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Abstract: We introduce the notion of DTM-signature, a measure on R
that can be associated to any metric-measure space. This signature is
based on the function distance to a measure (DTM) introduced in 2009 by
Chazal, Cohen-Steiner and Mérigot. It leads to a pseudo-metric between
metric-measure spaces, that is bounded above by the Gromov-Wasserstein
distance. This pseudo-metric is used to build a statistical test of isomor-
phism between two metric-measure spaces, from the observation of two
N-samples.

The test is based on subsampling methods and comes with theoreti-
cal guarantees. It is proven to be of the correct level asymptotically. Also,
when the measures are supported on compact subsets of R?, rates of conver-
gence are derived for the L;-Wasserstein distance between the distribution
of the test statistic and its subsampling approximation. These rates de-
pend on some parameter p > 1. In addition, we prove that the power is
bounded above by exp(chl/’))7 with C proportional to the square of the
aforementioned pseudo-metric between the metric-measure spaces. Under
some geometrical assumptions, we also derive lower bounds for this pseudo-
metric.

An algorithm is proposed for the implementation of this statistical test,
and its performance is compared to the performance of other methods
through numerical experiments.
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1. Introduction

Very often data comes in the form of a set of points from a metric space. A
natural question, given two such sets of data, is to decide whether they are sim-
ilar. For example, do they come from the same distribution? Are their shapes
similar? From the seminal two-samples tests of Kolmogorov-Smirnov specific to
measures on R or even on R? to the more recent kernel two-sample tests by
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Gretton et al. [29], where the data are sent into a reproducing kernel Hilbert
space and then compared through the maximum mean discrepancy, the litera-
ture is abundant and proficient on the subject of two-sample testing. Note that
an overview of Wasserstein-distance-based two-sample tests appears in [40].

Unfortunately, testing equality of two measures from samples may be com-
promised when the data are not embedded into the same space, or if the two
systems of coordinates in which the data are represented are different. To over-
come this issue, an idea is to forget about the embedding and only consider the
set of points together with the distances between pairs. A natural framework
to compare data is then to assume that they come from a measure on a metric
space and to consider two such metric-measure spaces as being the same when
they are equal up to some isomorphism, as defined below.

Definition 1.1 (mm-space). A metric-measure space (mm-space) is a
triple (X,0,p), with X a set, 6 a metric on X and pu a probability measure
on X equipped with its Borel o-algebra.

Definition 1.2 (Isomorphism between mm-spaces). Two mm-spaces (X, 0, p)
and (Y,7,v) are said to be isomorphic if there exist a one-to-one and onto
isometry ¢: X — Y preserving measures, that is, such that v(¢p(A)) = u(A) for
any Borel subset A of X.

Such a map ¢ is called an isomorphism between the mm-spaces (X, 0, )
and (Y,~,v).

In this paper, we address the question of the comparison of general mm-
spaces, up to an isomorphism. In other terms, we aim to design a metric or
at least a pseudo-metric on the quotient space of mm-spaces by the relation of
isomorphism. A suitable pseudo-metric should be stable under some perturba-
tions and under sampling, discriminative, and easy to implement when dealing
with discrete spaces. The purpose is then to use such a pseudo-metric to build a
statistical test of isomorphism between two mm-spaces, from the observation of
two samples. In a sense, it generalises the scale-location tests of Fromont et al.
[27], which aim at testing equality to a fixed distribution on R, up to translation
and dilatation.

In his work on metric-measure spaces [30], Gromov proposes a first charac-
terisation of such spaces. Indeed, he proves in Theorem 3%.5 of [30] that any
mm-space can be recovered, up to an isomorphism, from the knowledge, for all
sizes N, of the distribution of the N x N-matrix of distances associated to a N-
sample. More recently, in [35], Mémoli proposes metrics on the quotient space of
mm-spaces by the relation of isomorphism: the Gromov—Wasserstein distances;
see Section 3.1 for a definition.

Unfortunately, even when dealing with discrete mm-spaces, the computation
of these Gromov—Wasserstein distances is extremely costly. An alternative is to
build a signature from each mm-space, that is to say, a mathematical object
satisfying the property that we assign the same signature to two isomorphic
mm-spaces. The mm-spaces are then compared through their signatures. In
[35], Mémoli gives an overview of signatures, such as the shape distribution, the
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eccentricity or what he calls local distribution of distances.

Shape signatures are widely used for classification or pre-classification tasks;
see for instance [38]. With a more topological point of view, persistence diagrams
have been used for this purpose in [12, 19]. In [16] and [24], the authors derive
bootstrapped confidence intervals for landscapes and persistence diagrams. Both
are topological objects which are invariant under isomorphism. Thus, such confi-
dence intervals could be used to build a statistical test of isomorphism. However,
these topological signatures are hard to compute, especially in high dimension,
and the intervals are too conservative. Moreover, such signatures are almost
blind to the measures. This is why it is of interest to propose another method
based on a more tractable signature.

As far as we know, the construction of well-founded isomorphism statistical
tests from signatures to compare mm-spaces has not been considered in the lit-
erature.

The signature we introduce in this paper is based on the distance to a mea-
sure, which is defined in [13] as a generalisation of the function distance to a
compact set and can be defined as follows.

Let (X,0) be a metric space, equipped with a Borel probability measure .
Given m in [0, 1], the pseudo-distance function is defined at any point x of
X, by

Sum(z) =inf{r > 0| u(B(z,r)) > m},

with B(z,7) = {y € X | 6(z,y) < r}. The function distance to the measure
(DTM) p with mass parameter m and denoted d,, ., is then defined for all z in

X by
Hﬂn m / w,l (11)

This function can be easily computed when the measure of interest is uniform
on a finite set of IV points: iy = % Zi\; dx, with the X;s in a metric space
(X,0). Indeed, in this case, d;, (z) is the distance between x and its [{N]
nearest neighbour, denoted by X ("VN1) As a consequence, the distance to the
measure fiy with mass parameter m = % for some k in {1,..., N} at a point

x of X satisfies:

wIN

k
Ay (@ Z S(XD z)
The distance to the measure iy at * € X is thus equal to the mean of the
distances to its k-nearest neighbours in {X;, X5..., Xy}
The DTM-signature is then defined as follows.

Definition 1.3 (DTM-signature). The DTM-signature associated to some
mm-space (X, 0, 1), denoted d,, (1), is the distribution of the real-valued ran-
dom variable d,, m(X) where X is some random variable from the distribution

1.
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More generally, it will be of interest in this paper to consider the push-forward
of a measure with the distance-to-a-measure function associated to another mea-
sure.

Notation 1.1. Let u and u' be two Borel probability measures on the same met-
ric space (X,0). We denote by d,, m (1) the distribution of the random variable
dy,m (X)), where X' is some random variable from the distribution (.

An important example consists of approximating the DTM-signature asso-
ciated to some mm-space (X,d, ) with an estimator built from a N-sample
from p. In principle, we would like to approximate d,, ,(u) with the measure
djiy,m (fin). But unfortunately, the distribution of the test statistic (see Section
2) based on the measure d;;, m (fin) is difficult to approximate by bootstrapping
or subsampling methods. This is why the methods proposed in this paper rely
on a test statistic based on the measure dg, n (fiy) for some n smaller than N.
Indeed, choosing a n smaller than N helps introduce more randomness in the
subsampling distribution, allowing a better approximation of the distribution of
the test statistic under the hypothesis of isomorphism.

Definition 1.4 (empirical DTM-signature). Given a N-sample X1, Xs,... Xn
from a Borel probability measure p, with the notation iy = % Zf\il dx, and
[y = %Z;;l 0x, for some n < N, we define the empirical DTM-signature
as the discrete Borel probability measure on R, dg, m(fin).

Note that it corresponds to the discrete distribution %Z?:l 5d;iN,m(Xz)'

We propose to compare two DTM-signatures or empirical DTM-signatures
by means of the Li-Wasserstein distance Wy, which is defined in the following
way; see [42].

Definition 1.5 (Wasserstein distance). The L;- Wasserstein distance be-
tween two Borel probability measures p and v over the same metric space (X, 9)
1s defined as:

Wi(p,v) = inf / 0(z,y)dm(z, y),
mell(p,v) XXX

where I(p, v) stands for the set of transport plans between p and v, that is
the set of Borel probability measures m on X x Y satisfying m(A x V) = u(A)
and w(X x B) = v(B) for all Borel sets A in X and B in ).

For two probability measures p and v over R, the L;-Wasserstein distance
can be rewritten as the Li-norm between the cumulative distribution functions
of the measures, F), : t — pu((—o0,t]) and F,, or equivalently, as the L;-norm
between the quantile functions, F;' : s — inf{z € R|F(z) > s} and F;!;
see for instance [8, Theorem 2.9 and Theorem 2.10] and the references therein.
Thus, for empirical measures on R, its computation is easy. Its complexity is
the same as the complexity of a sort. Then, the computation of the statistic and
the subsampling distribution, see Section 2, will also be easy.

As mentioned above, the strategy we use to build the test is subsampling,
which is close to bootstrap. Such methods were first introduced by Efron [22]
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in 1979, mainly to derive confidence intervals, but were often used since then
even in the domain of topological data analysis for the function distance to a
measure [14] ; see [41] for a main reference on asymptotic bootstrap and [3]
for non-asymptotic bootstrap. But as aforementioned, the choice of n = N is
unsuccessful and bootstrap fails experimentally and theoretically at least for our
choice of statistic. Just as Politis and Romano in [39], we decide alternatively
to use only a small part of the sample to approximate the distribution of the
statistic, although we also use only a small part of the points to build the
statistic. Thus, this method relates to subsampling.

In order to prove that the distribution of the statistic and the subsampling
distribution are close, we derive an upper-bound for the Wasserstein distance
between the two. Such a method was already used in the paper [5]. It is then
enough to prove the convergence of the distribution of the statistic to some con-
tinuous distribution to establish that our test is asymptotically of the proper
level, meaning that it is valid.

The paper is organized as follows. In Section 2, we construct the statistical
test and provide the main results of the paper. In there, we state assumptions
under which the test is proven to be asymptotically of the correct level. As well,
we derive some non-asymptotic bounds for the expectation of the L;-Wasserstein
distance between the distribution of the statistic and the subsampling distribu-
tion. We also provide a lower-bound for the power of the test. This lower bound
depends on some discriminative quantity, a pseudo-distance between mm-spaces,
which is studied in Section 3 in different contexts. In this section, the pseudo-
distance is proven to be bounded above by the Gromov-Wasserstein and by
L1-Wasserstein distances. Thus, the statistical test is stable under Wasserstein
noise. In Section 4, we propose an algorithm to implement the test. Moreover,
some numerical experiments illustrate the fact that our method works. We give
an example for which our method even performs better than some other method.
Finally, in Section 5 we expose three ideas of isomorphism testing methods linked
to our test, and show that one does not work at all whereas the other two could
lead to major improvements.

2. Main results

Let (X, 6, 1) and (), 7y, v) be two mm-spaces.
In this section, we build statistical tests of the null hypothesis

Hy “The mm-spaces (X, 0, u) and (Y, ~,v) are isomorphic”,
against its alternative:
H, “The mm-spaces (X, 4, 1) and (Y, 7, v) are not isomorphic”.

The statistical tests we propose are based on the observation of two samples,
an N-sample from p and an N’-sample from v. To simplify notation, we assume
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that N’ = N, but the methods proposed also work when N’ is different from
N. More importantly, we have to keep the same n in both cases, as defined below.

Given an N-sample X7, X5,... Xy from the measure u, we denote iy =
= vazl x, and fi, = 231 | 6y, for some n < N. As well, we define 7y and
Uy from an N-sample from v.

We recall that d;z, m(fn) is the discrete distribution £ 37" Odj
that we compare signatures with Wy, the Li-Wasserstein distance.

x,), and

The test statistic is then defined as

TN,n,m(Ma V) = V/nW, (dﬁN,m(ﬂn)adﬁN,m(VAn)) )

and its distribution is denoted by Ly nm (i, V).

Note that for two isomorphic mm-spaces (X, 9, 1) and (Y, ,v), the following
distributions £ m (1, 1), LN,nm (Vs V), and L5 nm (1 1) + 5 LN n,m (v, V) are
equal. The notation %[,1 + %Lﬁg stands for the distribution of a random variable
that is generated according to £; with probability % and according to Lo with
probability % The three aforementioned distributions correspond to the distri-
bution of the test statistic T, m (i, V); see Lemma C.1 in the Appendix.

For some a € (0,1), we denote by q;_o = inf{z € R|F(z) > I — «a}, the
1 — a-quantile of a distribution with cumulative distribution function F. The
1—a-quantile q;—q, N ,n,m Of %£N7n7m(u, u)+%£N,n7m(V, v) will be approximated
by the 1 — a-quantile q1_q, N n,m of %L*Nm)m(ﬂN, an)+ %‘67\7,7171710)1\77 Un). Here
LYy pm i, fin) stands for the distribution of /nWi (day,m (1), dy.m (1))
conditionally to fiy, where p¥ and p!* are two empirical measures from inde-
pendent n-samples from jiy.

The test we deal with in this paper is then

¢N,n,m = ]]'TN,n,m,(ﬂyy)qu—a,N,n,'m |

The null hypothesis Hy is rejected if ¢n n,m = 1, that is if the L,-Wasserstein
distance between the two empirical signatures dg, m(fin) and dgy m () is too
high.

Note that it is equivalent to compute a p-value Py, from the subsampling
distribution and the test statistic:

ﬁN,n,m =1- F*(TN,n,m(uvy))v

with F*(t) = P(T < t) for T a random variable generated according to the
distribution $L3 . (AN AN) + 5L pm (PN, ON).
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The statistical test consists in rejecting the hypothesis Hy if the p-value is
not larger than «, that is

¢N,n7m = ﬂﬁN,n,'m,Sa ’

2.1. A test of asymptotic level o

In this section, we consider two isomorphic mm-spaces (X, 9, ) and (Y, 7, v)
(we may write (p,v) ~ Hp ). In order to assert the validity of the test ¢n n m,
the probability P, ,)~m,(¢Nnm = 1) of rejecting Hy must be bounded above
by «. In this section, under mild assumptions, we prove that the test ¢n p m is
of asymptotic level «, that is such that

limsup Py, (PN nm = 1) < .
N —o00

We will prove (Lemma 2.1 and Lemma 2.2) that the test is of asymptotic
level o when the distribution £y m (1, ) converges weakly to some atomless
distribution £, and when its approximation L% , .. (fin, fin) from the sample

satisfies that Wy (L3 (iin, fin), £) converges in probability to 0.

N,nm

Let Gy, and G, ,,, be two independent Gaussian processes with covariance
kernel k(s,t) = Fy, () (s) (1 = Fa, () (1)) for s < t, with Fa,, () the cumula-
tive distribution function of d, m (¢). The limit distribution £ is actually given
by the distribution of |G, m — Gj, |1, the integral on R of the absolute value
of the difference between the two Gaussian processes. When the distributions
w1 and v are compactly supported, these convergences occur under assumptions
outlined in the following theorem.

Theorem 2.1. Let (X,d,p1) and (YV,7v,v) be two mm-spaces, with |1 and v
compactly supported. Let n be such that 5 = o(1) and assume that when N goes
to infinity, /nE[||dum — day.mllec,x] goes to 0.

Then, if L(||Gpm — G, 1) is atomless, the statistical test

ONmm = L aWy (dpy o (in) Aoy om (9n) 21— anomm
1s of asymptotic level a.

The first assumption of Theorem 2.1 can be readily checked in some spe-
cific case. Among the distributions supported on compact subsets of R?, The-
orem 2.2 deals with distributions that are regular in the following sense. We
say that a measure p is (a,b)-standard with positive parameters a and b, if
for any positive radius r and any point z of the support of u, we have that
w(B(x,7)) > min{1, ar®}, with B(z,r) = {y € X | 6(z,y) < r}. The assump-
tion of (a, b)-standardness has been widely used in the context of set estimation
and Topological Data Analysis [18, 20, 21, 17, 15, 24]. Uniform measures on
open subsets of R% are particular cases of such regular distributions:
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Example 2.1. Let O be a non-empty bounded open subset of RY. Then, the
uniform measure on O, uo is (a,d)-standard with

“ Leb%) (Reg(é}(l)(>0))d'

Here, D(O) stands for the diameter of O, wg for Lebg(B(0, 1)), the Lebesgue
volume of the unit d-dimensional ball, and Reach(O) is the reach of the open
set O as defined in Section 3.2.3.

Proof. Proof in the Appendix, in Section A.1. O

Uniform measures on regular compact submanifolds are also standard. In
[37] (Lemma 5.3), the authors give a bound for a depending on the reach of the
submanifold. More generally, distributions supported on regular open subsets of
R? or manifolds, with density bounded from below by some positive constant,
are (a, b)-standard distributions.

For compactly-supported distributions on R¢ and among them, for (a,b)-
standard distributions, assumptions of Theorem 2.1 are satisfied as soon as n
remains small enough with respect to IV, as follows.

Theorem 2.2. Let o and v be two Borel probability measures supported on
compact subsets of R, We set N = cn” with some ¢ >0 and p > 1.
The statistical test

ONmm = L awy (i o (n)sdoy o (52)) 21— mm

s of asymptotic level o

e in the general case, if p > %7

e in the (a,b)-standard case, if p > 1,

with the additional assumption that L(||G,m — G ) is atomless.

li
ol

Morally, checking the assumption “L(||Gm — G, ,,[[1) is atomless” boils
down to verify the following assumption:

Ap, - “djym () is not a Dirac mass”.

The reason of this assertion is the following. The process (G, (t) =G, ., (t))ier
is a Gaussian process with covariance kernel 2Fy,  ()(s) (1 — Fy, () (t)) for
s < t. Set I, the smallest interval containing the support of the measure d,, ,, ().
Note that for every ¢t ¢ I, G, m(t) — G, ,,(t) = 0 since then its variance
2Fy, . 0(t) (1= Fy, () is equal to 0. As a consequence, [|G.m — G, ,, 1
is the integral of |G, m (t) — G/, ,,(t)| over the interval I. This interval is reduced
to a single point when d,, ., () is a Dirac mass. In this case, |G, m — G}, /1
is constant equal to 0. This interval is non trivial as soon as d,, ,(u) is not a
Dirac mass. In this case, L(||Gym — G}, ,,[l1) is atomless, as the distribution
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of the integral of continuous random variables. A rigorous proof of this intu-
itive result is out of the scope of this paper. Even so, it should be noted that
(Gum(t) — G;,m(t))teu{ has the same distribution as (ﬂB(qu,m(u)(t)))teR’
where (B(s))se0,1) is the Brownian bridge. Continuity of || B|[; follows from
former work in the literature. Indeed, Johnson and Killeen [31] derived an ex-
pression for the cumulative distribution function of £(||B]|1) that depends on
the Airy function and is continuous, and Rice [32] derived an expression for its
density.

The measures p for which assumption A, is satisfied for no m € [0, 1] are
such that d,, m(z) = du,m(y) for every =,y € Supp(p) and m € [0,1], that is:

Va,y € Supp(), Vr > 0, p(B(z, 1)) = u(B(y, ). (2.1)

For instance, discrete distributions for which A,, is never satisfied are exactly
the distributions that are uniform on a finite set of points (Equation (2.1) with
r = 0) and that satisfy that: “For every x,y € Supp(u), for every d > 0, the
number of points in Supp(p) at distance d to y is the same as the number of
points in Supp(p) at distance d to #”. Another example of measure p such that
A, is never satisfied is given by any uniform distribution on a sphere in R%. In
this case, (2.1) is trivially satisfied.

Characterizing all distributions for which A,, is not satisfied for some fixed
m € [0,1] is not simple. The examples are more abundant than the above-
mentioned ones. For instance, p = 0.25¢ + 0.261 + 0.3d5 + 0.357 does not satisfy
Ag.4. For such examples, the isomorphism test on two samples from p with
parameter m will not work. Nonetheless, it is possible to circumvent this issue
by modifying the datasets, as follows.

Set D, a continuous and compactly-supported isotropic distribution on R
for instance, the restriction of the normal distribution A(0, 1) to a ball centered
at 0. Then, the convolution of two isomorphic distributions x and v (in R?) with
D will be isomorphic and will satisfy assumption A,, for every m € (0,1). For
practice, this strategy consists in replacing the sample (Xi)iG[[l,N]] from p with
the sample (X; + Z;);cp1,n7 for Z; ~ D independent random variables, indepen-
dent from (X;);cpi,ny- For the testing purpose, the same procedure should be
applied to the sample from v.

As aforementioned, the proof of Theorem 2.1 consists in showing that the
distribution of the test statistic

1 1
i‘cN,n,m(ua /14) + EEN,n,m(Va V)
under the hypothesis Hy converges weakly to the fixed distribution
1 / 1 /
£ = 321Gy = Gpnllt) + 5L0IGum = Gl

when n and N go to co. But also, that the L;-Wasserstein metric between the
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subsampling distribution

1 . 1 ..
Eﬁjv,n,m(MNv MN) + iﬁﬁllf,n,m(VI\U VN)

and £ converges to 0 in probability.

Note that it is sufficient to prove these convergences for Ly, m (1, 1) and
E}‘v%m(ﬂN,ﬂN). Indeed, the Li-Wasserstein distance W is a metric for weak
convergence and satisfies that for any distributions £1, £, L2 and £5, W1 (5L£1+
L0, 4L, + 1L5) < AW (L4, L)) + AWi (L2, £5). This is a straightforward con-
sequence of the definition of the L;-Wasserstein distance with transport plans.

Then, Theorem 2.1 follows from the following two lemmas.

Lemma 2.1. For u a measure supported on a compact set, we choose n as a
function of N such that: & = o(1) and /nE[[|dym — day,mlle,x] goes to zero

or more specifically %]E[Wl(u, fin)] goes to zero when N goes to oo. Then we
have that

LNt 18) ~ L (1Gpum = G mlln) (2.2)
and
Wi (LN o (i 08), £ (|G — G, ll1)) — 0 in probability, (2.3)
when N goes to infinity.
Proof. Proof in the Appendix, in Section C.3. O

Convergence of the distribution of the statistic and convergence of its ap-
proximation via subsampling to a fixed distribution is not sufficient to prove
that the test has the correct level. Continuity of the limit distribution £ is also
required.

Lemma 2.2. If the two convergences in Lemma 2.1 occur, and if the 1 — a-
quantile q; o of the distribution 5L(||Gm —G), 1)+ 5L(IGrm — G, 1) is
a point of continuity of its cumulative distribution function, then the asymptotic
level of the test at (u,v) is a.

Proof. Proof in the Appendix, in Section C.3. U

Note that under hypothesis Hy, the distributions $L(||Gym — G, ,,ll1) +
$L(|Gym — G, l11) and L(||Gpm — G, mll1) are equal. Thus, the second as-
sumption of Lemma 2.2 may be replaced by “the 1 — a-quantile of the distribu-
tion L(||G.m — Gy, 1) is a point of continuity of its cumulative distribution
function”.

Theorem 2.2 stems from the following Proposition 2.1 and Proposition 2.2.
Moreover, in these propositions, we provide upper bounds for the expectation
of Wi (Ln,n,m (s 1), Ly o (AN, fin)) for compactly-supported distributions on
R4, and among them, for the (a,b)-standard ones. Somehow, these bounds aim
at quantifying the performance of the test when the sample size N goes to oco.



A statistical test of isomorphism using the DTM-signature 805

2.1.1. The case of measures supported on a compact subset of R?

Set N = cn” for some positive constants p and c. Then the test is asymptotically
valid for two measures supported on a compact subset of the Euclidean space

R? if we assume that p > %.

Proposition 2.1. Let u be some Borel probability measure supported on some
compact subset of R?. Under the assumption

d,2
>max;, }’

the two convergences of Lemma 2.1 occur.
Moreover, a bound for the expectation of Wy (EN’n,m(u,u%£}7n7m(ﬂN7ﬂN))
is of order:

N%_max%d,z} (log(l + N))]ld:Z .
Furthermore, Wy (Eanym(u,,u),L*Nm,m(ﬂN,ﬂN)) — 0 a.e. when n goes to oo.

Proof. This proposition is based on rates of convergence for the Wasserstein
distance between a measure g on R? and its empirical version fiy; see [26] for
general dimensions and [8] for d = 1. Proof in the Appendix, in Section C.4. O

2.1.2. The case of (a,b)-standard measures supported on a compact subset of
Rd

The test is asymptotically valid for two (a, b)-standard measures supported on
compact connected subsets of R? provided that p > 1:

Proposition 2.2. Let u be an (a,b)-standard measure supported on a con-
nected compact subset of R®. The two convergences of Lemma 2.1 occur if
the assumption p > 1 is satisfied. Moreover, a bound for the expectation of

Wi (LNn,m (s 1), L o (A, i) i of order N2~3% up to a logarithmic term.

Proof. This proposition is based on rates of convergence for the infinity norm
between the distance to a measure and its empirical version; see [18]. Proof in
the Appendix, in Section C.5. O

Note that we can achieve a rate close to the parametric rate for standard
measures, whereas for general measures, the rate gets worse when the dimension
increases. In any case, we need p to be as large as possible for the subsampling
distribution to be a good enough approximation of the distribution of the statis-
tic, that is, to have a type I error close enough to «, keeping in mind that n
should go to co with N.
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2.2. The power of the test

The power of the test ¢n nm = ]l\/ﬁwl (a is defined

;2N,m(lln)adﬁN,m(’)n))ZChllfa,N,n,m,
for two mm-spaces (X, 6, 1) and (), v,v) by

1- P(M,I/) (QZ)N,n,m = 0) )

where P(,, ) (¢Nn,m = 0) stands for the probability that ¢y, m = 0 when the
test is built from samples from two general mm-spaces (X, 4, u) and (), v, v).

If the spaces are not isomorphic, we want the test to reject Hy with high
probability. It means that we want the power to be as large as possible. Here,
we give a lower bound for the power, or more precisely an upper bound for
P(u) (¢Nnm = 0), the type II error.

Theorem 2.3. Let p and v be two Borel measures supported on X and Y, two
compact subsets of RY. We assume that the mm-spaces (X,5, 1) and (V,~,v)
are non-isomorphic and that the DTM-signature is discriminative for some m
in (0,1], meaning that the pseudo-metric Wy (d,,m (1), duv,m (V) is positive. We
choose N = n? with p > 1. Then for all positive €, there exists Ny depending on
w and v such that for all N > Ny, the type Il error

Py (VAW (A (fin)s doy,m (Pn)) < G1—a,Nnm )

s bounded above by

I/Vl2 (dlhm(lu’)’du,m(y)) %
o <_ (24 €)max{D2, D, } N ) ’

wyms

with D, m the diameter of the support of the measure d,, m ().

Proof. Proof in the Appendix, in Section C.6. O

In order to have a high power, that is to reject Hy more often when the
mm-spaces are not isomorphic, we need n to be big enough, that is p small
enough. Recall that n has to be small enough for the law of the statistic and
its subsampling version to be close. This means that some compromise must be
made. Moreover, the choice of m for the test should depend on the geometry of
the mm-spaces. The tuning of these parameters from the data is still an open
question.

Wild,.m Jdy m (v
Lyt
test is powerful when the pseudo-metric is high with respect to the diameters of
the signatures supports and does not discriminate between measures when it is
low. In the following section, we derive some upper-bounds and lower-bounds for

the pseudo-metric W1 (d,,,m (1), du,m (7)), under some geometric assumptions.

Moreover, note that the power of the test depends on
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3. Stability and discriminative properties of the DTM-signatures
3.1. Stability of the DTM-signatures

In this section, we prove stability results for the DTM-signature. These results
all rely on the stability of the distance-to-a-measure function itself.

Proposition 3.1 (Stability, in [13] for R, in [9] for metric spaces). For two
mm-spaces (X, 0, 1) and (Y, 0,v) embedded into the same metric space, we have
that

1
||d,u,m - dl/,m”oo,XU)) < E W1 (Ma V)'

In [35], Mémoli proposes a metric on the quotient space of mm-spaces by the
relation of isomorphism, the Gromov—Wasserstein distance.

Definition 3.1 (Gromov—Wasserstein distance). The Gromov—Wasserstein
distance between two mm-spaces (X, 9, 1) and (¥,v,v) denoted GW (X,)) is
defined by the expression

1
inf =

/ / Pry (z,y,2",y) m(dz x dy)r(da’ x dy’),
mell(nr) 2 Jxxy Jaxy

with Ty y(x,y,2',y") = |0(z,2") — v(y,y")|. Here Il(u,v) stands for the set of
transport plans between p and v, that is the set of Borel probability measures
mon X XY satisfying m(AxY) = p(A) and 7(X x B) = v(B) for all Borel sets
AinX and B in).

The DTM-signature turns out to be stable with respect to this Gromov-
Wasserstein distance.

Proposition 3.2. We have that:

1
Wildy,m(n), dvm (v)) < — GW(X, V).
Proof. Proof in the Appendix, in Section B. The proof is relatively similar to
the ones given by Mémoli in [35] for other signatures. O

It follows directly that two isomorphic mm-spaces have the same DTM-
signature. Whenever the two mm-spaces are embedded into the same metric
space, we also get stability with respect to the L;-Wasserstein distance.

Proposition 3.3. If (X, 6, ) and (¥,0,v) are two melric measure spaces em-
bedded into some metric space (Z,6), then we can bound Wi (d,, m (1), dv,m(v))
above by

Wi, v) + min { [ dym — dv,m oo, Supp() s 1 = du,imlloo,supp(v) }

and more generally by

(1 + %) W, v).
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Proof. First notice that:

Wl(dM,M(M)vdv,m(ﬂ)) < /X |du,m(m) —dym ()] dp(z)
< ldu,m — du,m |l oo, Supp (i) -

Then, for all 7 in II(y, v):

W (dym (1), dym () < / Ay (2) — dym (3)] dr(z, ).
XxY
Thus, since d, ,, is 1-Lipschitz:

Widy,m (1), dv,m (v)) < Wi (p,v).
Then, the result follows from Proposition 3.1. O

According to [8], a measure p and its empirical version fiy are close in terms
of the Wasserstein metric W;. As a consequence, Proposition 3.3 entails that
the signature d,, ,,, () and the empirical signature dg, mn(fin) are close when
N gets large. This property is essential for the purpose of testing. The signa-
ture d,,m (1), built from the pseudo-metric 6, ., does not satisfy this stability
property. Indeed, for m < i — ¢, the measures p = (m + €)dy + (1 — m — €)d
and v = (m — €)dp + (1 — m + €)d; are very close in terms of W7, nonetheless,
their signatures ¢, ,,, (1) = dp and d, n, (v) = (1 — m +€)do + (m — €)d1 are very
different. This explains why, in this paper, we consider the DTM d,, ,, and not
the pseudo-metric d, .

3.2. Discriminative properties of the DTM-signatures

The DTM-signature is stable but unfortunately does not always discriminate
between mm-spaces. Indeed, in the following counter-example from [35] (exam-
ple 5.6), there are two non-isomorphic mm-spaces sharing the same signatures
for all values of m.

Example 3.1. We consider two graphs made of 9 vertices each, clustered in
three groups of 8 wvertices, such that each vertex is at distance 1 exactly from
each vertex of its group and at distance 2 from any other vertex. We assign a
mass to each vertex; the distribution is the following, for the first graph (Figure

1):
(23 1 67 3 1 4 2 1 2
F=1\140° 105" 220 ) '\ 28" 28’21 )"\ 15° 15" 15 ) |-

and for the second graph (Figure 2):

_ 3 1 67 2 4 1 23 2 1
v 287157420 )7\ 157217105/ "\ 140" 15’ 28 ’
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Fic 1. p

Fic 2. v

The mm-spaces ensuing are not isomorphic since any bijective measure-pre-
serving map would send at least one pair of vertices at distance 1 from each
other to a pair of vertices at distance 2 from each other, and thus it would not
be an isometry.

Moreover, note that the DTM-signatures associated to the graphs are equal
since the total mass of each cluster is exactly equal to %

Nevertheless, the signature can be discriminative in some cases. In the fol-
lowing, we give lower bounds for the L;-Wasserstein distance between two sig-
natures under different alternatives.

We will prove in Proposition 3.4 that this pseudo-distance is proportional to
|1 — A] when we consider a metric space (X,d, ) and its dilatation (X, A6, i)
with a factor A\ > 0. More generally, it is possible to discriminate between
two uniform distributions that are supported on compact subsets of R?, with
different Lebesgue volumes Lebg(O) and Leby(O’). In Proposition 3.5 we provide
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a lower bound for the distance between such signatures, that is proportional to
|Lebg(O)a — Lebg(O')a|. Note that this bound is kind of optimal, since we
recover the factor |1 — A| of Proposition 3.4 when O’ is the image of O with a
dilatation of parameter .

Moreover, two uniform distributions on compact sets with the same Lebesgue
volume might also have different signatures ; cf. Example 3.3. Indeed, according
to Proposition 3.6, the signatures associated with some parameter m are dif-
ferent as soon as the inner offsets O, = {x € O | inf,cp0 ||z — y|l2 > €} and O’
have different Lebesgue volume for some € > 0 depending on m. Consequently,
it is possible to discriminate between a “thin” subset of R? or a set with not
regular boundary and a “fat” set or a set with a regular boundary (for instance,
a set with a large reach, as defined in Section 3.2.3) such as a ball.

The signatures are also sensitive to the density of distributions. A distribution
with density bounded above by some constant C' (a uniform distribution for
instance) can be discriminated from distributions which density is larger than
C on some sets that are large enough. Lower bounds for the distance between
such signatures are derived in Proposition 3.7, Proposition 3.8 and Proposition
3.9. The proofs are based on the fact that two signatures d,, (1) and d, ()
are different whenever the set {z | dy, m(2) > inf,csupp(u) du,m (7)} has positive
v-measure. One might use such a strategy to prove that two signatures are
different in many other situations than the following situations handled in this

paper.

3.2.1. When the distances are multiplied by some positive real number A

Let X be some positive real number. The DTM-signature discriminates between
two mm-spaces isomorphic up to a dilatation of parameter A, for A #£ 1.

Proposition 3.4. Let (X,d, 1) and (V,7v,v) = (X,\, ) be two mm-spaces.
We have
Widy,m (1), dum (V) = [1 = A Ep[dy,m (X)),

for X a random variable of law p.

. . -1 oyl
Proof. First notice that de,m(l') = )\dem(#). Then,
1
Wi(dy,m (), dum(v)) = /0 ‘F(ij,,b(u)(s) - F<i:,1m(u)(s>‘ ds
1
— 1- ) /0 ‘Fd_im(#)(s)’ ds
= [1=AE,[dum(X)]. O

3.2.2. The case of uniform measures on non-empty bounded open subsets of R%

The DTM-signature discriminates between two uniform measures over two non-
empty bounded open subsets of R? with different Lebesgue volume, provided
that m is small enough.
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Proposition 3.5. Let (O,] - |2, o) and (O, - |2, po’) be two mm-spaces,
for O and O two non-empty bounded open subsets of R® satisfying O = (6)0
and O' = (7)0 Here, O stands for the closure of O, C° for the interior of a
set C, and ||.||2 for the Euclidean norm. The measure jio refers to the uniform
measure on the open set O with respect to the Lebesque measure Lebg on RY,

that is, po(B) = %B(g)o) for all Borel set B.

IfLeby(0) < Lebg(0'), then, a lower bound for Wi(d,,,m (o), duy m(or))
18 given by

d m\* N 1
|27} (Oe(m,O)) d—Jrl (w—d) (Lebd(O )d — Lebd(O)d> .
Here, Oc = {x € O| infycpo ||z — y||2 > €} with OO the boundary of O, e(m,O) =

mLeby(0) \ ¢
wq

equals Leby(B(0, 1)), the Lebesgue volume of the unit d-dimensional ball.

is the radius of any ball B C O such that po(B) = m, and wq

Proof. Proof in the Appendix, in Section A.2. O

This proposition can be applied to a simple case.

Example 3.2. Let O be the open unit ball in R?, and O’ the hypercube of radius
1 in R, Then, the DTM-signature discriminates between o and por whenever
Wd

Proof. Proof in the Appendix, in Section A.2. O

Proposition 3.5 states that two uniform distributions on compact sets with
different Lebesgue volume have different signatures. Nonetheless, when these
Lebesgue volumes are equal, it might also be possible to detect difference be-
tween the measures by considering the volumes of the inner offsets.

Proposition 3.6. Set O, a subset of R?. Then, the set of points = in R? for
which d,, m(z) is minimal is given by the inner offset Oy, with e(m) =

(mLebd(O))é

wd
As a consequence, if O and O' are two subsets of R? such that Lebg(O) =
Leby(O') but Lebg(Oc(my) # Leba(O' (), then the signatures d,, m(po) and
duyrm(por) are different.

Proof. This proposition is a direct consequence of Proposition A.1 in the Ap-
pendix. O

This proposition can be applied to the following simple cases.

Example 3.3. The uniform distributions on the rectangle O = [0,1] x [0, 7]
and the ball O' = B(0,1) in R? have a different signature for every m € (0,1).
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Proof. The volume of O, is given by Lebg(O.) = (I —¢€)

volume of O’ is given by Lebg(0’c) = (1 —2¢)(m— 2¢) fore < 1. For 1 > e > 1,
Leby(0’c) = 0 < Leby(O.). Moreover, for € € [0,1), Lebs(O,) > Leby(0’,). In
this example, m = €2. O

2 for € < 1. The

More generally, “thin” sets and “fat” sets can be discriminated:

Example 3.4. Set € > 1. The uniform distributions on the rectangle O =
[0,€] x [0,Z] and the ball O’ = B(0,1) in R* have a different signature for

m = €.
Proof. The set O, is empty but O’, is not empty. O

Example 3.5. Set 1 > ¢ > € > 0. The uniform distributions on the rectangle
O = [0,€] x [0,1] and the rectangle O’ = [0,€'] x [0, %] in R? have a different
signature for m such that \/™ € [e, €'].

’

N 2
Proof. For m € (ﬁ(g)z,ﬂ(%) ), we get that e(m) = /2 € (%, %) For such
values of m, Oy, is empty but O’(,,) is not empty. O

The signatures of two sets that have the same volume and are very close (in
terms of the Hausdorff metric for instance) might be different provided that the
boundary of the first set is regular whereas the boundary of the second set is not.
For instance, a rectangle and a biscuit-nantais-shaped rectangle have different
signatures since the inner-offsets of the biscuit-nantais-shaped rectangle have
smaller Lebesgue volume than the inner-offsets of the rectangle.

The aforementioned examples deal with measures with a support of dimen-
sion d in R?. Nonetheless, sometimes, it is also possible to prove that uniform
distributions on submanifolds of dimension d’ < d of R? have different signa-
tures.

Example 3.6. The uniform distributions on the circle O = {x € R? | ||z|| = 1}
and on the segment O’ = [0,27] x {0} have a different signature for every
m € (0,1].

Proof. We can compute 6, ;(z) = 2sin(%) for z € Supp(po) and 6, 1(z) >

7l for x € Supp(por). Then, SUD e Supp(ji0) dpuo,m (7) < infaesupp(uor) dugr,m ()
for every m € (0,1]. O

For the same reason, a segment and a spiral with the same length have dif-
ferent signatures, whatever the value of m. This kind of example is investigated
in the simulations part. In the following, we highlight the fact that signatures
catch the density variation of distributions.

3.2.8. The case of two measures on the same open subset of R where one of
them is uniform

Let (O,] - |2, o) and (O,] - ||2,7) be two mm-spaces with O a non-empty

bounded open subset of R, jip = %‘Foﬁ) and v a measure absolutely contin-
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uous with respect to po. Thanks to the Radon-Nikodym theorem, there is some
po-measurable function f on O such that, for all Borel sets A in O,

o) = [ fe)duot)

We can consider the A-super-level sets of the function f denoted by {f > A}.
Again, we will denote by {f > A}, the set of points belonging to {f > A} whose
distance to 9{f > A} is at least e.

Then we get the following lower bound for the L;-Wasserstein distance be-
tween the two signatures:

Proposition 3.7. Under the aforementioned hypotheses, a lower bound for
Wi(duo,m (o), dv,m(v)) is given by

dmin o 1 ’ ’
> !
dLeby(0) Azl T ey A Lebs <{f 2 A }(mw>d> da,

wd

1
with dmin = (%{;(0)) ! Wdl and wq stands for Leby(B(0, 1)), the Lebesgue

volume of the unit d-dimensional ball.

Proof. Proof in the Appendix, in Section A.3. O

It should be noted that when v = pgo, f is constant, equal to 1. Then, for
X > 1, the sets {f > A} are empty. As a consequence, the lower bound obtained
in Proposition 3.7 is zero. Another simple example is the following.

Example 3.7. The distribution p with density % on the ball O = B(0,1) =
{z € R* | ||z| < 1}, and the measure v with density 5~ on B(0,1)\B(0, %)
and % on B(0, %) have different signatures if m < %. Moreover, a lower bound

2
Jor Wi(dym (1), du,m(v)) is given by @ (1 — %) (2‘\//35 - \/ﬁ) .

Proof. We have that Lebs(0) = 7, dmin = 2+/m. The density of v with re-

§

spect to u is given by f which is equal to 5 on B(O,J)\B(O,é) and % on

B(0, é) As a consequence, {f > A} is empty as soon as A > g For N € (1, g),

1

_ 1 m Lebq(0) d _ 1 m :

{f = )\/}(ichd(O)>% =B (075 - <w_de+> ) - B(O’E Y 7) This
wq A

set is non—emp;y if and only if A > 4m. Then, NLeby(B (0,4 — /%)) =

v (g - \/ﬁ) . It is maximal at A = 3. Note that we must assume that

g > 4m, that is, m < g.
2
Then, Wi (dgm (12), dym (v)) = 257 (1 = \/é) (3% - vm) . O

The proof of Proposition 3.7 extends to non-uniform distributions in R?, that
are not necessarily supported on the same set.
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F1c 3. Medial Azis and Reach of an open set

Proposition 3.8. Let 1 and v be two distributions on R? with respective densi-
ties g and f with respect to the Lebesgue measure Leby. Assume that g(z) < gmax
for every x € RY. Then, a lower bound for Wi (d,, m (1), du.m (V) is given by

i g [* 1 NLeby ({f =X} dX
d \ dt1 g\l}g}i €0q =z /\'_%(Wﬂ)% s

=Gmax A d .

1

with dpin = (g mwd) ! ﬁ, a lower bound for the function d, .

Proof. Proof in the Appendix, in Section A.3. O

Actually, Proposition 3.7 is a consequence of Proposition 3.8. It suffices to

replace gmax with m, the value of the density of po with respect to the
Lebesgue measure, on O. In the following, we work with the framework of Propo-

sition 3.7.

When the density f is Holder

In order to get additional results about discrimination, we need to define a
quantity characterising the complexity of the set O. This is the notion of reach
of an open set, defined from its medial axis.

The medial axis M(O) of O as the set of points in O having at least two
projections onto dO. That is,

M(O)={y€0|3a",2" €00, 2" #a", |ly — 2'll2 = |ly — 2"[|l2 = d(y,00)},
with d(y,80) = inf{||z — y||2 | z € DO}.

Its reach, Reach(0), is then defined as the distance between its boundary
00 and its medial axis M(O). That is,

Reach(0) = inf{[|z — y|[2 | € 00, y € M(0)}.
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In the following, we assume that Reach(O) > 0 and that f is Holder on O,
with positive parameters x € (0,1] and L > 0, that is:

Yo,y € O, |f(z) — f(y)l < Lz —yl3.

Then for m small enough, the DTM-signature is discriminative.

Proposition 3.9. Under the assumptions of Proposition 3.7, if one of the fol-
lowing conditions is satisfied, then the quantity Wi(du, m(1to), dv,m(V)) is pos-

wtive: ]
Wi d (flloo,o = L\X 1 |
m < Toba(0) min {Reach(O) , < oL ;

Wd

m(Reach(O))d,

me |

([l flloe,0 — 2L(Reach(0))¥) <Reach<0”de(o>>5

m e [#ﬁ‘(o) (g)i (2L);‘,min{m0, #‘?O)(Reach(O))“X%QL}) :

. 44 < _d T
with mo = || {1130 ‘LeﬁfféO) (%) Y (2L) X (ﬁ) .

Moreover, under any of these conditions, we get the following lower bound on
the pseudo-distance Wi(du,,m(1to), dv,m(v)):

1 (mLebgy(0)\? /oo 1 / /
> N + Le(X)X 1) dA
1+d< wa o g S v (U 2 V4 L)X N O A,

1
with (') = N 4 (M) ‘)

wa
Here, wy stands for Leby(B(0, 1)), the Lebesgue volume of the unit ball of

R?.

Proof. Proof in the Appendix, in Section A.3. O

This proposition displays different intervals of values for m for which the
DTM-signatures are discriminative. These intervals depend on the reach of O.
Indeed, if m is small enough with respect to Reach(O), then the distance to
the measure o is easier to approximate on the whole set O, and is even known
on most of the set (see Proposition A.1), and thus easier to compare with the
distance to the measure v.

The Holder hypothesis provides some continuity of the density. Then, the
function distance to the measure pup will take close values at any two points
close enough. The main idea is to use the fact that the density of v is not
constant. Then, we can, for particular values of m, reveal a set of points of
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positive pp-measure for which the distance to the measure v is smaller than the
minimum of the distance to the measure .

Morally, this proposition consists in proving that Wi(d,,.m(10), dv.m(v)) is
positive whenever:

1 flloo,0 > inf {X + 2Le(A)X | X > 1,e(A) < Reach(0)}.
Note that e(A) < Reach(O) is equivalent to A > %.
the three intervals (a,b), the value of a or b is computed from the inequality
I fllcc,0 > A+ 2Le(A)X for some A well chosen, as follow. For the first interval,
we take A = 1; for the second one, we take A such that e(A) = Reach(0); for the
last one, we take the A that minimizes the function A — A + 2Le(A)X on Ry.

The second value b or a is computed according to the additional constraint for
the As: A > 1 and €(\) < Reach(0O).

For each of

In particular, the first interval is empty when % > 1 and the sec-
ond one is empty when % < 1. The last interval is empty when

the function A 4+ 2Le(A)X attains its minimum at a point A that is smaller

%. Since A — X + 2Le(A\)X is decreasing
and then increasing, there is at least one non-empty interval if and only if
| flloo,0 > inf {X + 2Le(A)X | A > 1,e(A) < Reach(0)}.

This proposition can be applied to concrete cases, proving the existence of
some mass parameters m for which the DTM-signature is discriminative.

than 1 or smaller than

Example 3.8. Let O be the open unit ball B(0,1) in R, uo the uniform
measure on O and v the multivariate normal distribution N'(0,021) restricted
to B(0,1).

The signatures are discriminative, provided that o is small enough, for all m
smaller than 0.23 if d = 1, 0.30 if d = 2; 0.68 if d = 3; and for all values of m
ifd> 4.

Proof. The density f of the multivariate normal distribution N(0,02%I) re-
stricted to B(0, 1) is Lipschitz, as a consequence, it is possible to apply Propo-
sition 3.9 with the parameter y = 1. The proof is deferred to the Appendix, in
Section A.3. O

The previous examples provide several relevant situations where the DTM-
signature turns out to be discriminative. Thus, the test of isomorphism will be
powerful for some distributions.

4. Numerical experiments

In this section, we first describe the procedure to implement the statistical test
of isomorphism. Then, we illustrate the validity of the method by providing
some numerical approximations of the type-I error and the power of the test for
various examples. We also compare our test to a more basic statistical test of
isomorphism.
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4.1. The algorithm

The procedure for the statistical test is as follows.
In the code, if Z = {Z1, Z, ..., Z,}, then we use the notation 17 for the mea-

1 n
sure ~ > . 0z,.

ALGORITHM 1. Test Procedure

Input:

X ={X;,Xs,...,Xn} N-sample from g;

Y ={Y;,Ys,...,Yn/} N'-sample from v;

parameter n, mass parameter m, level «, number of subsampling repetitions
Nsub 5

# Compute 7T the test statistic

Let o be a random permutation of {1,2,..., N};

Let o’ be a random permutation of {1,2,..., N’} independent of o ;
Define Xn = {Xg(l), Xa(2)7 PN ,Xg(n)} N

Define Yn = {Ya/(l), Ya’(2)7 ey Ya’(n)} 3

Define the test statistic T = v/nW1(d1x.m(1lx, ), d1y,m(1v,));

# Compute Wiy, a Ngyp—-sample from the subsampling law
Computc dtmX = {d]lx,m(XI )7 d]lx,m(XZ)a . ad]lx,m(XN)} ;
Compute dtmY = {d1y m (Y1), diy,m(Y2),...,diy.m(Yn)};
Let Wiy be empty ;
for j in 1..|Nsuw/2]:
Let dtmX; and dtmXs be two independent n-samples from dtmX with
replacement ;
Let dtmY; and dtmY, be two independent n-samples from dimY With‘

replacement ;
Add nWi (Latmx,, Latmx,) and /nWi(Lagmy, s Latmy,) t0 Wb ;

# Compute pval, the p-value of the statistical test
Let pval be equal to the mean number of elements in Wy,;, bigger than T';

Output:
The hypothesis retained is H; if pval < «, Hy if not.

Recall that the L;-Wasserstein distance W is simply equal to the Li-norm of
the difference between the cumulative distribution functions, which is easy to
implement in the discrete case. As explained in the Introduction, in order to
compute the distance to an empirical measure on a N-sample at a point x, it is
sufficient to search for its k = [mN]-nearest neighbours in the sample, where
m € [0,1] is the mass parameter. The distance to the empirical measure can
also be implemented by the R function dtm with tuning parameter » = 1, from
the package TDA [23].
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4.2. An example in R?

In this subsection, we will compare the statistical test of this paper (DTM)
with the statistical test (KS) which consists in applying a Kolmogorov-Smirnov
two-sample test to the %—sample

{6(X17 X2)7 §(X37 X4)7 R §(XN717 XN)}
and the N%—sample

{V(Ylvié)aV(Y?nYﬁl)? cee 7’}/(YN/—1aYN’)}

given an N-sample X = {X;, X5,..., Xy} from an mm-space (X, 4, ) and an
N'-sample Y = {Y1,Y2,...,Yn/} from an mm-space (), ~,v).

We apply our isomorphism test to measures supported on spirals in IR2. For
some shape parameter v € R, the measure p, is the distribution of the random
vector (Rsin(vR) + 0.035, Rcos(vR) + 0.035), with R, S and S’ independent
random variables, S and S’ from the standard normal distribution N'(0,1) and
R uniform on (0, 1). In the following experiments, we choose p = p19 and v = p,
for v € {15, 20, 30,40, 100}.

First, from the measure p = 19 we get X = {X1, Xo,..., Xy}, an N = 2000-
sample . As well, we get an N = 2000-sample Y = {Y¥1,Y2,..., Yy} from the
measure ¥ = 9. This leads to the empirical measures fiy and 7y. In Fig-
ure 4, we plot the cumulative distribution function of the measure dg, . (fn),
that is, the function F' defined for all ¢ in R by the proportion of the X; in X
satisfying d;, .m (X;) < t. It approximates the true cumulative distribution func-
tion associated to the DTM-signature d,, ,(u). As well, we plot the cumulative
distribution function of the measure dg, m(¥n).

The signatures are different. Thus, for the choice of parameter m = 0.05, the
DTM-signature discriminates well between the measures y = p19 and v = puog.
The signature with parameter m = 0.05 provides a local information about the
measure fi,. The spiral with v = 10 is less coiled that the spiral with v = 20.
It means that at a point of the spiral, catching 5 percent of points requires a
larger radius for v = 20 than for v = 10. As a consequence, d,,,, 0.05(t10) takes
smaller values than d,,, 0.05 (1120), as illustrated by Figure 4. Note that a m
close to 1 would not be relevant in such an example. Indeed, d, ;(z) roughly
corresponds to the distance of point = to the expectation of the measure u. Since
the spirals have the same diameter, the signatures would be very close for m
close to 1.

Note that a small m would not be appropriated to discriminate between a
spiral and its uncoiled version (a noisy sample generated around a segment).
Indeed, the local behavior of the measure would be the same. In this case, a
large choice of m would be more appropriate.

In Figure 5, for m = 0.05 and n = 20, we first generate 1000 independent
realisations of the random variable /nWi(d;y,m(fin), dgy m(f5,)), Where jin
and fi%y are independent empirical measures from p19, N = 2000, and [, and
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fir, are the empirical measures associated to the n first points of the samples.
We plot the empirical cumulative distribution function associated to this 1000-
sample.

As well, from two fixed N-samples from pu¢, leading to two empirical dis-
tributions fiy and fy, we generate a set of Ny, = 1000 random variables
VW gy m () dgr, m (1'*5,)), as explained in the Algorithm in Section 4.1,
and we plot its cumulative distribution function. Note that the two cumulative
distribution functions are close. This means that the 1 — a-quantile of the dis-
tribution of the test statistic is well approximated by the 1 — a-quantile of the
subsampling distribution.

1.0
0.8
0.6
—— signature, v=10
0.4 - signature, v =20
0.2
00 L~
T T T T T T
0.05 0.10 0.15 0.20 0.25 0.30
FiG 4. DTM-signature estimates, m = 0.05
e
@
@
©
©
< — distribution of the statistic
c 7 - subsampling distribution
N
8
o
S

T T 1
0.05 0.10 0.15

Fic 5. Subsampling validity, v = 10, m = 0.05

In order to approximate the type-I error and the power, we repeat the proce-
dure of test DTM described in Section 4.1 1000 times independently. At each
step, we sample N = 2000 points from the measures p = w19 and v = pu, to
approximate the power, or twice p, to approximate for the type-I error. We
select the parameters a = 0.05, m = 0.05, n = 20, and repeat subsampling
Ngyup = 1000 times. Then, we retain either Hy or Hi. The type-I error or power
approximation is simply equal to the mean number of times the hypothesis Hy
was rejected among the 1000 independent experiments. We also approximate
the power for the method KS after repeating this test procedure 1000 times
independently. Note that by construction, the test KS is truly of level e = 0.05.
Figure 8 contains the numerical values we obtained using the R software.
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v 15 20 30 40 100

type-I ecror DTM  0.043 0.049 0.050 0.051 0.050
power DTM 0.525 0.884 0.987 0.977 0.985
power KS 0.768 0.402 0.465 0.414 0.422

Fic 6. Type-I error and power approrimations

It turns out that our isomorphism test DTM is of level close to a = 0.05 and
is powerful. For parameters v > 20, our test is even more discriminative than
the test KS.

4.3. An example in R28%28

In this subsection, we use our statistical test of isomorphism to compare the
distribution of the digits “2” and the distribution of the digits “5” from the
MNIST handwritten digits database. Each digit is represented by a picture of
28 x 28 pixels with grey levels, meaning that each digit X = (x1, 2, ..., T2gx2s)
can be seen as an element of R?®*28, where z; is equal to the grey level of the
i-th pixel. We equip R?%*?8 with the Euclidean metric.

Arelazzrlz222J
SsEsFs s (ySSs 585558y

Fic 7. MNIST database of handwritten digits

The interest of the statistical test here is not to test whether a “2” and a “5”
are isometric, but whether the distribution of the “2”s and the distribution of
the “5”s (which are distributions on compact subsets of R?#*28) are equal up to
an isomorphism. These distributions are clearly not equal, since their supports
are different, but it is not clear that there is no rigid transformation between the
set of 72” and the set of ”5” preserving the measures, as for instance a simple
permutation of the pixels.

The statistical test is based on the observation of N = 5958 72” and N’ =
5421 75”. In order to prove the validity of the test, we repeat 1000 times the
experiment consisting in randomly splitting the set of ”2” in two parts and ap-
plying the statistical test to these two samples. The type-I error approximation
is equal to the mean number of times the hypothesis Hy was rejected. We do the
same with the set of ”5”. And we repeat these experiments for different values of
n € {10, 20, 30, 50, 75,100, 200} and for a fixed m = 0.1, we repeat subsampling
Ngyp = 1000 times.
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n 10 20 30 50 75 100 200
727 0.052 0.052 0.051 0.052 0.058 0.048 0.069
7?57 0.064 0.07 0.043 0.044 0.047 0.045 0.054

Fic 8. Type-I error approximations

These results are encouraging since they prove that the test does not dis-
criminate between two samples of 72" (respectively, between two samples of
"5”) with probability 0.95. Thus, the type-I error is of order 0.05. We choose
the parameter n = 100 to make the test between the sample of ”72” and the
sample of 75”7, We get a p-value equal to 0. It means that we reject Hy at any
level a. So we can conclude that the distribution of the ”2” and the distribution
of the ”5” in the MNIST database are not isomorphic.

Unlike the spirals, there is a priori no intuition about how to choose a pa-
rameter m that discriminates between the distribution of the ”2” and the dis-
tribution of the ”5”. In this case, one may choose some intermediate parameter
m (for instance m = 0.1), which does not contains too local or global informa-
tion about p. A better idea is to refer to Theorem 2.3 and the remarks below.
1(dﬂN,m(ﬁN)»d»N,m(l7N))
max{DﬁN’m,DgN'm
m to discriminate between the distributions would be any maximum m of this
function.

as a function of m. A suitable choice of

w
One may plot

5. A discussion of other methods

5.1. The Kolmogorov-Smirnov test applied to empirical
DTM-signatures

In order to test isomorphism between two mm-spaces (X,d,u) and (V,7,v)
from two N-samples {X1, Xo,...,Xn} and {Y¥1,Y2,...,Yn}, we may consider
the sets of points Dp = {djy,m(X1),djy,m(X2),...,day.m(Xn)} and Do =
{dvy m(Y1),dpy,m(Y2),...,dpy.m(Yn)}. The idea of applying a Kolmogorov-
Smirnov test to the set of points Dp on one hand, and the set of points Dg
on the other fails drastically. Indeed, using a Kolmogorov-Smirnov test requires
independence in the data, which the data Dp and Dg do not satisfy.

In the following figure, we have plotted the cumulative distribution functions
associated to the uniform measures on Dp and Dg, where y and v are equal and
defined as in Section 4.2, with v = 10. The p-value was equal to 4.10~% < 0.05,
thus the hypothesis Hy was rejected.

We repeated the experiment 1000 times independently, and the proportion
of rejected hypotheses Hy was equal to 0.926, instead of 0.05 for a statistical
test of level 0.05.

Thus, applying a Kolmogorov-Smirnov test to empirical DTM-signatures is
to be avoided.



822 C. Brécheteau

i ¥

< _|

o .
signature, v =10
signature, v =10

© _|

o

<

o

N

o

e |

o

T T T T T T
0.05 0.10 0.15 0.20 0.25 0.30

Fic 9. DTM-signature estimates, m = 0.05

5.2. A different value of n for the test statistic and for the
subsampling distribution

In [39], Politis and Romano propose subsampling methods consisting in approx-
imating the distribution of a statistic with values of the statistic built from
smaller subsets of the data.

For our statistical test, since the distribution of the statistic and the subsam-
pling distribution converge weakly to the same distribution under some assump-
tions, see Lemma 2.1, we can imagine fixing some parameters n and [ smaller
than N, choosing as a test statistic

T = \/ZW1 (dﬂN,m(ﬁl)adle,m(VAl))

and approximating its distribution with the subsampling distribution

S T
E‘CN,n,m(:uNa fin) + §£N,n,m(VN, UN).

If we do so, consider (a,b)-standard measures supported on compact sub-
sets of R? and choose N = n? and | = n® with 1 < 8 < p, then the test
is asymptotically of level «, provided that the cumulative distribution func-
tion of [|Gy,m — Gj, ,,[[1 is continuous. Indeed, the hypothesis of Lemma 2.1,
VIE[||dym — djy.mlloo.x] — 0, will be satisfied then. Moreover, the proof of
Theorem 2.3, which provides an upper-bound for the type-II error, can be gen-
eralised to this case, leading to the upper-bound

« B W12 (dlt’m(u),du,m(y)) nﬁ
4ep< (2 +e)max{D2, D2, } )

pymo

for the type-II error of the test ¢n nm = l\ﬁwl (d

;IN,m(ﬁl)7dtﬁN,m(l;l))qufa,N,n,'nL

n is big enough. Note that it is a real improvement for the power.
Nonetheless, the upper-bounds for the L;-Wasserstein distance between the

test statistic distribution and the subsampling distribution in Proposition 2.1
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and Proposition 2.2 cannot be generalised easily.

The following experiments emphasize the fact that the subsampling distribu-
tion does not necessarily well approximate the distribution of the test statistic
if n and [ are different. For the parameters n = 20 and ! € {20,50,200}, we
have repeated 1000 times the experiment consisting of computing the p-value
of our statistical test from two 2000-samples on a spiral with shape parameter
v = 10, subsampling N;,; = 1000 times and with mass parameter m = 0.05. We
sorted these p-values and plotted the associated cumulative distribution func-
tion. In this experiment, the hypothesis Hy is satisfied, so the p-values should
be uniformly distributed. Moreover they are independent. Thus, the curve we
obtained should lie close to the diagonal. This is not the case when [ is too far
from n.

However, we get a power equal to 1 when choosing I = 200 or [ = 50 instead
of I = 20, which is much better than 0.884 which was obtained in Section 4.2
from the same experiment but with [ =n = 20.

1.0
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Fia 12. 1 = 200

Such a procedure should not be used, despite the improvement of power. In-
deed, we have not proved the existence of a non-asymptotic control of a distance
between the distribution of the test statistic and the subsampling distribution.
Moreover, the experiments emphasize that these distributions are too different
to get a test of type-I error not greater than a.

5.3. The one-sample Kolmogorov-Smirnov test of uniformity
applied to p-values

A major problem of the statistical test proposed in this paper is that the hy-
pothesis retained truly depends on the arbitrary selection of the two n-samples
to build the test statistic among the (JZ )2 possible pairs of n-samples. Indeed,
the p-value defined in Section 2 is random in the sense that different p-values
can be associated to the same two N-samples. Moreover, the power is not that
high because of n, which can be very small in comparison to N.

As an example, in Figure 13, we split X = {X1, X5,..., Xy}, an N = 2000-
sample from the distribution p19 on the spiral with shape parameter v = 10,
into % = 100 disjointed subsets

X; = {Xl,XQ, . ,Xn},
Xo = {Xns1, Xng2,. .-, Xon},

X% = {XN7n+17XN7n+2, .. ')XN};

with n = 20.

As well, we split Y, an N = 2000-sample from g9 into % = 100 disjointed
subsets Y1, Yo,... Y.

Then, with the notation in the algorithm in Section 4.1, we consider the p-
values p1, pa,. . .]ﬁ% with p; associated to T; = /nW1(diy,m(1lx,),d1y,m(Ly,))-

Note that the % p-values would be independent if we replaced diy ., by
dy,,,m in the computation of the test statistic, and if the subsampling distribu-
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tion was replaced with the true distribution of the statistic. In practice, when N
is big enough, we are close to these assumptions. Then the p-values p1, po,...Dx~
should behave like independent random variables uniformly distributed on [0, 1T.

In figure 13, we have sorted these % = 100 p-values, which were built after
repeating subsampling Ng,;, = 1000 times and with mass parameter m = 0.05.
They seem to be uniform on [0, 1]; indeed their associated cumulative distribu-
tion function lies close to the diagonal.

We use this randomness to propose the following method (DTM-KS) to
improve the power of our statistical test. We apply a one-sample Kolmogorov-
Smirnov test of uniformity on [0, 1] to the sample py, pa,...p~. Then we get a
p-value pgs. Thanks to the previous heuristic, this p-value should be close to
uniform on [0, 1] if the hypothesis Hy of the isomorphism test was satisfied, and
should be small if most of the p-values py, po,...pn~ were small. We can hope
for a power improvement. "

<
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0.6

04

—— sorted p-values

02
!
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0.4

— sorted p-values

0.2

0.0
1

0.0 0.2 04 0.6 0.8 1.0

Fic 14. Sorted p-values pixs DTM-KS.

In Figure 16, we evaluate the type-I error and the power for this new method,
with the same procedure as in Section 4.2 and the same parameters.
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Fic 15. Sorted p-values pxs DTM-KS2.

v 15 20 30 40 100
type-I error DTM-KS 0.186 0.131 0.096 0.076 0.074
power DTM-KS 1 1 1 1 1

Fic 16. Type-I error and power approrimations DTM-KS

In Figure 17, we evaluate the type-I error and the power for the testing
method (DTM-KS2) consisting in applying a one-dimensional Kolmogorov-
Smirnov test of uniformity on [0,1] to the p-values p}, pb,. .. D g9, Where p; is
obtained from the test statistic

T} = VWi (dig,m(Ix:), diy m(1y?))

with X, X5,... X/ and Y}, Y5,... Y}y, independent n-samples without re-
placement from X and Y respectively. The procedure is the same as in Section
4.2 and the parameters are the same as well.

v 15 20 30 40 100
type-I ercror DTM-KS2 0.198 0.145 0.093 0.073 0.088
power DTM-KS2 1 1 1 1 1

FiG 17. Type-I error and power approximations DTM-KS2

These procedures lead to major improvements for the power, but the type-I
error degrades.

6. Concluding remarks and perspectives

This paper opens a new horizon of statistical tests based on shape signatures.
It could be of interest to adapt these kind of methods to other signatures, if
possible. In future it could even be interesting to build statistical tests based on
many different signatures, leading to an even better discrimination. Regarding
the test proposed in this paper itself, the geometric and statistical problem of
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the choice of the best parameters to use in practice is still an open, tough and
engaging question.
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Appendix

Some notations and definitions: For O a non-empty bounded open subset
of R?, we define the uniform measure po for any Borel set A of R%, by

- Lebd(O N A)
:U‘O(A) - Lebd(0> ’

with Leby the Lebesgue measure on RY.
We also define the medial axis of O, M(O) as the set of points in O having
at least two projections onto 0. That is,

M(0) ={y € 0]3a",a" €90, 2" # 2", |y —2'l|la = |ly — 2"[2 = d(y,00)},

with d(y,00) = inf{||lz — y||2 |z € JO}.
Its reach, Reach(0), is the distance between its boundary 0O and its medial
axis M(O). That is,

Reach(0O) = inf{||z — y||2 |z € 80, y € M(0)}.

If K is a compact subset of R?, it is standard to define its reach as Reach (K °),
the reach of its complement in RY. See [25] to get more familiar with these
notions.

In the following, wy stands for Leby(B(0, 1)), the Lebesgue volume of the
unit d-dimensional ball.

Appendix A: Uniform measures on open subsets of R¢

In this part, we focus on some mm-spaces (O, || - ||2, to) where O stands for a
non-empty bounded open subset of R? satisfying (6)0 = O. Then, ¢(m,0) is
defined for some mass parameter m in [0, 1] by

Wd

. O) = (M)% |
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This is the radius of a ball included in O, with po measure equal to m. For
some positive €, O, stands for the set of points in O which distance to JO is not
smaller than e:

e — 5 inf - > .
) {xEOylergOHx y||26}

A.1. The distance to uniform measures

Here, we derive some properties of the spaces (O, | - ||z, po). We give a lower
bound for the minimum of the distance to the measure po and give a descrip-
tion of the points attaining this bound. First, we state some technical lemma
proposed by Lieutier in [33].

Lemma A.1l. If we define the skeleton Sk(O) of the open set O as the set of
centres of maximal balls (for the inclusion) included in O, then we get:

M(0) cC Sk(0) € M(O0).

Now we can formulate some technical lemma:

Lemma A.2. For any z in O, there exist a mazimal ball for the inclusion,
included in O and containing x.

Proof. Let us consider the class S = {B(y,r)|r > 0 and z € B(y,r) C O}
of all non-empty open balls included in O and containing z. We are going to
show that this class contains a maximal element by using the Zorn’s lemma.
For this, we need to show that the partially-ordered set S is inductive, which
means that any non-empty totally-ordered subclass 7 of S is bounded above
by some element of S. Let 7 be a non-empty totally-ordered subclass of S.
Set R = sup{r > 0|3y € O,B(y,r) € T} the supremum of the radii of all
balls in 7. Since T is non-empty and O is bounded, R is positive and finite.
Let (yx)ren be a sequence of centres of balls in 7 converging to a point y in
R? such that the sequence of associated radii (rk)ken is non decreasing with
R as a limit. Since T is totally-ordered and the radii non decreasing, for every
K €N, Up<x B(yk, %) = B(yx, i) - Then, the union J,cn B(yx, %) is equal
to B(y, R). Thus, B(y, R) belongs to & and upper bounds 7. So the class S is
inductive and thanks to the Zorn’s lemma, it contains a maximal element. [

Proof of Example 2.1: For any point z in O and r > 0, thanks to Lemma
A.2 there exist a maximal ball B(z’, r’) included in O N B(z, r) which contains
. Assume for the sake of contradiction that ' < min {%, Reach(0)}.

Since r’ < %, the ball B(z’, /) is included in B(z, r) thus B(z’, /) is maximal
in O. So ' belongs to Sk(0), and thanks to Lemma A.1, to M(O). But v’ <
Reach(0); this is a contradiction.

It follows that:

po(B(z, 7)) > po (B (x’,min {Reach(O), %})) .
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So, for r < 2Reach(0), since 2Reach(0O) < D(0) by considering a point on
Sk(0), we get:

Reach(0) ) C g

which is also true for r in [2Reach(0), D(0)], whereas for r > D(O) we have
o (B(z, 1)) = 1. The choice of a in the lemma is thus relevant. B

We now focus on the set of points in R minimizing the distance to the
measure po. For this, we need some lemma.
. . d
Lemma A.3. If z in R? satisfies juo(B(z,€)) = #S(O), then B(z,¢) C O.

ed

Proof. If x in R? satisfies po (B(z,¢€)) = Tebi7oy» then, Lebg(0°NB(z,¢€)) = 0.

Assume for the sake of contradiction that the set O°NB(z, €) is not empty. Since

(6)0 = O, then the open subset (O¢)° N B(z,¢) of O° N B(z,¢€) is not empty,

thus of positive Lebesgue measure, which is absurd. So B(z,¢€) C O. |
a

Proposition A.1. The constant dpin = d (M"(O)

d+1 wq
the distance to the measure po over R%. Moreover, the set of points attaining
this bound is exactly Oc(m,0)-

) ~is a lower bound for

Proof. Note that for all positive [ smaller than m, we have:

Spi(z) > (wf-

wd

Moreover, these inequalities are equalities for all points z in O 0). By inte-
grating, we get the lower bound d;, for x — dmm(x), and it is attained on
Oc(m.0)-

Now take some point = in R satisfying dy,m(z) = dmin. For almost all {

ILeby(0)
wq

. <B ( (%@y)) -

1
So, (B (m, (M) d)) = m, and thanks to Lemma A.3, we get that

Wq

1
smaller than m, we have: 6, ;(z) = ( ) * . In particular we get for these

values of [ that:

T e Oe(m,0)~ O
Proposition A.2. If Reach(O) > e(m, O), then:

{2 € RY|d)\m(2) = dmin }™) = 0,

where for any set A, the notation A€ stands for |
A.

veA B(z,¢), the e-offset of
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Proof. Recall that, thanks to Proposition A.1 that {z € R?|d,, () = dmin} =

Oc(m,0)- Moreover, OEEZ 8) C O. Assume for the sake of contradiction that the

set O\O6 " O) is non-empty. Take a point z in this set and consider B(z’,r’) a
maximal ball containing 2 and included in O given by Lemma A.2. Since x ¢
Ozgzzg;, we get that 7/ < e(m, O). Moreover, 2’ belongs to Sk(0) and so, thanks
to Lemma A.1, to M(O). Then, by continuity of the function distance to the
compact set 0, ' = dpo(z’') > Reach(O) > e(m, O), which is a contradiction.

e(m,0)
S Oe(m 0) =0. O

A.2. The DTM-signature to discriminate between two uniform
measures with different density.

Proof of Proposition 3.5: This proposition comes from the fact that for
m small enough, for both mm-space, the distance-to-a-measure function will
attain its minimum on a set of positive measure. Moreover, the two minima are
different since the Lebesgue measure of the open sets are different.

More precisely, if the set O, 0y is non-empty, then the minimal value of the
distance to a measure is given by

1
. - _d mLebg(0)\ ¢
aflellllg(dﬂovm(x)) = dmin = d+1 < Wd )

Moreover, the points at minimal distance are exactly the points of O¢(,,,0y. This
is Proposition A.1. So, Fu, . (u0)(dmin) = f10 (Oc(m,0)) and Fapy muo) (@) =0
for every < dpin. The same holds for O’: qu (o) (@ min) = por (O’e(m,ol))

d+1 wa
Then, definition of the L;-Wasserstein metric as the Li-norm between the
cumulative distribution functions yields that:

W1<d,uoym(:“0),duo/,m(NO’))
Inax(dmm,d/min)
- |
min(dmin,d’ min)
Assume for instance that dyin < d’min. Since cumulative distribution func-
tions are non-decreasing, it comes that

’
/max(dlllitl :d min)
min(dmin ~,d’min)

> (dlmin - dmin)lffo (Oe(m,O)) .

and quo/’m(ﬂo,)(x) =0 for every z < d’pin = 7% (M

quo,m(/io)(x) - quo/,m(ﬂo’)(x)‘ dz.

quo,m(llo) (l’) - quol,m(,uo/)(x)‘ dCL'

1

Proof of Example 3.2: Since Leby(0) = wq, €(m,0) = mid, and Oy, 0y is
d
the ball of radius 1 — €(m, O), thus, o (Oe(m,o)) = (1 - mé) )
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1

Also, Leby(0') = 29, ¢(m,0') = 2 <ﬂ> E, and O’ (07 is the hypercube of

wd
N
: / / _ _ m )4
radius 1 — e(m, O’), thus, uo (O e(m,O’)) = (1 2 (wd) ) .
Thus, when m is smaller than $¢, the DTM-signature discriminates between

1o and por. Moreover, the Li-Wasserstein distance between the signatures is
bounded below by

(--2(2)") o (2)

A.3. The DTM-signature to discriminate between uniform and non
uniform measures.

-

a
/N
[\
|
SN
SUPTe
~—
|

Proof of Proposition 3.7: As for Proposition A.1, we get that for any point
zin O:

mLebg(O)\ 7 d
d#o,m(x) > dmin = ( 1+ d'

We will lower bound the L;-Wasserstein distance between d,, m(ro) and
dy,m(v) by the integral of Fy,  (,) over the interval [0, dmin], since Fu, (o)
equals zero on this interval. We thus need to lower bound Fy,  ,)(t) for all
t S dmin-

As for Proposition A.1, for A > 1, any point z of {f > A}

wd

1
)\7% ( 'm,Lebd(O)) d
wq

satisfies dy, m (2) < d;“—; Thus,
d

dmin
Fa, .. ( It ) >V (‘{f > A}Aé(mLebd(O))é> :
wd

And we get by denoting A(¢) the real number X satisfying t = d)‘\“%, that:
d

dmin
Wl(dm),m(NO)7dv,m(V)) 2 /t:() v <{f 2 A(t)})\(t),%(mLebd(O)) j) dt.

wq

Since a cumulative distribution function is non decreasing, we get:

Wl<duo,m(/10)vdu’m(”)) >

dmin
> At dt
-/t:O f/tgzy({f ( )})\(t/)}i(mLebd(O))}i>

wd

o 111
= dmin* N > >\/ 1 5 ) dA
/Azl YRR <{f - }xfz(w) d>

“d

1
1 mLebq(0)\ ? /OO 1 , ,
> — A >\ dx. |
—d+1 ( Wy A1 AL+ iu;;\ Ho {f = }(mLebd(o))é

NMwy
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Proof of Proposition 3.8: Since u(B(x,r)) < wdrdgmax7 for every z € le,
1
dpm(2) < dmin. For every z € {f > )\})\7% R (B (m,Aclz (:ﬁ,) d>) -

7 1
) (2 = (5

Awyg

Wl (du,m(ﬂ)7 dl/,m (V))

dmin
< >\
_/t=0 maxv ({f_)\}/\,é(m)é>dt

wd

— +OO drninigélax A/L b {f > )\,} dA
I TC I G Sl R SV TP T

. \d
with A(t) = gmax (d“t““) .n

Now we assume that the density f is Holder over O with parameters y in
[0,1] and L positive.

Proof of Proposition 3.9: First notice that for all positive A\, with e(\) =

-4 (M)é we have:

wWd

{f 2 A+ Le(N)*F N Ocxy CTH{f = Aben)-

According to Proposition 3.7, the aim is thus to show that for some A\ bigger
than 1, the set {f > XA+ Le(A\)X} N O(y) is non-empty. We thus focus on the
supremum of f over O(y), which we denote by || f||o,c(x) and try to prove that
it is bigger than A 4+ Le(\)X.

Remind that if Reach(O) > €()), then thanks to Proposition A.2, the set
O:gf\‘g equals O. Since f is Holder, we can thus build some sequence (y,)nen in
Oc(»), such that f(yn) > [|fllecc,0 — % — Le(A)X. Finally we get:

[fllo.cx) = [[flloo,0 = Le(A)*.
So the quantity Wi (du,,m(¢0), dv,m (V) is positive whenever:
I flloo,0 > nf {A +2Le(A)X | X > 1,e(A) < Reach(0)}.

X
mLeby(0) \ ¢
wq :

With Ag = 1, we have A\g + 2Le(X\g)X =1+ 2L (
With \; satisfying e(A;) = Reach(O), we have:

1 mLebg(0)
(Reach(0))¢ wd

AL+ 2Le(Ap)X = + 2L(Reach(0)X).

We also have that

inf A+ 2Le(A)X | A > 0}
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- et (M) T ()4 () 7.

_ad Xi
The infimum is attained at Ay = (%) x+d (2L)ﬁ (M) o

wa
It proves the first part of the proposition.
The second part is a straightforward consequence of the proof of Proposition
3.7.1

Proof of Example 3.8: The measure v is absolutely continuous with respect
to po with density f defined by

F@) = Cp—L exp— ||~’13||§7
(2m)2 ot 202
with
o 1
7 llzl13 5..°
fB(o’l) (27r)1% od eXp — o7 e

Thanks to the previous proposition, we can prove that the signatures are
discriminative provided that o is small enough, for all m smaller than 0.23 if
d=1;0.30 if d = 2; 0.68 if d = 3; and for all value of m is d > 4.

More precisely, the signatures are discriminative when
exp 4 (27)% ‘
e (i)’

or when

d a2
m e |:Ud2+d (g) (2m)

20, P73 })
d = (27m)2gdtl

When ¢ is small enough, this last assumption can be rewritten as follows

e, (d\ 2em% d
d*+d .
m e lo (5) i exp i,mln{l,CaC’d} ,

_1
with 'y = 2—=P"2 _ Note that C’4 is much bigger than 1 when d > 4. Also,

— 4 d
4 (27) % gdt+1

') ~0.23, C'y ~0.30, C'5 ~ 0.68.

In order to get these results, we use Proposition 3.9. Thanks to the mean
value theorem on B(0, 1), which is a convex subset of R, the density f is
Lipschitz with parameter

exp—3

7 @m)fodtt’
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Thus we use y = 1 since f is Lipschitz. Moreover, the reach of a ball is equal to

its radius, thus Reach(O) = 1, and Lebg(O) = wy by definition.
Note that when o goes to zero, the scaling parameter C, goes to 1. B

Appendix B: Stability of the DTM-signature

Proof of Proposition 3.2: The proof is relatively similar to the ones given
by Mémoli in [35] for other signatures.

For any map plan 7 between p and v Borel measures on (X, d) and (),7),
we get:

Wl (d;t,m (/-11)7 du,m (V)) S
| (@) = dun ()] dn(a, ) =
XxY

/Xx)}
1 m
[ [ i)~ bual dtan(z. ) =
xxy M Jo
1 m _
—/ / inf{r > 0| u(B(z,r)) > 1}—
m Jxxy Jo
inf{r > 0|v(B(y,r)) > l}’dldw(w, y) =
AT
— 1,5 -1,5 dr
o N A (MB(m))Sl u(B(ym»gz)
1 +oo m
— 1, B, -1, B0 ‘dldrdﬁ z,y) <
m/my/a /0 ‘ w(Bar)<t ~ Lu@,m)< (z, y)

+o0
% / / |u(B(z, 7)) Am —v(B(y,r)) Am|drdr(z,y) <
AxY JO

1 / /+oo
mJxxyJo

1 +o0

o / / / ué(ﬂc,x’)ér - lv(y,y’)ér| drdn(z’,y") dr(z,y) =
m JxxyJxxyJo

1

] e — 2l dn ) dn(a ),

m Jxxy Jxxy

which concludes.

1 m 1 m
- - = <
m/o O ()dl - /0 6,,,l(y)dl‘ drn(z,y) <

dldm(z,y) <

/ (Ls(z,en<r — Ly <r) dm(a’, y’)‘ Amdrdr(z,y) <
XXy

Appendix C: The test
C.1. A lemma

Lemma C.1 (EQUALITY OF EMPIRICAL SIGNATURES UNDER THE ISOMORPHIC
ASSUMPTION). If (X,0, 1) and (Y,~,v) are two isomorphic mm-spaces, then the
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distributions of the random variables

VAW (), it (/27))

and
\/ﬁwl (dﬂzv,m (ﬁn)a dﬁN,m(ﬁn))

are equal. Here the empirical measures are all independent and the measures [y
and [il, are from samples from p.

Proof. Note that for (X{,X%,...,X}) a N-sample of law p and ¢ an isomor-
phism between (X, 4, 1) and (Y, ~,v), the tuple (¢(X7), ¢(X5),...,d(XYy)) is a
N-sample of law v. Moreover, 0(X;, X7}) = y(6(X;), ¢(X})) for all 7 and j in
[1, N]. It follows that the distances and the nearest neighbours are preserved.
Thus, the distributions of (dy,m(X]))iefz,n] and (doy,m(Yi))ic[z,n] are
equal.
The lemma follows from the equality:

Wy (dﬁw,m(/zn% dﬁN,m(VAn))

/+°°1
=/

with (X7, Xa,...,Xn) a N-sample from pu. |

n

Z La, m(xi)<s — Z La, . n(v<s|ds,
=1

i=1

C.2. L,-Wasserstein distance between the laws of interest

Lemma C.2. The quantity W, (EN,n,m(/U'7/~‘L)a‘C?V,n7m(ﬂN7ﬂN)) is bounded
above by

2vn(E[|day,m — dy,mlloo,x]
+ W (du,m(ﬂ)a duﬁm(/zN)) + ”dmm - dﬂN’mHOO’X)'

Proof. Let (X1, Xs,...Xn) be a N-sample of law p, and iy the associated
empirical measure. We can upper bound the L{-Wasserstein distance between
the subsampling distribution

L7 (VWi m (17,) Ay m (1)) |Fin)

and the distribution of interest

LW (dpym(fin)s diayy m (7)),

Wi (ﬁ (\/’EWl (dﬁNﬂn (ILL:L) 7dﬁN7m (:u/:)) |/:LN) ’
L (\/ﬁwl (dﬂym (:u*n) 7d#,m (Mg)) |/A/'N)) (Cl)
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+ W (L (\/ﬁwl (dy,m (p7,),d Hym (/J’n ) i )

£ (\/ﬁwl (dpym (i) s dpuym (fi7,) )) (C.2)
+ WAL (Ve (dym (fin) , dym (ﬂn)))

£ (VAW (A (i) Ay G1))). (C.3)

We bound the term C.1 by

Zﬁ‘lduﬂn - d;iN,m”oo,X-

the term C.2 by
2\/EWI (du,m(:u’)7 du,m (/j’N))

and the term C.3 by
2VnE([[dym = dy.mlloo.x].

This is proved in the three following lemmas. O

Lemma C.3 (Study of term C.3). We have

Wi (LW (dgay,m (fin)s dagym (7)), LG/ W i (dpm (i), Ay (7)) <
2VnE([|dm — day,mlloo,x]-

Proof. To bound this L;-Wasserstein distance, we choose as a transport plan
the law of the random vector

(VWi (dgay,m (fin), ity m ()5 V0 Wi (dpm (i) d (17,)))

with fi,, fil,, fin—n and @y _,, independent empirical measures of law . Then
the L1-Wasserstein distance is bounded by

B[V (dgy,m (fin)s dayym () = V1 Wi (dysm (fin ), iy ()],

which is not bigger than:

\/BE[Wl(dﬂN,m(/jn)a du,m(/jn)) + Wi (dﬂ%m(ﬁ;)vdmm(/i/n))]-

We bound the term E[Wi(dgy,m(fin), dum(fin))] by Ellldum — day,mlleo,x],
thanks to Lemma C.6. |

Lemma C.4 (Study of term C.2). We have

Wi (L(VnWi (dyum (fin )y A (7)) s LW (dyi (125,)5 A () i) <
2\/EW1 (du,m(ﬂ)> du,m(ﬂN))-

Proof. Let m be the optimal transport plan associated to Wi (dy m(x),

du,m(fin)); see the definition of the L;-Wasserstein with transport plans.
From a n-sample of law 7, we get two empirical distributions d,, », (4,) and

dy,m (). Independently, from another n-sample of law 7, we get d,, ., (f},) and

A (157)-
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The Li-Wasserstein distance is then bounded by

837

VB e gron (Wi (dum (in), dum (15,)) + Wi (dym (7)), dpm (1))

Now notice that, if we denote i, = > -

i=1n

n

Wy (du,m(ﬂn)v du,m(ﬂn = /

+oo
S—Z/ La, .(vy<t — La,..(
. Z o (Y2) = o (Z0)]

So, the Li-Wasserstein distance is not bigger than

2\/EE[|dH’m( Y) - du,m(Z)H7

with (dy,m(Y),d,,m(Z)) of law 7, so we get the upper bound:

2\/_(W1( u,m( ) du,Tﬂ(/jN))-

Lemma C.5 (Study of term C.1). We have

Wi(L(vnWi(d pom (1) Ay ()N,

LW (dpym (3)s diy o (i D1N)) < 23/l dpm — d

L6y, and p =7, 164, we have:

gz (Tt~ z dpnzyz|d

<t’dt

ﬂNﬂnHOQX'

Proof. 1t is the same proof as for the first lemma, except that fy is fixed. O

Lemma C.6. Let v, i and i/ be some measures over some metric space (X, 4),

we have:

Wi (o (), dpr () < /X Ay (2) — Ay () ()

< [ldpm = dyr mllso,Supp(e) -

Proof. We chose the transport plan (d, m(Y),du m(Y)) for Y of law v. O

Thanks to Proposition 3.1 and to the fact that the distance to a measure
is 1-Lipschitz, we can derive another upper bound depending only on the L;-
Wasserstein distance between the measure p and its empirical versions:

Corollary C.1. The quantity Wy (Lnn,m (s 1), L o (AN, Ain)) s bounded

above by

Q%E (W1 (i, )] + 2v/n (1 + %) Wi (fin, p)-
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The rates of convergence of the Li-Wasserstein distance between a Borel
probability measure on the Euclidean space R¢ and its empirical version are
faster when the dimension d is low; see [26]. Thus, we prefer to use the first
bound for regular measures. In this case, we use rates of convergence for the
distance to a measure, derived in [18]. For regular measures, in some cases, the
bound in Lemma C.2 is better than the bound in Corollary C.1.

C.3. An asymptotic result with the convergence to the law of
1Gum — G

womlln

Proof of Lemma 2.1: The random function /1 (Fd,u,m(ﬂ) — qu,m(ﬁn)) con-
verges weakly in L, to some Gaussian prossess G, ., with covariance kernel

K(s,t) = Fa, .0(s) (1= Fa, .0 ()

for s < t; see [4] or part 3.3 of [8]. Thanks to Theorem 2.8, p.23, in [7], since
L, x L, is separable and ji,, and /i/, are independent, the random vector

(V1 (Fay ) = Fapntan)) s VI (P (o) = Fay i)

converges weakly to (G m, G}, ,,) with G, and Gj, ,,, independent Gaussian
processes. Since the map (z, y) — x—y is continuous in L1, the mapping theorem
states that v/n (Fu, (i) — Fu,..(4.)) converges weakly to the Gaussian process

Gum —G;,m in L;. Once more we use the mapping theorem with the continuous

map z — ||z||1 and the definition of the L;-Wasserstein distance as the L;-norm
of the cumulative distribution functions to get that:

\/ﬁwl(du,m(/’zn)7 du,m(/)//n)) ~ ||G}J«,m - G:J,,mHJ :

We then get the convergence of moments following the same method as for
Theorem 2.4 in [4]. We have the bound E[||t = 14, . (x)<¢t = La, .(v)<¢ell1] <
D,, < co. Moreover, the random function \/n (Fdﬂ,m(/i;,) — qu)m(ﬂ")) converges
weakly to the Gaussian process G, ., — GL’m in Ly. So, thanks to Theorem 5.1
in [1] (cited in [2] p.136), we have:

E[VnWi(du,m(fin)s dum (@5))] = BllGum — G pll 1]
We deduce that:
Wi (£ (VaW (dym (fin) s Ay (85))) 5 £ (|G pm — G nlln)) = 0.

Moreover, we have the bound:

Wi (ﬁ (\/ﬁwl (dy,m (An) > dpym (/2;1))) r LN (s N))
S 2\/E]E[Hdﬂ7m - dﬂN,m”oo,X]‘

So, if /RE [||dy,m — djiy,mllc,x] = 0 when N — oo, we have that:

Wi (LN mm (1 1), £ (1Gpm = G ll1)) = 0.
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Finally, with the same arguments as for Lemma C.2, we get that:

Wi (E*N,n,m(ﬂN’ﬂN)v L (||GHJVL - Glu,mul)) <
Wi (£ (VaWi (dum (n) s dum (23))) 5 £ (1Gpeim = G,ml1)
+ 2v/nW, (du,m(ﬂ)a dym (fin)) + 2\/E||d#,m - dﬂN,mHOO,X'

Since g is compactly-supported d,, ,, (1) is also compactly supported. More-
over, Theorem 3.2 of Bobkov and Ledoux [8] states that for any probability P
on R with cumulative distribution function given by Fp, V' NI [W;(P, Py)] <
fjof VFp(s)(1 — Fp(s))ds. As a consequence, since % = o(1), the expectation
VRE Wi (dy,m (1), dy,m (fin))] converges to zero.

Finally, if E [v/n|/d,,m — day,mlle,x] converge to 0, using the Markov in-
equality, we get that W, (ﬁ}k\/,mm(ﬂN,ﬂN),ﬁ (IGpum — G, ,nll1)) converges to
0 in probability. B

Proof of Lemma 2.2: Let € < a and 7 be two positive numbers.
The probability P(, ) (#n,n,m = 1) is bounded above by

P (\/EWI (dﬂN,m(ﬁn)vdﬁN,m(VAn)) > 91 —(ate) — 77) +P (Q1—a < 91 —(ate) — 77) .

For convenience, we use the notation £ = L(3[|Gum — G}, ./l + 5| Gom —
G:/,m”l) and L* = %’C}‘V,n,m(ﬂNv ﬂN) + %’C}k\/,n,m(ﬁNv ﬁN) Thena q1—(a+e) is the
1—(a+e)-quantile of £ and §1 _q, the 1—a-quantile of £*. If 41— < q1—(ate)—1,
then,

A1 —(a+te)

Wi (L, L) > / Fe(2) — Fee(2)] da

Z (qlf(oH»e) - qufoz)((Z - O[) - (1 — o — 6)) Z €n

since for £ > §1—q, Fz+(2) > 1 —a, and for © < q;_(a4e), Fro(2z) <1 —a—e
Then, it comes that P (q1-o < q7—a+c — 1) is bounded above by P(W;(L,
L*) > en).
Since W1 (£, L*) < By, with

1 N R .
Byn=5W1 (LN (N5 i), |Gpm — G, 1)
1 ..
+ §W1(£?V,n,m(VN’ Z/N)’ ||GV7m - GL,mHl)’

it comes that P (1—a < Q1—a+e — 1) < P(Bn,, > €n), which goes to zero when
N goes to oo, since the second convergence in Lemma 2.1 is satisfied.

Finally, under the Hy hypothesis, the distribution of /nWi(d;y,m(fin),
dyy.m (Pn)) s given by Ln n.m (i, (), LN n,m (v, V) or equivalently by %LNm,m(u,
1) + LN n.m(v,v). Then, the fact that the first convergence in Lemma 2.1 oc-
curs and the Portmanteau lemma entail that limsupy . P..) (ONnm = 1)
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is bounded above by P (Z > q;_(a+e¢) — 1), with Z a random variable from the
distribution 1 L(||Gm — G, ) + 1L(|Goym — G}, 1), which has the same
distribution as L([|Gm — G}, ll1) and L(||Gym — G}, ,,[[1) under hypothesis
Hy.

We now make n and € go to zero and under the continuity assumption,

limsup P, ) (dNnm = 1) < .
N—o0

As well, we get that liminfx o P,) (ONnm = 1) > .

C.4. The case of measures supported on a compact subset of R?

Proof of part 1 of Proposition 2.1: We need to show that under the
assumption p > %

)

\/HE[”du,m = djiymlloo,x] = 0.

First consider d > 2.
Thanks to Theorem 1 of [26], there is some positive constant C' depending
on p such that for N big enough:

E[W: (fiv, 1)) < CN74.

Then, according to Proposition 3.1, v/nE||d,m — djiyllec < %CN‘# It
converges to 0 when p > g. For d < 2, we use the other bounds from Fournier
and Guillin, the condition is then p > 1. B

Proof of part 2 of Proposition 2.1: We may assume that the diameter D,
of the support of the measure u equals 1. Indeed, if we apply a dilatation to the
measure to make the diameter of its support be equal to 1, then the quantity
Wi (LN m,m (1 1), L g (i, fiv)) s simply multiplied by the parameter of the
dilatation. By using Corollary C.1 and Theorem 1 of [26], we have a bound for
the expectation:

CYEN-a if ;2
E (W1 (Lx3,0,m (1 1), L (A, in))] < CYEN=3 log(1 + N)  if d=2
CYAN~-3 if ;2

for some positive constant C' depending on y. B

Proof of part 3 of Proposition 2.1: First notice that for A > 1,

P (W1 (L8m,m (1 1) L3 (ins fin)) > A) =0

under the assumption D, = 1. We thus focus on values of A not bigger than 1.
In this case, with the Theorem 2 of [26], we get easily that:

P (W1 (ﬁN,n,m(N,M), ﬁ?V,n,m(ﬂNv/lN)) 2 )\) S
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d
Cexp (—C” ()\Nﬁm — C’”) ) for d;2

%n )\—C'”\/ NZX7

=

log(14+N—n)

Cexp | =C' : for d=2
e
log| 2+ @ﬁ**c//\/zNgn 10g(1+N'rL))
2
Cexp (—C” (A% - C”) ) for dj2

for some positive constants C, C" and C”" depending on p.
We conclude the proof with the Borel-Cantelli Lemma. Bl

C.5. The case of (a,b)-standard measures

Let u be a Borel probability measure supported on a connected compact sub-
set X of R?. We assume this measure to be (a,b)-standard for some positive
numbers a and b. In this part, we derive rates of convergence in probability
and in expectation for the quantity ||d;y,m — dumlleo,x- Thanks to these re-
sults, we can derive upper bounds and rates of convergence in expectation for
Wi (ENm,m(,u, ), E*N,n,m(:[l‘N’ [LN)) We finally propose a choice for the parame-
ter N depending on n for which the weak convergence Ly . m (1, 1t) ~ |G pm —
G}, ,»|l1 and the convergence in probability of Wi(Ly ,, ., (i~ i), |Gpm —
G}, ;ll1) to zero occur.

C.5.1. Upper bounds for P(\/n||dsy.m — dumlles,x = A)

We use the bounds given in Theorem 1 of [18], with the bound for the modulus
1
of continuity given by Lemma 3 in [18]: w(h) = (%) ®. We directly get the

following lemma:

Lemma C.7 (Upper bound for |dg, m(z) — dum(z)]). Let x be a fized point
i X and X\ a positive number. We have,

1
Py () = dun(@)] 2 V) <

2 2b=2 o
exp(—2abNm 2 A)Jrexp(—

=1 Nb%lmb)\b) + exp (fa%NWm/\) .

In order to derive an upper bound for ||dgzy m — dumlleo,x, like in [18], we
use the fact that the function distance to a measure is 1-Lipschitz and that X
is compact, which means that we can compute a bound by upper-bounding the
difference |d;z,,m(z) — d,um ()| over a finite number of points = of X'. Thanks
to the following lemma, the minimal number of points needed for this purpose

d
is not bigger than w:
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Lemma C.8. Let j1 is a measure supported on X a compact subset of R%, and
for A >0 denote N (p,A) = inf{N € N, a1, 22...ax5 € X, Uy nyB(2:,A) D
X'}. Then, we have:
d
(Duvd+2)
Ad '
Proof. The idea is to put a grid on the hypercube containing & with edges of

length D,,. The grid is a union of small hypercubes with edges of length equal
to %, so that the number of such small hypercubes into which the big one is

d
split is not superior to (D“A\/E + 1) .

N (1, A) <

Then, we decide that each time the intersection between X and some small
hypercube is non-empty, we keep one of the elements of the intersection. We
denote x; the element associated to the i-th hypercube. Finally, each point x
in X belongs to a small hypercube, and its distance to the corresponding x; is
smaller than 4/ Z:l ’\72 =\ O

We thus derive upper bounds for ||dy . m — dumlleo,x:

Proposition C.1 (Upper bound for ||d;,,m — dy,m|lec,x). We have,
)\d
d
2 (4D, Vd + 1)

]P(HdﬁN,m - d,u,m”oo,)( > >\) <

2
av — a av
exp (—TNm%b : /\2> + exp (—WN% mbx\b) + exp (—TN%m/\> .
Proof. Since the function distance to a measure is 1-Lipschitz, we get that:

A
[din,m — duymlloc,x < P + Sup{|d,1,v7m(33¢) —dy,m ()},

for the family (x;); associated to a grid which sides are of length equal to ﬁ.

We can thus bound the probability P(||ds,,m — dymlleo,x = A) by

N(w3) A
P (a0 (00) ~ Q@] = 5 )
i=1
d
with N (ﬂ, %) < w thanks to Lemma C.8. O

C.5.2. Upper bounds for the expectation E[||d;iy,m — du,m oo, x]

In order to get upper bounds for E[||d;y,m — du,mlleo,x], We use the same trick
as used in [18], which is:
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Lemma C.9. Let X a random variable such that:
P(X > A) <1A DX ZTexp(—cA?)

for some integers q and s and some D > 0.

We have:
o< () (9)![ren(2) " 2]

More particularly, if ¢ > exp D#s 3, then:

e <2(%)" ()"

1
Proof. For any Ay > 0, that we can choose as A\g = %, we get that:
cs
E[X] < X+ DX % exp(—cA®)dA
Ao
—q—s+1

<X+DZ>—exp —cA§
cs

—q—s+1 e+1

In K]+ In K] 1
= +D — J—
cé .sccq—Jr1 K
1 —s
_ [lnflf]a n [lnIl(] D[an] 1
Cs Cs sch K
In K1+ nK
_ K[
cs sKc—

Finally, if we choose K = ¢*, we get:

nox = (4[]

eols)

= (Inc)~ % ]

S

From this lemma, we can derive the following lemma.

Lemma C.10. We have,

]E[Hdﬁ[wm - dmmHoo,X] <

Ot (o (9075 +
2m b %

843
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for some constants O depending on a and b. And hence,

\/H]E[”d/lw,m - dp,,m”oc,X} <

1
D/l 1\/51)71 (log Nm2bl:2))2 +
Nam™7
1
o, Y (log (N5 m?)) " +

C.5.3. Upper bounds for the expectation of W1 (»CN,n,m(/JJ; 1), £7v7n,m(ﬂN7ﬂN))

Proof of part 2 of Proposition 2.2: For all A > 0, for any (a,b)-standard
measure . supported on a connected compact subset of R?, we can use Lemma
C.2 and Lemma C.10 together with the rates of convergence of the L;-Wasser-
stein distance between empirical and true distribution in [8] to get the following

result.
If m > %, then for n big enough we have, for some constants [J depending on

a and b:

E (W1 (L50m (1 1), L (s fin))] <

1 1
oh (g ()

(V)3

1 1
+ 05 771;1 (log (Nb%lmb)) '
(N)2m

1
+ 05 771;1 log (N%m)
(N)® m
1

nz
0}, —.
+ e

C.5.4. Convergence to the law of |G.m — G, [

Proof of part 1 of Proposition 2.2: In order to get these two results, we
use Lemma 2.1. The convergence to zero of /nE[||d,m — day_, mllec,x] is a
direct consequence of Lemma C.10. B

C.6. The power of the test

Proof of Theorem 2.3

Lemma C.11. Let o, x be two positive numbers and L and L* two laws of real
random variables. We denote q;_o (respectively o _, ) the 1 — a-quantile of the
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law L (respectively L*). If W1(L, L*) < k then:
KR
qj—cx g 25 +Q1—%~

Proof. Suppose that q7_, > 22 +q;—<. Then,

Cl —a
Wi(L, L) >/ Fo(a) — Fro(2)| da
U-g
Ao
/ 1———(1—a))da:2/f. O
QJ—%

In this part we assume that m is fixed in [0,1] and N = cn” for some p > 1
and ¢ > 0.
Recall that our aim is to bound above the type II error, that is:

]P(;L,u) (\/EWI (d;lN7m(/in>7dﬁN,m(Z)n)) < 611—04) .

For some k = n” with v in [O, 2) to be chosen later, we first bound above
the quantile §;_, with high probability.

As noticed in the proof of Lemma 2.1, the law of v/nWi (d,m (fin), dpu,m (£i,))
converges to L(||Gym — G, ,,[[1), there is also the convergence of the first
moments. So, for n big enough, we have:

WL (VW1 (dyem (fin), (1)) 5 LU G — Gy 1)) < 1.

Then, under the assumption

Wi (E (\/ﬁwl (du,m(.@n)a du,m(lz/n))) 7L7V,n,m(ﬂN7ﬂN)) < Ry

we have
Wl(‘c(“G/hm - G,/u,m||1)7£*N,nm(ﬂN7ﬂN)) <k+1L

We can do the same thing for v. Thus we get that for n big enough and under
the previous assumptions:
1 / 1 /
W1 (S L01G i = Coll) + 5 L0 G — ),

1

* ~ ~ 1 * ~ ~
§EN,n,m(:uN7:uN) + iﬁN,n,m(VNy VN))

is bounded above with « + 1. And thanks to Lemma C.11,

N . K41
Qi—a < qQi-g +2 o

with G1—q the 1 — a-quantile of the law $L(|Gum — G, l11) + 3L(| Gy —
G mll)-
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We need to notice that with similar arguments as for Lemma C.2, we have:

441 (‘C (\/ﬁwl (dlhm(ﬁn)7 du»m(ﬁ{n))) 7‘£’?\7,n,m([j’1\77 [I“N)) <

Vn X
2VnDullFy, ) — Fa, (i) llos.0.0,) + QWWN% an)-

Now notice that

\/EWI (d;jN,m(/zn% dﬁN,m(VAn)) 2 \/ﬁwl (du,m(u)vdwm(y))
- \/EWI (dﬁN,m(ﬂn)vdu,m(ﬂ)) - \/le (dﬁzv,m(ljn)a duﬂﬂ(”)) )

but as well, thanks to Lemma C.6, the definition of the L;-Wasserstein dis-
tance as the Li-norm between the cumulative distribution functions and to
Proposition 3.1:

VnWy (dﬁN,m(ﬂn)ydu,m(/‘)) <
Vvn .
Wil in) + VD ml Fa, . i) = Fapn(i)lloc.(0,D,)
with D, ,, the diameter of the support of the measure d, ., (1). So, we can
ﬁnauy upper bound ]P(u,lf) (\/ﬁwl (dﬂN,m(ﬁn)v dﬁN,m(ﬁn)) < ql—@) by
K
P (\/EDHHqu,m(H) = Fa i lloo, 00 2 Z) +
K
P (\/ﬁDuHde,m(u) — Fa, om) loo,0,0,) = Z) +

2P (‘le(u,ﬂN) > Z) 4 2P (‘T/nﬁwl(y, Iy) > Z) +

Wl(du,m(,u)ydu,m(’/)) ql—%

P (leu,m(;zn) —Fu, .(wlls,0.0,) =

2D um 2D
(U+tajutd
4D, o/
Wl(d ,m(/i)adl/,m(l/)) 6117g
IP<|qu.m('9n) - qu.m(u)”oo,(O,Dl,) > K ) - i/ﬁi
(Utaoje+d
4D, ma/n )’

For all positive ¢, for n big enough, note that the sum of the last two terms
can be bounded thanks to the DKW-Massart inequality [34], by

W2 (dpsm (1), dvm (v))
dexp < (2+ €)max {D2, D2} n) '

Note also that thanks to the DKW-Massart inequality, the first term can be

bounded above by
1 —142
Qexp (—@CTLP FY) .
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The second term is similar. Thanks to Theorem 2 in [26], the third term is
bounded above by

_d
c1 exp (—czmdn’”'d7 2) ,

for some fixed constants ¢; and cs. The remaining terms are similar.

Since p > 1, we can choose a positive y satisfying: v < %, p+dy— % > 1 and
p— 1+ 2y > 1. So the two last expressions are negligible in comparison to the
first one.

So, for n big enough, P, ) (v/nW1 (djiy,m (fin), doy,m(Pn)) < G1-a) is bound-

ed above by
2
4exp _Wl (du,m(ﬂ)vdu,m(y))n =
3max {thm, D%m}
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