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Abstract: We systematically study the rates of contraction with respect
to the integrated Lg-distance for Bayesian nonparametric regression in a
generic framework, and, notably, without assuming the regression function
space to be uniformly bounded. The generic framework is very flexible and
can be applied to a wide class of nonparametric prior models. Three non-
trivial applications of the framework are provided: The finite random series
regression of an a-Hoélder function, with adaptive rates of contraction up to
a logarithmic factor; The un-modified block prior regression of an a-Sobolev
function, with adaptive-and-exact rates of contraction; The Gaussian spline
regression of an a-Holder function, with near optimal rates of contraction.
These applications serve as generalization or complement of their respective
results in the literature. Extensions to the fixed-design regression problem
and sparse additive models in high dimensions are discussed as well.
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1. Introduction

Consider the standard nonparametric regression problem y; = f(x;) + e;, i =
1,--- ,n, where the set of predictors (x;), are referred to as design (points)
and take values in [0, 1]? C RP, ¢;’s are independent and identically distributed
(i.i.d.) mean-zero Gaussian noise with var(e;) = o2, and y;’s are the responses.
We follow the popular Bayesian approach by assigning f a prior distribution,
and perform inference tasks by finding the posterior distribution of f given the
observations (x;,y;)" ;.

In this paper we systematically study the rates of contraction with respect
to the integrated Lo-distance

If —gll2 = / [F(x) — g()]? dx

AP

for Bayesian nonparametric regression in a generic framework that can be ap-
plied to a wide class of nonparametric prior models. In particular, we emphasize
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that it allows the space of regression functions to be unbounded, including the
renowned Gaussian process priors as special examples.

Rates of contraction of posterior distributions for Bayesian nonparametric
priors have been studied extensively. Following the earliest framework on study-
ing generic rates of contraction with i.i.d. data proposed by [13], specific exam-
ples for density estimation via Dirichlet process mixture models [3, 14, 17, 38]
and location-scale mixture models [23, 47] are discussed. For nonparametric re-
gression, the rates of contraction had not been discussed until [15], who develop
a generic framework for fixed-design nonparametric regression to study rates
of contraction with respect to the empirical Lo-distance. There are extensive
studies for various priors that fall into this framework, including location-scale
mixture priors [10], conditional Gaussian tensor-product splines [11], and Gaus-
sian processes [43, 45], among which adaptive rates are obtained in [10, 11, 45].

Although it is interesting to achieve adaptive rates of contraction with re-
spect to the empirical Lo-distance for nonparametric regression, this might be
restrictive since the empirical Lo-distance quantifies the convergence of func-
tions only at the given design points. In nonparametric regression, one also
expects that the error between the estimated function and the true function
can be globally small over the whole design space [48], i.e., small mean-squared
error for the out-of-sample prediction. Therefore the integrated Lo-distance is
a natural choice. For Gaussian processes, [41, 50] provide contraction rates for
nonparametric regression with respect to the integrated Lo and L.-distance,
respectively. A novel spike-and-slab wavelet series prior is constructed in [53] to
achieve adaptive contraction with respect to the stronger L..,-distance. These
examples however, take advantage of their respective prior structures and may
not be easily generalized. In particular, in [53] the authors tackle the more
challenging posterior contraction problem with regard to the L., -distance, in
which case the generic framework proposed in [15] is known to fail. A closely
related reference is [26], where the authors discuss the rates of contraction of the
rescaled-Gaussian process prior for the nonparametric random-design regression
problem with respect to the integrated Li-distance, which is weaker than the
integrated Lo-distance. Although a generic framework for the integrated Lo-
distance is presented in [21], the prior there is imposed on a uniformly bounded
function space and hence rules out some popular priors, e.g., the widely-adopted
Gaussian process prior [29].

It is therefore natural to ask the following fundamental question: for Bayesian
nonparametric regression, can one systematically study rates of contraction for
various priors with respect to the integrated Lo-distance without assuming the
uniform boundedness of the regression function space? In this paper we provide
a positive answer to this question. The major contribution of this work is that
we prove the existence of an ad-hoc test function that is required in the generic
rates of contraction framework in [13] by leveraging Bernstein’s inequality and
imposing certain structural assumption on the sieves with large prior probabili-
ties. This is made clear in Section 2. Furthermore, we do not require the prior to
be supported on a uniformly bounded function space. Consequently, we are able
to establish a general rate of contraction theorem with respect to the integrated
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Lo-distance for Bayesian nonparametric regression. Examples of applications
falling into this framework include the finite random series prior [30, 36], the
(un-modified) block prior [12], and the Gaussian splines prior [11]. In particular,
for the block prior regression, rather than modifying the block prior by condi-
tioning on a truncated function space as in [12] with a known upper bound for
the unknown true regression function, we prove that the un-modified block prior
automatically yields rate-exact Bayesian adaptation for nonparametric regres-
sion without such a truncation. We further extend the proposed framework to
the fixed-design regression and sparse additive models in high dimensions. The
analyses of the above applications and extensions also generalize their respective
results in the literature. These improvements and generalizations are made clear
in Sections 3 and 4.

The layout of this paper is as follows. In Section 2 we introduce the main
generic result for studying rates of contraction for Bayesian nonparametric re-
gression. As applications of the main result, we derive the rates of contraction of
various popular priors for nonparametric regression in the literature with sub-
stantial improvements in Section 3. Section 4 elaborates on extensions of the
proposed framework to the fixed-design regression problem and sparse additive
models in high dimensions. The technical proofs of the main result are deferred
to Section 5 and to supplementary material [49].

Notations

For 1 < r < oo, we use || - || to denote both the ¢,-norm on any finite di-
mensional Euclidean space and the integrated L,-norm of a measurable func-
tion (with respect to the Lebesgue measure). In particular, for any function
f € Ly([0,1]7), we use ||f]|2 to denote the integrated Lo-norm defined to be
I3 = f[o’l]p f?(x)dx. We follow the convention that when r = 2, the subscript

is omitted, i.e., ||-|| = || -||2- The Hilbert space I? denotes the space of sequences
that are squared-summable. Given & € R, we use |z]| to denote the maximal
integer no greater than z, and [x] to denote the minimum integer no less than
2. The notations a < b and a = b denote the inequalities up to a positive
multiplicative constant, and we write ¢ < b if a < b and a 2 b. Throughout
capital letters C,C;,C,C", D, D;,D,D’,--- are used to denote generic positive
constants and their values might change from line to line unless particularly
specified, but are universal and unimportant for the analysis.

We refer to P as a sampling model if it consists of a class of densities on a
sample space X with respect to some underlying o-finite measure. Given a sam-
pling model P and the i.i.d. data (w;)?; from some P € P, the prior and the
posterior distribution on P are always denoted by II(-) and II(- | wy,--- , wy,),
respectively. Given a function f : X — R, we denote P, f = n~! 3" | f(x;) and
Gnf =n"Y230 | [f(xi) — Ef(x;)], given the i.i.d. data (x;)7_ ;. With a slight
abuse of notations, when applying to a set of design points (x;) ;, we also
denote P, f =n~1 30 | f(x;) and G, f =n~ 230 | [f(x:) — Ef(xi)], regard-
less of whether these design points are random or fixed. We use ¢ to denote the
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probability density function of the (univariate) standard normal distribution,
and we use the shorthand notation ¢,(y) = ¢(y/o)/o to denote the density
of N(0,0?). For a metric space (F,d), for any € > 0, the e-covering number of
(F,d), denoted by N (e, F,d), is defined to be the minimum number of e-balls
of the form B(f,e) :={g € F : d(f,g) < €} that are needed to cover F.

2. The framework and main results

Consider the nonparametric regression model: y; = f(x;) +e;, where (e;)}_; are
i.i.d. mean-zero Gaussian noise with var(e;) = 02, and (x;)"_; are design points
taking values in [0, 1]P. Unless otherwise stated, the design points (x;)?_, are
assumed to be independently and uniformly sampled for simplicity throughout
the paper. Our framework naturally adapts to the case where the design points
are independently sampled from a density function that is bounded away from
0 and co. We assume that the responses y;’s are generated from y; = fo(x;) +e;
for some unknown fo € Lo([0,1]7). Thus the data D,, = (x;,y:); can be
regarded as i.i.d. samples from a distribution Py with joint density po(x,y) =
¢o(y— fo(x)). Throughout we assume that the variance o of the noise is known,
but our framework can be easily extended to the case where o is unknown by
placing a prior on o that is supported on a compact interval contained in (0, 00)
with a density bounded away from 0 and oo (see, for example, Section 2.2.1 in
[10] and Theorem 3.3 in [43]).

Before presenting the main result, let us first introduce the basic framework
for studying convergence of Bayesian nonparametric regression. In the context
of the aforementioned nonparametric regression, by assigning a prior II on the
regression function f, one obtains the posterior distribution II(f € - | D,)
defined through

_ fA H?:ﬂpf(xi,yi)/po(xi,yi)]n(df)
fH?:ﬂPf(Xuyi)/Po(Xz‘,yi)]H(df)

for any measurable function class A, where py(x,y) = ¢, (y— f(x)). In order that
the posterior distribution II(- | D,) contracts to fo at rate €, with respect to a
distance d, i.e., II(d(f, fo) > Me, | D,) — 0 in Py-probability for some large
constant M > 0, the authors of [13] proposed the following sufficient conditions,
referred to as the prior-concentration-and-testing framework: There exist some
constants D, D’ > 0, such that for sufficiently large n:

I(f € A|Dy)

1. The prior concentration condition holds:

2
II [ Eqy <log p_o) < ei,Eo (log p—0> < ei > e~ Dnel, (2.1)
by by

2. There exists a sequence (F, )52, of subsets of Ly([0, 1]7) (often referred to
as the sieves) and test functions (¢,)3, such that II(F¢) < e~ (P+4ne;

Eg¢,, — 0, and sup Ef(1—¢pn) < e~ D'Mne;,
feFnn{d(f,fo)>Men}
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However, the above framework is too abstract, and is not instructive for con-
structing the appropriate sieves (F,,)22; nor the desired test functions (¢,)5
for studying the rates of contraction for nonparametric regression with respect
to || - ||2. Specifically, it does not provide a guidance on how to construct the
desired sieves, or what their structural features are. The major contribution of
this work, in contrast, is that we impose certain structural assumption on the
sieves to construct the desired test functions. By doing so, we are able to make
the framework more concrete and instructive for a variety of nonparametric
regression priors to derive the corresponding posterior contraction rates.

The following local testing lemma is the first technical contribution of this
work. It also serves as a building block to construct the desired test functions
required in the prior-concentration-and-testing framework.

Lemma 2.1. Letn > 0 be a constant. For any m € Ny and § > 0, assume the
class of functions Fp,(9) satisfies

f € Fn(d) = |If = fol% < n(mllf — foll3 +6). (2.2)

Then for any fi1 € Fm(8) with v/n|f1 — foll2 > 1, there exists a test function
On (X x )™ — [0,1] such that

Eo¢n < exp (=Cnl fi = fol3) .
sup Ef(1— ¢n) < exp (—Cnllf1 — foll3)

{FeFmO):lf=frll2<&ll fo—frll2}
Cnll fi — foll3 )
mllf1 — fol2 + 02

+ 2exp (—

for some constant C' > 0 and £ € (0,1).

The key ingredient of Lemma 2.1 is the condition (2.2) on the sieve F,(8). By
requiring that functions in F,,(d) cannot explode in ||f — folleoc When || f — foll2
is small, we can apply Bernstein’s inequality to the likelihood ratio test statistic
and obtain exponentially small type I and type II error probability bounds.
Based on Lemma 2.1, we are able to establish the following global testing lemma.
Lemma 2.2. Suppose that F,,(5) satisfies (2.2) for m € Ny and 6 > 0. Let
(€n)2 be a sequence with ne2 — oco. Then for any M > 0, there ezists a
sequence of test functions (¢,)%2, such that

Eopn < Z Npjexp (—an%i) ,
j=M

CM?ne?
sup Ef(1 - ¢,) < exp(—CM?ne2) + 2exp <_7n> :
{feFm )l f—foll2>Men} mM?e2 + §2

where Ny; = N (€jen, Snj(€n), || - ||2) is the covering number of
Snjlen) = {f € Fn(0)  jen < |If = foll2 < (G + Den},

and C' is some positive constant.
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The prior concentration condition (2.1) is very important in the study of
Bayes theory. It guarantees that the denominator appearing in the posterlor
distribution [[ps(xs,:)/po(xi, y:)JIL(df) can be lower bounded by e~ ne for
some constant D’ > 0 with large probability (see, for example, Lemma 8.1 in
[13]). In the context of normal regression, the Kullback-Leibler divergence is
proportional to the integrated Ls-distance between two regression functions.
Motivated by this observation, we establish the following lemma that yields an
exponential lower bound for the denominator [[pf(x;,v:)/po(x:,v:)|II(df) in
the posterior distribution under the current framework.

Lemma 2.3. Let ' > 0 be a constant. Denote

B(m,e,w) = {f:|If = follz <& [lf = folli <u'(m|lf = foll3 +«?)}

o0

for any €,6 > 0 and m € Ni. Suppose sequences (€,)5>; and (k)22 satisfy
€n — 0, ne2 — 00, kpe2 = O(1), and w is some constant. Then for any constant
C >0,

(/Hzg ::zz (df) < II(B(kp, €n,w)) exp [— (C+ %) nei}) — 0.

In some cases it is also straightforward to consider the prior concentration
with respect to the stronger || - ||oo-norm. For example, for a wide class of Gaus-
sian process priors, the prior concentration II(||f — fo|lco < €) has been exten-
sively studied (see, for example, [16, 43, 45] for more details).

2

Lemma 2.4. Suppose the sequence (€,)5% salisfies €, — 0 and ne; — oo.

Then for any constant C' > 0,

(/Hzf x“yZ I(df) < TI(||f = folleo < en)exp[ (C+ %) ?7,6721:|> — 0.

0 waz

Now we present the main result regarding the rates of contraction for Bayesian
nonparametric regression. The proof is based on the modification of the prior-
concentration-and-testing procedure. We also remark that the prior IT on f is
not necessarily supported on a uniformly bounded function space, which is also
a part of the major contribution of this work.

Theorem 2.1 (Generic Contraction). Let (€,)22, and (g,)>2, be sequences
such that min(ne2,ne2) — oo as n — oo, with 0 < ¢, < €, — 0. Assume
that the sieve (Fp, (8))22, satisfies (2.2) with mye2 — 0 for some constant J.
In addition, assume that there exists another sequence (kn)52; C Ny such that
kne2 = O(1). Suppose the following conditions hold for some constants w, D > 0

and sufficiently large n and M :

oo
> Nyjexp (—Dnj’es) — 0, (2.3)
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H(FS,, (6)) S exp [ <2D ; Ui) n} , (2.4)
I1(B(kn,€,,w)) > exp (—Dne,), (2.5)

where Ny; = N (€jen, Snj(en), || - ||2) is the covering number of

Snj =A{f € Fin,(0) s jen <|If = foll2 < (G + V)en},

and B(kn,€,,,w) is defined in Lemma 2.3. Then Eo [II(|| f — foll2 > Mey, | Dy)]
— 0.

Remark 2.1. Recall that the idea of the sieve JF,,(d) is that ||f — fo||% can
be upper bounded by a constant multiple of ||f — fol|3 + d% for any function
f € Fn(d). When mpe2 — 0 and 6 is a constant, ||f — fo||%, is uniformly

n

bounded for any f € Fp,, (0).

Remark 2.2. In light of Lemma 2.4, by exploiting the proof of Theorem 2.1
we remark that when the assumptions and conditions in Theorem 2.1 hold
with (2.5) replaced by I(||f — folleo < €,) > exp(—Dne2), the same rate of
contraction also holds: Eg [IL(|| f — foll2 > Me, | D,)] — 0 for sufficiently large
M > 0.

Remark 2.3. When the underlying true regression function f; is one-dimensional
(i.e., p=1) and has certain smoothness level « in the Holder or Sobolev sense
(which will be made clear in Section 3) with o > 1/2, m,, is typically chosen
to be m, =< n'/(2atD) possibly up to a logarithmic factor, and €, is typically
€n = =%t hossibly up to a logarithmic factor. It follows immediately
that m, €2 = n(1=20)/(14+20) _5 0 potentially up to a logarithmic factor, due to
the requirement that o > 1/2.

Remark 2.4. As pointed out by one of the referees, when o is unknown, it is
possible to extend Theorem 2.1 to the case where ¢ is assigned a prior density on
(0, 00) and is positive in a neighborhood of o by leveraging the technique in [5].
The major complication comes from constructing suitable test functions when
o is unknown. The test function adopted in the proof of Theorem 2.1 is based
on the likelihood ratio statistic, whereas that used in [5] is more mathematically
involved.

3. Applications

In this section we consider three concrete priors on f for the nonparametric re-
gression problem y; = f(z;) +e;, ¢ = 1,--- ,n. For simplicity the design points
are assumed to independently follow the one-dimensional uniform distribution
Unif(0, 1). For some of the examples, the results can be easily generalized to the
case where the design points are multi-dimensional by considering the tensor-
product basis functions. These results also generalize their respective counter-
parts in the literature.
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3.1. Finite random series regression with adaptive rate

The finite random series prior [1, 30, 36, 46] is popular in the literature of
Bayesian nonparametric theory. It is a class of hierarchical priors that first draw
an integer-valued random variable serving as the number of “terms” to be used
in a finite sum, and then sample the “term-wise” parameters given the num-
ber of “terms”. The finite random series prior typically does not depend on the
smoothness level of the true function, and often yields minimax-optimal rates of
contraction (up to a logarithmic factor) in many nonparametric problems (e.g.,
density estimation [30, 36] and fixed-design regression [1]). However, the adap-
tive rates of contraction for the finite random series prior in the random-design
regression with respect to the integrated Lo-distance has not been established.
In this subsection we address this issue by leveraging the technique developed
in Section 2.

We first introduce the finite random series prior. Let (¢5)g2, be the Fourier
basis in Ly([0,1]), i.e., ¥1(x) = 1,99k (z) = sinknx, and o1 (z) = coskra,
k € N,. Writing f in terms of the Fourier series expansion f(x) =
> e Brtr(x), we then assign the finite random series prior II on f by con-
sidering the following prior distribution on the coefficients (8j)72 ;: first sample
an integer-valued random variable N from a density function mx (with respect
to the counting measure on N, ), and then given N = m, the coefficients f’s
are independently sampled according to

(dBx | N =m) = { 60(;@)7;6 sk

where ¢ is an exponential power density g(z) o< exp(—7g|z|) for some 7,75 > 0
[37]. We further require that

mn(m) > exp(—bomlogm) and Z 7N (N) < exp(—=bymlogm) (3.1)
N=m+1

for some constants by, by. The zero-truncated Poisson distribution 7y (m) =
(e* — 1)~'A™/ml1(m > 1) satisfies condition (3.1) [47].

The true regression function fy is assumed to yield a Fourier expansion
fo(z) = >"22, Bok¥w(z) with regard to (¢5)72, and be in the a-Holder ball

€a(Q) = {f(x) = Brtbw(a) Y k|By| < Q},
k=1

k=1

where « > 1/2 is the smoothness level, and @ > 0 is the a-Holder radius. Note
that the construction of the aforementioned finite random series prior does not
require the knowledge of the smoothness level a. In the literature of Bayes
theory, such a procedure is referred to as adaptive.

The following theorem shows that the constructed finite random series prior
is adaptive and the rate of contraction n’a/(m“)(log n)t with respect to the
integrated Lo-distance is minimax-optimal up to a logarithmic factor [39].
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Theorem 3.1. Suppose the true regression function fo € €,(Q) for some o >
1/2 and @Q > 0, and f is imposed the prior II given above. Then there exists
some sufficiently large constant M > 0 such that

Eo [11(1f = follz > Mn=*/Co+(logn)! | D, )] =0

for any t > a/(2ac+ 1).

3.2. Block prior regression with adaptive and exact rate

In the literature of adaptive Bayesian procedure, the minimax-optimal rates of
contraction are often obtained with an extra logarithmic factor. It typically re-
quires extra work to obtain the exact minimax-optimal rate. Gao and Zhou [12]
elegantly construct a modified block prior that yields rate-adaptive (i.e., the
prior does not depend on the smoothness level) and rate-exact contraction (i.e.,
the contraction rate does not involve an extra logarithmic factor) for a wide
class of nonparametric problems. Nevertheless, for nonparametric regression,
[12] modifies the block prior by conditioning on the space of uniformly bounded
functions. Requiring a known upper bound for the unknown fy when construct-
ing the prior is restrictive, and it eliminates the popular Gaussian process priors.
Besides the theoretical concern, the block prior itself is also a conditional Gaus-
sian process and such a modification is inconvenient for implementation. In this
section, we address this issue by showing that for nonparametric regression such
a modification is not necessary.

Recall that in Section 3.1 we have introduced the Fourier basis functions
(V)52 in La([0,1]) with ¢1(z) = 1, Yor(z) = V2sinmka, and Yogi1(z) =
V2cosmkx, k € Ny. The true regression function fy is also assumed to yield a
Fourier expansion fo(z) = > po; Bokt¢k(z), and to be in the a-Sobolev ball

Ha(Q) = {f(x) =3 Butn(a) : Y KB < Q}
k=1

k=1

with radius @ > 0. Write f(z) = > po, Be¥s(z) in terms of the Fourier ex-
pansion. Similar to the finite random series prior, the block prior is constructed
by assigning a prior distribution on the coefficients (5x)52, as follows. Given a
sequence B = (1, B2,--+) in the squared-summable sequence space [, define
the ¢th block By to be the integer index set By = {kg¢, -+ ,kep1 — 1} and with
size ng = | Bo| = ko1 — ke, where ky = [e]. We use B¢ = (B, : j € By) € R™ to
denote the coefficients with indices lying in the ¢th block B,. The block prior
then assigns the following distribution on the coefficients (8)32 ;:

Be| Ag ~N(0,A/L,,), A¢~ gs, independently for each ¢,
where (g¢)72,, is a sequence of densities satisfying the following properties:
1. There exists ¢; > 0 such that for any £ and t € [e=%", e,

ge(t) > exp(fcleg). (3.2)
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2. There exists co > 0 such that for any ¢,

/00 tge(t)dt < 4exp(—col?). (3.3)
0

3. There exists c3 > 0 such that for any ¢,

o0
/ . ge(t)dt < exp(—cze®). (3.4)
e—¢
The existence of a sequence of densities (g¢)72, satisfying (3.2), (3.3), and (3.4)
is verified in [12] (see Proposition 2.1 in [12]).

Our major improvement for the block prior regression is the following theo-
rem, which shows that the (un-modified) block prior yields rate-exact Bayesian
adaptation for nonparametric regression.

Theorem 3.2. Suppose the true regression function fo € Ho(Q) for some
a>1/2 and Q >0, and f(z) =Y po, Brtr(x) is imposed the block prior I as
described above. Then

0 {H (||f — folla > Mn=2/Got1) | Dn)} —0

for some sufficiently large constant M > 0.

Rather than using the sieve F,, proposed in Theorem 2.1 in [12], which does
not necessarily satisfy (2.2), we construct F,,, (¢) in a slightly different fashion:

Fm, (@) { Zﬂkwk Y (B — Bow) K> < QQ}
k=1 k=1

with m,, =< n'/2**tY) and § = Q. The covering number Ny; can be bounded
using the metric entropy for Sobolev balls (see, for example, Lemma 6.4 in [2]),
and the rest conditions in Theorem 2.1 can be verified using similar techniques
as in [12].

As discussed in Section 4.2 in [12], the block prior can be conveniently ex-
tended to the wavelet basis functions and wavelet series. The wavelet basis func-
tions are another widely-used class of orthonormal basis functions for Lo ([0, 1]).
Let (Yj1)jen,ker; be an orthonormal basis of compactly supported wavelets for
L4 ([0,1]), with j referring to the so-called “resolution level”, and k is the “trans-
lation” index (see, for example, Section E.3 in [16]). We adopt the convention
that the index set I; for the jth resolution level runs through {0,1,---,2/ —1}.
The exact definition and specific formulas for the wavelet basis are not of great
interest to us, and for a complete and thorough review of wavelets from a statis-
tical perspective, we refer to [18]. We shall assume that the wavelet basis 1,’s
are appropriately selected such that for any f(z) = Z;io Zkelj Bixjr(z), the
following inequality hold [6, 7, 20]: || f|lec < E;io 21/2 maxger, |Bjkl-

Write f in terms of the wavelet series expansion f(x)= Z] 0 ZkeI Bibjk(x).
The block prior for the wavelet series is then introduced through the wavelet
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coefficients f3;;’s as follows:
Bl Aj ~N(0,A4;L,,), Aj;~gj, independently for each j,

where 8; = (Bjx : k € I;), ni. = |Ix] = 27, and g; is given by

.2 i -2
o 1§g2(e,21 log2 _ T])t + Tj; 0<t<ed log2’
g](t) — 6721 10g2’ e7j210g2 <t< e J 10g2’
—jlog2
0, t> e ilog2

Tj = exp [(1 4 j*)log2] —exp [(—27 + j* — j) log 2] + o2 log2,

We further assume that fjy is an a-Sobolev function. For the block prior regres-
sion via wavelet series, the rate-exact Bayesian adaptation also holds.

Theorem 3.3. Suppose the true regression function fo € Hao(Q) for some
a>1/2 and @ > 0, and f(x) = Z]O‘io Zkelj Bikjk(z) is imposed the block
prior for wavelet series Il as described above. Then there exists some sufficiently
large constant M > 0 such that

Eo [1L(If = follz > Mn=*/C=+0 | D, )] 0.

3.3. Beyond Fourier series: Gaussian spline regression

The previous two examples show that Theorem 2.1 can be applied to priors
through Fourier series expansions. It turns out that this theorem also works
for prior distributions beyond Fourier basis, and we provide an example in this
subsection.

Spline functions or splines are defined piecewise by polynomials on subin-
tervals [to,t1), [t1,%2),. .., [tx—1,tK] that are also globally smooth on the entire
domain [tg, x|, where K is the number of subintervals. Without loss of gener-
ality, we may further require that to = 0 and tx = 1. A spline function is said
to be of order ¢ for some positive integer ¢, if the involved polynomials are of
degrees at most ¢ — 1. Given the order ¢ and the number of subintervals K, the
space of spline functions forms a linear space with dimension myo = ¢+ K — 1,
and a basis for this linear space is also a set of spline functions, referred to as
B-splines and denoted as (Bj),,. We refer the readers to [9] and [35] for a
systematic introduction of the spline functions. We present the following facts
regarding the approximation property of splines, and the norm equivalence be-
tween spline functions and the coefficients of the corresponding B-splines. These
results can be found in [9].

Lemma 3.1. Let fy be an a-Hdélder function with o > 0, and ¢ > «. Then
there exists a constant C' depending on fo, q, and o, and (Box)p2; C R with
mo =q+ K — 1, such that

mo
> 0xBr — fo
k=1

<Cmy®.

oo
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Furthermore, for any B, ..., Bm, € R,

mo mo 1/2 mo
Jmax |fy] =< > BBk| (Z ﬁ;%) = /mo | > BrBs
=k=mo k=1 . k=1 k=1 9

Assume that the true regression function fy is an a-Holder function with
a > 1/2. We now present the Gaussian spline prior, which simplifies the version
presented in [11]. Assume that f is a spline function of order ¢ > a on [0, 1], and
the number of subintervals is K. Then we write f in terms of a linear combina-
tion of the B-splines f(z) = > ;% BxBk(x). The Gaussian spline prior assigns
a prior distribution on f by letting the coefficients f, ..., By, independently
follow the standard normal distribution N(0, 1). Allowing mg grows moderately
with the sample size n, we show in the following theorem that the posterior
contraction rate with respect to || - |2 is minimax-optimal up to a logarithmic
factor.

Theorem 3.4. Suppose the true regression function fo € €(Q) for some o >
1/2 and @ > 0, and f(z) is assigned the Gaussian spline prior Il as described
above with order ¢ > a and the number of subintervals K. If mo=q+ K —1 =<
nt/ Qo) then there exists some sufficiently large constant M > 0 such that

Eo [11 (11 = foll2 > Mn=/C*+(1logn)!/? | D, )| = 0.

We briefly compare the result of Theorem 3.4 with that in [11], which con-
sidered the empirical Lo-distance and obtained the minimax-optimal rate up to
a logarithmic factor in the fixed-design regression problem. In contrast, we put
the prior models in the context of the random-design regression and consider
the integrated Lo-distance, which can be viewed as a complement of the con-
traction result presented in [11]. Although the posterior contraction in Theorem
3.4 is not adaptive to the smoothness level «, one can further assign a prior
distribution to myg in a similar fashion to that in [11] to make it rate-adaptive.

4. Extensions
4.1. Extension to the fixed-design regression

So far, the design points (x;)?_; in this paper are assumed to be randomly
sampled from [0, 1]?. This is referred to as the random-design regression problem.
There are, however, many cases where the design points (x;)?_; are fixed and
can be controlled. One of the examples is the design and analysis of computer
experiments [8, 34]. To emulate a computer model, the design points are typically
manipulated so that they are reasonably spread. In some physical experiments
the design points can also be required to be fixed [40]. In this subsection we show
that by slightly extending Theorem 2.1, the integrated Ls-distance contraction
is also obtainable under similar conditions when the design points are fixed but
reasonably selected.
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Suppose that the design points (z;)"_; C [0, 1] are one-dimensional and fixed.
Intuitively, the design points need to be relatively “spread” so that the global
behavior of the true signal fy can be recovered as much as possible. Formally,
we require that the design points satisfy

1
=0(—|. 4.1
(3) (4.1)

1 n
—E lel<x -
n

=1

A simple example of such design is the univariate equidistance design, i.e.,
x; = (1 — 1/2)/n (see, for example, [52, 53]).

Now we extend the framework in Section 2 to the (one-dimensional) fixed-
design regression problem. Specifically, this amounts to modifying the require-
ment for the sieve in (2.2): Let 7 > 0 be a constant, and for any m € Ny and
d > 0, assume that F,,(9) satisfies

sup
z€[0,1]

Iy € PO [Balf = o) = 1 = olB| < (21 = ol + =1 = ol ).

NG
1
and [P, (f — f1)* = If = full3] <n (%Ilf—flll% ﬁ”f—flnz)- (4.2)

With the above ingredients, we present the following modification of Theorem
2.1 for the fixed-design regression, which might be of independent interest as
well.

Theorem 4.1 (Generic Contraction, Fixed-design). Suppose the design points
(x;)P_, are fized and satisfy (4.1). Let (€,)52; and (€,)52; be sequences such
that min(ne2,ne2) — oo as n — oo with 0 < ¢, < €, — 0. Let the sieves
(Fm, (0))22, satisfy (4.2) for some constant § > 0, where m, — oo and
mn/n — 0. Suppose the conditions (2.3), (2.4), and II(||f — folleo < €,) >

exp(—Dne?) hold for some constant D > 0 and sufficiently large n and M.
Then

Eo [IL(|| f = foll2 > Men | Dy)] — 0.

As a sample application of Theorem 4.1, we consider one of the most pop-
ular Gaussian processes GP(0, K) with the covariance function of the squared-
exponential form K (z,2) = exp [—(z — 2’)?] [29]. We show that optimal rates
of contraction with respect to the integrated Lo-distance is also attainable when
the design points are reasonably selected, in contrast to most Bayesian litera-
tures that obtain rates of contraction with respect to the empirical Ls-distance.

Given constants ¢, > 0, we assume that the underlying true regression
function fy lies in the following function class

AC(Q)Z{f() S Buie() Zﬁkexp( )<Q2}
k=1

The function class A.(Q) is closely related to the reproducing kernel Hilbert
space (RKHS) associated with GP(0, K'). For a complete and thorough review
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of RKHS from a Bayesian perspective, we refer to [44]. A key feature of the
functions in A.(Q) is that they are “supersmooth”, i.e., they are infinitely dif-
ferentiable. For the squared-exponential Gaussian process prior, the following
property regarding the corresponding RKHS is available by applying Theorem
4.1 in [44].

Lemma 4.1. Let H be the RKHS associated with the squared-exponential Gaus-
sian process GP(0, K), where K(x,2') = exp[—(z — 2')?]. Then A4(Q) C H for
any Q > 0.

Under the squared-exponential Gaussian process prior 11, the rate of contrac-
tion of a supersmooth fy € A4(Q) is 1/4/n up to a logarithmic factor.

Theorem 4.2. Assume that the design points (x;)"_, are fived and satisfy (4.1).
Suppose the true regression function fo € A4(Q) for some Q > 0, and f fol-
lows the squared-exponential Gaussian process prior I1. Then there exists some
sufficiently large constant M > 0 such that

E, [H (||f — folla > Mn~Y2(logn) | Dn)] 0.

Remark 4.1. For the squared-exponential Gaussian process regression with ran-
dom design, the rate of contraction with respect to the integrated Ls-distance
for fo € A4(Q) has been studied in the literature. In contrast, we remark that
for the fixed-design regression problem, Theorem 4.2 is new and original, and
provides a stronger result compared to the existing literature (see, for example,
Theorem 10 in [41]).

4.2. Extension to sparse additive models in high dimensions

We have so far considered that the design space is low dimensional with fixed p.
Nonetheless, the rapid development of technology has been enabling scientists
to collect data with high-dimensional covariates, where the number of covari-
ates p can be much larger than the sample size n, to explore the potentially
nonlinear relationship between these covariates and certain outcome of interest.
The emergence of high dimensional prediction problems naturally motivates the
study of nonparametric regression in high dimensions [51]. In this section, we fo-
cus on one class of high-dimensional nonparametric regression problem, known
as sparse additive models, and illustrate that with suitable prior specification,
the framework for low-dimensional Bayesian nonparametric regression naturally
extends to such a high-dimensional scenario.

We first review some background regarding the sparse additive models. Con-
sider the additive regression model y; = f(x;)+e;, where the regression function
f(x:) is of an additive structure of the covariates f(x;) = p + >7_; fi(xij).
Without loss of generality, one can assume that each component f;(z;) is cen-
tered: fol fij(z;)dz; =0, j =1,---,p. For sparse additive models in high di-
mensions, the number of covariates p is typically much larger than the sample
size n, and the underlying true regression function fy depends only on a small
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number of covariates, say, x;,,...,x;,, i.e., fo is of a sparse additive structure
fo(xi) = po + >0_, foj, (wij,.), where each fo, : [0,1] — R is a univariate func-
tion, and ¢ is the number of active covariates that does not change with sample
size. Furthermore, the indices of these active covariates {j1,...,J,} and ¢ are
unknown. This is referred to as the sparse additive models in high dimensions
in the literature [19, 22, 25, 27, 28]. There have also been several works regard-
ing Bayesian modeling of sparse additive models in high dimensions, see, for
example, [24, 33, 51].

To model the sparsity occurring in the high-dimensional additive regression
model, we consider the following parameterization of f by introducing the binary

covariate-selection variables z1,...,2, € {0,1}:
P
j=1

where z; = 1 indicates that the jth covariate is active and z; = 0 otherwise.
Following the strategy in Section 2, each component function f; is assigned a
prior distribution independently across j = 1,...,p. We complete the prior dis-
tribution II by imposing the selection variables z; with a Bernoulli distribution
zj ~ Bernoulli(1/p). The Bernoulli prior for sparsity has been widely adopted in
other high-dimensional Bayesian models with variable selection structures (see,
for example, [4, 31, 32]).

We now extend Theorem 2.1 to sparse additive models by modifying the
sieve property (2.2). Denote z = [z1,...,2,]T € {0,1}? and let A be a positive
integer. Let n > 0 be a constant. For any m € N, and § > 0, we consider the
sieve G (8) = Uzl <aq Gm(6,2), where Gn,(6,z) with [|z]; < A satisfies the
following condition: there exists some constant 1 > 0 such that

f€Gn(8,2) = |If = follZ < n(A*m|f = foll3 + &%). (4.4)

Theorem 4.3 (Generic Contraction, Sparse Additive Models). Consider the
aforementioned sparse additive model in high dimensions. Let (€,)5%; and
(€,)%, be sequences such that min(ne2, ne2)— oo as n— oo, with 0<¢,, < €, —
0. Assume that there exist sieves of the form G (6) = Ujzi<a,q Gma (6,2),
where G, (0,2) satisfies (4.4), (mp)S%, (A,)22, are sequences such that
Apympe2 — 0, and § is some constant. Let (k,)S%, be another sequence such
that kn,e2 = O(1). Suppose the following conditions hold for some constants

w, D >0 and sufficiently large n and M :

> Nikrexp (—Dnj’er) =0, (4.5)
J=M
11 (9;22 (5)0) < exp { <2D + ;) ngi} , (4.6)

I (En(kn,gn,w)> > exp (—Dne2), (4.7
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where for any m € Ny and e,w > 0,
B(m,e,w) = {|If = foll2 < &, |If = foll% < n'(mllf = foll3 + %)}

for some constant ' > 0, and ij" = J\/‘(fjemS;Z" (en), | - |l2) is the covering
number of

Sir = (f € GA(6) : jen < IIf — folla < (G + Den}.

Then IE40 [H(”f - f0||2 > Mﬁn | Dn)] — 0.

The above framework is quite flexible and can be applied to a variety of prior
models. For example, let us extend the finite random series prior discussed in
Section 3.1 to the sparse additive models as follows: We model each compo-
nent f;(z;) via a Fourier series f;(z;) = Y7, Bjxtr(z;), where (¢5)72, are
the Fourier basis introduced in Section 3.1. Then the coefficients (8, : j =
1,---,p,k=2,3,---) are assigned the following prior distributions: First sam-
ple an integer-valued random variable N with density mx satisfying (3.1), and
then given N = m, sample the coefficients (8, : j =1,--- ,p,k =2,3,---) with

. o~y 9Bir)dBjk,  if2< Kk <m,
(B | N = i) = { obudln,  HES L

independently for all j =1,--- ,pand k = 2,3,---, where g(x) x exp(—7p|x|7)
for some 7,79 > 0. Finally let p follow a prior distribution with density w(h)
supported on R, and set 81 = — > 1o, Bk fol Yg(xj)dz;, j = 1,--,p to en-
sure each component f; integrates to 0. The prior specification is completed by
combining the aforementioned Bernoulli prior on z.

Theorem 4.4. Consider the sparse additive model (4.3) with the above prior
distribution, and the dimension of the design space p > 2 possibly grows with the
sample size n. Suppose the true regression function yields an additive structure:
fo(x) = p+ >0, foj.(z;,), where each fo; € €4(Q) for some o > 1/2 and
Q > 0 for all j € {j1,-++ ,7q}, and q does not change with n. Assume the
dimension p satisfies logp < logn. Let f be imposed the prior 11 given above.
Then there exists some sufficiently large constant M > 0 such that

Eo {IL [Ilf = foll2 > Mn™*/@D (log )" | D, |} =0

for anyt > a/(2a+1).

Remark 4.2. The minimax rate of convergence with respect to || - ||2 for sparse
additive models is n~®/(2*+1) 4 (logp)/n, provided that logp < n¢ for some
¢ < 1 [51]. The first term n~/(2¢*+1) is the usual rate for estimating a one-
dimensional a-smooth function, and the second term (log p)/n comes from the
complexity of selecting the ¢ active covariates xj,, -+ ,z;, among x1,---, ).
Under the assumption that logp < logn, the minimax rate of convergence is
dominated by the first term n~®/(2¢+1) Thus Theorem 4.4 states that with the
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aforementioned finite random series prior for the sparse additive model in high
dimensions, the rate of contraction is adaptive and minimax-optimal modulus a
logarithmic factor, which can be also viewed as a non-trivial application of the
result in Section 3.1 to sparse additive model in high dimensions.

5. Proofs of the main results

Proof of Lemma 2.1. Recall the assumption
1f = foll3e < mllf = foll3 + 6% (5.1)
Let us take & = 1/(4v/2). Define the test function to be ¢,, = 1 {T}, > 0}, where

n

Ta = Y ihilxi) = foxi)) — gnPalf2 = £2)

- %m ~ folls

Before proceeding to the analysis of the type I and type II error probabilities, we
introduce the motivation of the choice of T}, as the test statistic. In fact, by the
well-known Neyman-Pearson lemma, the most powerful test is the likelihood
ratio test. In the context of random-design normal regression, the likelihood
ratio test for testing Hy : f = fo against H4 : f = f1 is equivalent to rejecting
fo for large value of

CXP{ 222 lez %Z fOXz }

= eXP{ Z (f1(x:) = fo(xi)) — Tignp

which is also equivalent to rejecting fy for large value of T,.

The proof idea is similar to constructing the likelihood ratio test for establish-
ing the posterior contraction with regard to Ls(IP,,)-distance in the fixed-design
regression problems, which are commonly encountered in the literature. We
present the proof here for the sake of mathematical rigor.

We first consider the type I error probability. Under Py, we have y; = fo(x;)+
ei, where e;’s are i.i.d. N(0,0?) noise. Therefore, there exists a constant C; > 0
such that Py(e; > t) < exp(—4C;t?) for all t > 0. Then for a sequence (a;)?; €
R", the Chernoff bound yields Po (31" aje; >t) < exp (—4C1t?/> 7 a?).
Now we set a; = f1(x;) — fo(x;) and

\/_
\/_

- %npn(fl 7f0)2 ||f1 f0||2

Clearly,

£ 2 nBu(fy — fo)? |37y — fo)? + gl — foll
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> P (f1 — fo)? [%nllﬁ - fo||§} :

Then under Py(- | x1,- - ,X,), we have

C
ol [0, 3,) < oxp (= hall = Al )
It follows that the unconditioned error can be bounded:
C
IE0@1771, < exp <_3_21n||f1 - f0||§> .

We next consider the type II error probability. Under Py, we have y; = f(x;)+
e; with e;’s being i.i.d. mean-zero Gaussian. Then for any f with ||f — fi|l2 <

I fo — fill2/(4v/2) < || fo — fill2/4, we have
(1= 60) <E [ {Bald = 107 £ 1B — o PES 1= 0 [0, x0)

+P

N

Po(f = f1)? > %Pn(fl - f0)2> .

When P, (f — f1)?

IN

P, (f1 — f0)2/16, we have

T+ 51 = oo/ 7 -
= > lfixi) = o)l + nPalf — A1 — fo) + 5nBalf — fo)?
i=1

> 3" exlfilxi) — folxoll + gl — o)
i=1
Now set

R=R(x1,  xp) = %npn(fl — fo)® - %ﬁ — follav/nPn(f1 — fo)?.
Then given R > /n|lfi — follan/7Pn(f1 — f0)2/(8V/2), we use the Chernoff

bound to obtain

Pr(Tn <0[x1,--+ %) <P <Zei[f1(xz') —fo(xi)] < =R %y, ,Xn)

i=1

40, R? Cinll f1 — foll3
<ow () <o (M)

On the other hand,

P (R < %fl = folla /AR (s = fo)2>
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=P (Gn(fl — fo)? < *%Hfl - fo||§> :
It follows that
Eh{Pdf—ﬁy<]%R&ﬁ—ﬂf}Eﬂl—@lXh“wXM}

SEP{Rz—f%wa—hm (s =

8v2
Pu(f — f1)? < %Pn(fl - fo)Q}Pf(Tn <0[xy,--- ,Xn)]
+P (R < %”Jtl — foll2v/nPn(f1 — f0)2>

<exp (= Ganli — Al ) + P (Galhi - 2 < =51~ £l

Using Bernstein’s inequality (Lemma 19.32 in [42]), we obtain the tail probabil-
ity of the empirical process G, (f1 — fo)?

P (@l - 507 < =501 - ful})

(L nllfi — folld/4 )
Sep<4Whm4WhEWMh&ﬂ

C'nllf1 — foll3 )
<exp|— ,
= p(7wﬁ—h@+@

for some constant C’ > 0, where we use the relation (5.1). On the other hand,
when P, (f — f1)? > P.(f1 — f0)?/16, we again use Bernstein’s inequality and
the fact that f € {f € Fn(8) : [|f — f1l13 <275 fo — f1l|3} to compute

1 n|lfi — foll5/1024 )
401913 + 11 = follZllgllee/32 )

where g = (f — f1)? — (f1 — fo0)?/16. We further compute

P@Mf—ﬁf>%£Aﬁ—hF)§wp<

2
o1 < (17 = 22l + 51— 1ol

2
< (17 = Al = il + 5511 flllls - ol )

S = AIZIF = A+ 1A= foll Xl = foll3
< (mlfr = foll3 + %) fo — full3,

where we use (5.1), the fact that || f — fill2 < || fo — fill2, and that

If = fill2 < 2(1f = follZ + 20 fo — fill% S mllfi — foll3 + 62
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Similarly, we obtain on the other hand,

1
lgllee = If = fill% + el = ol Smllfo— fill3+ 62

Therefore, we end up with

2 1 2 Conl|fr = foll3
P@%”‘f”:>Eﬁ*ﬁ‘“>>§@m<‘mwam@+ﬁ>’

where Co > 0 is some constant. Hence we obtain the following exponential
bound for type I and type II error probabilities:

Eoon < exp(=Cnllfi = fol3),

MLW&Swm@wﬁ—m@+%w(-

Cnll fi — foll3 )
m|| f1 — foll3 + 02

for some constant C' > 0 whenever ||f — f1l|3 < ||f1 — fol|3/32. Taking the
supremum of the type Il error over f € {f € F,,(8) : | f— f1l3 < |l fr— foll3/32}
completes the proof. O

Proof of Lemma 2.2. We partition the alternative set into disjoint unions

{f € Fm(d) : |If = folla2 > Men}
- U {f € Fn(d) 1 jen < If = foll2 < (j + Den} := U Snjlen).
j=M j=M

For each Sy;(€,), we can find N,; = N (§jen, Spj(€n), || - [|2)-many functions
fnji € Snj(en) such that

N
Snilen) C | {F € Fn(®) : 11 = Frjillz < Ejen}-

=1
Since for each f,j;, we have f,;; € Syj(en), implying that || fn; — foll2 > jen,
we obtain the final decomposition of the alternative

N,

Snjlen) C \JAS € Fn(8) : I1f = Fujill2 < &llfo = Fasill2} -

1=1
Now we apply Lemma 2.1 to construct individual test function ¢, for each
fnji satisfying the following property
Eognji < exp(—Cnj’er),

sup Ef(1— ¢pps) < exp(—anQEi)
{Fe€FmO):lf—Frill3<E2 1 fo—Frjill3}
Cnj?e2 >

9 _ Y e
+ cxp< mgj2e2 + §2
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where we have used the fact that || f,,; — foll2 > jen. Now define the global test
function to be ¢,, = SUp, > MaxX1<i<N, ; Pnji- Then the type I error probability
can be upper bounded using the union bound

o0 Nnj oo Nn,j oo
Eopn < Z ZEo¢njl < Z Zexp(fC’njze%) = Z Npj exp(—Cnj2e?).
j=M 1=1 =M I=1 j=M

The type II error probability can also be upper bounded:

sup Ef(l - ¢n)
{F€Fm )l f—foll2>Men}
< sup _sup sup Er(1 = dui)

JZ2M =1, ,Nnj { fEFm (8): I f — frjill2<&ll fo— Frjill2}

C 2 2
< sup sup [exp( Cj*ne )+2exp< ﬂ)]

Jj>M =1, 7Nnj ‘726% —+ 52
CnM?e2
2 n
< exp(—CM~=ne )+2exp< W)
The proof is thus completed. 0

Proof of Lemma 2.3. Denote the re-normalized restriction of II on B, =
B(kp, €n,w) to be II(- | By,), and the random variables (V)" ,, (Wpi)I; to
be

Voi = folx) = [ FOIAS | Bu) Wai =5 [ (£6x) = o) PII(AS | Bu).
Let
o { [T man > e[ (4 ) o]

Then by Jensen’s inequality
1y J 1
/prxy (df | Bn) <exp |—(C+ — ne?
Do Xzayz g
1 1 9
i=1
1 n n
C {0’2261‘/"@ > Cnei} U {ZW”’ > nei} .
i=1

=1

Now we use the Chernoff bound for Gaussian random variables to obtain the
conditional probability bound for the first event given the design points (x;)7;:

- 22 C?0net
0 ZeiVniZCU n€n|X17"'axn < exp _W .
=1 nVmng
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Since over the function class B,,, we have || f — foll2 < €n, kne2 = O(1), and
1f = foll3e S Enllf = foll3 +w? < knep +w? = O(1),
it follows from Fubini’s theorem that
B(2) < [ Ifo - BT | B) < &,
E(Vi) <E [ [t = sy mas | 5,)
< [1F = Bl = foI30T | Bo) S €

Hence by the Chebyshev’s inequality,

1 4

P ([P, Vi —E (V)| > ene) < var(V2) < -0

2.4 4.2
ne“e,, ne,e€

for any € > 0, i.e., P, V.2 <EV?2 +op(e2) < e2(1 + op(1)), and hence,

n

. ( 6’204nefl> o ( 020'4%6%) 50
xp| ———=2 ) =exp| —— 2
P\ vz P T+ 00(1)

in probability. Therefore by the dominated convergence theorem the uncondi-
tioned probability goes to 0:

n
Py (Z eiVni > C’Uznei> =E

i=1

n
Py (Zeivni > Co’ne | xq,- - 7Xn>‘|

i=1
2 4,4
SE{exp (Cpgivzenﬂ — 0.

For the second event we use the Bernstein’s inequality. Since

1 1
EW,i =5 [ I = RlBIS | B < 5,

B < 48 | (00~ fGo)mar | 2,)]

IN

1
1 15 = 5lB1F — folertas | B,) S €,

then

n n 1
P (Z Wi > neEL) <P (Z(Wm— —EW,;) > 5716%)
i=1

i=1

IN

1 nel /4
o (1
PATLEWE, + 2 [ Wil /2
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< éﬂ’m%
exp| ———F—77-7-1,
SR W T 177

where |[Wailoo = supxepo,11»(1/2) [ (f(x) = fo(x))*TL(df | By,). Since for any f €
By, || f = follse = O(1), it follows that ||[Wy;||s = O(1), and hence, P(>, Wy; >
ne2) — 0. To sum up, we conclude that

P(H:) < Po (Z iV > Oo%ei> +P (Z Wi > n2> S0 O

=1 i=1

Proof of Lemma 2.4. Denote II(- | By,) = II(-N B,,) /II(B,,) to be the re-normal-
ized restriction of I on B,, = {||f — follec < €n}, and

Vi = fol) = [ SOIAT | B, Wos = 5 [ (1) = o) 1A | )

2
Similar to the proof of Lemma 2.3, we obtain

o = { / 11 MHW) < TI(B,) exp [— (c + Ui) nz} }

i1 Po\Xis i

1 « 1
- {; Z(eiVm + W) > <C—|— ;) nei}
i=1

2 €iVni = 202 ne, ¢

i=1

where we use the fact that W,,; < (1/2) [ ||f — follAIL(df | Bn) < €2/2 for all

f € By, in the last step. Conditioning on the design points (x;)"_;, we have

Po(Hy, [ %1, %xn)

(o4 L) olne
202 ) P,V2

2 -1
< exp{— (0 gy3 ) otnet | [ 17 = plmtar| 5,) }

2
1
< exp [— <C + 2—2> a‘%ei] — 0.
o

The proof is completed by applying the dominated convergence theorem. O

< exp

Proof of Theorem 2.1. For convenience denote the log-likelihood ratio function

n

An(f) = Z[logpf(xi,yi) — log po(xi, i)l

i=1
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Let ¢, be the test function given by Lemma 2.2 and

Ho={ [ewn s | DN 2 e |- (3 + L) n ]},

g

It follows from condition (2.5) that

HE C {/exp(An)H(df) < (B (kn, €,,w)) exp {— (% + %) ngi] }

and hence, Py(HS) = o(1) by Lemma 2.3. Now we decompose the expected
value of the posterior probability
Eo [TL([f = foll2 > Men | Dn)]
< Eo [(1 — ¢n)L(Ha)IL([|f — foll2>Mey | Dn)] + Eodr + Eo[(1 — ¢n)1(Hy,)]
Jetr—sollosmeny PAn(f [ Dp))II(dS)
Jexp(An(f | Dn))II(dS)

< Eo

(1 - (bn)ﬂ(Hn)

By (2.3) and Lemma 2.2 the type I error probability Eq¢, — 0. It suffices to
bound the first term. Observe that on the event H,, the denominator in the
square bracket can be lower bounded:

Je1r=follos areny €XP(An(f | Dn))I(dS)
Eo [(1 — ) 1(Hy) T (bl | Do)

3D 1 9
< exp o5 + 52 ne;,

X Eo | (1 - én) / exp(An(f | Do))TI(AS)
Fonn ON{I| f=foll2>Men}

3D 1
+ exp [(7 + F) ’I’LEEL] EO

By Fubini’s theorem, Lemma 2.2 we have

/ exp(An (f | D))
Fs, (9)

mnp

Eq

(1 ) / exp(An(f | Do)II(dS)
Fn ON{f—foll2>Men}

< Eo [(1 = ¢n) exp(Ar, | Dp)] 11(df)

/'an(‘s)m{lffo|2>M6n}

< sup Ef(1—¢n)
FEFmy (O)N{IIf—foll2>Men}

CM?née?

< —CM?né? 2 -

< exp( ne,) + 2exp < R VER 5)

< exp(—CM?né?),
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some constatn C' > 0 for sufficiently large n, since m,e2 — 0 and § = O(1)

by assumption. For the integral on Fy, (), we apply Fubini’s theorem to obtain

pf szyz
E / exp(An(f | Dp)II(df :/ In(df
e (An(f [ Dn))TI(dS) . Hpo ) )
< H(fﬁ%(@)-
Hence we proceed to compute
_ e exp(An(f | Dp))I(df
(1— an)]l(Hn)f{”f foll2>Men} (An(f | )I(dS)
Jexp(An(f | Dp))II(dS)
< exp [(% + %) ne — C'MQnei}
o
+ exp g+i ne’ — 2D+1 nez| —0
2 o2
as long as M is sufficiently large, where (2.4) is applied. |

Supplementary Material

Supplement to “A theoretical framework for Bayesian nonparametric
regression”
(doi: 10.1214/19-EJS1616SUPP; .pdf). The supplementary material contains

the remaining proofs and additional technical results
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