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Abstract

Using X. Fernique’s results on the compactness of distributions of cadlag random
functions, we derive some embedding type cadlaguity moment estimates for stochastic
processes with jumps.
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1 Introduction

As suggested by Kolmogorov, it was proved in [2] (1956) thatif X;, 0 <t <1, isa
separable real valued process (see [5]) such that

E[|X;, — Xo,|P N Xy, — X4, |P] < Clty — ts|'t" (1.1)

with 7 > 0,p > 0, and C independent of ¢, then X has no discontinuities of the second
kind with probability 1. If

E[| Xy, — Xp,[") < Oty — o' (1.2)

is assumed instead of of (1.1), then X paths are Holder continuous (Kolmogorov, 1934).
It can be shown (e.g. [8], [11]), that under (1.2), the Holder continuity is a consequence
of the well-known Sobolev embedding theorem. In that case, X Holder norm moment
estimates can be derived. Although a cadlag Hoélder coefficient of X is not a semi-norm,
in this note we provide an embedding type estimate of the moments of time supremum
and cadlag Hélder coefficient of X in terms of some integrated time differences of X
from which, using assumption (1.1), we can derive the classical claim about the existence
of a cadlag modification of X. On the other hand, the estimate obtained could be helpful
in the construction of the solutions to SPDEs driven by jump processes when the method
of characteristics with a time reversal is used (see [4]). Some different type moment
estimates were derived in [10] by imposing assumptions on the cumulative distribution
function of the quantities introduced in [3] (see [7], Section 4 of Chapter III, as well).

Our note is organized as follows. In Section 2, we introduce some notation and state
the main claim. Some auxiliary results are presented in Section 3, and the main theorem
is proved in Section 4.
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Cadlaguity estimates

2 Notation and main result

Let E be a Polish space with distance d and D ([0,1], E) be the standard space of
E-valued cadlag functions on [0,1]. For 0 < s < ¢ < u < 1, denote A(f;s,t,u) =
d(f(s),f @) ANd(f(t),f(u)). For o < 7, let us introduce the standard modulus of
cadlaguity

A(fi(or) = sup  d(f(s),f () Ad(F (D), f (u)).
o<s<t<u<T
For p1 € (0,1), we define p-Holder cadlag function space D* ([0, 1], E) to be the set of of
all f € D(]0,1], E) such that

[f1y 4 1+ [Flu < oo,

where
[f]# N Oﬁszzguﬁl d(f(8)7 f (t|)’lz /—\i(,;f (t) | f (U)) - OSsiltlIS)uSI W7
|.ﬂ,u - sup M, [f|u: sup M

t€(0,1] tH e,y |1 —t"

For u e (0,1),p>1,f € D([0,1],E), let

» 1/p
/// ‘Af’”“g'ddtdu :
<t<u 5|7t

P\ l/p p\ P
e = ([ L0 ) 7[[f||u,p—</ W) -

Our main result is the following estimate.
Theorem 2.1. Letp > 1, u € (0,1). There is C > 0 such that for any f € D*([0,1], E)

[y + 11+ [l < C AN + 11 + [ lp) -

Moreover, if E = R%,d (z,y) = |t — y| ,z,y € R%, then

(1] p

sup. 7 (0] < € (If1z, 0,0 + [y + 1T + [l -

0<t<

Remark 2.2. Obviously, for any F-valued measurable function f on [0, 1],

(f1p

///<t<u ())_2:Z|ELJ;JE3) f (@) dsdtdu.

Corollary 2.3. Let (Q, 7, P) be a probability space and X : [0,1] x Q@ — F be a measur-
able function, p > 1,r > 0. Assume that

E[A(X;s,t,u)’] < Colu—s)'"",0<s<t<u<l,

E[d(X (1), X®)"] < Co(1-t),0<t<1,
E[d(X(0),X(#)"] < Cot",0<t<1,

for some Cjy > 0. Then for each p € (0,1), 0 < r/p, there is a constant N = N (u,r,p) so

that
E ([IXIE,, + IIX]L,, + [X]12,) < NCo. 2.1)
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IfE=RF d(z,y) = |z —y|,r,y € R*, and X. € D*([0.1],E) a.s. with pp € (0,1), < 1/p,
then, in addition,

E [ sup |Xt|p} < NC’0+E/ | X,|P dt].
0<t<1

Proof. Let r — up > 0. Then

Il <C |u—s|2+T < NC, ' T—pp
E(H M, 0 . |Hp+3dsdu_N 0 ; U du.

Similarly, the other terms can be estimated.
If E=R* d(x,y) =|r—y|,z,y € R¥, and X. € D* ([0.1], E) a.s. with u € (0,1),u <
r/p, then the last estimate obviously follows by Theorem 2.1 and (2.1). O

Corollary 2.4. Let X;,t € [0, 1], be a real valued and stochastically continuous process.
Assume that

E[|X; — XJP A X, — XuP] < Clu—s"t",
E[|Xo - X,["] < O,
E[X; - X."] < Cl1—t

forall0 < s<t<wu<1,and somer > 0,p > 1. Then X has a cadlag modification.

Proof. Let
X' =Xr), t€ [0,1],

where , (t) = k/2" if k/2" < s < (k+1)/2", n = 1,2,...,k = 0,...,2" — 1, and
7, (1) = 1 — 1/2". Obviously the sequence X" € D" ([0,1]) a.s. for any 3 € (0,1). Let
€ (0,1), up < r. It is enough to show that

supE [[[X"]]%, + IX" )%, + (X" |12, ] < oo. (2.2)
Indeed, every X,, induces a probability measure X” (P) on D ([0, 1]). The estimate (2.2)
implies that the sequence of measures { X" (P),n > 1} is weakly relatively compact (see
[7]1, [9]). Any weak limit of a weakly converging subsequence X"™* has cadlag paths with
probability 1 and, obviously, the same finite-dimensional distributions as X. Therefore X
has a cadlag modification according to Lemma 2.24 in [9].

In order to show (2.2), we estimate, using assumptions imposed,

1 P
Xn _ xn
E / | 0 t | dt
0 tpp+1

. 22_1/(k+1)/2" E [|Xo — Xj/on["] < (o 22—:1 <k>rup1
- n\#p+1 - n
k=1 7k/2" (k/2m)" i \2
2" —1
= Cm) Y ket <on >l
k=1
Similarly;,
n __ n|p
E Mdt <Cn>1.
|1 _ t|MP+
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In the same vein,

Xn an/\ Xn an
/// | | |+3 il dsdtdu
<t<u —S‘lw

2"—-3 2"—-2 2"—1 k;;ll ot & _L 1+r
=0 j=i+1k=j5+1 zn
Note that » > up and for every set of {n,i,j,k}, 1/2" < (k—i—1)/2" < u—s <
(k—1i+1) /2™ Hence, (k—1i) /2" <2(u—s), and
2" -3 2" —2 2" 1 k41 J+1 itl k i 1+7‘
o i 2T 27
SDIDS / [ i
=0 j=i+1k=j+1 om (
< C'/ / 1+“p ———— 5 dsdu < C,
which shows that
Xn Xn p A Xn xXn p
/// | ‘+3 ul dsdtdu < C,n > 1.
<t<u - S|Np
O

Thus (2.2) follows, and the statement is proved.

3 Auxiliary results
Following [6], for 0 < ¢ < 7 < 1, we introduce another modulus of cadlaguity

N (f;(o,7)) = inf sup  [d(f(0), f(s)) Vd(f(u), f(T))]-

o<6<T s€(o,0),uclf,T)

Denote for n > 0,
N(finm)= sup N(fi(o,7))= sup N(f;(0,7)).

o<T<o+n 0<T—0<n

Clearly, N (f;n) is increasing in 7.
Remark 3.1. According to Lemma 1.0 in [6],
(@) Forany o < T,

SN (F:(0,7) < A(f: (07)) < 2N (5 (0,7)).

In particular,

A(f;(0,1) = sup  d(f(s), f () Ad(f(t), f (u)) <2N(f;(0,1)).

0<s<t<u<1
(b) For (s,t) C (o, 7),
N (fi(s,1)) S2N(fi(o,7) . A(f;(s:1) < A(f;(0,7))-
For u € (0, 1), define

1)y = sup D e pe o, 1))

n>0 7]
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Remark 3.2. Obviously,

_ A(fys,tu) A(f;s, t,u)
fl, = sup  —————~ =sup sup —— =
0<s<t<u<1 |u— s a>00<s<t<u<1, |U— |
lu—s|<a

SUP|y—s|<a,s<t<u A (f7 s, t, u)

= sup s
a>0 at

and
[ﬂ“ S sup A(fvs7tvu)

s<t<u,|lu—s|<1/2 \U_5|H

+2MA(f;(0,1)); (3.1)

also,

N (f; N (f; sup,<q N (f31)
171, = sup 2T g g S SPa LT
n>0 7] a>0n<a 7N a>0 a

We show that [f], and [f]-, are equivalent.
Lemma 3.3. Let 1s € (0,1). For any f € D" ([0,1], E),

[f1-p < A, < 20]-,

DN =

Proof. Since foreacho <r <71,7 <0+,
d(f(o), f(r) Ad(f(r), [ (7)) A(filo7) o Afilo,7))
” T o)
sup A(fss,t,u) <Ifl,

o<s<t<u<r |u—sl"

IA

IN

it follows that

d(f(0).f (1) Ad(f (). £ () N
o<rént oty ” < s ——r—<fl

and, using Remark 3.2,

[f]u =sup sup M (3.2)
n>0 o<7,7<0+n nH

Hence for any n > 0, by Remark 3.1(a),

SN =3 sw N(fiem) < s A(fi() <2V (f5m),
o<r<o+n o<rt<o+n

and by (3.2),

Lo NG A e) N (i)

2p>0 ¥ >0 o<7,7<0+7 nk n>0 nk

O

The following key estimate was pointed out in [6], Lemma 1.2.4, as an extraction
from Theorem 12.5 in [1] (cf. inequality 12.76 in [1]). For the sake of completeness we
provide its proof.

Lemma 3.4. (Lemma 1.2.4 in [6]) For any f € D (0.1], E) and every triplet 0 < 0 < t <
T<1,

N (fi(o,7)) < N (f;(0,8)) VN (f;(t, 7)) + A(f;(0t,7)). (3.3)
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Proof. Let 0 < 0 <t < 7 < 1. By the definition of N, for each ¢ € (0, 1), there exist
o < 0; <t< 0y <7 suchthat

d(f (o), f(s)Vd(f(u),f{t)<N(filo,t)+es€lo,01),ue b,
d(f (&), f(s))Vd(f(u),f(r) <N(f; 7)) +es€l[tb),uc 0]

Assume d (f (o), f () <d(f(t),f (7)), ie. A(f;0,t,7)=d(f (o), f(t)). Obviously,

N (f;(o,7)) < Es[ur; )d(f (0),f(s)V es[t;p ]d(f (w), f (7)), (3.4)
and
es[t(;p ]d(f (w), f (7)) S N(f;(t,7)) +e. (3.5)
Now,
d(f(o),f(s)) SN (fi(o,1)) +e, if s €[0,61),
and
d(f(o),f(s)) < d(f(s),f () +d(f(o),[(t))
< N(f;(o,t))+e+A(f;0,t,7), ifs € [0h,1],
d(f (o), f(s)) < d(f(s),f () +d(f(o),[(t)
< N(f;7)+e+A(f;0,t,7), ifs€ (t,09).
Hence
Sup )d(f (@), f(s)) SN (f; (o, ) VN (f;(t, 7)) + A(f30,t,7) + e (3.6)
Using (3.4)-(3.6), we have
N (fi(o,7)) S N(fi(o,t)) VN (f;(¢,7)) + A(f;0,t,7) + e (3.7)

Modifying the proof above in an obvious way, we see that (3.7) holds if d (f (o), f (¢t)) >
d(f(t), f (7)) as well. Since ¢ € (0, 1) is arbitrary, the statement follows. O

For p € (0,1), f € D([0,1], E), define

A(f;s, 2% u) sup,,,_ A(fio
7S T lo—7|<a » O
.= su —_————— = Su

] " 0<s<13§1 lu — s|" a>]8 at

55 7)

We will need the following equivalence claim.
Lemma 3.5. Let u € (0,1). For any f € D* ([0,1], E),

Pl < [ <2001 < 73 [l
Proof. Let K = [f]-,. According to Remark 3.2, for any a > 0,
N(f;a/2) < Kat2™H.
By (3.3), for every o < 7 < 1 such that |7 — 0| < a, we have, by Lemma 3.4,

N (f;(o,7))
(s (557 s o3

N (f;a/2)+ A (f;J,U;—T,T>

IN

IN

IN

Ka"27" + A (f, +T,T> .
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Hence
N (f;a) < Ka"2™" + sup A<f; <J,U+T,T>>
0<T—0<a 2
and .
N (fv a’) < 2K + Sup0<7’—a§a A (f7 (07 %a T))
at at

Taking sup in a > 0 on both sides, we see that

su oca A(fi0, T T
K S e + sup Po<r <a (f 2 )

a>0 at
or
Sup0<‘rfo'§a A (f’ g, szv T)
[f]~u = K S _
1—-27# 450 at
1
= 1—2_11 [f:l:u"
The statement follows by Lemma 3.3. O

4 Proof of Theorem 2.1
First we show that there is C' = C (u, p) so that with any § € (0, 1),

a(f(0), £ () < Ct (11,0 + 57| Ty ) ot < 3/4 (4.1)
Assume 0 < ¢ < 3/4. Taking € < 1t, we have for 7/ € (t —e,t),7" € (t,t +¢),

d(f(0), f@) <A(firt,7") +d(f(0), £ (7)) +d(£(0), f (7))

Integrating with respect to 7/, 7" over Q = [t —¢,] X [t,t + €],
2d(f(0), f(#)) (4.2)
t t+e
R ORIy AU IEOTS

+//A(f;T/,t,T”)dT/dTH:Al + Ay + B.
Q

Now . -
B < [f]u/ / (7" —Hdr'dr' < C [f]MEH“.
t—e Jt
Taking € = $6¢ with any 6 € (0,1), we have
e ?B<C[f],0"t". (4.3)

By Holder inequality, x = p+ 1/p,1/p+1/qg=1,

A = g/t ledT/

([ SO ) ([ )

ol 1/4 .
= O [ (6= ) ) I g < OF A .

IN
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Taking € = 16, with any § € (0,1),
e72A; < CtRel/ITIAL = Ot e VP AL = CH YR flup (4.4)
and, the same way,
e72 Ay < CHSTVP|| ] (4.5)

The inequality (4.1) follows from (4.2)-(4.5).
Similarly, with obvious changes, we prove that

a(f (1), £ @®) <=t (1,0 +5 7 [fllup) ot > 1/4 (4.6)

for some C' = C (p, p) with any 6 € (0,1).
Finally, (4.1), (4.6) imply that there is C' = C (u, p) so that with any ¢ € (0, 1),

arw.son<a(s(3).00)+a(rw.()) @)

< o(3) (10 +5Ulhun) + € (5) 51

Now,

() if t € (0,1/4),

d d f
d d f(t) ifte(3/4,1).

=
IAIA

Hence, by (4.1), (4.6) and (4.7), there is C' = C' (i, p) so that forall § € (0,1),¢ € (0,1),
[l + 11 < C (111,88 + 8771 ll + 8711l ) - 4.8)

Now we estimate A (f;s,t,u) with0 < s <t <wu <1landt= ",

(i) Assume |s| > I |u —s| and |1 —u| > 7 |u — s].

Let ¢ < %(u—s),s’ € (s—¢,9),8" € (s,s+¢e),t' € (t—e,t),t" € (t,t+¢),u €
(u—e,u),u” € (u,u+¢e), and

A = A(f;8,8,8)+ AU, 68"+ A(f;u,u,u”),
B = A(f;s, ', u")+ A(f;s 0 u)+ A(f; 8 870"+ A(f; 8t u)
+A(f;8", 0, u") + A(f; 8"t u') + A(f; 8" 17, u") + A(f; 87,1707

Let Q= (s—e,8) X (s,s+¢)x (t—e,t) x (t,t+¢) x (u—¢e,u) X (u,u+¢). Then |Q| = &5,
and

A(f;s,t,u) < A+ B. (4.9)

Let

~ s s+e t t+e
A = 5_4/ A= / / A(f;s,s,8")ds"ds' + / / A(f; ¢t at"dt’
Q s—e Js t—e Jt

u u-+te
Jr/ / A (fyu u,u”) du du
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and

s t u+e

2873/ B:/ / A(f; st u") du"dt' ds’
s—e Jt—e Ju

/ A(f; 8t ) du'dt’' ds’

t—e Ju—e

A /,t//,uﬁ) du//dt//ds/

/t / A f S// t// u//) du”dt”ds”
t

A (f;s" t" W) du'dt"ds" = By + ...+ Bs.

Integrating (4.9) over Q,

A(f;s,t,u) <e 2A4+e73B. (4.10)
Now,

s s+e
// A(f;s',s,s")ds'ds” < // s')'ds'ds” < C'[f], e

Similarly we estimate the other two terms in A and see that
ePA<Cif], " (4.11)

Using Hélder inequality, 1/¢+ 1/p =1,p > 1, with k = p + 3/p,

B u+te A f, s t/ //)
=g~ / / / e /, | " u//|"é ds’dt'du”
t—e Ju ‘S |

1/q

g3 (/ / / (u" — s')”qu’dt’du”) (1)
s—e Jt—e Ju
/ / / — &) s dt du” < Ce3 (u— s)"™,
s—e Jt—e Ju

e By < Ce™*a (u—5)"[[f]],,, -

Since

we have

Similarly estimating the other terms in B, we get

B < Ce=3F3/a (u— S>K Hﬂ]u,p = Ce™3/P (u— S)K [[f]]u,zr
OO (u = 8) P [[fllup = CO7 (u — ) [f]],0p-

Hence by (4.10) and (4.11), for some C = C (i, p),

A(fistou) < Gy [f), €+ Ce™/7 (u— )" [[fl],p (4.12)
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16 (u — s) with any § € (0,1), we have

A(fisitu) < C(u—s)" (If], 8 + 677 [fllus) (4.13)
for some C = C (p,p) if |s| > L |u—s| and |1 —u| > % [u— s].

(i) Assume [s| < 1 |u—sor |1 —u| < % |u—s|.
If s < 1 |u—s|(recall t = ££*), then s < 1/4 and

Pt
2 ST Y=

By (4.1), there is C' = ¢ (u, p) so that for any 6 € (0,1) , s
A(fisitu) < d(f(s),f0)Ad(f(u), f(0)+d(f(t),f(0))
< Clu— s (1,0 + 5771 fTlus) -

3
(ufs)gz

if [s| > % |u—s|and |1 —u| > % |u — s|. Taking e =

t=s+

Ifl—u<i|u—s| thenu > 2 and ¢ > 1/4 because

U+ s u—s 3
u + 5 =1

By (4.6), there is C' = C (p, p) so that for any § € (0,1) ,1 —u <  |u — s|, we have
A(fisitu) < d(f(s),f Q) Ad(f(u), 1) +d(f (), (1))
< Clu—sl* (If1,8 + 57 [[fllup) -

A

Hence
A(fistou) <C(u=9)" (I, +6 [y + 61 uy)  (414)

if || §i|u—s\ or |1 —u| < i|u—s|.
According to (4.13) and (4.14), there is C' = C (u, p) so that

A(fs;s,t,u)
< Ol (110 +575 [y + 6~ (Sl + 571111
forany 0 <s<t<u<1,t=(s+u)/2. Hence forall § € (0,1),
f1 < C (1,8 + [0 =7) (4.15)

for some C' = C (i, p). Then by Lemma 3.5 and (4.8), (4.15), there is Cy = C; (i, p) so
that for all 6 € (0,1) we have

[l + 11+ [l
< G (1,0 + 8 [Ty + 6 1Ny + 87 [ Flluy)
Choosing 0 so that §*Cy < 1/2 we see that for some C = C (y, p),
1y + 11w+ flu < CU N + 1w + [ fllwp), € D ([0,1], E).

If E=RF d(z,y) = |z —y|,r,y € R*, then we can estimate the supremum of f. For
each t,

< |FE) = FON+1f @) = FOf+1f ()]
< 2flu+1F (D)l €[0,1].

Hence |f (¢)| < 2|f], +f0 |f (7)] dr,and

1/p
sup |7 (0)] < 211, (/’v |ﬂh) |
0<t<1

The claim of Theorem 2.1 follows.

| (©)]
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