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Abstract: In this paper, we consider inference problem about the drift
parameter vector in generalized mean reverting processes with multiple
and unknown change-points. In particular, we study the case where the
parameter may satisfy uncertain restriction. As compared to the results
in literature, we generalize some findings in five ways. First, we consider
the model which incorporates the uncertain prior knowledge. Second, we
derive the unrestricted estimator (UE) and the restricted estimator (RE)
and we study their asymptotic properties. Third, we derive a test for test-
ing the hypothesized restriction and we derive its asymptotic local power.
We also prove that the proposed test is consistent. Fourth, we construct a
class of shrinkage type estimators (SEs) which encloses the UE, the RE and
classical SEs. Fifth, we derive the relative risk dominance of the proposed
estimators. More precisely, we prove that the SEs dominate the UE. Fi-
nally, we present some simulation results which corroborate the established
theoretical findings.
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1. Introduction

Nowadays, the Ornstein-Uhlenbeck (O-U) process is applied in different fields,
such as physical sciences (Lansky and Sacerdote (2001)) [11] and biology (Rohlfs
et al. (2010)) [17]. Such a process is also called mean-reverting process since the
mean reverting level is the component which has large effect on it. For the classi-
cal O-U process, the mean reverting level is constant. However, the classical O-U
process does not fit well the data whose mean reverting level may change with
the time. This is particularly the case for some phenomena which heavily depend
on the factors which change with the time. For instance, government policies
are examples of the factors which affect the stock price. Thus, if the government
policies are changed in different time periods, the mean reverting level of the
stock price may change. As a result, the stock price is changed. To solve such a
problem, Dehling et al. (2010) [6] proposed generalized Ornstein-Uhlenbeck pro-
cesses which have a time-dependent periodic mean reverting function. Further,
Dehling et al. (2014) [7], Nkurunziza and Zhang (2018) [15] considered inference
problems in generalized O-U processes with change-point. The problem stud-
ied here was mainly inspired by the work in Chen et al. (2017) [4]. Namely,
Chen et al. (2017) [4] proposed a method for detecting multiple change points
in generalized O-U processes.

In this paper, we study the inference problem in generalized O-U processes
with multiple unknown change points in the context where the drift parameter
is suspected to satisfy some restrictions. The proposed method generalizes the
work of Chen et al. (2017) [4] in five ways. First, we consider the model which
incorporates the uncertain prior information. Second, we derive the unrestricted
estimator (UE) and the restricted estimator (RE), and we study their asymp-
totic properties. Third, we derive a test for testing the hypothesized restriction
and we derive its asymptotic power. The proposed test is also useful for testing
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the absence of change points. Fourth, we construct a class of shrinkage esti-
mators (SEs) which are expected to be robust with respect to the restriction.
Fifth, we study the relative risk dominance of the proposed estimators. With
respect to the established asymptotic power and risk dominance, the novelty of
the proposed methods consist in the fact that the dimensions of the UE and
RE are random variables. To overcome the difficulty due to the randomness
of the dimensions of the UE and RE, we establish an asymptotic result which
is of interest in its own. Further, we weaken some conditions underlying the
main results in Chen et al. (2017) [4]. Specifically, we establish that the findings
in Chen et al. (2017) [4] hold without their Assumption 2. We also provide a
condition, about the initial value of the generalized O-U, which was omitted in
Chen et al. (2017) [4] although required for their main results to hold.

The remainder of this paper is organized as follows. In Section 2, we introduce
the statistical model and assumptions. In Section 3, we study the joint asymp-
totic normality of the UE and the RE in the case of known change-points. In
Section 4, we study the joint asymptotic normality of UE and RE in the case
of unknown change-points given a known number of the change-points. In Sec-
tion 5, we present inference methods in the case of unknown change-points and
unknown number of change-points. In Section 6, we construct a class of SEs and
test the restriction. In Section 7, we compare the relative performance of the
proposed estimators. In Section 8, we present some simulation results, and in
Section 9 we give some concluding remarks. For the convenience of the reader,
some technical results and proofs are given in the Appendix A.

2. Statistical model and preliminary results

In this section, we introduce the statistical model and set up some notations and
assumptions. Inspired by the statistical model in Chen et al. (2017) [4], we study
the inference problem about the drift parameter in generalized O-U processes.
To introduce some notations, let (Q,F,P) be a probability space where § is
G-field on the sample space €2, and P is a probability measure. Further, let L?
denote the space of measurable p-integrable functions, for some p > 1. Let A’
denote the transpose of a given matrix A, let § = (01,...,6;,,,) with 0; =
(1 s 2,4y s tpg ), for g =1,...om+1, k=1,...,p, ug,; is real valued
and a; > 0. Let ¢ (t) be real-valued function on (0,7), k = 1,...,p, and let
p(t) = (p1(t), ..., op(t)), t = 0. Let {W;,t > 0} be a one-dimensional standard

Brownian motion defined on (€2, F, P) and let o > 0. Let 14 be the indicator

. . d P a.s
function of the event A. We also use the notations , , , and
T—o0 T—o0 T—o0

p
TL—> to denote, respectively, the convergence in distribution, in probability,
—00

almost surely and in LP-space, as T tends to infinity. Further, let Op(a(T)) stand
for a random quantity such that Op(a(T))a=(T) is bounded in probability and
let op(a(T)) stand for a random quantity such that op(a(T))a=1(T) converges
in probability to 0 as T' tends to infinity. We say that a stochastic process
{Y;, t > 0} is LP-bounded if there exists K > 0 such that E (|Y;|?) < K, for all
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t > 0, for some p > 1.
As in Chen et al. (2017) [4], we consider that {X; : ¢ > 0} is a solution of the
stochastic differential equation (SDE)

dXt :S(e,t,Xt)dt+0'th, Ogth, (21)

where the drift coefficient, S(0,t, X;), is given by

m-+1
SO.6,X) =Y (), —X0) 0117, cicryy, 0<t T (2.2)
1

+

<.
I

We assume that m (m > 1) is unknown as well as the change-points 71 < 72 <
- < T, 11 > 0, and 7,, < T. For the sake of simplicity, we suppose that

7 = ¢;1, where j =1,...,mand 0 < ¢; < --- < ¢, < 1. For mathematical
convenience, let 79 = 0, 741 =T, ¢o = 0, and let ¢,,,+1 = 1. The parameter of
interest is 6 while 71, 72, ..., T, and m are unknown nuisance parameters. In

the sequel, let {§:, t > 0} denote the natural filtration of the Brownian motion
given in the SDE (2.1).

In this paper, we also suppose that there exists a vague prior knowledge
about the target parameter, 0. In particular, we consider the scenario where 6
may satisfy the linear restriction B = r, where B is a known ¢ x (m+1)(p+1)
full rank matrix with ¢ < (m + 1)(p + 1), r is a known g-column vector. This
restriction leads to the testing problem

Hy:BO=r vs Hy: B #r. (2.3)

Particularly, let I, be p-dimensional identity matrix, if we choose r = 0 and

Ly I, 0 ... 0 0
0 I,.. -1, ... 0 0

B - . p.+ :.D+ . . = B()7
0 0 0 ... Iy —Io

the restriction in (2.3) corresponds to the case where there are no change points.
Thus, the testing problem in (2.3) includes as a special case testing the absence
of change points. The optimality of the proposed method requires the following
assumptions.

Assumption 1. The distribution of the initial value, Xo, of the SDE in (2.1)

does not depend on the drift parameter 0. Further, X is independent of {W; :
t >0} and E[|Xo|?] < oo, for some d > 2.

Assumption 2. The p-valued function p(t) is square Riemann-integrable on
[0,T], for any T > 0, and satisfies

(1) Periodicity: there exists v > 0 such that o(t +v) = @(t), Yt > 0 (v is the
period);

(2) Orthonormality in L*([0,v], 1d\): /0 o) (t)dt = vI,.
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Since, ¢(t) is bounded on [0,7] and it is periodic, it is bounded on R;. As
in Chen et al. (2017) [4], without loss of generality, we assume that v = 1.

Remark 2.1. It should be noticed that Assumption 1 is not explicitly men-
tioned in Chen et al. (2017) [4]. However, their main results require this as-
sumption to hold. For example, if the distribution of X, depends on 6, from
Theorem 1.12 of Kutoyants (2004, p 34) [10], it is clear that the likelihood func-
tion given in Chen et al. (2017, see p. 2204) [4] does not hold. Moreover, if
E[|Xo|%] = 400, the relation (3.8) in Chen et al. (2017, see p.2208) [4] does not
hold.

The following lemma shows that the SDE in (2.1) and (2.2) admits a strong
and unique solution.

Lemma 2.1. Suppose that (2.1) and (2.2) hold along with Assumptions 1.
Then, the SDE admits a strong and unique solution given by

m—+1
Xe = Z X-j(t)]l('rj—lﬂ'j](t)7 (2.4)
j=1
with, for j=1,2,...,m+1,
X;(t) = (eia]‘(tﬂj—l)Xﬁfl +hi(t—T1j21) + 2t —Ti-1)), =T,

P t
hj(t) = e " Z“k’j / e Cop(s+T1i-1)ds, t=0, (2.5)
k=1 0

t
zi(t) = ae_“"t/ e® s dWw i Ti-1), Wt(u) =Wipy — Wy, t20, u>=0.
0

Further, sup E[|X;|?] < co.
>0

The proof of this lemma is given in the Appendix. By using the last statement
of Lemma 2.1, we establish the following corollary which is useful in deriving
the likelihood function of the SDE in 2.1.

Corollary 2.1. If Assumptions 1-2 hold, then,

T
P (/ S%(0,t, X,)dt < oo) =1.
0

Proof. By some algebraic computations, we have
S2(0,, X¢) < (m+ DO (le @) + | X:[)

for all ¢ > 0. Then, from Lemma 2.1 and Assumption 2, we have

T T
E </ 52(9,t,Xt)dt> < oo then P (/ S%(0,t, Xy)dt < oo> =1 O
0 0
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Remark 2.2. To make a connection with the work in Chen et al. (2017) [4]
which inspired the most this paper, it should be noticed that Corollary 2.1 is
given as Assumption 2 in Chen et al. (2017) [4]. Thus, Corollary 2.1 shows that
the results established in Chen et al. (2017) [4] work without requiring their
Assumption 2.

The process {Xy;t > 0} is not stationary. Thus, it is convenient to introduce
the following auxiliary stochastic processes. For j =1,...,m + 1, let

X =Y X0, () with  X;(6) =hi(t)+5(t)  (26)

j=1

where the function h;(t) : [0,00] — R and the process {Z;(t) : t > 0} are given
by

t

P ¢
hi(t) = e %" Z/“w'/ e“Cpr(s)ds, Z;(t) = aefajt/ e%*dBs, (2.7
k=1 —oo

where {B,}cr denotes a bilateral Brownian motion, i.e.
B, = B,Igy(s) + B_Ig_(s)
with {Bs}ss0 and {B_s}s>0 are two independent standard Brownian motion.
The following theorem gives some relationship between X (¢) and X (¢).
Theorem 2.1. Let agy = min a;. If Assumptions 1-2 hold, then
1<j<m+1

(i) | X (t)— X (t)| < Coe~*®t where Cy is a random variable such that E(|Co|?) <
00;

~ 2 - 1
(i) |X (1) — X(0)| 20 L2 g |X2(1) — X2(1)| L and L.
t—o00 t—o00

bT bT
1 ipd 1 a.s.
(i) sup f/tha(t)dt—?/Xﬁp(t)dt as_and 17 .
aT aT

0<a<b<1 T
bT bT
1 ~ 1 L
(iv)  sup —/det__/xgdt as. and L' o
o<a<b<t | T T oo
aT aT

The proof of this theorem is given in the Appendix. To introduce some no-
tations, let diag(A;, As, ..., A,) denote a diagonal matrix (or a block diagonal
matrix) with components A;, As, ..., Ay, let ¢ = (¢1, P2, ..., dm), and let

b b
p(t)dX, / Pt (B)dt —

b
’F(a,b) = R ) Q(a,b) = a a
—/ X dX,

b b )
- / ¢ (1) X, dt / XZ2dt

<b,

(2.8)
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R(¢7 m) = (F(Oﬂ'l)? XX} (f(T,,,L,T))I7 and
Q(¢,m) = diag (Q(o,r), Qri,72)s - - -+ Qo T)) 5 (2.9)

b b !
M(a,b) = </ (P/(t)tha _/ Xtth> ’ M(¢7 m) = (M(O,Tl)7 "'7M(T,,,“T))/'
(2.10)

for 0 < a < b < T. In Proposition A.3, we show that Q(¢, m) is a positive
definite matrix. This is useful in deriving the existence of the unrestricted max-
imum likelihood estimator (UMLE) and the restricted maximum likelihood es-
timator (RMLE), in case ¢ is known.

3. Estimation in case of known change points

In this section, we assume that the change point 7; = ¢;7T is known, j = 1,...,m
with m known. By using Proposition A.3, we derive the following lemma which
gives the UMLE and the RMLE. We also derive in this section, the joint asymp-
totic normality of the UMLE and the RMLE. Let 6(¢, m) and 6(¢, m) be the
UMLE and the RMLE respectively, let G = Q= (¢, m)B'(BQ (¢, m)B’)~L.

Lemma 3.1. If Assumptions 1-2 hold, then the log likelihood function is
log L(0, X;) = 560/ R(¢,m) — 5556’ Q(¢,m)0. Further, the UMLE and the RMLE
are given by 0(¢,m) = Q= (¢, m)R(¢,m) and 6(¢, m) = (¢, m)—G(Bb(¢, m)—

), respectively.

Proof. The derivation of log L(6, X;) follows from Theorem 1.12 of Kutoyants
(2004) [10] or Theorem 7.6 of Lipster and Shiryaev (2001) [12] along with some
algebraic computations. Further, by optimizing the function log L(6, X;), with-
out and with the constraint in (2.3), we get the UMLE and the RMLE. O

In order to derive the asymptotic normality of the UE, we first establish three

preliminary propositions. To simplify some mathematical expressions, let
I A 1 1 o2
m= v W] = [ Rsoetin o = [ R 7

J

J

- (3.1)

j=1,...,m+1, and let

Y = diag (9121, (P2 — ¢1) B2, .., (P — Pm—1) By, (1 — Oi) Bg1) - (3.2)

By Proposition A.4 in the Appendix A, ¥;, j = 1,2,...,m + 1 and ¥ are
invertible. From (3.2), we have

271 = diag (67" ST, (62— 61) 7 T3 (6 — 6mo1) B,

(L= 6m) ™ T3 ). (3.3)

Below, we present a theorem and three propositions which play a crucial role in
deriving the joint asymptotic normality of the UMLE and the RMLE.
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Theorem 3.1. If Assumptions 1-2 hold, for0 < ¢;_1 < ¢; < 1,5 =1,...,m+1,
then

;T
0) Jim g [ 0t = (65 6,101

T—o0 1T
.. 1 ZE X d a.s. and L' A
(i) T /d)le vo(t)dt Qe —(¢; — dj—1)Aj;

1 o7 >2 a.s. and L'
(iti) /(Z)leXt dt === (¢j = ¢j-1)w;.

The proof is given in the Appendix A. By combining Theorems 2.1 and 3.1,
we derive the following proposition.

Proposition 3.1. If Assumptions 1-2 hold, for 0 < ¢;—1 < ¢; < 1, j =
1,....m+1, then

. 1 25 a.s. and L'
() 7 S TX#P(t)dt o (8 = 95—y
j—1

1 0 2 a.s. and L'
() [, KRS 6= b1

—00
J—lT

The proof follows directly from Theorems 2.1 and 3.1. By using Proposi-
tions A.4 and 3.1, we establish the following proposition.

Proposition 3.2. If Assumptions 1-2 hold, then, for 0 < ¢;—1 < ¢; < 1,
ji=1..m+1,

-1 a.s. -1 a.s. 1 1
T Q0 m) T—00 (&5 — ¢j-1)%;. TQ(Tj—th) T—00 ¢r¢j—1zj ’
T7'Q(¢,m) —>= %, and TQ ' (¢p,m) -+ -1,

T—o00 T—o00

The proof is given in the Appendix A. By using Proposition 3.2, we establish
below the asymptotic normality of the 8(¢, m). Let pr (¢, m) = VT (6(¢, m)—6).

Proposition 3.3. Suppose that Assumptions 1-2 hold. Then,
(i) 0(¢,m) = 0 +oQ" (¢, m)M (¢, m);

. d
(i1) M ($,m) ——— Mo ~ Nim1)(p41)(0, 2);

d N
(iii) pr (¢, m) TP ~ Nimt1)(p11)(0, 02571,

The proof is given in the Appendix A. By using this proposition, we derive the
joint asymptotic normality of 9(¢, m) and é(gb, m). Let {r (¢, m) = \/T(é(gb, m)—
0) and let &7(¢,m) = VT(6(¢,m) — (¢, m)). We consider the following set of
local alternative restrictions,

o
VT

where ¢ is a fixed g-column vector. First, note that

H,7:B0—r= , T >0, (3.4)

VI (B(6,m) = 0) = (Tons1) i) ~ GBIV (B(6,m) — 0) ~VTG(BO 7). (3.5)
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From Proposition 3.2, G > G* = ¥~'B/(BL~'B’)~!. Then,

T—o0
Iy =GB —= Ignatypar) — G B; VTG(BO—r) —=— Gro. (3.6)

The following proposition presents the asymptotic distribution of

(P (6, m), G (6, m), E1(¢,m))". Let Agp = X1 — G*BE~.

Proposition 3.4. If Assumptions 1-2 hold along with the set of local alterna-
tives in (3.4), then, if 1o # 0, (pp(6,m), G (6. m), € (6, m)) —— (p',¢',€)’

T—o0
where
p 0 I Aoy B71— Aoy
C |~ Nams1)p+1) —~G*rg | ,0? Ago Ago 0
f G*T‘O Z_l _A22 0 E_l —A22

Further, if ro = 0, (p(6,m), G (6, m), &(6,m)) —= (i, . &) where
— 00

Po »-t Ayy T71— Ay

G | ~ Nsmit)prr) | 0,07 Ao Ao 0

€o Sl —Apy 0 XM —Agp

The proof is given in Appendix A. Proposition 3.4 generalizes the result given
in relation (3.19) of Chen et al. (2017) [4].

4. Estimation in case of unknown change points
4.1. The unrestricted and restricted estimators

In the previous section, the locations of change-points and the number of change
points are assumed to be known. Nevertheless, in practice, the change points is
also unknown. Thus, the change points have to be estimated from the data. In
this section, we assume that the number of the change points, m, is known but
the positions of change points are unknown. We show that Proposition 3.4 holds
when one replaces ¢ by one of its consistent estimators. Let (/Abj be a consistent
estimator of the parameter ¢;, j = 1,...,m, and for convenience, let dgo =0 and
¢m+1 = 1. Let (;5 = (¢1, (;52, ey ¢7n)/-

First, for estimating the positions of change points, one can use the least sum
of squared errors (LSSE) method, which is similar to that in Chen et al. (2017)
[4]. We divide the time period [0, T] into n partitions, i.e.,0 =ty < -+ <t, =T.
For the sake of simplicity, we consider that the time increments are equal, i.e.
A= tit1 —ti, @ =0,...,n — 1. Moreover, we define ¥; = X;,41 — Xy, and z; =
(1(ti)s s p(ti), —X:,)A, and let 7 = (74, ..., 7). From the Euler-Maruyama
discretisation method, we have
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where ¢; is the error term a\/Zwi, and w; is the ith independent draw from a
standard normal variable. From (4.1), the estimators for the m change points,
T, are given by

7 = argmin SSE([0, T}, 7, (7)), (4.2)
where
SSE([0,T1, 7, 9(7')) = Z (Yi — Ziéi)/(Yi - Ziéi) (4.3)
t; €[0,T]

Assumption 3. For every j = 1,...,m, there exists an Ly > 0 such that for all

L > Lg the minimum eigenvalues of + > 2Fz; and of + > 2Lz
tie(‘rjﬂ'jﬁ*l/] tiE(ijL,T]']
as well as their respective continuous-time versions %Q(Tj,TjJrL) and %Q(Tj,L’Tj),

are all bounded away from 0.

For more details about this assumption, we refer to Chen et al. (2017) [4]
and references therein.

Remark 4.1. The estimator of ¢ is computed as (13 = —. The consistency of

NI~

é can be established by using the similar techniques as in Chen et al. (2017)
[4]. The estimator ¢ is §r-measurable [0, 1]-valued, and there exists dp > 0 such
that ¢ — ¢ = Op(T~%).

For convenience, let ¢y = 0 and qgmﬂ = 1. Let M(ngS,m) be as M (¢, m) in

(2.10) by replacing ¢ by . Let f%(d;, m) and Q(QAS, m) be as R(¢, m) and Q(¢, m)
by replacing ¢ by ¢. The UE is given by 6(¢, m) and the RE is given by

0(),m) = 6(6,m) — J(BO(¢,m) — ) (4.4)

where J = Q~'(¢,m)B'(BQ~" (¢, m)B’) ™!

As in Chen et al. (2017) [4], another estimation method of the locations of
the change points is the one which is based on the Maximum log-likelihood
estimation. In particular, by Theorem 7.6 of Lipster and Shiryaev (2001) [12],
the log-likelihood function is given by

1

T
ﬁ/ SQ(Q,t,Xt)dt, T=(T1,- s Tm)
0

T
IOgL(T 9) ;2 /0 S(G,t,Xt)dXt—

Note that

m—+1

P
/ S(0,t, X¢)dX, = 2 Z/ (Zﬂk,jsﬁk(t) - ant>dXt;
k=1

and, one can verify that

m—+1

2
1 p
T"Q 52(9 t Xt = 02 Z/ <Z‘uk’js@k(t) ant> dt.
k=1
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For the change points 71, ..., 7y, its log-likelihood function for SDE (2.1) is
given by

m—+1 m—+1
2
log L(r,0) = — Z/ 85(0,t, X0)dX, — o Z/TJ_ls (6, ¢, Xy)dt
(4.5)
where S;(6;,t, X;) Z,u;mcpk — a;X¢. From (4.5), when the number of

change points, m, is known the estimator of 7 = (11,...,7m), is given by

I = arg max log L(, é(’]’)) (4.6)

where 6(7) is the MLE of 6 for a given change points 7. Auger and Lawrence
(1989) [2] introduced a numerical method to approximate the integrals inside
the log-likelihood function. We use this method to calculate log L(r,6(7)) in
(4.6). Divide the interval [0, T] into n partitions, i.e. 0 = t§ < --- < ¢} =T
with Af = tj,; —t;. By the Riemann sum, the log-likelihood function in (4.6)
is approximated by

m—+1
. AT
log L* ([0, 71,7, 0(r)) = — Z > TV)(Xer,, — Xir)
Jj=1 ty €(1j-1,75]
m—+1

=D D SN D)y (4.7)

J=1tre(rj—1,75]
where V(t) = (p1(t), ..., p(t), —X¢)". Then, one can estimate 7 by

7 = argmaxlog L*([0,T),7,0(r)). (4.8)

In the sequel, let (ﬁj and éj_l be the estimators of ¢; and ¢;_1 respectively,
j=1,...,m+1, obtained from (4.2) or (4.8). Below, we present three lemma and
two prop031t10ns which are useful in deriving the joint asymptotic normality of

0(¢,m) and 6(¢p, m).

Lemma 4.1. Let a and b be Sr-measurable and consistent estimators for a and
b respectively, with 0 < a <b<1l,and 0 <a<b<1as Let {Ys,t >0} bea
stochastic process {Fi,t = 0}-adapted and L*-bounded. Then,
1 b7 1 b7
(z) Yidt — T Yidt —> 0.
aT aT
Further if max(|a — al, b — b|) Op(T~%) with 1/2 < 6y < 1, then

bT T 1250
(ii) /Ytth/ Y}th——»O

111) —— Y.dt — Ydt———)()
()ﬁ% b= ) Y T
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The proof is outlined in Appendix A.

Lemma 4.2. Let @ and b be Fr-measurable and consistent estimators for a and
b respectively, with 0 < a <b <1, and 0 < a<b< 1 as. Let {Y;,t >0} bea
RP-valued deterministic and bounded function. Then,

1 T 1 [T L2
— Y dW, — — Y, dW, —— 0.
VT Jar o VT Jar T e

The proof is outlined in Appendix A. For the case where the process is not
purely deterministic, we derive the following lemma.

Lemma 4.3. Let @ and b be ST-measurablg and consistent estimators fgr a and
b respectively, with 0 < a <b<1,0<a<b<1as, and max(|ad—al,|b—b|) =
Op(T~%) with 1/2 < §g < 1. Let {Y;,t = 0} be a solution of SDE

m+1
AV, = > F(es Y s,y <t<rpdt + 0dWy, 0<t<T (4.9)
k=1

where f(0,x) is a real-valued function such that the processes {Yi,t > 0} and
{f(0,Y;),t =0} are L2-bounded. Then,

1 bT 1 bT b
—= YidW, — — Y dWy —— 0.
VT /dT VT Jar T—oo
The proof is outlined in the Appendix A. By combining Lemma 4.1 and
Proposition A.1, we establish the following proposition.

Proposition 4.1. If Assumptions 1-3 hold, then, for 0 < ¢;_1 < ¢; <1,
j=1,.,m+1,

¢;T ¢;T
W) gtz [7 cosma o

qu,lT 1T T—o0

1 (5T () Lo o) P
i) L Xydt — ~ X,dt —F 0.
(’”) T /(Z)le <_Xt) t T Ale <_Xt> t Tooo

The proof follows from Lemma 4.1 and Proposition A.1 in the Appendix A.
By combining Propositions 3.2, A.4 and 4.1, we derive the following propositions
which give the similar results as Proposition 3.2 in case one replaces the change
points ¢; and ¢;_; by their consistent estimators (ﬁj and éj_l respectively.
Let Q(#,_,,#,) be as defined in (2.8) by replacing (7;-1,7;) by (7j-1,7;), where
’TA'j = QZ)J‘T, 7A'j,1 = éjflT fOYj = ]., R 1.

Proposition 4.2. If Assumptions 1-3 hold, then, for 0 < ¢;_1 < ¢; <1,
j=1,.,m+1,

-1 P b 4 -1 P 1 -1
T Q(%jfl’%") m (¢] ¢j—1)23’ TQ(*j—lfj) m ¢’j—¢j—12j ’

T-1Q(pm) ——%,  and  TQ  (d,m) —— XL,
T—o0 T—o0
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Proof. The proof of the first statement follows from Propositions 4.1 and A.1.
The proof of the second statement follows from the first statement along with
Proposition A.4. The proof of the third statement follows from the first state-
ment. The fourth statement follows from the third statement along with Propo-
sition A.4. O

By using Propositions 3.4, 4.2 and Lemma 4.3, we derive the joint asymp-
totic distribution of the UE 6(¢,m) and the RE 6(¢,m). Let pr(¢p,m) =
VT(6(6,m) —6).

Proposition 4.3. If Assumptions 1-3 hold, then,
. P
ﬁ(M(QS’ m) — M(éf%m)) o0

A d
JEM(6,m) —=— Mo ~ Nims1)(p+1) (0, %), and

n d _
PT(CZ); m) T—>oo; p~ J\/—(m+1)(p+1)(0, %y 1)-

The proof of this proposition is given in the Appendix A. By using Proposition
4.3, we derive the joint asymptotic distribution of UE 6(¢, m) and RE 6(¢p, m).
Let
CT(d)? m) = \/T(a(¢a m) - 0)7 and let gT((bv m) = \/T(a(qsam) - 0(¢1 m)) We
have

¢r($,m) = Tm1)(p1) — JBIVT(O(d,m) —8) =VTJ(BI =), (4.10)

with J = TQ (¢, m)B'(BTQ(¢,m)~*B’)~!. Then, under the set local alter-
native restrictions in (3.4), from Proposition 4.2, we have

J =TQ(¢,m) ' B'(BTQ(¢,m)'B)™" —~— x~'B(BL'B)™ =G,

T—00
P * P %
I(m+1)(p+1)—JB m I(m+1)(p+1)—G B, ﬁJ(BG—T) m G T0- (411)

Proposition 4.4. Suppose that Assumptions 1-3 hold along with the set of local

alternatives in (3.4). Then, if ro # 0, (pT(QB, m)/7<T((£; m)/,fT(¢37m)/)l #
(p/’</7gl>/; and Zf To = 07 (pT((ﬁam)cCT(éam)lagT(¢;7m>/)/ #) (p/07<67§(/))/

where p, C, &, po, o and & are defined as in Proposition 3.4.

The proof follows from the similar steps as of the proof of Proposition 3.4.
Proposition 4.4 generalizes Corollary 4.2 in Chen et al. (2017).

5. Inference in the case of unknown number of change points

In Sections 3 and 4, we suppose that the number of change points, m, is known.
However, for a given data set, m is also unknown. Thus, in this section, we solve
a more general problem where the nuisance parameters m, 71, 72, ..., T, are
unknown.
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5.1. Estimation of the number of change points and algorithm

In this subsection, we describe the algorithm which is used to estimate m and 7.
The algorithm is given here for the completeness as it can be found in Chen et
al. (2017) [4]. Thus, we consider estimating m as selecting the best fitting model
i. e. among models with different numbers of change points, we choose the model
which fits the data best. To choose the best fitting model, we are looking for
the one which minimizes the log-likelihood-based information criterion

IC(m) = —2log L(t,8(¢,m)) + (m + D)h(p)Y(T) + X (Bb(¢,m) —r) (5.1

where log L (7, 0(¢, m)) is defined in (4.5); 7 is established by (4.6) corresponding
to each m; h(p) = p+ 1 if there is no change in o or h(p) = p + 2 if there is
a change in o; T(T) is a non-decreasing function of T', the total time period
of the data set; and m is the potential number of change points; B and r are
defined in (2.3). By Riemann sum approximation of log L(7, é), the information
criterion is given by

IC(m) = —2log L*([0, T],7,0(7)) 4+ (m + D)h(p)Y(T) + N (BO(r) —r) (5.2)

where log L*([0,T],7,0(r)) is defined in (4.7); and 7 is established by (4.8)
corresponding to each m. It should be noticed that, if m is known, the term (m-+
1)h(p)Y(T) is fixed. The approach involving (5.2) is the same as the maximum
log-likelihood method introduced in Section 4. Note that (5.2) leads to the
well known information criterion so-called Akaike information criterion (AIC)
Akaike (1973) [1] when Y(T") = 2. However, as mentioned in Chen et al. (2017)
[4], due to the problem of consistency of AIC, it is convenient to use the function
which yields the Schwarz information criterion (SIC) as given in Schwarz (1978)
[19]. In SIC, Y(T) is set as the logarithm of the sample size. Thus, in the sequel,
we use the SIC. One can verify that, as T is large, IC(m) given in (5.2) reaches
its minimum value when m = m° where m® is the exact value of the number
of change points. Hence, detecting m° is same as finding the IC(m) in (5.2)
which reaches its minimum. Then, its corresponding m is the number of change
points we would like to estimate. Below, we present an algorithm which is useful
in finding 7 and m. Let /i be a consistent estimator of m and let 7(7m) be a
consistent estimator for 7(m). In passing, note that, in the steps of the algorithm
for the estimation of 7(m), we apply the LSSE method or the Maximum log-
likelihood method in Section 4 along with the dynamic programming algorithm
from Bai and Perron (1998) [3], Perron and Qu (2006) [16].

Algorithm: Let H;(r,T,) be either Hy(r,T,) = min, SSE([0,T}],7,0(r)),
the least sum squared error for (4.2) or Hy(r,T,) = max, log L*([0,T}], 7, 6(r)),
the maximum Riemann sum approximation of log-likelihood for (4.8) computed
based on the optimal partition of time interval [0, 7] that contains r change
points. Also, let Hs(a,b) be the SSE for (4.2) or Riemann sum approximation
of log-likelihood for (4.8) computed based on a time regime (a,b]. Further, let
h = €T be the minimal permissible length of a time regime. Then, (4.2) or (4.8)
with m change points can be computed as follows.
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Step 1: Compute and save Hz(a, b) for all time periods (a, b] that satisfy b—a > h.
Step 2: Compute and save H;(1,7y) for all Ty € [2h, T — (m — 1)h] by solving
the optimization problem

H (1 T ) _ minae[h,Tl_h] [HQ(O, a) + HQ(a,Tl)] for (42)
nea maxgepp, 1, —h)[H2(0,a) + Ha(a,T1)] for (4.8).

Step 3: Sequentially compute and save

Hy (T, = mingepp, 7, —n [Hi(r — 1,a) + Ha(a, T;)]  for (4.2)
BT maxaepnn, n [Hi(r — 1,a) + Ha(a, )] for (4.8).

forr=2,...,m—1,and T, € [(r + 1)h, T — (m — 7)h].

Step 4: Finally, the estimated change points are obtained by solving

I B {minae[mh’T_h] [Hy(m —1,a) + Ha(a,T)] for (4.2)
1 (m, T) =
MaXqefmh,7—p) [H1(m — 1,a) + Ha(a,T)] for (4.8),

and Hi(m —1,a) = H2(0,a) if m = 1.
Step 5: Follow steps 1-4 to search for the optimal locations of the m estimated
change points then store the computed value of (5.2) for m = 0, 1, 2. Note that
the results of Hs(a,b) for all (a,b] such that a—b > h as well as the optimization
results of Hy(r,T,) for all r =1,...,m and T, € [(r + 1)h,T — (m — r)h] need
to be stored for future use.
Step 6: For m = 3,...,Mmax, first let r =m—1and T, € [(r+1)h, T —(m—r)h]
then compute and store Hy(r,T)). Next let » = m and the estimated change
points are obtained by solving Hy(m,T'), where H; (r, T,.) and Hy(m,T). Finally,
based on the estimated m change points, compute and store IC(m).
Step 7: m is obtained from m = 1,..., mpyay that returns the smallest value of
(5.2).

To find m, at first, we need to find the range of m, 0 < m < Mmyax Where
0 < Mmax < [[T/h]]. The mpax can be determined by observing and analyzing
the given process. By Proposition A.2 in Appendix A, i is consistent, provided
that the exact value of the number of the change-points m® € [0, Myax]-

5.2. Asymptotic properties of the UE and the RE

In this subsection, we derive a lemma and a theorem which allows us to overcome
the difficulty due to the randomness of the dimensions of the UE and the RE.
The established results are of interest on their own in addition to be useful in
deriving the asymptotic power of the proposed test as well as in studying the
asymptotic risk dominance of the UE, the RE and the SEs. Let m be a consistent
estimator for m and let 7(m) be the estimator of 7(m). The UE and RE are
obtained as in Section 4, by plug-in i.e. by replacing, in é((ﬁ, m) and é(({b,m),
m by m. Thus, the UE is given by QA(QZSJ?L) and the RE is given by é(é,m)
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Note that since the dimensions of 6(¢, ) and (¢, 1) are functions of rh, it is
challenging or rather impossible to derive the limiting distribution of 6(¢, 7
and é(g{), m). Because of that, neither the relative risk dominance of the UE and
the RE nor the construction of shrinkage estimators follow from the results in
literature, as for example in Saleh (2006) [18], Chen and Nkurunziza (2015) [5],
Nkurunziza and Zhang (2018) [15] among others. Below, we derive some results
which are useful to overcome the problem related to the randomness fact of the
dimensions of 8(¢, ) and 6(¢, 7). To this end, let pr (¢, ) = VT (8(¢,m) —0),
Cr(é,1m) = VT(0(6,1) — ) and &r(¢, 1) = VT (0(6,77) — (¢, 77)). Below, we
derive the limiting distribution of g (pT(¢E7ﬁ1)7 Cr(o,m), Er(, m)) for a given
continuous function g : RO?HD@+D) 5 RmAD(p+1) o ROm+D(+L) 4 RY with ¢
no depending on m. As a preliminary result, we prove the following lemma.

Lemma 5.1. Let q be a positive integer, let m be nonnegative integer valued

) ) . P
random variable and let m be a nonrandom integer number such that m T—>
— 00

m. Let X7 (), X7(m) and X (m) be g-random vectors such that X (m) TL>
—o0

X(m). Then, Xr(m) —— X (m).

T—o0

The proof of this proposition is given in the Appendix A. By combining
Proposition 4.4 and Lemma 5.1, we establish the following theorem.
Theorem 5.1. Suppose that Assumptions 1-8 hold along with the set of local
alternatives in (3.4) and let g (pT(qAS, m), Cr(é,m), &r(d, m)) for a given contin-
uous function g : RMTD@HL) o RImAD P+ 5 ROm+D @) 5 RY with ¢ no de-

) . ny A 2 d

pendzng on m. Then, ’Lf?"o 7& 07 g(pT(¢7m)7CT(¢7 m)agT((b? m)) m g(p7 475):
and R R . ;
if ro = 0, g(pr(d,m), Cr(d,m), Er (P, 1)) o 9(po, Co, o) where p, ¢, &, po,
Co and & are defined as in Proposition 3.4.

The proof follows from Proposition 4.4 and Lemma 5.1. Theorem 5.1 plays

a crucial role in deriving a test for the testing problem in (2.3) as well as in
constructing a class of shrinkage estimators.

6. Testing and shrinkage estimators
In this section, we construct a test for testing the restriction, and derive a class

of shrinkage estimators which includes as special cases the UE, the RE, the
shrinkage estimator (SE) and positive-part shrinkage estimator (PSE).

6.1. Testing the restriction

In this section, we develop a test for the hypothesis testing problem in (2.3).
First, note that, in the continuous time observation, o is considered as known
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as it is equal to the quadratic variation of the process. Let 62 be the discretized
version of quadratic variation of the process, and note that 62 is a consistent
estimator for 2. Let x2()) be a chi-square random variable (r.v.) with ¢g-degrees
of freedom (df), and non—centrahty parameter JA; let X be a chi-square r.v.
with ¢ degrees of freedom Let x2. .q be the ath-quantlle of a Xﬁ where 0 <

< 1. Also, define A = Lr{(BE"1B’)"1ry where ry is given as in (3.4), I =
;ZB (BTQ (¢, m)B’)~ 1B, I' = L B/(BS~'B’)~!B. From Proposition 5.1, we
derive the following corollary which is the foundation for testing Hy : Bl = r
versus H, : BO #r. R R

Let o7 () = &r (¢, 1) Tér (¢, m), let ¢(m) = £'T'€, and let o (m) = {I.

Corollary 6.1. Suppose that the conditions of Theorem 5.1 hold, then ifrg # 0,
Pr(m) —> Y(m) ~ Xg(A) Moreover, if ro = 0, then (1) —> Yo(m) ~

Xq-

Proof. By combining Theorem 5.1 and Proposition 4.2, we have

Ur(m) = Er(d, M) Ter(d, 1) T—d——> ¥(m) = €'T¢. Hence, by Theorem 5.1.3 in
—00

Mathai and Provost (1992), we get £'T¢ ~ XZ (A), this completes the proof. [

From Corollary 6.1, we propose a test for the testing problem in (2.3). We
suggest

K(0,T) = Liyrmy>x2,,}- (6.1)
The following corollary shows that the test &((ﬁ, T') is consistent.

Corollary 6.2. Suppose that the conditions of Corollary 6.1 hold. Then, the
asymptotic power function of the test in (6.1) is given by I(A) = P(x2(A) >
Xoeiq)-

The proof follows directly from Corollary 6.1. It is obvious that, under the
null hypothesis in (2.3), 7o = 0, then A = 0, and by Corollary 6.2, II(0) =
Moreover, the asymptotic power tends to 1 as A tends to infinity. The nov-
elty of the proposed test and its asymptotic power consists in the fact that,
their derivation is not based on the joint asymptotic normality between G(gb, )
and 6(¢, 1), as this is the case in Saleh (2006) [18], Nkurunziza (2012) [14],
Nkurunziza and Zhang (2018) [15] and references therein.

6.2. A class of shrinkage estimators

Usually, the RE should dominate the UE if the restriction holds. In contrast,
when the restriction is wrong, the UE is more efficient than RE. As an alternative
method, we construct shrinkage estimators (SEs) by combining the RE and the
UE in the optimal way. Although the construction of SEs has been proposed by
several authors, here, the main difficulty consists in the fact that the dimensions
of é(g?),rh) and é(q@, m) depend on 7 which is a random variable. Because of
that, the construction of SEs cannot follow from the existing techniques in
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statistical literature, as for example in Saleh (2006) [18], Nkurunziza (2012) [14],
Nkurunziza and Zhang (2018) [15] among others. We consider the following class
of shrinkage type estimators

0°(8) = 0(, 1) + B10(, 11) — 6(6, 7)) (B(&, 710) — B(, 1), (6.2)

where ||z||a = 2’Az, B(.) is continuous real-valued function on (0,+0c0). In
particular, if
B(x)=(1-(qg—2)/z), x >0, we get the shrinkage estimator (SE) given by

0° = 0(d, 1) + [1 — (¢ — 207" (M) (0(d, 1) — 0(¢, 1)), (6.3)

where 2 < ¢ = rank(B) < (m + 1)(p + 1), and ¢ (7n) is given as in Corollary
6.1. Let

a™ = max{0,a}. If B(z) = [1 — (¢ — 2)/z|T, =z > 0, we get the positive-part
shrinkage estimator (PSE) given by

67" = 6(¢,m) + [1 = (¢ — 20" ()] (B(d, ) — 6(,m)).  (6.4)

Note that the proposed class of estimators includes also the UE and the RE by
taking § =1 and 8 = 0, respectively.

At first glance, the SEs in (6.3) and (6.4) are similar to that in Sen and
Saleh (1987) [20], Saleh (2006) [18] among others. However, due to the ran-
domness of the dimensions of the estimators 6%, 5T | é(d;, m) and é(q{), m), the
asymptotic distributional risk analysis of these estimators do not follow from the
results in statistical literature (e.g. in Sen and Saleh (1987) [20], Saleh (2006)
[18], Nkurunziza and Zhang (2018) [15] and references therein).

7. Comparison between estimators

In this section, we derive asymptotic distributional risk (ADR) functions of the
proposed class of estimators as well as that of SEs, UE and RE. We also com-
pare the performance of these estimators. The novelty of the proposed methods
consists in the fact fact the derivation of the ADR is not based on the joint
asymptotic normality between HA(gZA)Jh) and GN(QAS, m), as this is the case in Sen
and Saleh (1987) [20], Saleh (2006) [18], Nkurunziza (2012) [14], Nkurunziza
and Zhang (2018) [15] among others.

7.1. Asymptotic distributional risk (ADR)

Let Q2 be (m+1)(p+1) x (m+1)(p+1) positive symmetric semi-definite weighting
matrix. The ADR of an estimator 6y is defined as

ADR (éo, 0, Q) — E[£'Qe], (7.1)

where ¢ is the random vector such that T'(6y — 6)'Q2(6p — 9) TL> g’Qe. Note
— 00
a slight difference with the ADR in Nkurunziza and Zhang (2018) [15] which is
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defined as in (7.1) with & a random vector such that v/T'(fy — 0) —> e. This

last concept implies the one we use in this paper. Let A = % (BE 1B )1

Theorem 7.1. If Assumptions 1-3 hold along with the set of local alternatives
in (3.4), then,

ADR(0°(5),0,9)
= o?trace(QAq2) + r{G* T QG ry — 2E[B(Xg+2(A))]T6G*TQG*TO
+ 0B (5% (X42(A))]trace(UE ™! — Az)) + E[B (x742(A)]roG* T QG ro

The proof follows from Theorem 5.1 along with Theorems 2.1-2.3 of Nkurun-
ziza (2012) [14] by taking Ly = B, Ly = 1,21 = L B/(BYS7'B)"'B, § = G*ro,
=31 —Ag,p=1.

Corollary 7.1. If Assumptions 1-3 and the set of local alternatives in (3.4)
hold, then,

(i) ADR (é(é, ), 0, Q) = o2trace(QEL);
(i7) ADR (é(é, ), 0, Q)
— ADR (é(a}, ), 0, Q) — 02trace(QG* BY 1) + 1), G* T QG ro;
(iii) ADR (9 6, Q)
= ADR (8(6, 1), 6,9) + (q+2)(q — 2)r6G" T QG roE [ 4 (A)
— (g — 2)0”trace(QG*BE 1) (2E[x, 22 (A)] — (¢ — 2)E[x, 2 (A)]);
(iv) ADR (és+, 6, Q)
— ADR (0,0,2) + 2r{G* TG 10EI(1 — (¢ = D02 (A) iz () <q-2))
— o”trace(QG*BEHE[(1 — (g — 2)x,12(A))? Lz, a)<q-2y]
GG TOEI(L — (g - 2x; 24 () T (a)<q_2))
The proof follows directly from Theorem 7.1 by taking = 1, 5 = 0,
B(z) =1—(q¢—2)/z and B(z) = [1 — (¢ — 2)/x]|T, respectively, along with the

identity
E[x74+2(A)] — E[xg24(A)] = 2E[xg 4 (A)).

7.2. Risk analysis

In this section, we compare the performance of these estimators. Let A\; and
An denote, respectively, the smallest and the largest eigenvalues of the matrix
[(G*TTG*)"'G*TQG*]. The following result compares the UE and the RE.
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Proposition 7.1. Suppose that Assumptions 1-3 hold along with the set of local
alternatives in (3.4). If A < (c*trace(QG*BE ™)) /A, then the RE dominates
the UE, and if

A > (otrace(QG*BX 1)) /Ay, then the UE dominates the RE.

The proof of this proposition is outlined in the Appendix. Further, we estab-
lish the risk dominance of SEs over the UE.

Proposition 7.2. Suppose that Assumptions 1-3 hold along with the set of local
alternatives in (5.4). If o*trace(QG*BX 1Y) /N, = (q + 2)/2 with ¢ € (2, (m +

1)(p+ 1)), then ADR (9879,9) < ADR (ésﬁe,g) < ADR (é(&fn)ﬁﬁ), for
all A > 0.

The proof is given in Appendix A.

8. Simulation study

In this section, we illustrate the performance of the proposed method by using
the simulation studies. We use Monte-Carlo simulation to generate the gener-
alized O-U process. Two cases are reported here: 1. The case of two change
points; 2. The case of three change points. For both two cases, we generate the
generalized O-U process with a periodic two-dimensional set of basis functions
{1, V2 cos (%)} where A = ;1 —t; is the time increment in time period [0, T].
Thus, the process is given as

s ; i 27t
dX, = Z (ng) +#g3)\/§cos (E) — oszt> Iir,_y ey (®)dt + odWy, t > 0,
j=1
where j = 1,...,m (m is the number of change points), and Xy, = 0.05. To
simplify, we take o = 1 and © = I(,11)(m41)- In each case, 500 iterations are

performed. In each iteration, the positions of change points and the number of
n

change points are estimated. To estimate o2, we use 02 = T Z(th‘ - X, )%
i=1

We also compute the empirical power of the proposed test and we compare the

relative performance of estimators via empirical ADR.

8.1. Performance comparison

We consider first the case of two change points so that we let m = 2, with
¢1 = 0.35 and ¢ = 0.7. Second, we consider the case of three change points
with ¢ = 0.25, ¢ = 0.5 and ¢3 = 0.75. In order to evaluate the effect of the time
period T', we generate the O-U process with 7" = 20 and T = 50, with the time
increment of A = 0.001. Table 1 presents the components of § which are used to
generate the O-U for the case of m = 2 and m = 3. For the restriction, we take
r = 0 and the matrix B given by B = [(I5,0)’, (=I5, I5)’, (0,—1I3)'], for m =
2. For, m = 3, we choose B = [(I3,0,0), (=I5, I5,0)’, (0, —Is, Is)’, (0,0, —I3)'].

From 500 iterations, we estimate the locations of change points based on LSSE
method in (4.2). For the case of two change-points, the mean of the estimates of
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TABLE 1
Coefficients
Parameter m =2 m=3
j=1 j=2 j=3 =1 j=2 =3 j=4

11,5 10 5 15 10 5 15 20
12,5 5 2 8 5 2 7 10
7} 3 1 4 3 1 3 5

TABLE 2

The mean of estimates of ¢1, ¢2
T=20 | T=50
¢1 | 0.3522 | 0.3492
b2 | 0.6996 0.7

TABLE 3
The mean of estimates of ¢1, ¢2, ¢3
T=20 | T=50
é1 | 0.2519 | 0.2501
¢2 | 0.4995 | 0.5002
¢3 | 0.7497 | 0.7502

¢1 and ¢ are recorded in Table 2. Further, for the case of three change-points,
the mean of the estimates of ¢, ¢2 and ¢3 are reported in Table 3. From
Tables 2 and 3, it is obvious that, as T" becomes large, the estimates of the rate
of the change points are closer to the pre-assigned values. In other words, the
method is more accurate as T increases.

Further, Figure 1, Figure 2 and Figure 3 show that all the histograms are
quite symmetric and unimodal with the mode which corresponds to the exact
value. As T increases, the estimates become closer to the pre-assigned values.

We also estimate the number of change points based on the algorithm in
Section 5. To estimate the number of change points, we take m,q, = 6. From
500 iteration, the cumulative frequency (CF) and the relative frequency (RF)

500
are shown in Table 4. The CF and RF are defined as CF = Zﬂ(mi:m) and
i=1
| 500
RF = =00 Zﬂ(mﬁm) x 100%. From Table 4, the cumulative frequency and
i=1

relative freqﬁency become larger when we change T from 20 to 50. Thus, it
seems that the proposed method performs very well when T is relatively large.

To evaluate the performance of the proposed test in short and medium time
period of observation, we present the variation of the empirical power versus
the noncentrality parameter A = Jr((BE™'B')"'rg with rg = 0.5nr, n =
1,2,3,4,5,6. To save the space, we only report here empirical power function
for the case of three change-points. Figure 4 corroborates the established theo-
retical results for which the proposed test is consistent. As in Nkurunziza and
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Zhang (2018), the relative mean squared efficiency (RMSE) is given as

— | —
023 0.24 025 026 027
&

(d) Histogram of ¢, (T = 50)
T = (35,50), ¢ = (0.25,0.5,0.75)
(8.1)

RMSE(6y) = ADR(0($, ), 0; Q) /ADR(6,, 6; Q)

where 0 represents an estimator such as 6%, 57, é(q@, m) and é(q@, m).
From Figures 5, 6, 7 and 8, near A = 0, RMSE of RE is the highest. This
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Histogram of the estimates of ¢,(T=50)
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shows that, near the restriction, RE is more efficient than the other three esti-
mators. These figures also show that the efficiency of the RE decreases as one
moves far away from the null hypothesis. Further, PSE and SE outperform over
UE. In conclusion, the numerical results are in agreement with the theoretical
results established in Section 7.

9. Conclusion

In this paper, we proposed improved estimation and testing methods in gen-
eralized O-U processes with multiple unknown change-points when the drift
parameter satisfies uncertain constraint. A Salient feature of this paper consists
in the fact that the number of change-points and the locations of the change-
points are unknown. The novelty of the established results consists in the fact
that the dimensions of the proposed estimators are random. Because of that, the
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Histogram of the estimates of ¢,(T=20)

[ ]

0.68

0.69 0.70 0.71 0.72
A
0

(b) Histogram of ¢2 (T = 20)

Histogram of the estimates of ¢,(T=35)

—

0.66

0.70 0.72 0.74
A
02

(d) Histogram of ¢z (T = 35)

0.68

Histogram of the estimates of ¢,(T=50)

0.690

0.700 0.705 0.710
A
02

(f) Histogram of ¢» (T = 50)

0.695

Fic 3. Histogram of estimates of ¢, m =2, T = (20, 35,50), ¢ = (0.35,0.7)

asymptotic power of the proposed test and the asymptotic risk analysis do not
follow from the results in statistical literature. In comparison with the results
in recent statistical literature, we generalized the findings in Chen et al. (2017)
[4] as well as that in Nkurunziza and Zhang (2018) [15]. Specifically, we general-
ized the methods in Chen et al. (2017) [4] in five ways. First, we considered the
model which incorporates the uncertain prior knowledge. Second, we derived
the unrestricted estimator (UE) and the restricted estimator (RE). Further, in
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TABLE 4
Cumulative frequency and relative frequency of 500 iterations (SNS method)
T=20|T=20|T=50|T=50
case CF RF CF RF
m=2 497 99.4% 500 100%
m = 492 98.4% 500 100%

0.8 -

0.1)

Power (o

0.6 -

0.4 -

0.8 -

Power (0=0.05)
o
=}

0.4-

Fic 4. The power function versus A (T'=10,T7 = 20,7 = 30,7 = 50)
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the known number of the change-points case, we derived the joint asymptotic
normality between the UE and the RE, under the set of local alternative re-
strictions; this generalizes particularly Corollary 4.2 in Chen et al. (2017) [4].
Third, we derived a test for testing the hypothesized restriction and we derived
its asymptotic power. The proposed test is also useful for testing the absence
of change points. Fourth, we constructed a class of shrinkage estimators (SEs)
which are expected to be robust with respect to the restriction. Fifth, we studied
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the relative risk dominance of the proposed estimators. Specifically, we estab-
lished that SEs dominate the UE and the RE performs very well near the null
hypothesis, but this performs poorly when the restriction is seriously violated.
On the top of these contributions, we weakened some conditions underlying the
main results in Chen et al. (2017) [4]. In particular, it was established that the
findings in Chen et al. (2017) [4] hold without their Assumption 2. We also
added a condition about the initial value, of the SDE, which is necessary for the
results in Chen et al. (2017) [4] to hold.
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Appendix A: Technical results and proofs

Proof of Lemma 2.1. To prove the existence of the unique and strong solu-

tion, it suffices to verify that the coefficients of SDE satisfy both space-variable

Lipschitz condition and the spatial growth condition. For more details, see the

proof of Proposition 3.1 in Chen et al. (2017) [4]. The relation (2.4) follows from

the relation (3.9) in Chen et al. (2017) [4]. Further, by combining Minkownsky’s

inequality along with Ito’s isometry, we get sup E[|X;|?] < oo. O
>0

Lemma A.1. Fort € [0,1], for j = 1,2,...,m + 1, the sequence of random
variables {X;(k + t)}ren, is stationary and ergodic.

The proof is similar to that given for Lemma 4.3 of Dehling et al. (2010) [6].

Proposition A.1. If Assumptions 1-3 hold, then, (;AS 18 a consistent estima-
tor for ¢, and there exists a C' > 0 such that for every e > 0, for large T,
P(T max |p; —¢;| > C) <e.

1<j<m

The proof follows Proposition 4.2 of Chen et al. (2017) [4].

Proposition A.2. Under Assumptions 1-3, we have that for large T,
(i) IC(m°) < IC(m) a.s. ¥ m <m® and (ii) IC(m°) < IC(m) a.s. V. m > mP°.

The proof is similar to that given for Proposition 5.1 of Chen et al. (2017)
[4].

2
m—+1 m+1

Proof of Theorem 2.1. (i) Note that ij < (m+ 1)21)2 for all
j=1 j=1

7

b1,ba,...,by41 real numbers. Then, by triangle inequality, we have
B m+41 ~ m+41
X = X < B(m+1) Y [y (1) = hy(0)]* +3(m + 1) Y |5(8) — 2 (1)
j=1 j=1
m—+1
+3(m+1) Y e Xl (A1)
j=1

P
Let Z |k il < K, <ooforall j=1,..,m+ 1. We have
k=1

p 0
Ry =y(0l) < e S uslK, [ evrds
k=1 -0

o 2
/ e°dB,

Z;(t) — 2z ()7 = oPe 2
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* 27172
Let K* = K K. Then,

m—+1 m4+1

~ —2a_7~tK*
> ki) = hi ) < £ =
Jj=1 j=1
m—+1 m+1 0 ~ 2
Y HEO-zm@P = o e‘Z“ﬁt/ ¢"°dB, (A.2)
j=1 j=1 —o0

Then, by (A.1) and (A.2), we have
|Xt - Xt‘z < 036720,(1)15 (A?))

O ~
/ e*°dB,

the proof of Part (i) is completed if we prove that E (Cg) < 00. This holds iff

where
2
+3(m+1)[Xo|?,

m—+1 1 m—41
C3=3(m+1) K2K2 Z — +30%(m+1) Z
a; j=1

m+1 0 _ 2 m+1 _ 2
a=E[> / e%°dB, Z E (‘/ e%°dB, ) <oo. (A4)
j=1 V=%

Since, for s € (—o0,0), By = B_j,
0 N2 0 N2
E / e%°dBy / e¥%dB_g

U
Now, we define Zy; = / e~ %"dB,. By Ito’s isometry,
0

U S\ ? U 1
/ e—ajudBu / €—2ajudu _ _(1 _ e—QaJU)
0 0 2a;

(A.6)
which is bounded for all U > 0. Thus, by L?-bounded martingale convergence
theorem, Ty —= T, = / e”%"dB, and B[I2] <

U—o0 0

)

(ii) From Part (i), we get | X, — X/ ta—s> 0 and |X; — X % 0. We also
— 00 oo

have

=E

E[Z3] =E =E

m-+1

Z (1/(2a4)) (A7)

| X7 — X7| < [|1Xe — Xl Xe + Xel] <1 Xe — Xol| X | + [ Xe — Xol| X,
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then
X2 = X2 < Coe0 (1% + X4l )
This gives
sup | X2 — Xt2| < Cpe 22" ( sup | X¢|+  sup |Xt> . (A8)
anrL2nt! antL2ntl an L2t

Then, since the processes {X; : ¢ > 0} and {X; : ¢t > 0} have continuous
trajectories, we get

sup | X7 - XF| < Coem @ (1%, + X)), 2" < sty <2701 (A9)
2n <t<2n+1

From Lemma 2.1, sup E[| X¢|?] < co. We have
20

Note that, (h;(t))?

Il
/N
®
8
-y
()=
=
J@‘
<.
\“
)
B
)
AS)
ol
—~
)
S~—
ISH
%)
~__—
. ()
=)
=
)
B

m—+1 m—+1 e2ajt m—+1 K2K2

7 2 —2a;t 12 72
S (1) <Y e YIKIKS | = > —5 <00, V20 (AL
Jj=1 Jj=1 J j=1 J

Since B, and B, are independent, by martingale property of Ito’s integral, we

have
E[(z;t)*] =0 e—%ﬂ(EK/Ot e“deBS>2 (/_OOO e“a'Sst>2 )
/Ot egaisds] = %j(e%t—n.

2
t
Also, by Itd’s isometry, E l (/ e“fsst>
0

By L2-bounded martingale convergence theorem, (A.5), (A.6) and Ito’s isome-
try,

+E

=E

m+1 m—+1 1 1 m—+1 0_2

§ (5j(t))2 < 0_2 § (e—Qajt <T(e2ajt _ 1) + 2_)) = E 2— < 00.
— — a; aj; —1 2%

j=1 j=1 j=1
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Then, by combining (A.10), (A.11) and (A.12), we get

B m—+1 2K2 m+102
E[IX®)]P] <2 1 B % 19 1 -
(X (®)) (m+)j§:j1 o (m+);2aj<oo,

and then, together with Lemma 2.1, we conclude that, there exists K5 > 0 such
that 3
E(| Xz, |+ [Xes

) < sup{E[X2]2 + E[X2]?} < K3 < 0.
>0
Then

E sup | X7 — Xﬂ} < K§Kje 22" for some K > 0, K3 > 0, and then
2n<t<2n+1

o0
ZE sup }f(f — Xf’ < 00.
n—1 2n<t<2n+1
Then, together with Markov’s inequality, we get
o0
ZP sup |Xt2—Xt2|>e < oo, for all € > 0.
n—1 2n<t<2n+1

Hence, by Borel-Cantelli’s lemma along with the fact that the process
{f(? - X2tz 0} has continuous paths, we get the second statement of Part
(ii).

(iii) For 0 < a < b < 1, we have

bT T bT
Kot — [ Xup(t)dt]| < / 1%, — X [l(t)]] dt
aT aT aT
bT
ng/ X, — X, |dt. (A.13)
aT
Then,
1 T 1 T K. (T _
sup ||= Xpp(t)dt — = Xp(t)dt]| < —<P/ | X — Xy|dt. (A.14)
0<a<bL1l aT T aT T 0

By using part (i) along with the continuous version of Kronecker’s lemma, we
have

K T ol a.s K r s L?
- / ‘Xt — Xt|dt — 0, and - / |Xt — Xt‘dt —_— 07
T 0 T—o0 T 0 T—o0

then, by combining this last relation with (A.14), we get the statement in (iii).
(iv) For 0 < a < b < 1, we have

1 /T 1 T
7 det—f X2dt

aT aT

<f~/T | X7 — X7|dt.
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Then,

1 /T 1 T
— X2dt — — X2dt
T aT K T aT k

1T
sup < —/ |X? — X2|dt.  (A.15)
0<a<b<1 T Jo

The proof follows directly from Part (ii) along with the continuous version of
Kronecker’s lemma, this completes the proof. O

Proposition A.3. Suppose that Assumptions 1-2 hold, and suppose that
T> 1/ 1<rg1£+1(¢j — ¢;_1), then Q(¢,m) is positive definite.
Proof. Let b = (by,ba,...,byp1), with b; € R, i = 1,2,...,p+ 1, let by =
(b1 base..sby)s Lo, b= (b;l),bpﬂ)/. We have
¢jT

VQ, b= [ (0, X ) Pt (A.16)

¢j—1T

Then, since ||b’ (¢’ (1), =X (t))"||? = 0, for all ¢; T < t < ¢;T, from (A.16), we
have b'Q-,_, )b = 0 for all b € RPHL. Further, if b'Q(r,_,,7)b = 0, we must
have

16 (' (1), =X ()" > = 0,
almost everywhere (a.e.) on [7;_1, 7;], this implies that
b (¢ (t),—X () =0, ae. onrj_1, 7], (A.17)
and then

P({w bl (t) — prX(t,w):o,we[Tj_l,Tj]}):1. (A.18)

First, one can verify that whenever b,;1 = 0 then b;;) = 0. Thus, we first
prove that b,11 = 0. To this end, suppose that b,y; # 0. From Lemma 2.1, if
t € [1j_1, 7;], we have

X(t)’Xijl NN(M(t7XTj71)7 Eo(t))

where p(t, X, ) = E (Xj(t)|XTj_1), oo(t) = Var (X(t)’XT]._l)7 t e [r_1, 75
Then,

(b p(t) = by X(6)) | Xeys ~ N (80y0(8) = bpra ot X, ), 2 0B(8))

(A.19)
t € [1j_1, 7). Further, since a; > 0, for j = 1,2,...,m + 1, from Lemma 2.1,
we have
o2
oa(t) = — (1 - 672‘1-7'(’&7”‘1)) > 0, (A.20)
2(lj
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for all ¢ €]7;_1, 7;]. Then, if by41 # 0, b§+1ao(t) > 0, for all ¢ €]7;_1, 74], and
then, by using (A.19), we get

p ({w by p(t) = bpr1 X (t,w) = 0,V €]7;_1, Tj]} ‘er,1> =0,
this gives
P ({w by p(t) = bp1 X (t,w) = 0,V €71, Tj]}) =0, (A.21)

this is a contradiction with the relation (A.18). Therefore, by+1 = 0. Hence, to-
gether with the relation (A.17), we get bzl)go(t) =0, forall 7j_1 = ¢; 1T <t <
¢;T = 7;. Further, provided that T > 1/(¢; — ¢;—1), we have [0, 1] C [0, ¢;T —
|¢j—1T]], then, since from Assumption 2, the family {¢1(t), p2(%),...,0p(t)}
is linearly independent on [0, 1], this implies that b(;) = 0, this completes the
proof. O

Proof of Theorem 3.1. (i) We have, for a € (0,1), by the property of periodic
function we have

1 aT
. - / —
lim / Pt ()t = I,

Therefore, for 0 < ¢j_1 < ¢; <1, j=1,...m+1,

1 [T

T Js, i1 e (e (t)dt oo (¢j — dj—1)Ip.

This proves part (i).

(]
(ii) Define v; = X;(t)p(t)dt, and let u =t —i+1 € [0,1]. By Lemma A.1,
i—1
{Xj(u+i—1)}en is stationary and ergodic sequence, then, {Y;}ien is station-
ary and ergodic sequence. Then, by some algebraic computations along with
Birkhoff’s ergodic theorem, we prove that

1 ZEI a.s. d r* b
P R m U oo, p| [ K@ena). (a22)
¢j—1T —00 0

Since {X(t),t > 0} and {((t),t > 0} are L?>-bounded, with E[
E[Z;(¢t)], we have

5] = hy(t) +

1 I 1, )
E[ / Xj<t>so<t>dt] = [ i wnetar = [ (R0 + B 00) e, (4.23)

o] B t
/ e~ %"dB, / e*°dBy
0 0
U

of Theorem 2.1, let Ty = / e %"%dB,, U > 0. By L?-bounded martingale
0

with E[2;(t)] = oe”%'E +oe“'E . As in proof
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2 Rl _
convergence theorem, (A.5) and (A.6), Zy TL—> Too = / e~ *"dB,, which
—o0 0
implies that

T—o0

1 oo _
Ty -2 1T :/ e~ B,,.
0

Then,

oo U t
/ e %%dB,| = lim E / e~ %"dB, / e®°dB,
0 U—oco 0 0

Hence, E[Z;(t)] = 0. Then, E[X;] = h;(t), and then, by (A.22) and (A.23), we
get

E =0, and E =0.

1 o7 as 1.
l Xo(t)dt =255 (¢; — i /h't t)dt
o et 2 (05 = 6,00) [ Byl

1 ~
—/ Xyp(t)dt —> o —¢j—1)/ h;(t)p(t)dt
¢; 1T 0

this proves Part (ii).
(iii) As in Part (ii), by Birkhoff’s ergodic theorem, we get

1 (z)] a.s an
- X2qp s emd Ly g g ) / X2(t)dt|. (A.24)
T ¢j—1T
o2
One can verify that E[Z;(t)] = 0, and E[Z}(t)] = PR Then,
J
1 ¢jT XZ d a.s.
T/ (t)dt ——— (& — ¢j-1)wj,
and
1 (%7 1
o R e IR
T )y g 0 1o T B
this completes the proof. O

Proposition A.4. If Assumption 2 holds. Then, ¥;, 7 =1,...,m+1, and &
are a positive definite matrices.

Proof. By Schur complement theorem, ; is positive definite iff
2

P 1
wj fAijglAj = wjfz (/0 hj(t)cpk(t)dt> > 0. Indeed, by Bessel’s inequality,

k=1

/1 Z(/ <>dt>2,

k=1
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and then
P 1 2 o2
wi=Y | | hiMert)dt] >-— >0,
= \Jo j
this proves the first statement. The second statement follows from the fact that

> is a block diagonal matrix whose diagonal block-components are positive
definite, the proof is completed. O

Proof of Proposition 3.2. By Proposition 3.1, we get
]- a.s.
fQ(Tj_l,Tj) m (9; — dj—1)%;.

Therefore, T~1Q (¢, m) TL5_+ Y. Further, since ¥; and X are positive definite
—00

matrices,

—1 a.s. 1 N—1 -1 a.s. —1 .
TQ(T%I’TJ_) P W(EJ) and TQ (¢, m) P »~1, this completes

the proof. O

Proof of Proposition 3.3. (i) By combining (2.1), (2.2) and (2.10) along
with some computations, we get

T(rjormy) = </ #(B)dXe, _/ Xtht) = Q(r_1m)li T oM7),
i1 i1

J

this proves the Part (i).
(ii) M (¢, m) is a martingale with quadratic variation Q(¢, m). Then, the proof
follows by combining martingale central limit theorem along with Proposi-
tion 3.2 and Slutsky’s theorem.
(iii) We have pr(¢,m) = aTQ‘l(qS,m)%M((b, m). By combining Part (ii)
and Proposition 3.2 along with Slutsky’s theorem, we get
_ 1 d _
_ 1 . 1
pr(p,m) =0oTQ (¢»m)ﬁM(¢7 m) ——— oX" Mo
=p Uzilj\/(m-&-l)(p-&-l)(ov E)v

this gives pr (¢, m) %) p ~ Nimt1)(p+1)(0,02571), this completes the proof.
— 00
(I

Proof of Proposition 3.4. One can verify that

, , / , Tna1)(p+1) 0
(pT(¢a m)vCT(¢7m)7£T(¢a m)) = I(m+1)(P+1) -GB pT((b’ m) + 7GT0
GB GTO

By (3.6), we have

Tm+1)@+1): Lm+1) 1) — GB, GB)’
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P *B
= U@ Lminern) — G*B, G"B);
(0, —rh G G —Z— (0, —rpG* T, 1 G*T ). (A.25)
T—o0
By combining Proposition 3.3 and (A.25), and by Slutsky’s theorem,

(P (. m), G (b, m), En(d,m))’

J Ims1)(pr1) . 0* p
T I<m+1)(p&%— G*B|p+ _G(i ro | = g
To

Further, one can verify that
G*BY'B'G*T =x7'B/(BX'B) !B = 27'B'G*T = G*BX 1. (A.26)
The rest of the proof follows directly from algebraic computation. O

Proof of Lemma 4.1. We have

bT bT bT
Yt - Yd< v [ mt> ( [Ty [ Yd>
aT aT 0

Then, the result in Part (i) follows directly from Lemma 3.1 in Nkurunziza and
Zhang (2018) [15], and the result in Parts (ii) and (iii) follow from Lemma 3.2
in Nkurunziza and Zhang (2018) [15]. O

Proof of Lemma 4.2. Since {Y; : t > 0} is bounded, there exits K3 > 0 such
that [|Y;]|? < K3 for all ¢ > 0. Let € > 0, we have

im P - —— | =0. .
Tlgréo (|b b > 1K, ) 0 (A.27)
Further, let
1 [ qor bT 2 i
Ill(T) = TE . Y}th — ) Y}th H{B>b}ﬂ{|f)—b|<ﬁ} s
1 [ qor bT 2 1
Ilg(T) = fE ; Y:dW,; — ; Y. dW, H{b<b} {|b b|/4x3} ,
1 [ or bT 2 1
Io:(T) = TE | Y:dW,; — | Y:dW, H{l3>b}]l{|1}_b|<4;{3} ,  (A.28)
1 [ or bT 2 !
122(T> = TE ; Y. dW; — ; Y. dW; H{b<b} {|b b|/4x3}
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One can verify that
b bT 2
/ YdW, - / Ydw,
0 0

Hence, the proof is completed if we prove that

—E = 11 (T)+ L2 (T)+121 (T) +122(T). (A.29)

1
T

A L (T) = Am Lo(T) = Am 1 (T) = Am Ly (T') = 0.

To this end, we have

B 2 2

1 bT
(1) = 7B . Y, dW, H{B>b}ﬂ{‘8_b‘<4§3}
1 [ qor 2
=—E Y. dW,l||l 1 o
T or | {o<b-b<aig )|
then
1 bT 2
(1) = 7B VAW T e i) (A.30)
This gives
1 |b—b|T 2
I1(T) = 7B /o YurrodWa,rp H{o<T(é—b)<4§3} ; (A.31)
where Wy rp, = Wigrs — Wrp, t 2 0. From (A.31), we get
1 t ?
W@ < 78| sw || [ VoemdWor| Lo g yon |
T o<e< 5 I1/o {O<T(b*b)<4f?s}
then,
1 t ?
Ill(T) g —E sup / Yu+deWu,Tb (A32)
o<t< £ 1o

Note that, since {Y,, : u > 0} is a deterministic process, the stochastic process
t
{/ YutredWy e 1 t > 0 p is martingale with respect to the natural filtration
0
=

0}. Then, by combining (A.32) with Doob’s maximal

_eT_
iK3
0

generated by {Wy rp : ¢
inequality, we have

eT
4 1K3
/ Yasro? du
0

I1:1(T) < =E

4
<-E
T T
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This proves that Tlim I,1(T) = 0. Further, since 0 < b <1and 0 < b <1 as.,
— 00

we have

1 [ b 2

Iip(T) = =E |/bT Y, dW, ]1{125>b>0}]1{‘57bl>4§3}
1 i bT 2
-t |/bT Yol ]I{<?>—b>>4;<3}]I{T>T<be)>o}
This gives
1 |b—b|T 2

I12(T):TE /0 YourrodWey H{(be)>ﬁ}E{T2T(E—b)>O} , (A.34)

where Wiy, = Wipry — W, t > 0. Then, by combining (A.34) with Cauchy-
Schwarz’s inequality, we have

4 1/2

|b—b|T
L2(T) < = (E |/ YurrodWurs | Lersriop)so)
0

L
T

1/2
Ao o]}
Hence,

1
Lio(T) < & {E sup
T 0<t<T

R € 1/2
X{P[b_b>ﬁj|} y

) A 1/2
/OYu+deWu,Tb H{TgT(B—b)>O}]}

and this gives,

sup
0<t<T

U

Then, by Burkholder-Davis-Gundy’s inequality, we have

¢
/ YutrrodWoy 1
0

1
La(T) < T {E

1/2

T 2 X . 1/2
Y, 2d Plb—b>—
[ Wam u] {plo-v> |}

97y 1/2

B l/OTKgdu] {P{z}—b>ﬁ”m,

Ca
T

I1,(T) < E

N
IS
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where C} is a strictly positive real number. Therefore,

112(T) < C4K { [b —b> E} }1/2, (A.35)

then, together with (A.27), we prove that Tlim I;2(T) = 0. By using the similar
— 00
techniques as for 1;1(T") and I12(T), one proves that

i 1a(7) = i To(T) = 0.

this completes the proof. O

Proof of Lemma 4.3. Let fo(u,s) represent the drift term of the SDE in
(4.9). Let

1 bT aT
Lo(T;b,a) = ﬁ( ; Ys folu, s)ds —/0 sto(,u,s)ds>.

By It6’s lemma,we have,

t t
Y2 =Y +2/ sto(,u,s)ds—i—02t+20/ Y, dWs,
0 0

t > 0. Then, by triangle inequality,

bTYdW " yaw, < R, TR
- + = — b+ b,
;. ToouT T3 b —b] + | La( )|/o
| 20\/_”' +%\/T|d—a|+\£2(T;d,a)|/a. (A.36)

Since {Y;,t > 0} is L?-bounded, we have

Y2 — Y2/ (20VT) —2— 0, and |Y2, — Y& |/(20VT) —2— 0. (A.37)
br T—o00 T—o0
Since there exists 6 > 3 such that max (|d —al,|b— b|> = Op(T~%), we have
IVTIh—b] —L— 0, and ZVT|a — a| —2— 0. (A.38)
2 T—o0 2 T—o0

By Lemma 4.1, we have |L2(T;a,a)|/c T~P—+ 0 and |Lo(T;b,b)| /o # 0.
—00 —00

Then, by combining this last relation with (A.36)-(A.38), we complete the proof.

U

Proof of Proposition 4.3. (i) Since ng and q{)j_l are consistent estimators for
¢jand ¢;_1,0 < ¢pj_1 < ¢; < 1,5 =1,...,m+1, by Lemma 4.3, we have, for 0 <
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‘ é;T 1 T ,
P11 <¢; <1, j=1,...,m+l, ﬁ éj,lTXtth_ﬁ ¢j,1TXtth T 0.
Then, by Lemma 4.2, we also have
1 6T 1 T -
ﬁ 5,7 (t)dW; — ﬁ o7 o(t)dW; m 0,

these two conditions complete the proof of Part (i).
(ii) By Propositions 3.3, we have ﬁM(qﬁ, m) ﬁ Moy ~ Nimg1)p+1)(0,2)
and by Lemma 4.2 and 4.3,

L (M(¢, m) — M(¢,m)) T 0.

\/T T—o00
Hence, by Slutsky’s theorem,
M (b.m) = = (M(b.m) — M(6.m)) + —=M(6.m) —*— M
\/T ’ - ﬁ ) ) \/T ) T oo 0

~ Nim+1)(p+1) (0, ),

this proves Part (ii).

(iii) It suffices to note that pp(¢,m) = oTQ(¢,m)~* ﬁM((ﬁ, m). Then, the
proof follows from the second statement and Proposition 4.2 along with Slutsky’s
theorem. O

Proof of Lemma 5.1. For the sake of simplicity, for two g-column vectors a
and b, we denote a < b to stand for a; < b;, i = 1,2,...,q. Let z be a point of
continuity of the cdf of X (m). We have

lim P(X7p(m) < z) = lim P(Xr(m) < x,m =m)
T—ro00 T—o00

+ lim P(Xr(h) < z,m # m);
T— o0
lim P(X7r(m) < z)= lim P(Xp(m) < z,m=m)
T—o0 T—o0

+ lim P(Xr(m) < x,m # m).
T—o0

Since Tlim P(7h = m) = 1, then,

—00
lim P(X7(m) < z) = lim P(Xp(m) < z,m =m), (A.39)
T— 00 T—o0
lim P(X7p(m) < z) = lim P(Xgp(m) < z,m =m). (A.40)
T—ro00 T—ro00

By combining (A.39), (A.40) and Tlim P(Xr(m) < z) =P(X(m) < z),
—00
we get Tlim P(Xr(m) < ) = P(X(m) < ), this completes the proof. O
— 00
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Proof of Proposition 7.1. By Corollary 7.1, we have

00(A) = ADR (9(¢, ), 0, Q) _ ADR (é(as, ), 0, Q) — G TG
—o*trace(QG*BY ).

We observe that, since G* = X7 'B/(BE™'B/)~! and I' = L B/(BX'B’)"'B,
G*'TG* = L (BX7'B’)~!, which is positive definite for o > 0.
Then, if A > 0, by Theorem 2.4.7 in Mathai and Provost (1992) [13], we have

MA — o?trace(QG*BE ™) < 0o(A) < My A — o%trace(QG*BY ™), (A41)
From (A.41), provided that \; A — o%trace(QG*BX~1) > 0,
ADR (é(é,m),e,sz) > ADR (é(é,m),o,ﬂ . Further, by (A.41), provided that

AA — o2trace(QG*BY1) < 0, ADR (é(é,m),e,g) < ADR (é((i, m),e,Q),
this completes the proof. O

Proof of Proposition 7.2. By Theorem 7.1, we have

01(A) = ADR (9 0, Q) _ ADR (é(q%, ), 6, Q)

= (q+2)(q — 2)roG" T QG roE[x 4 (A)]

— (g = 2)o*trace(QG*BE 1) (2E[x, 2 (A)] = (¢ = 2)E[x 12(A)]).
Then, by the identity in Saleh (2006, p. 32) [18], we have
AE[xg14(A)] = E[xgf2(A)] = (¢ — 2)E[xg2(A)], this gives

01(A) = (g +2)(q = 2)rpG* T QG roE[x 14 (D))
— (g — 2)0*trace(QG*BE ™) (2AE[x, 14 (A)] + (¢ — 2)E[x; 12 (A)])-

Note that, A > 0 and that, A = 0 if and only if rg = 0. If A = 0, we have

01(A)=—(q— 2)202trace(QG*BZ_1)E[X;fﬂ <0.

Let H = [1 —((¢g+ 2)T'OG*TQG*TO)/(2A02tracc(QG*BE*1))]. If A >0, we
have

01(A) = —(g — 2)o*trace(QG"BE ™) [2AEx; {4 (A)H + (¢ — 2)E[x; ()] -

Thus, 01(A) < 0 for all A > 0 provided that ¢ > 2 and H > 0. This last inequal-
ity holds if and only if (¢%trace(QG*BX™1)) /A, > (q+2)/2, this completes the
first part of the proof. Further, let go(A) = ADR (és, 0, Q) — ADR (é”, 0, Q),

from Theorem 7.1, have

02(A) = =2r(G* T QG rE[(1 — (¢ — 2)X;+22(A))H{X§+2(A)<q—2}]
+ otrace(QG*BETE[(L — (¢ — 2)xg12(A)) Lz, (a)<q-2y]
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+1G* T QG roE[(1 — (¢ — Q)Xq_f4(A))2H{X§+4(A)<q—2}]'

The proof follows from the inequalities

— 205G TG OB~ (g - 2xy 2 (A, (ar<q-2y] = O, (A42

)
otrace(QG* B HE[(1 — (¢ — Q)XQ_.EQ(A))2H{X3+2(A)<q—2}] >0, (A.43)
oG TG (1 — (¢ = 2)xg7a(A)) Iz (a)<q-23) = 0. (A.44)
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