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Law of the iterated logarithm for a random Dirichlet series
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Abstract

Let (X,)nen be a sequence of i.i.d. random variables with distribution P(X; = 1) =
P(X: = —1) = 1/2. Let F(o) = >_.°, Xa,n . We prove that the following holds
almost surely

=1

. F(o)
lim sup
o—1/2+ \/2EF(0)2loglog EF(c)2
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1 Introduction

Let S = {1 < n; < ng < ...} be a set of non-negative real numbers and (a,)nes
be a sequence of complex numbers. A Dirichlet series is a series of the form F(s) =
> nes @n”°, where s is a complex number s = o + it. A standard result for series of this
type is that if F' converges at s = s, then it converges at all s € C with Re(s) > Re(sp),
and F defines an analytic function in the half plane {s € C : Re(s) > Re(so)}. Hence,
when F' converges at some point sg, the following abscissa of convergence is well defined:
o.:=1inf{o € R: F(o) converges }.

An important example of a Dirichlet series is the Riemann ¢ function:

oo

¢(o) = %
n=1

It follows that (o) has abscissa of convergence o. = 1. Moreover, ((o) has a singularity
at s =1. Indeed, as 0 — 17, ((0) ~ =1-.

The study of the behavior of a Dirichlet series near its line of abscissa of convergence
o is classical in Analysis and in Analytic Number Theory. For instance, one can obtain
the prime number Theorem - the statement that the number of primes below z is
asymptotically =/ log « - from the classical Wiener-Ikehara Theorem, a Tauberian result;
see, for instance Chapter I1.7 of [7].

Let (X, )nen be i.i.d. random variables with P(X; = 1) = P(X; = —1) = 1/2. In this
paper we are interested in the behavior of the random Dirichlet series

o] Xn
n=1
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Law of the iterated logarithm for a random Dirichlet series

near its abscissa of convergence o.. By the Kolmogorov’s one-series Theorem, F (o)
converges if and only if 0 > 1/2, and thus o, = 1/2.

We say that a Dirichlet series is analytic in its abscissa of convergence if this Dirichlet
series has an analytic continuation to the open set consisted of the union of the half
plane Re(s) > o, with an open ball with some positive radius and centered at o.. It is
important to observe that if such analytic continuation exists, then it is unique. In this
terminology, sometimes a Dirichlet series may be analytic in its abscissa of convergence
o., for example, the Dirichlet  function (o) = >°.°  (—1)"*'n~7 that has o, = 0. Indeed,
the Riemann ¢ function has analytic continuation to C \ {1} with a simple pole at s = 1,
and for s # 1 in the half plane Re(s) > 0 we have the formula 7(s) = (1 —2!7%)((s). Since
(1 —2'7%) is an entire function and has a zero at s = 1, we obtain that 7(s) has analytic
continuation to C, in particular it is analytic in an open set containing its abscissa of
convergence. On the other hand, sometimes a Dirichlet series has a singularity in its
abscissa of convergence, which is, for instance the case of our Random Dirichlet series
F(o); see, for instance, Theorem 4, pg. 44 of the book of Kahane [4].

In [1], it has been shown that, with probability 1, the function F' has infinitely many
zeroes accumulating at 1/2. To prove that, the following Central Limit Theorem has
been established: F(o)/\/EF(0)? —4 N(0,1), as 0 — 1/2%, where N(0, 1) stands for the
standard Gaussian distribution. Moreover, it has been proved that, almost surely,

F(o)

limsup ——— = x©
o—1/2+ \/EF(0)?

Thus, a natural question is what is the asymptotics of F'(¢) as ¢ — 1/27. Our main result
states:

Theorem 1.1. Let F(0) be the random Dirichlet series defined in (1.1). Then

. F(o)
lim sup
o1/2+ \/2EF (0)2loglog EF ()2

= 1, almost surely.

Since F'(o0) is a symmetric random variable, we have the lim inf of the same quantity
above equals to —1.

As 0 — 1/2%, EF(0)?/(20 — 1)7!' — 1 (see Lemma 2.1), hence Theorem 1.1 is
equivalent to: Almost surely

F
lim sup )
oo1/27 \/20’271 log lOg 20’171

Theorem 1.1 is the corresponding Law of the Iterated Logarithm (LIL) for the random
Dirichlet series F(o). For the random geometric series, G(8) := Y .-, X,,3", studied by
Bovier and Picco in [2] and [3], it has been established that, almost surely

y a(s) _

1m sup =

s-1- \/2EG(5)? loglog EG(5)2

The main issue to obtain these results is that, in comparison with the classical LIL for

the simple random walk, we do not have at our disposal a similar result to the Levy’s
maximal inequality:

=1

IP( max

1<m<n

Zt>§3 max IP(

1<m<n

ZXk ZXk > ;) (1.2)
k=1 k=1

In the classical proof of the LIL for S(z) = >, _, X, the size of S(zy) is controlled
along a sequence z; — oo, and the size of S(z) for = € [z, xx+1] is controlled via (1.2).
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In our case and in the random geometric case, the supremum is taken over continuous
parameters and a maximal inequality is not available.

The proof of Theorem 1.1 is divided into two main steps: an upper bound and a lower
bound. For the lower bound we follow the ideas of [2] to show that for any v > 0, there
is a sequence o, — 1/27 such that, almost surely,

. F(ox)

1m sup =z
k—oo \/EF(0;)%loglog EF (oy)2
To show that, one main ingredient is to find a lower bound for

1—7. (1.3)

P ( Flow) >1- 7) (1.4)
VEF(o1,)2loglog EF (0y,)2
using standard large deviation techniques, and this is made in Lemma 3.1. We conclude
the proof of the lower bound using the second Borel-Cantelli lemma, and for that, we will
construct independent events that are asymptotic equivalent to those in (1.4), as k — co.
For the upper bound, we show that over an specific sequence o, — 1/2F,

I F(oy)
1m sup <
k—oo \/EF(0})2loglog EF (oy)2

Then we control the the size of F'(¢) for o € [0y, 0;_1] by following an approach different
from the one in [2], where it was used a renormalization idea that is suitable for geometric
series. Here we argue as in the proof of the Kolmogorov-Centsov Theorem; see, for
instance, Chapter 2.2 of [5]. Indeed, we consider a dyadic partition of each interval
[0k, 0%—1], that is, intervals of the form [ ,,(k), 71,n41 (k)] Where 77, (k) = o5+ 57 (0k—1—0%).
Then we exploit the fact that F'(o) is differentiable as a function of o, and, with that, we
control the size of the difference of F' at consecutive elements of the dyadic partition:
|F (11,0 (k) = F(ri,041(K))].

Here we present some heuristics that will give us the intuition of the bound that will
be obtained in Lemma 3.4. We have by the mean value theorem that

[F(s) = F(@t)] < |s — ] max |F" (u),
ue|s,t

1+7. (1.5)

and this inequality is nearly optimal if F” is continuous and s and ¢ are close to each other.
On the one hand, the derivative of a Dirichlet series is an analytic function, since it is
also a Dirichlet series with same abscissa o.: F'(c) = — ) -, X,,n~ 7 logn. On the other
hand, by standard estimates, for o close to 1/27, EF'(c)? = > 77, n=%7 (logn)? ~ ﬁ
Then we show that, if s,t € [0, 0k—1], |F(s) — F(t)| is bounded above by something that
behaves as

\/E|F(Uk)—F(0'k,1)|2 S |0’k—0'k,1| max EF’(U)2

UE[ok,0k—1]

ok — ok—1]

(204 —1)3/2
|20k - 1|

(20k - 1)3/2

1

(204 — 1)1/2

§ \/ EF(Uk)2,
where, in the third line above it is used a particular property of the chosen sequence oy.

Combining this with (1.5), we obtain the upper bound

. F(o)
lim sup <1++7.
o—1/2+ \/EF(0)2loglog EF(c)2

<
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2 Preliminaries

2.1 Notation

Here we use f(z) < g(x) whenever there exists a constant ¢ > 0 such that |f(z)| <
clg(z)|, in a certain range of x - This range could be all the interval x € [0,00) or

z€(a—d,a+9), acR,6>0. We say that f(z) ~ g(z )1f11mf2x§ =1.

Here, F(o) = > 07, ff—]; where X,, are iid. random variables with P(X; = 1) =
P(X; = —1) = 1/2. By the Kolmogorov’s one-series Theorem, it follows that F (o) is
convergent for all 0 > 1/2 and divergent for o < 1/2. Moreover, for s = o + it, in the half

plane Re(s) > 1/2, F(s) is an analytic function; see Chapter I of [6].

2.2 Estimates for the Riemann ( function

We begin with some standard estimates for the Riemann ( function. These are
classical, and we provide a proof here for the convenience of the reader.

Lemma 2.1. Leto > 1. Aso — 1, {(o0) is of the order of ﬁ in fact we have that

Moreover, for any M > 1

Proof. Since the function f(t) = 1/t is decreasing for ¢ > 0, we can compare the sum
with the integral obtaining

M+1 4 M 4 >~ % q
/ dt<2—<1+/ —dt and ) —g/ —dt,
1 1 t7 n? M
n=1 n=M+1
which gives the desired estimates. O

2.3 Some basic results for >~ a, Xj

Lemma 2.2. Let {X} };>1 be a sequence of i.i.d. random variables with P(X; = 1) =

P(X; = —1) = 1/2, and {a;},>1 a sequence of real numbers such that y ;- a} < oo,
then
E [exp (Zaﬂ(;&] HE exp(axXi)] < exp ( Zak> < 00.
k=1
Proof. Notice that, since logcoshx < %-, we have

H [exp(ar X)) (Z log cosh ak> < exp ( Zak> 0.
The inequality

E |exp (i akaﬂ < ﬁ E [exp(axXk)]
k=1

k=1

follows from Fatou’s Lemma. In order to prove the equality, let us define Y,, = HZ:1 e Xk,
We want to use the dominated convergence theorem to show that E[lim, . Y,] =
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lim,, o, E[Y,]. Observe that Y, is a non-negative submartingale with respect to the
o-algebra F,, generated by {X;,...,X,}, indeed

E [V, 41| Fn] = Yo [e* 1% 41] = Y, coshanq1 > Y.

Also notice that

E V7] =exp (Z log cosh 2“’6) < exp <2 Zai) < exp (2 Za%) < oo.
k=1

k=1 k=1

Using Cauchy-Schwarz and then Doob’s inequality, we obtain

1/2 =S}
< 2l < N2 < 2 .
L] <[ 0] <200 s (0t <

Then, by Fatou’s Lemma, E [sup;, Y%] < oc. Therefore, the proof is concluded using the
dominated convergence theorem. O

In the following we will recall the Hoeffding’s inequality. Since in some situations we
will need this result for infinitely many summands, which holds in our case, we present
the proof to make clear that such generalization is possible. The case of a finite number
of summands is contained in the lemma below considering a sequence {a;} with only a
finite number of non-zero terms.

Lemma 2.3 (Hoeffding’s inequality). Let { X} }x>1 be a sequence of i.i.d. random vari-
ables with P(X; = 1) = P(X; = —1) = 1/2, and {a}r>1 a sequence of real numbers
such that ) ;- | a} < oo, then, for any A > 0,

P> anXi>\| <exp (—OO> .
(k—l ) 23 4

Proof. Fort € R, by Markov’s inequality and Lemma 2.2, we have

) 9 o0
P <Z apXp > )\) — ]P(et S, arXk > et)\) < e—t)\E [622;1 taka} < exp <—tA—|—t2 Z ai) .
k=1 k=1

Choosing t = A/ Y_,- | a} we obtain the desired result. O

3 Proof of the main result

Let us adopt the notation
_ F
Floy= —29) (3.1)
VEF(0)?
The proof of Theorem 1.1 will be made in four steps that we will describe in the following.
Step 1. We first prove that, for all v > 0, there exists a deterministic sequence

o — %+ such that

F
P | limsup (%) >1—~v] =1 (3.2)
k—oo +/2loglog EF(oy)?

Step 2. Let € > 0 be fixed and small. Then we prove that for the sequence o}, =
% =+ m, Wlth 0 < 5 < 6/2, hO]dS

F
P ( limsup (k) <Vitel|=1 (3.3)
k—oo +/2loglog EF(0y)2
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Step 3. Finally we prove that if o, is as in the step 2, then there exists a set Q*
with probability 1, such that for each w € *, there exists a kg = ko(w), such that for all
k> ko,

max |F (o) — F(og)| < v/EF(oy)32. (3.4)

c€lok,0k—1]

Step 4. We conclude from (3.3) and (3.4) that for any v > 0

P (hm sup o)

<l+7v] =1, (3.5)
o172+ \/2loglog EF (0)? 7)

and hence, the Theorem 1.1 follows from (3.2) and (3.5).
Now let us proceed to the execution of the steps described above.

Step 1
Let us split the normalized Dirichlet series F(c) in three different parts: F;, F; and

F3, where

F,L(O') =

N;
1 Z X
V]EF(U)2 n=N;_1+1 n?’

with Ny = 0, N3 = co. The other parameters, N; = Nj(o) and N2 = Na(o), will be
determined later in order to:

F
P ( lim sup [Fi(ow)] -0 =1, (3.6)
k—oo +/2loglog EF(0y)2
F:
P ( lim sup |F5(oe)| —0| =1, (3.7)
k—oo +/2loglog EF(0y)2
and
Ni(ok+1) = No(ow). (3.8)

The condition (3.8) is required in order to { F5 (o) }32 ; be a family of independent random
variables.

We use the first Borel-Cantelli lemma to prove (3.6) and (3.7) for suitable o, Ni(o))
and Ny (oy). We would like to find sequences ), and 7 such that

> . Ak
P(|Fi(og)| > A\) < oo, with — 0, (3.9)
kZ:l loglog EF (o))
and
> . Nk
P(|F5(ok)| > mk) < 00, with — 0. (3.10)
; loglog EF (o))

Using Lemma 2.3, we obtain the bounds

P(|F1(ok)] = M) = 2P(Fi(ok) = M) < 2exp <_/\l2€EF(O-k)2> ’

2 27]:’;1 n—20k
and
EF (01)*
P(|F3(ox)| = nk) = 2P (Fs(0x) > ni) < 2exp | —5=os “5or | -
2 N1
ECP 25 (2020), paper 56. http://www.imstat.org/ecp/

Page 6/14


https://doi.org/10.1214/20-ECP340
http://www.imstat.org/ecp/

Law of the iterated logarithm for a random Dirichlet series

Then, (3.9) and (3.10) will hold if we choose the sequences A\ = 1/2(1 + €)a and

nx = v/2(1 + €) 5, and require the conditions
Ny
1 1 1 . Qg
< th ——— =0 3.11
arEF (oy)2 ngl w2k = logh’ wi loglog BF (o7)? ) (3.11)
and
1 Nt 1 1 ) Bk
—_— < th ——— — 0. 3.12
ﬂk]EF(O—k)Q ;+1 n2ok — 10g/€7 Wl loglog EF(Uk)2 ( )
n=INg

Let us consider, for § > 0, the sequence o;, — %Jr to be

1 1
=4 — 3.13
Ok 2+26Xp(k:1+5) ( )

Then, using Lemma 2.1, the conditions (3.11) and (3.12) will hold if we require

— exp(k!t?
Ni(on) < 1+ exp(—k1+8) — 2% e with % 0 (3.14)
- log k ’ log k ’
and .
14
log k exp(k™%) . Bk
> —_— . .
NQ(O’k) > ( Bk ) s with logk: — 0 (3 15)

Let us choose N; and N> assuming equality in (3.14) and (3.15), and oy = /logk.
Recall that we are also looking for N; and N, satisfying (3.8), and, for that, we should

have
ex (k+1)1+57k1+5
Br > logk (1 + exp(—(k + 1)179) — (log(k + 1))—1/2) p( )

Such choice of 3, will be possible if

- (k+1)1+6_k1+6
lim (1 + exp(—(k + 1)) — (log(k + 1))—1/2)e P ) _ 0,

k—o0
which can be checked to be true by using L'Hépital rule. For this limit, the necessity of
the condition § > 0 is crucial.
We have just found sequences oy, N1 (o) and Ny(oy) satisfying (3.6), (3.7) and (3.8).
To complete the proof of (3.2) we need to show that

P (limsung(ak) > (1—79)/2 loglogEF(ak)2) =1

k—oc0

Since Nj(ok+1) > Na2(ok), we have the required independence needed for the second
Borel-Cantelli lemma. Therefore, we must prove that the series

3P (FQ(Uk) > (1—~)y/2loglog EF(ak)Q) (3.16)
k=1

diverges.

The next paragraphs will be devoted to find a lower estimate for the probability in
(3.16). Let us recall from (3.1) that F(c) denotes the normalized version of F(c). Since
the terms F) (o) and F3(oy) are irrelevant owing to the (2loglog EF(0,)?)~'/? term, we
will use a lower bound as the one stated in the following:
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+

Lemma 3.1. Let f(o) be a function that goes to +o0 as o — % and satisfies the

condition
im L = (3.17)
o’~>%+ EF(O’)2

Then, for all 6, \,e > 0, there exists 6; > 0 such that for o — % < §;, we have

_ 1 1
P(F(0) >df(0)) > (2 - e) exp (—252(1 + )\)Qf(J)Q) :
The bound in Lemma 3.1 will be used for the law of the iterated logarithm with the
function f(c) = y/2loglog EF(c)2.

Proof. For all A > 0, let us consider the event A = A(o,d, \) in which F(o) € [§f(0),0(1 +
A\)f(o)]. Then
P(F(0) > 5/(0)) > P(4).

For each n, define the probability measure

toXn
oxXp (nf’\/]EF(a)2 )
t
cosh (nm)>

where ty > 0 will be chosen later. The introduction of this Radon-Nikodym factor is a
classical tool in the proof of the lower bound in large deviation theory. Let ]Af)(dX ) be the
probability measure consisted in the product measure of each IT’(an), n > 1.

We have

P, (dX,) = P(dX,,),

P(F(0) > 6/(0)) > /A P(dX)

to —  toX,
= exp (; log cosh W) /Aexp ( g W) P, (dX).

Since, on the event A,
> —tod(1+ N) f(o),
we obtain

_ _ > t ~
P(F(o) > df(o)) > exp <—t0(5(1 + N f(o)+ Z log cosh TL"IEOF(J)2> P, (4). (3.18)

n=1

Let us denote by h(t) the function

> t 1
t) = h . 3.19
) nz::l tan (n" EF(O‘)2> o JEF ()2 ( )

Observe h(t) is an increasing function of ¢. We chose ¢, as the (unique) solution of the
equation

5f(0) = h(to). (3.20)

The following lemma states some properties of ¢y,. The proof will be postponed to the
end of this subsection.
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Lemma 3.2. Ift, is the solution of (3.20), then for any A > 0, there exists a §; > 0 such
that, if o — 1 < 61, we have

5f(0) <to <61+ Nf(0). (3.21)
Moreover,
_ ot o 1o 240 \2
tod(1 4+ N\ f +nzllogcosh TCE > =582 (1+2))*f(0)*. (3.22)

Using Lemma 3.2 in (3.18) with A = \/2, in order to conclude the proof of Lemma 3.1
we only need to show that for all € > 0, exists §; > 0 such that for o — % < 41, we have

B (F(0) € [57(0), 60 + N F(0)) > § — e
It is sufficient to prove
1= Py (Flo) <df(0) 2 3 - 5 (3.23)
and N .
P, (F(o) > 6(1+ \)f(0)) < 3 (3.24)

We will show that F'(c) — §f(o) converge in law, under ﬁto to a standard Gaussian ran-
dom variable, as ¢ — {r. For that, we will prove the convergence of the corresponding
moment generating functions.

cosh — tHto
Observing that M, = exp (157 s ) /s where b, = [, S,
) k9 /EF(0)2

is a martingale under I~Pt0, with respect to the c-algebra F,, generated by {X1,..., X},
we can reproduce Lemma 2.2 for E;,. Then

o0 tt F o
E [ L D (Z"‘l log cosh - r o ) B [e(mO)F( )}
to |€ :| = = .

_ 2
E [etoF(U)] (3:25)
exp ( oo logcosh\/ﬁ
Using the estimates
2 4 2
T % <logeoshe < L, forall z € R, (3.26)
2 8 2
=1 =1 7
P D (3.27)
n=1 n=1
and Lemma 2.2, we have
t2 t47T2 _ t2
Lot <]E[tF(")}< 2. 3.28
P ( 2 48(]EF(0)2)2> =re =P (3.28)
Note that, in particular, (3.28) gives us lim__, .+ E {e“ﬁ (C’)] = e%, which yields an
2

alternative proof of the Central Limit Theorem for F'(c) that was proved in [1] using the
convergence of characteristic functions.
Using (3.28) in (3.25) we provide the following upper and lower bounds:

B, [tF@)] o~t6r () < t? o — s tam?
to |:€ ] € = exp 5 + ( 0— f(U)) + 48(EF(0')2)2

ECP 25 (2020), paper 56. http://www.imstat.org/ecp/
Page 9/14


https://doi.org/10.1214/20-ECP340
http://www.imstat.org/ecp/

Law of the iterated logarithm for a random Dirichlet series

and

- _ 2 4.2
Eto |:etF((7):| e—t5f(ﬂ) > exp (t2 +t(t0 _ 6f(0')) N (t+t0) ™ ) .

48(EF (0)?)?
Thus, by (3.21) and the condition (3.17), we obtain

hm Et [tF(a)} o—t3f (o) — %

(7—>7

which gives us the convergence (under the law of ]f’to) to the standard Gaussian variable,
therefore

lim, Py, (F(o) ~ 6f(0) > 0) = 5,

o—it

which proves (3.23).
It remains to prove (3.24). Since f(o) explodes as o — %+, for any fixed a > 0, we
have

limsup Py, (F (o) > 8(1+X)f(0))

o—it

—hmsupIPtO( (o) — 0f(0) > 6Af(o))

1+

o3

<hmsupIPtO( F(o) — 6f(0) > a)
o1t
00 671’2/2

= —d
a v 21 *

which goes to zero as a — oc.
This shows that P;,(F (o) > §(1 + \) f(o)) can be arbitrarily small as o — {r, which
gives us (3.24). And this completes the proof of Lemma 3.1. O

Proof of Lemma 3.2. Using that tanhx < z, for z > 0, we obtain

6f(o) = h(to) < o) 22w = = to,

which proves the lower bound of ¢, stated in (3. 21)
For the upper bound we use that tanhz > z — %- and (3.27). We obtain

2
) >ty — 3 ().
f(U) 0] 012(EF(0’)2)2 g( 0)

The cubic function g(t) hits its maximum at { = 2EF(0)?, and g(f) = 2.

Now, since f satisfies (3.17), we have, for o close enough to 1 , that

0f(0) <e/EF(0)? < ;f.

Then, since the increasing function A satisfies g(t) < h(t) < ¢, the solution ¢, of (3.20)
must satisfies t, < ¢, which implies g(to) > %to.

This implies tg < %g(to) < 35f(0). Notice that this already gives us an upper bound
for ty, however, this bound can be improved. Indeed,

3 w2 278’72 f(0)? )

to < 5f(0) + tom < 5f(0’) < + 96 (EF(U)2)2
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Again, by (3.17), there exists §; > 0 such that, if o — % < 61, we have the upper bound
stated in (3.21).

Now we will prove (3.22). Using (3.26), (3.27) and (3.21), we obtain

—tgd(1+ N f Zlog cosh IEF( E
2 2 t4
>t 100+ - ety
L 1262(1+N)'  f(0)?
> —552f(0)2 <2(1 FA)2 -1+ 51 (EF(J)2)2> : (3.29)

Using (3.17) again, we have that, for o close to 1+,

flo) ? 24 2
(EF(J)2) = 7262(1 + A)* 2N

Then, the expression in (3.29) is bounded below by —142 f(c)?(1 + 2X)?, which proves
(3.22). O

Now, by Lemma 3.1, and considering oy as in (3.13), we have that, if k£ is big enough,

1 1
P <F2(Uk) > (1- ’Y)\/2 log log EF(Uk)2) 2 <2 - 6) EI—2(1+X)2(1+5)

Therefore, for any v > 0, a suitable choice of the parameters )\, § gives us the divergence
of the series (3.16). Thus, the proof of step 1 is completed.

Step 2

Lemma 3.3. Let ¢ > 0 be small and § = ¢/2. Let o}, =
that

14 m Then it a.s. holds

F
lim sup (k)

<+V1+e
k—oo +/2loglog EF(oy)2

Proof. We have, by the Hoeffding inequality that

P (F‘(Uk) > /2(1+¢€)log logIEF(Jk)Q) <exp (—(1+€)loglog EF (0)?) .

By Lemma 2.1, we have loglog EF(0;)? > loglog 2@%1 = (1 —0)logk. We also have
(14 €)(1—46) =1+, where v = ¢/2 — €2/2 > 0, provided that ¢ > 0 is small. Thus

P (F’(ak) > /2(1 + €)loglog EF(Uk)2) <exp(—(1+~)logk) =

kit
Hence,
> P(F(ok) > 2(1+ eEF(0%)? loglog EF (0%,)?) < oc.
k=1
The Borel-Cantelli Lemma completes the proof. O
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Step 3
Lemma 3.4. Let o, = % + W' where § > 0 is a fixed small constant. For IP almost

allw € Q, there exists kg = ko(w) such that for k > ko, we have that

max |F(o) — F(og)| < VEF (01)2.

c€[ok,oKn—1]

Proof. For a non negative integer I, we define 7,9 = 7,0(k) = o3 and 7, = 7 ,(k) =
ok + 5r(0k—1 — o1), where 0 < n < 2l Let Ak, be a constant to be chosen later and
consider the event

Ay = F(Tini1) — F(mn)| > Al
vi =l max F(mngn) = F(ma)l 2 Al

Let

Uk(w) = min {u eN:we ﬂ Af’k}.

l=u

One can check that [U < L] = (2, Af,. Thus

oo 26—1

P(U, > L) Z (Arg) < Z Z P(|F(min+1) — F(Tin)| 2 Akyt)-
=L I=L n=0

Next, we will estimate each probability in the inner sum above. We have, by the mean
value theorem, that

F(Tl,n+1) - F(Tl,n) = (Tl,n+1 - Tl7n) Z *Xmmiel’"’m log m,

m=1
where 9[7”7m € (Tl,n,Tl,n+1)- Thus,
o0
E|F (T n41) — F(10) > = (Ting1 — Tin)? Z m 20 1og® m
m=1

Uk_Ukzl _
E m~27% log®m

_ 2
< 7(0’“ k1) / 720k 1og? tdt
1

Al

_ w/ t? exp(—(20y, — 1)t)dt
0

. (U;~C - Uk-—l)2 2

4 (201, — 1)3
_ (exp(=k70) /K02 !

4l (exp(—k1=2))3
exp(klfé)

=

Thus, by the Hoeffding inequality, for some constant ¢y, we have that

)\]% ;AR
P(|F(Tin+1) — F(min)| = Aep) < exp < Co—— 5 exp(M)
ECP 25 (2020), paper 56. http://www.imstat.org/ecp/
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and hence
oot CO/\il 4lL20
1)< b F
P> 1) < Y7 e (-5
o CO)\iz 41126
= — - +1log2 ).
ge}(p( 2 opi ) 8
Choose
2 exp(k!~?)
)\ = — l.
Hence,

xp((—k% +1og 2)l) < exp(—k?).

NE

IP(Uk > 1) <

=1

Thus, 2211 P(U, > 1) < oo, and hence, by the Borel-Cantelli Lemma, there exists a set
Q* of probability 1 such that for all w € Q*, Up(w) = 1, for k > ko(w).

Let Dyj, = {mn : 0 < n < 2'} and put Dy = J;o) Dix. We shall fix w € Q* and
m > n > 1 where k > ko(w) and show that for 0 < |s — ¢] < “’";*”‘ (s) — F(t)] <
2,/ Zexp(k'°/2) 30, 1y g for all t,s € D,, . Indeed, for m = n + 1, we can only
(8) = F(O)] < M =/ 2 exp(k! =0 /2) 432
Suppose now that the claim is true for m =n + 1,..., M — 1 and consider m = M. Let

s,t € Dy with 0 < |[s — 8] < W Consider ¢’ = max{u <t :u € Dy_;;} and
¢ =min{u > s:u € Dyr_1,}. Thus

have that ‘S - t| = |7-'rn,n -

[F(s) = F(t)| < [F(s) = F(s')| + [F(t) = F(t')| + |F(s
M-
§2)\k,M+2\/zeXp k- 5/2 Z lj

—2\fexp k'=%/2) Z \[

j=n+1

)= F(t)]

Now, for any s,t € Dy with |s — t] < w select n such that ‘”’“2%1‘ <|s—tl <
lok—ok—1]

|F(s) — F(t)| <2\/78Xp(k1 9/2) Z £<< exp(k'0/2).

j=n+1

As Dy, is dense in the interval [0, 0,—1] and F is analytic, in particular it is continuous, we
conclude that |F(s) — F(t)| < exp(k'~9/2), for all s, t € [0}, 051 with |s — ¢| < 1Ze=Zeal,

Finally, observe that exp(k'=9/2) = \/201]‘7_1 and that for o € [0}, 0%_1], (0 +01)/2| =

lok — (o +01) /2| < W, and hence

|F(0) = F(ow)| < |F(o) = F((ok +0)/2)| + |F(ox) — F((ox + 0)/2)|

1
L —.
vV 20k —1
Since 5—— < EF(01)? (see Lemma 2.1), the proof is completed. O
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Step 4
Lemma 3.5. We have that

F
P | limsup (o) <l+~vy] =1
o172+ \/2loglog EF (0)?

Proof. Let ko = ko(w) be as in Lemma 3.4, and 1/2 < ¢ < 0y,. By Lemma 2.1, we have
that for all £, holds
exp (k' %) < EF(0y)* < 1+exp (k7). (3.30)

Lets us assume that o € [0}, 0x—1] and write

F(o) _ F(og) F(o) — F(o)
V2loglog EF(0)2  \/2EF(0)2loglog EF (o V2EF(0)2loglog EF (o)

By Lemma 3.3 and (3.30), we have

P 2
F(oy) <Vite VEF(o1,)2loglog EF (oy,)
V2EF (0)?loglog EF ()2 VEF (o)1) loglog EF(0),_1)2

< \/1—1—6( —‘1-7“5( ))
for a function rs(k) satisfying limg_,o 75(k) = 0.

Now, by Lemma 3.4, and using again (3.30), we have that there exists a constant ¢y
that does not depend on & such that

F(o) — F(oy) < EF(ok)?
V2EF(0)?loglog EF (o VEF (0, 1)210g10g]EF(ak 1)2
S 5§(k)a

for a function s;(k) satisfying limg_, oo s5(k) = 0.
Sending k£ — oo we conclude the proof of Lemma 3.5. O
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