N

sin((t− t2)〈n+ n′2〉)
〈n+ n′2〉

σ
(k2)
n′2

(t, t2)

]
dt2dt1

=:
∑

k0,k1,k2∈{1,2}

I(k0,k1,k2)(n, t),

where σn(t, t′) = σ
(1)
n (t, t′) + σ

(2)
n (t, t′) as in (4.15) and (4.16). In the following, we only

consider the contribution from (k0, k1, k2) = (1, 1, 1), since, in the other cases, the desired
bound (4.46) trivially follows from Lemma 2.3 (ii) without using any oscillatory behavior.

By a direction computation with (4.15), we have

I(1,1,1)(n, t)

∼ 1|n|≤N
∑

εj∈{−1,1}
j=1,...,5

∑
n2∈Z2

|n2|∼|n+n2|6=0
|n2|≤N

∑
n′2∈Z

2

|n′2|∼|n+n′2|6=0

|n′2|≤N

ε1ε2e
it(ε1〈n+n2〉+ε2〈n+n′2〉+ε3〈n2〉+ε4〈n′2〉)

〈n〉2(1−α)〈n+ n2〉〈n2〉2(1−α)〈n+ n′2〉〈n′2〉2(1−α)

×
ˆ t

0

t1e
−it1κ3(n̄)

ˆ t1

0

t22e
−it2κ4(n̄′)dt2dt1, (4.49)

where κ3(n̄) and κ4(n̄) are defined by

κ3(n̄) = ε1〈n+ n2〉+ ε3〈n2〉 − ε5〈n〉,
κ4(n̄′) = ε2〈n+ n′2〉+ ε4〈n′2〉+ ε5〈n〉.

Note that for α < 1
2 , the sums over n2 and n′2 in (4.49) are absolutely convergent.

This makes our analysis simpler than the proof of Proposition 1.8 in [30], where the
corresponding sums in n2 and n′2 were not absolutely convergent and hence, it was crucial
to exploit the oscillatory nature of the problem and also apply some symmetrization
argument.

By first integrating (4.49) in t1 when |κ3(n̄)| ≥ 1 and simply bounding the integral
in (4.49) by C(T ) when |κ3(n̄)| < 1, and then applying Lemma 2.3 (ii), we have

|I(1,1,1)(n, t)| .T
1

〈n〉2(1−α)

∑
n2∈Z2

|n+n2|∼|n2|

1

〈n+ n2〉〈n2〉2(1−α)(1 + |κ3(n̄)|)

×
∑
n′2∈Z

2

|n+n′2|∼|n
′
2|

1

〈n+ n′2〉〈n′2〉2(1−α)

.
1

〈n〉3−4α

∑
n2∈Z2

|n+n2|∼|n2|

1

〈n+ n2〉〈n2〉2(1−α)(1 + |κ3(n̄)|)
(4.50)
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for α < 1
2 . In the following, we only consider the case (ε1, ε3, ε5) = (±1,∓1,±1), since the

other cases are handled in an analogous manner. See also the proof of Proposition 1.4.
In this case, by repeating the argument in Case 2 of the proof of Proposition 1.4 (in

particular, (4.23) with (n, n+ n2,−n2) replacing (n, n1, n2)), we have

|κ3(n̄)| = |〈n+ n2〉 − 〈n2〉 − 〈n〉| &
1 + |n||n2|(1− cos θ)

〈n+ n2〉
, (4.51)

where θ = ∠(n, n2). Then, as in (4.28), it follows from (4.51) and 1 + |κ3(n̄)| & |κ3(n̄)| 12
with |n2| ∼ N2 that

Θ3 :=
1 +N2

2 θ

1 + |κ3(n̄)|
. 〈n+ n2〉

1
2

1 +N2
2 θ

1 + 〈n〉 12N
1
2

2 θ
.

N2
2

〈n〉 12
, (4.52)

since N3
2 & 〈n〉 under the condition |n+ n2| ∼ |n2|.

When 1 − cos θ & 1, by summing over n2 in (4.50) with (4.51) and Lemma 2.3, we
obtain

|I(1,1,1)(n, t)| .T 〈n〉−5+6α ≤ 〈n〉−2−2(sα−α)

for α < 1
2 .

Next, consider the case 1− cos θ ∼ θ2 � 1. We see that for fixed n ∈ Z2, the range of
possible n2 with |n2| ∼ N2, dyadic N2 ≥ 1, is constrained to a trapezoid whose height
is ∼ N2| cos θ| ∼ N2 and the width ∼ N2 sin θ . N2θ. Then, from (4.50) with a dyadic
decomposition as in (4.25) and (4.26), and (4.52), we have

|I(1,1,1)(n, t)| .T
1

〈n〉3−4α

∑
N2&〈n〉
dyadic

1

N3−2α
2

Θ3

.
1

〈n〉 72−4α

∑
N2&〈n〉
dyadic

1

N1−2α
2

. 〈n〉− 9
2 +6α . 〈n〉−2−2(sα−α)

for α < 1
2 . We therefore obtain (4.46).

Since the summations above are absolutely convergent, a slight modification of
the argument yields the time difference estimate (2.11) and the estimates (2.12) and
(2.13) for proving convergence of

=

N
to

=
by Lemma 2.6. This completes the proof of

Proposition 3.2.

Remark 4.2. As pointed above, the sums in (4.49) is absolutely convergent for α < 1
2 .

Therefore, even without exploiting multilinear dispersion, we can make sense of
=

. In
the following, by a crude estimate, we show

=
∈ C([0, T ];W 1−3α−,∞(T2)) (4.53)

almost surely.
Note that R̂12 and R̂14 satisfy (4.46) without making use of any dispersion. Thus,

we only need to consider R̂11 and R̂13. Let I(n, t) be as in (4.12). Then, by applying
Lemma 2.3 to (4.14) with (4.1), we have

|I(n, t)| .T
1

〈n〉2
∑

n=n1+n2

1

〈n1〉2(1−α)〈n2〉2(1−α)
. 〈n〉−4+4α
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for 0 < α < 1
2 . Together with (4.13), this implies

E
[
|̂(n, t)|2

]
.T 〈n〉−4+4α (4.54)

even when we do not exploit multilinear dispersion. Then, using (4.4) and (4.54), we can
replace (4.48) by

E
[
|R̂11(n, t)|2

]
.

∑
n=m+n3

|m|∼|n3|

E
[
|̂(m, t)|2

]
E
[
|̂ (n3, t)|2

]
.T 〈n〉−4+6α = 〈n〉−2−2(1−3α).

(4.55)

By ignoring all the oscillatory factors in (4.49), we obtain

E
[
|R̂13(n, t)|2

]
.T

1

〈n〉2(1−α)

∑
n2∈Z2

|n+n2|∼|n2|

1

〈n+ n2〉〈n2〉2(1−α)

∑
n′2∈Z

2

|n+n′2|∼|n
′
2|

1

〈n+ n′2〉〈n′2〉2(1−α)

. 〈n〉−4+6α. (4.56)

Therefore, (4.53) follows from Lemma 2.6 with (4.55), (4.56), and the trivial bounds for
R̂12 and R̂14.

4.4 Divergence of the stochastic terms

In this subsection, we present the proof of Proposition 1.6. By (3.6) and (3.4) with
(4.2), for n ∈ Z2 and t > 0, we can writê

N (n, t) =
1

2π

∑
k∈Z2

k4n−k
|k|,|n−k|≤N

Xk(n, t), (4.57)

where 4 denotes the lexicographic ordering of Z2 and

Xk(n, t) := (2− 1n=2k)

ˆ t

0

sin((t− t′)〈n〉)
〈n〉

(
(̂k, t′)̂ (n− k, t′)− 1n=0 · σk(t′, t′)

)
dt′.

(4.58)

Note that Xk(n, t)’s are independent. We show that the sum in (4.57) diverges almost
surely. We only consider the case |k| ∼ |n − k| � |n|. Otherwise, we have either
|k| ∼ |n| & |n− k| or |n− k| ∼ |n| & |k|. In either case, for fixed n ∈ Z2, the sum in k is a
finite sum and hence is almost surely convergent. This allows us to focus on the case
|k| ∼ |n− k| � |n|. In particular, we assume k 6= n

2 .
As in (4.12), we have

E[Xk(n, t)] = 0,

E
[
|Xk(n, t)|2

]
= 8

ˆ t

0

sin((t− t1)〈n〉)
〈n〉

ˆ t1

0

sin((t− t2)〈n〉)
〈n〉

× σk(t1, t2)σn−k(t1, t2)dt2dt1.

(4.59)

When n = 0 (which implies k 6= 0 under the assumption k 6= n
2 ), we used (4.7). From

(4.1) and |k| ∼ |n− k|, we have

σk(t1, t2)σn−k(t1, t2) =
cos((t1 − t2)(〈k〉 − 〈n− k〉))

8〈k〉2(1−α)〈n− k〉2(1−α)
t22

+
cos((t1 − t2)(〈k〉+ 〈n− k〉))

8〈k〉2(1−α)〈n− k〉2(1−α)
t22

+O
(
〈t2〉〈k〉−5+4α

)
.

(4.60)
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The contribution to (4.59) from the first term on the right-hand side of (4.60) is worst.
Indeed, we can use the dispersion to estimate the contribution to (4.59) from the
second term on the right-hand side of (4.60). Namely, by integrating in t2 and using
|k| ∼ |n− k| � |n|, we have∣∣∣∣ˆ t

0

sin((t− t1)〈n〉)
〈n〉

ˆ t1

0

sin((t− t2)〈n〉)
〈n〉

cos((t1 − t2)(〈k〉+ 〈n− k〉))
〈k〉2(1−α)〈n− k〉2(1−α)

t22dt2dt1

∣∣∣∣
.

1

〈n〉2〈k〉2(1−α)〈n− k〉2(1−α)

×
∑

ε1,ε2∈{−1,1}

ˆ t

0

∣∣∣∣ˆ t1

0

e−it2(ε1〈n〉+ε2(〈k〉+〈n−k〉))t22dt2

∣∣∣∣dt1
.t

1

〈n〉2〈k〉5−4α
.

(4.61)

Now, let us estimate the contribution to (4.59) from the first term on the right-hand
side of (4.60). Given n ∈ Z2, we choose small t > 0 such that t〈n〉 � 1, which implies

sin(t〈n〉)
〈n〉

& t and cos(t〈n〉) & 1. (4.62)

Noting that

|〈k〉 − 〈n− k〉| = ||k|
2 − |n− k|2|
〈k〉+ 〈n− k〉

. |n|,

it follows from (4.62) that

ˆ t

0

sin((t− t1)〈n〉)
〈n〉

ˆ t1

0

sin((t− t2)〈n〉)
〈n〉

cos((t1 − t2)(〈k〉 − 〈n− k〉))
〈k〉2(1−α)〈n− k〉2(1−α)

t22dt2dt1

&
1

〈k〉4(1−α)

ˆ t

0

(t− t1)

ˆ t1

0

(t− t2)t22dt2dt1

&
t6

〈k〉4(1−α)
. (4.63)

By (4.59), (4.60), (4.61), and (4.63), we obtain

E
[
|Xk(n, t)|2

]
&

t6

〈k〉4(1−α)
− 1

〈n〉2〈k〉5−4α
&

t6

〈k〉4(1−α)
(4.64)

for |k| � t−6〈n〉−2 and t〈n〉 � 1. This implies that

∑
k∈Z2

k4n−k
|n|�|k|≤N

E
[
|Xk(n, t)|2

]
&t,n

∑
k∈Z2

t−6〈n〉−2�|k|≤N

1

〈k〉4(1−α)
&t,n

{
logN, if α = 1

2

N−2+4α, if α > 1
2

−→∞

as N → ∞. Hence, Kolmogorov’s three-series theorem ([23, Theorem 2.5.8]) yields

that P
(
| limN→∞

̂
N (n, t)| < ∞

)
< 1. Moreover, recalling the independence of

{Xk(n, t)}k∈Z2,k4n−k, it follows from Kolmogorov’s zero-one law ([23, Theorem 2.5.3])
that

P
(∣∣ lim

N→∞
̂
N (n, t)

∣∣ <∞) = 0.

In particular, we obtain that { N}N∈N forms a divergent sequence in C([0, T ];D′(T2))

almost surely for any T > 0.
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Remark 4.3. (i) From (4.12), (4.13), and (4.59) we have

E
[
|̂N (n, t)|2

]
=

1

4π2

∑
k∈Z2

k4n−k
|k|,|n−k|≤N

E
[
|Xk(n, t)|2

]
+ 1n∈2Z2\{0} ·O

(
〈n〉−6+4α

)
.

This shows that Proposition 1.6 is a consequence of limN→∞E
[
|̂N (n, t)|2

]
=∞.

(ii) Note that the calculations in (4.61), (4.62), and (4.63) are independent of dimensions.
In particular, the lower bound (4.64) is also valid on Td. From this observation, we
conclude that { N}N∈N forms a divergent sequence in C([0, T ];D′(Td)) almost surely
if α ≥ 1 − d

4 . Note that for d ≥ 5, we need to apply smoothing (i.e. α < 0) in order to
construct the second order process as a limit of { N}N∈N.

Since the critical value given by the probabilistic scaling is α∗ = min
(

5−d
4 , 5−d

2

)
,

we see that the existing solution theory such as the Da Prato-Debussche trick or its
higher order variants breaks down at α = 1− d

4 before reaching the critical value α∗ in
dimensions d = 1, . . . , 5.

5 Stochastic nonlinear heat equation with rough noise

In this section, we consider SNLH (1.2). In Subsection 5.1, we first state the regularity
properties of the relevant stochastic terms and present a proof of Theorem 1.10 by
reformulating the problem in terms of the residual term v = u− + . We then proceed
with the construction of the stochastic terms in the remaining part of this section. This
includes the divergence of (and , respectively) for α ≥ 1

2 (and α ≥ 1, respectively)
stated in Proposition 1.9.

5.1 Reformulation of SNLH

Let α > 0. We define the truncated stochastic convolution N = I(〈∇〉απNξ) by

N :=

ˆ t

−∞
P (t− t′)〈∇〉απNdW (t′) =

∑
n∈Z2

|n|≤N

en

ˆ t

−∞
e−(t−t′)〈n〉2〈n〉αdβn(t′) (5.1)

for t ≥ 0, where πN , P (t), en, and W (t) are as in (1.7), (2.8), (2.1), and (3.1), respectively.
We denote the limit of N by :

= lim
N→∞

N =

ˆ t

−∞
P (t− t′)〈∇〉αdW (t′). (5.2)

We then define the truncated Wick power N by

N := ( N )2 − κN , (5.3)

where κN is defined by

κN := E
[
( N (x, t))2

]
=

1

4π2

∑
|n|≤N

ˆ t

−∞

(
e−(t−t′)〈n〉2〈n〉α

)2

dt′

=
1

8π2

∑
|n|≤N

1

〈n〉2(1−α)
∼ N2α. (5.4)

Then, by proceeding as in the proof of Lemma 3.1 (i), we have the following regularity
and convergence property of N . Since the argument is standard, we omit details.
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Lemma 5.1. Let T > 0. Given α ∈ R and s < −α, { N}N∈N defined in (5.1) is a Cauchy
sequence in C([0, T ]; Cs(T2)) almost surely. In particular, denoting the limit by , we have

∈ C([0, T ]; C−α−ε(T2))

for any ε > 0, almost surely.

We now define the second order stochastic term:

N := I( N ).

Then, a slight modification of the proof of Proposition 1.9 (ii) presented below shows that

N converges to

(t) := I( )(t) =

ˆ t

−∞
P (t− t′) (t′)dt′

in C([0, T ]; C2−2α−(T2)) almost surely, provided that 0 < α < 1.
From the regularities 2− 2α− and −α− of and , there is an issue in making sense

of the resonant product = in the deterministic manner when α ≥ 2
3 . For the range

2
3 ≤ α < 1, we instead use stochastic analysis to define the resonant product “ = ” as a
suitable limit of

=

N
:= N

=
N .

Lemma 5.2. Let 0 < α < 1. Given any T > 0, {
=

N
}N∈N is a Cauchy sequence in

C([0, T ]; C2−3α−ε(T2)) for any ε > 0, almost surely. In particular, denoting the limit by
=

,
we have

=
∈ C([0, T ]; C2−3α−ε(T2))

almost surely.

In the following, we only consider the range 2
3 ≤ α < 1 since the case 0 < α < 2

3 can
be handled by the standard Da Prato-Debussche trick as mentioned in Section 1. As in
Subsection 3.1, we proceed with the second order expansion (1.3). Then, after a proper
renormalization, the residual term v = u− + satisfies the following equation:{

∂tv + (1−∆)v = −v2 − 2v( − )− 2
+ 2( < +

=
+ > )

v|t=0 = v0,
(5.5)

where v0 = vω0 is given by

v0 = u0 − (0) + (0). (5.6)

Given s < σ and T > 0, define X(T ) ⊂ C([0, T ]; Cs(T2)) ∩ C((0, T ]; Cσ(T2)) by the
norm:

‖v‖X(T ) = ‖v‖CT Csx + ‖v‖Y (T ),

where the Y (T )-norm is given by

‖v‖Y (T ) = sup
0<t≤T

t
σ−s
2 ‖v(t)‖Cσ .

We point out that the Y (T )-norm is needed to handle rough initial data in Cs(T 2), which
does not belong to Cσ(T2). The use of this type of norm, allowing a blowup at time t = 0,
is standard in the study of the parabolic equations. See, for example, [6, 39]. We then
have the following local well-posedness of the perturbed SNLH (5.5).
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Theorem 5.3. Let 0 < α < 1 and s > −α−ε for sufficiently small ε > 0. Then, the Cauchy
problem (5.5) is locally well-posed in Cs(T2). More precisely, given any u0 ∈ Cs(T2),
there exist an almost surely positive stopping time T = T (ω) and a unique solution v

to (5.5) in the class:

X(T ) ⊂ C([0, T ]; Cs(T2)) ∩ C((0, T ]; Cσ(T2)),

where −s < σ < s+2. Furthermore, the solution v depends continuously on the enhanced
data set :

Σ =
(
u0, , ,

=

)
almost surely belonging to the class:

Zs,εT = Cs(T2)× C([0, T ]; C−α−ε(T2))

× C([0, T ]; C2−2α−ε(T2))× C([0, T ]; C2−3α−ε,∞(T2)).

Once we prove Theorem 5.3, Theorem 1.10 follows from the same lines as in the
proof of Theorem 1.3 and thus we omit details.

Proof of Theorem 5.3. Let 0 < T ≤ 1 and fix ε > 0 sufficiently small. Define a map Γ on
X(T ) by

Γ(v)(t) = P (t)v0 −
ˆ t

0

P (t− t′)
[
v2 + 2v( − ) +

2 − 2
]
(t′)dt′,

where v0 is as in (5.6) and is as in (3.16). From Lemma 5.2, Proposition 1.9, and
Lemma 5.1 with Lemma 2.1, we see that

∈ C([0, T ]; C−α−ε,∞(T2)) (5.7)

almost surely.
For simplicity, we only consider the case s = −α− ε. From Lemmas 2.5 and 2.1 along

with Lemma 5.1, Proposition 1.9, and (5.7), we have

‖Γ(v)‖L∞T Csx . ‖v0‖Cs +

∥∥∥∥ˆ t

0

(
‖v2‖Cs + ‖v( − )‖Cs

)
(t′)dt′

∥∥∥∥
L∞T

+ T
(
‖ 2‖L∞T Csx + ‖ ‖L∞T Csx

)
. ‖u0‖Cs + ‖ (0)‖Cs + ‖ (0)‖Cs

+

ˆ T

0

(t′)−
σ−s
2 dt′ ·

(
‖v‖L∞T Csx + ‖ − ‖L∞T Csx

)
‖v‖Y (T )

+ T
(
‖ ‖2

L∞T C
2−2α−
x

+ ‖ ‖L∞T Csx
)

≤ ‖u0‖Cs + T θ
(
‖v‖2X(T ) + Cω‖v‖X(T )

)
+ Cω

(5.8)

for some almost surely finite constant Cω > 0 and θ > 0, provided that α < 1 and
−s < σ < s+ 2.

Next, we estimate the Y (T )-norm of Γ(v). Under the condition σ < s+ 2, a change of
variable yields

t
σ−s
2

ˆ t

0

(t− t′)−
σ−s
2 (t′)−

σ−s
2 dt′ = t1−

σ−s
2 B

(
1− σ−s

2 , 1− σ−s
2

)
. T 1−σ−s2 (5.9)
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for 0 < t ≤ T , provided that σ < s+ 2. Here, B(x, y) =
´ 1

0
(1− τ)x−1τy−1dτ denotes the

beta function.

Let N (v) = v2 + 2v( − ) +
2− 2 . Then, for 0 < t ≤ T , it follows from Lemmas 2.5

and 2.1 and (5.9) along with Lemma 5.1, Proposition 1.9, and (5.7) that

t
σ−s
2 ‖Γ(v)(t)‖Cσx . ‖v0‖Cs + t

σ−s
2

ˆ t

0

(t− t′)−
σ−s
2 ‖N (v)(t′)‖Csdt′

. ‖u0‖Cs + t
σ−s
2

ˆ t

0

(t− t′)−
σ−s
2 (t′)−

σ−s
2 dt′

×
(
‖v‖L∞T Csx + ‖ − ‖L∞T Csx

)
‖v‖Y (T ) + Cω

≤ ‖u0‖Cs + T θ
(
‖v‖2X(T ) + Cω‖v‖X(T )

)
+ Cω,

(5.10)

provided that α < 1 and −s < σ < s+ 2.

Taking a supremum of the left-hand side of (5.10) over 0 < t ≤ T , it follows from (5.8)
and (5.10) that

‖Γ(v)‖X(T ) ≤ ‖u0‖Cs + T θ
(
‖v‖2X(T ) + Cω‖v‖X(T )

)
+ Cω. (5.11)

By a similar computation, we also obtain a difference estimate:

‖Γ(v1)− Γ(v2)‖X(T ) . T
θ
(
‖v1‖X(T ) + ‖v2‖X(T ) + Cω

)
‖v1 − v2‖X(T ). (5.12)

Therefore, we conclude from (5.11) and (5.12) that a standard contraction argument
yields local well-posedness of (5.5). Moreover, an analogous computation shows that the
solution v ∈ X(T ) depends continuously on the enhanced data set Σ =

(
u0, , ,

=

)
.

5.2 Proof of Proposition 1.9 (i)

Given n ∈ Z2 and 0 ≤ t2 ≤ t1, define κn(t1, t2) by

κn(t1, t2) := E
[̂

(n, t1) (̂−n, t2)
]

=

ˆ t2

−∞
e−(t1−t′)〈n〉2〈n〉αe−(t2−t′)〈n〉2〈n〉αdt′

=
e−(t1−t2)〈n〉2

2〈n〉2(1−α)
.

(5.13)

First, we prove that N ∈ C(R+; C−2α−(T2)) with a uniform (in N ) bound, almost
surely. In view of (3.4) and (5.3), by repeating the computation in the proof of Lemma
3.1 (ii) (in particular (4.8) and (4.9)) and applying Lemma 2.3, we have

E
[
|̂N (n, t)|2

]
.

∑
n=n1+n2

κn1
(t, t)κn2

(t, t)

∼
∑

n=n1+n2

1

〈n1〉2(1−α)〈n2〉2(1−α)
. 〈n〉−2+4α, (5.14)

provided that 0 < α < 1
2 . Since the time difference estimate follows from a slight

modification, Lemma 2.6 implies that N ∈ C(R+; C−2α−(T2)) almost surely. Moreover,
a slight modification of the argument yields that { N}N∈N is almost surely a Cauchy
sequence in C(R+; C−2α−(T2)), thus converging to some limit . Since the required
modification is standard, we omit the details here.
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Next, we show that when α ≥ 1
2 , we show that { N}N∈N forms a divergent sequence

in C([0, T ];D′(T2)) for any T > 0 almost surely. From (5.14), we have

E
[
|̂N (n, t)|2

]
&

∑
n1∈Z2

|n|�|n1|≤N

1

〈n1〉2(1−α)〈n− n1〉2(1−α)
&

{
logN, if α = 1

2

N−2+4α, if α > 1
2

→∞

(5.15)

as N →∞. Then, from Kolmogorov’s three-series theorem, Kolmogorov’s zero-one law,
and Remark 4.3 with (5.15), we have

P
(∣∣ lim

N→∞
̂N (n, t)

∣∣ <∞) = 0.

In particular, we obtain that { N}N∈N forms a divergent sequence in C([0, T ];D′(T2))

almost surely for α ≥ 1
2 . This concludes the proof of Proposition 1.9 (i).

5.3 Proof of Proposition 1.9 (ii)

First, we prove that N ∈ C(R+; C2−2α−(T2)) with a uniform (in N ) bound on each
bounded time interval [0, T ], almost surely. As in Subsection 4.2, it suffices to show

E
[
|̂N (n, t)|2

]
.T 〈n〉−2−2(2−2α) (5.16)

for any n ∈ Z2 and 0 ≤ t ≤ T , uniformly in N ∈ N.
We only consider n 6= 0 for simplicity. Proceeding as in (4.12), we have

E
[
|̂N (n, t)|2

]
=

1

π2

∑
n=n1+n2
n1 6=±n2

|n1|,|n2|≤N

ˆ t

0

e−(t−t1)〈n〉2
ˆ t1

0

e−(t−t2)〈n〉2κn1
(t1, t2)κn2

(t1, t2)dt2dt1

+
1

2π2
· 1n∈2Z2\{0}

ˆ t

0

e−(t−t1)〈n〉2
ˆ t1

0

e−(t−t2)〈n〉2E
[̂
N

(
n
2 , t1

)2̂N(n2 , t2)2]dt2dt1
=: I(n, t) + II(n, t), (5.17)

where κnj (t1, t2) is as in (5.13). From (5.13), we see that the contribution from II(n, t)
satisfies (5.16). Hence, we focus on I(n, t). By (5.17) and (5.13), we have

I(n, t) ∼
∑

n=n1+n2
n1 6=±n2

|n1|,|n2|≤N

1

〈n1〉2(1−α)〈n2〉2(1−α)

× e−2t〈n〉2
ˆ t

0

et1(〈n〉2−〈n1〉2−〈n2〉2)

ˆ t1

0

et2(〈n〉2+〈n1〉2+〈n2〉2)dt2dt1

=
∑

n=n1+n2
n1 6=±n2

|n1|,|n2|≤N

1

〈n1〉2(1−α)〈n2〉2(1−α)

× 1

〈n〉2 + 〈n1〉2 + 〈n2〉2

(
1− e−2t〈n〉2

〈n〉2
− e−2t〈n〉2 1− et(〈n〉2−〈n1〉2−〈n2〉2)

〈n1〉2 + 〈n2〉2 − 〈n〉2

)
.

1

〈n〉2
∑

n=n1+n2
n1 6=±n2

1

〈n1〉2(1−α)〈n2〉2(1−α)

1

〈n〉2 + 〈n1〉2 + 〈n2〉2
.

(5.18)
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By separately estimating the contributions from |n1| ∼ |n2| � |n| and |n1| ∼ |n| & |n2|
(or |n2| ∼ |n| & |n1|) with Lemma 2.3, we see that the contribution from I(n, t) also
satisfies (5.16) for 0 < α < 1. This proves (5.16).

Next, we show that when α ≥ 1, { N}N∈N does not converge in C([0, T ];D′(T2)) for
any T > 0 almost surely. From Remark 4.3, it suffices to show that

lim
N→∞

E
[
| N (n, t)|2

]
=∞ (5.19)

for α ≥ 1 under an appropriate assumption on t > 0.

Since the second term II(n, t) in (5.17) does not involve any summation, it is finite.
From (5.18), it is easy to see that the contribution to I(n, t) from |n| ∼ max(|n1|, |n2|) is
finite. Indeed, assuming |n1| . |n| ∼ |n2| without loss of generality, the contribution
to (5.18) from this case is bounded by

1

〈n〉6−2α

∑
n1∈Z2

|n1|.|n|

1

〈n1〉2−2α
. 〈n〉−6+4α.

It remains to estimate I(n, t) under the constraint |n| � |n1| ∼ |n2|. When t� |n|−2,
the contribution to I(n, t) from this case is bounded below by

1

〈n〉2
∑
n1∈Z2

|n|�|n1|≤N

1

〈n1〉6−4α
&n

{
logN, if α = 1

N−4+4α, if α > 1

−→∞

as N →∞. This proves (5.19) for t� |n|−2, when α ≥ 1.

5.4 Proof of Lemma 5.2

As in Subsection 4.3, it suffices to show

E
[
|F [ N

=
N ](n, t)|2

]
.T 〈n〉−2−2(2−3α) (5.20)

for n ∈ Z2 and 0 ≤ t ≤ T , uniformly in N ∈ N. As in (4.45), we decompose N
=

N into
two parts:

F [ N
=

N ](n, t) =
1

4π2

∑
n=n1+n2+n3

|n1+n2|∼|n3|
n1+n2 6=0

ˆ t

0

e−(t−t′)〈n1+n2〉2̂N (n1, t
′)̂ N (n2, t

′)dt′ ·̂N (n3, t)

+
1

4π2

∑
n1∈Z2

|n1|≤N

1|n|∼1

ˆ t

0

e−(t−t′) ·
(
|̂ (n1, t

′)|2 − κn1
(t′)
)
dt′ ·̂N (n, t)

=: R̂1(n, t) + R̂2(n, t).
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Moreover, we decompose R1 as

R̂1(n, t) =
1

4π2

∑
n=n1+n2+n3

|n1+n2|∼|n3|
(n1+n2)(n2+n3)(n3+n1)6=0

ˆ t

0

e−(t−t′)〈n1+n2〉2̂N (n1, t
′)̂ N (n2, t

′)dt′ ·̂N (n3, t)

+
1

2π2

ˆ t

0

̂N (n, t′)

[ ∑
n2∈Z2

|n2|∼|n+n2|6=0
|n2|≤N

e−(t−t′)〈n+n2〉2

×
(

(̂n2, t
′)̂ (−n2, t)− κn2(t, t′)

)]
dt′

+
1

2π2

ˆ t

0

̂N (n, t′)

[ ∑
n2∈Z2

|n2|∼|n+n2|6=0
|n2|≤N

e−(t−t′)〈n+n2〉2κn2
(t, t′)

]
dt′

− 1

4π2
· 1n6=0

ˆ t

0

e−(t−t′)〈2n〉2 (̂ N (n, t′))2dt′ ·̂N (−n, t)

=: R̂11(n, t) + R̂12(n, t) + R̂13(n, t) + R̂14(n, t). (5.21)

Proceeding as in the proof of Proposition 3.2, we can easily show that R̂11, R̂12, and R̂14

satisfy (5.20).
It remains to consider R̂13. Under the constraint |n2| ∼ |n+ n2|, we have |n2| & |n|.

Then, from (5.21) with (5.13), we have

E
[
|R̂13(n, t)|2

]
.T

1

〈n〉2−2α

∑
n2∈Z2

|n2|∼|n+n2|

1

〈n+ n2〉2〈n2〉2−2α

×
∑
n′2∈Z

2

|n′2|∼|n+n′2|

1

〈n+ n′2〉2〈n′2〉2−2α

. 〈n〉−6+6α

for 0 < α < 1, verifying (5.20).

References

[1] H. Bahouri, J.-Y. Chemin, R. Danchin, Fourier analysis and nonlinear partial differential
equations, Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of
Mathematical Sciences], 343. Springer, Heidelberg, 2011. xvi+523 pp. MR-2768550

[2] R.M. Balan, M. Jolis, J. Quer-Sardanyons, SPDEs with affine multiplicative fractional noise in
space with index 1

4
< H < 1

2
, Electron. J. Probab. 20 (2015), no. 54, 36 pp. MR-3354614

[3] R.M. Balan, C. A. Tudor, Stochastic heat equation with multiplicative fractional-colored noise,
J. Theoret. Probab. 23 (2010), no. 3, 834–870. MR-2679959

[4] Á. Bényi,T. Oh, O. Pocovnicu, Higher order expansions for the probabilistic local Cauchy
theory of the cubic nonlinear Schrödinger equation on R3, Trans. Amer. Math. Soc. Ser. B 6
(2019), 114–160. MR-3919013

[5] J.-M. Bony, Calcul symbolique et propagation des singularités pour les équations aux dérivées
partielles non linéaires, Ann. Sci. École Norm. Sup. 14 (1981), no. 2, 209–246. MR-0631751

[6] H. Brezis, T. Cazenave, A nonlinear heat equation with singular initial data, J. Anal. Math. 68
(1996), 277–304. MR-1403259

[7] B. Bringmann, Invariant Gibbs measures for the three-dimensional wave equation with a
Hartree nonlinearity II: Dynamics, arXiv:2009.04616

EJP 26 (2021), paper 9.
Page 41/44

https://www.imstat.org/ejp

https://mathscinet.ams.org/mathscinet-getitem?mr=2768550
https://mathscinet.ams.org/mathscinet-getitem?mr=3354614
https://mathscinet.ams.org/mathscinet-getitem?mr=2679959
https://mathscinet.ams.org/mathscinet-getitem?mr=3919013
https://mathscinet.ams.org/mathscinet-getitem?mr=0631751
https://mathscinet.ams.org/mathscinet-getitem?mr=1403259
https://arXiv.org/abs/2009.04616
https://doi.org/10.1214/20-EJP575
https://imstat.org/journals-and-publications/electronic-journal-of-probability/


Comparing stochastic NLW and NLH

[8] Y. Bruned, A. Chandra, I. Chevyrev, M. Hairer, Renormalising SPDEs in regularity structures,
to appear in J. Eur. Math. Soc.

[9] Y. Bruned, M. Hairer, L. Zambotti, Algebraic renormalisation of regularity structures, Invent.
Math. 215 (2019), no. 3, 1039–1156. MR-3935036

[10] R. Catellier, K. Chouk, Paracontrolled distributions and the 3-dimensional stochastic quanti-
zation equation, Ann. Probab. 46 (2018), no. 5, 2621–2679. MR-3846835

[11] A. Chandra, M. Hairer, An analytic BPHZ theorem for regularity structures, arXiv:1612.08138

[12] A. Chandra, H. Weber, Stochastic PDEs, regularity structures, and interacting particle
systems, Ann. Fac. Sci. Toulouse Math. (6) 26 (2017), no. 4, 847–909. MR-3746645

[13] M. Christ, J. Colliander, T. Tao, Ill-posedness for nonlinear Schrödinger and wave equations,
arXiv:math/0311048

[14] R. Dalang, Extending the martingale measure stochastic integral with applications to spatially
homogeneous s.p.d.e.’s, Electron. J. Probab. 4 (1999), no. 6, 29 pp. MR-1684157

[15] R. Dalang, L. Quer-Sardanyons, Stochastic integrals for spde’s: a comparison, Expo. Math.
29 (2011), no. 1, 67–109. MR-2785545

[16] P. D’Ancona, D. Foschi, S. Selberg, Atlas of products for wave-Sobolev spaces on R1+3, Trans.
Amer. Math. Soc. 364 (2012), no. 1, 31–63. MR-2833576

[17] G. Da Prato, A. Debussche, Strong solutions to the stochastic quantization equations, Ann.
Probab. 31 (2003), no. 4, 1900–1916. MR-2016604

[18] G. Da Prato, J. Zabczyk, Stochastic equations in infinite dimensions, Second edition. Ency-
clopedia of Mathematics and its Applications, 152. Cambridge University Press, Cambridge,
2014. xviii+493 pp. MR-3236753

[19] A. de Bouard, A. Debussche, The stochastic nonlinear Schrödinger equation in H1, Stochastic
Anal. Appl. 21 (2003), no. 1, 97–126. MR-1954077

[20] Y. Deng, A. Nahmod, H. Yue, Invariant Gibbs measures and global strong solutions for
nonlinear Schrödinger equations in dimension two, arXiv:1910.08492

[21] A. Deya, A nonlinear wave equation with fractional perturbation, Ann. Probab. 47 (2019),
no. 3, 1775–1810. MR-3945759

[22] A. Deya, On a non-linear 2D fractional wave equation, Ann. Inst. Henri Poincaré Probab. Stat.
56 (2020), no. 1, 477–501. MR-4058996

[23] R. Durrett, Probability–theory and examples, Fifth edition. Cambridge Series in Statistical and
Probabilistic Mathematics, 49. Cambridge University Press, Cambridge, 2019. xii+419 pp.
MR-3930614

[24] W. E, A. Jentzen, H. Shen, Renormalized powers of Ornstein-Uhlenbeck processes and well-
posedness of stochastic Ginzburg-Landau equations, Nonlinear Anal. 142 (2016), 152–193.
MR-3508062

[25] J. Forlano, T. Oh, Y. Wang, Stochastic cubic nonlinear Schrödinger equation with almost
space-time white noise, J. Aust. Math. Soc. 109 (2020), no. 1, 44–67. MR-4120796

[26] J. Forlano, M. Okamoto, A remark on norm inflation for nonlinear wave equations, Dyn. Partial
Differ. Equ., 17 (2020), no. 4, 361–381. MR-4180250

[27] Y.V. Fyodorov, B.A. Khoruzhenko, N.J. Simm, Fractional Brownian motion with Hurst index
H = 0 and the Gaussian Unitary Ensemble, Ann. Probab. 44 (2016), no. 4, 2980–3031.
MR-3531684

[28] M. Gubinelli, P. Imkeller, N. Perkowski, Paracontrolled distributions and singular PDEs, Forum
Math. Pi 3 (2015), e6, 75 pp. MR-3406823

[29] M. Gubinelli, H. Koch, T. Oh, Renormalization of the two-dimensional stochastic nonlinear
wave equations, Trans. Amer. Math. Soc. 370 (2018), no 10, 7335–7359. MR-3841850

[30] M. Gubinelli, H. Koch, T. Oh, Paracontrolled approach to the three-dimensional stochastic
nonlinear wave equation with quadratic nonlinearity, arXiv:1811.07808

[31] M. Gubinelli, H. Koch, T. Oh, L. Tolomeo, Global dynamics for the two-dimensional stochastic
nonlinear wave equations, arXiv:2005.10570

[32] M. Hairer, Solving the KPZ equation, Ann. of Math. 178 (2013), no. 2, 559–664. MR-3071506

EJP 26 (2021), paper 9.
Page 42/44

https://www.imstat.org/ejp

https://mathscinet.ams.org/mathscinet-getitem?mr=3935036
https://mathscinet.ams.org/mathscinet-getitem?mr=3846835
https://arXiv.org/abs/1612.08138
https://mathscinet.ams.org/mathscinet-getitem?mr=3746645
https://arXiv.org/abs/math/0311048
https://mathscinet.ams.org/mathscinet-getitem?mr=1684157
https://mathscinet.ams.org/mathscinet-getitem?mr=2785545
https://mathscinet.ams.org/mathscinet-getitem?mr=2833576
https://mathscinet.ams.org/mathscinet-getitem?mr=2016604
https://mathscinet.ams.org/mathscinet-getitem?mr=3236753
https://mathscinet.ams.org/mathscinet-getitem?mr=1954077
https://arXiv.org/abs/1910.08492
https://mathscinet.ams.org/mathscinet-getitem?mr=3945759
https://mathscinet.ams.org/mathscinet-getitem?mr=4058996
https://mathscinet.ams.org/mathscinet-getitem?mr=3930614
https://mathscinet.ams.org/mathscinet-getitem?mr=3508062
https://mathscinet.ams.org/mathscinet-getitem?mr=4120796
https://mathscinet.ams.org/mathscinet-getitem?mr=4180250
https://mathscinet.ams.org/mathscinet-getitem?mr=3531684
https://mathscinet.ams.org/mathscinet-getitem?mr=3406823
https://mathscinet.ams.org/mathscinet-getitem?mr=3841850
https://arXiv.org/abs/1811.07808
https://arXiv.org/abs/2005.10570
https://mathscinet.ams.org/mathscinet-getitem?mr=3071506
https://doi.org/10.1214/20-EJP575
https://imstat.org/journals-and-publications/electronic-journal-of-probability/


Comparing stochastic NLW and NLH

[33] M. Hairer, A theory of regularity structures, Invent. Math. 198 (2014), no. 2, 269–504.
MR-3274562

[34] M. Hoshino, KPZ equation with fractional derivatives of white noise, Stoch. Partial Differ.
Equ. Anal. Comput. 4 (2016), no. 4, 827–890. MR-3554432

[35] Y. Hu, J. Huang, K. Lê, D. Nualart, S. Tindel, Stochastic heat equation with rough dependence
in space, Ann. Probab. 45 (2017), no. 6B, 4561–4616. MR-3737918

[36] A. Kupiainen, Renormalization group and stochastic PDEs, Ann. Henri Poincaré 17 (2016),
no. 3, 497–535. MR-3459120

[37] B. Mandelbrot, J. Van Ness, Fractional Brownian motions, fractional noises and applications,
SIAM Rev. 10 (1968), 422–437. MR-0242239

[38] J.-C. Mourrat, H. Weber, Global well-posedness of the dynamic Φ4 model in the plane, Ann.
Probab. 45 (2017), no. 4, 2398–2476. MR-3693966

[39] J.-C. Mourrat, H. Weber, The dynamic Φ4
3 model comes down from infinity, Comm. Math. Phys.

356 (2017), no. 3, 673–753. MR-3719541

[40] J.-C. Mourrat, H. Weber, W. Xu, Construction of Φ4
3 diagrams for pedestrians, From particle

systems to partial differential equations, 1–46, Springer Proc. Math. Stat., 209, Springer,
Cham, 2017. MR-3746744

[41] T. Oh, M. Okamoto, T. Robert, A remark on triviality for the two-dimensional stochastic
nonlinear wave equation, Stochastic Process. Appl. 130 (2020), no. 9, 5838–5864. MR-
4127348

[42] T. Oh, M. Okamoto, L. Tolomeo, Focusing Φ4
3-model with a Hartree-type nonlinearity,

arXiv:2009.03251

[43] T. Oh, M. Okamoto, N. Tzvetkov, Uniqueness and non-uniqueness of the Gaussian free field
evolution under the two-dimensional Wick ordered cubic wave equation, preprint.

[44] T. Oh, O. Pocovnicu, N. Tzvetkov, Probabilistic local well-posedness of the cubic nonlinear
wave equation in negative Sobolev spaces, to appear in Ann. Inst. Fourier (Grenoble).

[45] T. Oh, O. Pocovnicu, Y. Wang, On the stochastic nonlinear Schrödinger equations with
non-smooth additive noise, Kyoto J. Math. 60 (2020), no. 4, 1227–1243. MR-4175807

[46] T. Oh, T. Robert, P. Sosoe, Y. Wang, On the two-dimensional hyperbolic stochastic sine-
Gordon equation, Stoch. Partial Differ. Equ. Anal. Comput. (2020), 32 pages. DOI: https:
//doi.org/10.1007/s40072-020-00165-8

[47] T. Oh, T. Robert, P. Sosoe, Y. Wang, Invariant Gibbs dynamics for the dynamical sine-Gordon
model, Proc. Roy. Soc. Edinburgh Sect. A (2020), 17 pages. DOI: https://doi.org/10.1017/prm.
2020.68

[48] T. Oh, T. Robert, N. Tzvetkov, Stochastic nonlinear wave dynamics on compact surfaces,
arXiv:1904.05277

[49] T. Oh, T. Robert, Y. Wang, On the parabolic and hyperbolic Liouville equations,
arXiv:1908.03944

[50] T. Oh, P. Sosoe, N. Tzvetkov. An optimal regularity result on the quasi-invariant Gaussian
measures for the cubic fourth order nonlinear Schrödinger equation, J. Éc. Polytech. Math. 5
(2018), 793–841. MR-3877167

[51] T. Oh, L. Thomann, Invariant Gibbs measure for the 2-d defocusing nonlinear wave equations,
Ann. Fac. Sci. Toulouse Math. 29 (2020), no. 1, 1–26. MR-4133695

[52] S. Peszat, J. Zabczyk, Stochastic evolution equations with a spatially homogeneous Wiener
process, Stochastic Process. Appl. 72 (1997), no. 2, 187–204. MR-1486552

[53] B. Simon, The P (ϕ)2 Euclidean (quantum) field theory, Princeton Series in Physics. Princeton
University Press, Princeton, N.J., 1974. xx+392 pp. MR-0489552

[54] S. Tindel, C. A. Tudor, F. Viens, Stochastic evolution equations with fractional Brownian
motion, Probab. Theory Related Fields 127 (2003), no. 2, 186–204. MR-2013981

[55] L. Tolomeo, Global well-posedness of the two-dimensional stochastic nonlinear wave equation
on an unbounded domain, to appear in Ann. Probab.

EJP 26 (2021), paper 9.
Page 43/44

https://www.imstat.org/ejp

https://mathscinet.ams.org/mathscinet-getitem?mr=3274562
https://mathscinet.ams.org/mathscinet-getitem?mr=3554432
https://mathscinet.ams.org/mathscinet-getitem?mr=3737918
https://mathscinet.ams.org/mathscinet-getitem?mr=3459120
https://mathscinet.ams.org/mathscinet-getitem?mr=0242239
https://mathscinet.ams.org/mathscinet-getitem?mr=3693966
https://mathscinet.ams.org/mathscinet-getitem?mr=3719541
https://mathscinet.ams.org/mathscinet-getitem?mr=3746744
https://mathscinet.ams.org/mathscinet-getitem?mr=4127348
https://mathscinet.ams.org/mathscinet-getitem?mr=4127348
https://arXiv.org/abs/2009.03251
https://mathscinet.ams.org/mathscinet-getitem?mr=4175807
https://doi.org/10.1007/s40072-020-00165-8
https://doi.org/10.1007/s40072-020-00165-8
https://doi.org/10.1017/prm.2020.68
https://doi.org/10.1017/prm.2020.68
https://arXiv.org/abs/1904.05277
https://arXiv.org/abs/1908.03944
https://mathscinet.ams.org/mathscinet-getitem?mr=3877167
https://mathscinet.ams.org/mathscinet-getitem?mr=4133695
https://mathscinet.ams.org/mathscinet-getitem?mr=1486552
https://mathscinet.ams.org/mathscinet-getitem?mr=0489552
https://mathscinet.ams.org/mathscinet-getitem?mr=2013981
https://doi.org/10.1214/20-EJP575
https://imstat.org/journals-and-publications/electronic-journal-of-probability/


Comparing stochastic NLW and NLH

[56] J. Walsh, An introduction to stochastic partial differential equations, École d’été de probabil-
ités de Saint-Flour, XIV–1984, 265–439, Lecture Notes in Math., 1180, Springer, Berlin, 1986.
MR-0876085

Acknowledgments. T.O. was supported by the European Research Council (grant
no. 637995 “ProbDynDispEq” and grant no. 864138 “SingStochDispDyn"). M.O. was
supported by JSPS KAKENHI Grant numbers JP16K17624 and JP20K14342. The authors
would like to thank Martin Hairer for a helpful conversation. M.O. would like to thank
the School of Mathematics at the University of Edinburgh for its hospitality, where this
manuscript was prepared. The authors would like to thank the anonymous referee for
numerous helpful comments, which have improved the presentation of the paper.

EJP 26 (2021), paper 9.
Page 44/44

https://www.imstat.org/ejp

https://mathscinet.ams.org/mathscinet-getitem?mr=0876085
https://doi.org/10.1214/20-EJP575
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

	Introduction
	Singular stochastic PDEs
	Stochastic nonlinear wave equation
	Stochastic nonlinear heat equation

	Basic lemmas
	Notations
	Besov spaces and paraproduct estimates
	Product estimates and discrete convolutions
	Linear estimates
	Tools from stochastic analysis

	Stochastic nonlinear wave equation with rough noise
	Reformulation of SNLW
	Proof of Theorem 3.3
	Proof of Theorem 3.4

	On the construction of the relevant stochastic objects
	Proof of Lemma 3.1
	Proof of Proposition 1.4
	Proof of Proposition 3.2
	Divergence of the stochastic terms

	Stochastic nonlinear heat equation with rough noise
	Reformulation of SNLH
	Proof of Proposition 1.9(i)
	Proof of Proposition 1.9(ii)
	Proof of Lemma 5.2

	References

