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Abstract

We consider the empirical eigenvalue distribution of an m x m principle submatrix of
an n X n random unitary matrix distributed according to Haar measure. Earlier work
of Petz and Réffy identified the limiting spectral measure if 7* — «, as n — oo; under
suitable scaling, the family {fta}ac(0,1) Of limiting measures interpolates between
uniform measure on the unit disc (for small «) and uniform measure on the unit
circle (as a — 1). In this note, we prove an explicit concentration inequality which
shows that for fixed n and m, the bounded-Lipschitz distance between the empirical
spectral measure and the corresponding u. is typically of order 4/ % or smaller.
The approach is via the theory of two-dimensional Coulomb gases and makes use of a
new “Coulomb transport inequality” due to Chafai, Hardy, and Maida.

Keywords: random matrices; truncations; submatrices; empirical spectral measure; Coulomb
gas; concentration inequalities; Haar measure.

AMS MSC 2010: 60B20.

Submitted to ECP on December 6, 2018, final version accepted on July 20, 2019.

Supersedes arXiv:1811.08340.

1 Introduction

Let U be an n x n Haar-distributed unitary matrix. By a truncation of such a matrix,
we mean a reduction to the upper-left m x m block, for some m < n. In the case
that m = o(y/n), the truncated matrix is close to a matrix of independent, identically
distributed Gaussian random variables (see Jiang [5]); the circular law for the Ginibre
ensemble would lead one to expect that the eigenvalue distribution was approximately
uniform in a disc, and this was indeed verified by Jiang in [5]. At the opposite extreme,
namely m = n, we have the full original matrix U. The eigenvalues of U itself are also well-
understood; it was first proved by Diaconis and Shahshahani [2] that for a sequence {U,, }
with U, distributed according to Haar measure on U (n), the corresponding sequence
of empirical spectral measures converges to the uniform measure on the circle, weakly
in probability. In more recent work [6] of the first author and M. Meckes, it was shown
that if u,, denotes the spectral measure of U and v is the uniform measure on the circle,

then with probability one, for n large enough, Wi (u,,v) < Civlsg(n) (here, Wy(-,-) is the
L!'-Wasserstein distance; the definition is given at the end of this section). This result
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Figure 1: The eigenvalues of an m x m truncation of a n x n Haar-distributed unitary
matrix, with 7+ = .25, ™ = .75, and > ~ .99.

demonstrates a stronger uniformity of the eigenvalues of such a matrix than, for example,
a collection of n i.i.d. uniform points on the circle (whose empirical measure typically
has distance of the order ﬁ from the uniform measure).

It is thus natural to consider the evolution of the distribution of the eigenvalues of an
m x m trucation of U, as o = ™* ranges from o(1) to 1 — o(1). Figure 1 shows simulations
of the eigenvalues of truncations for various values of a: in it, one can see the thinning
out of the distribution in the center of the disc, as more of the original matrix is kept and
the eigenvalues move from being uniform on a disc to uniform on the circle.

In fact, the exact eigenvalue distribution of an m x m submatrix with m < n is known
(see [8]; also [7]). For our purposes, it is most natural to consider the eigenvalues of
an m x m truncation rescaled by \/% ; under this scaling, the joint distribution of the

eigenvalues is supported on {|z\ <4/ %}n and has density there given by

1 m m n—m-—1
APy (21 -+ 2m) = I =-=P]] (1 - g|zj|2) dA(z1) . .. dM\(zm),
j=1

C
n,m 1<j<k<m

(1.1)
where
M1 mel . . —1
Cpym =T 'm! (E)m( A H " m—.’_J L -
’ m =0 i n—m-++}

and )\ denotes Lebesgue measure on C.

Petz and Réffy [7] made use of the explicit eigenvalue density to identify the large-n
limiting spectral measure, when > — o € (0, 1); it has radial density with respect to
Lebesgue measure on C (as it must, by rotation-invariance), given by

While the mathematical motivation in studying the eigenvalues of these truncations,
and particularly the evolution of the ensemble as the ratio * ranges from o(1) to 1 —o(1),
is clear, there are also many phyical systems in which large unitary matrices play a
central role, and in which truncations of those matrices arise naturally. E.g., in chaotic
scattering, the amplitudes of waves coming into the system are related to the amplitudes
of outgoing waves by a large unitary matrix (called an S-matrix), and the so-called
transmission matrix (related to long-lived resonances of the system) is a truncation of
the S-matrix. See, e.g., [4], where the use of random unitary matrices in this context
was explored.
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The purpose of this paper is to give non-asymptotic results; i.e., to describe the
ensemble of eigenvalues of truncations of U € U (n) for fixed (large) n. Our main result
on approximation of the spectral measure is the following.

Theorem 1.1. Let n,m € N with 1 < m < n. Let U € U (n) be distributed according to
Haar measure, and let z1, . .., z,, denote the eigenvalues of the top-left m x m block of
V2XU. The joint law of zy, ..., zy, is denoted IP;, ,.

Let [i,,, be the empirical spectral measure given by

1 m
fim = E 2521
1=

Let « = ™ and let u, be the probability measure on the unit disc with the density f,

n

defined in (1.2). For any r > 0,

Py [dBL (fim,, fo) > 7”} < e?exp {—Com?r? + 2mlog(m) + Clym} + o %e*m,

_ 1 [ -1 -
where C, = WY Crw ey and C!, = 6 + 3log(a™"), and dpL(-,-) denotes the

bounded-Lipschitz distance (the definition is given at the beginning of Section 2).

The bounds in Theorem 1.1 are tight enough that we can in fact treat the evolution of
the process of spectral measures of truncations of U, as the truncation ratio a ranges
from o(1) to 1 — o(1).

Theorem 1.2. Let U be an n x n Haar-distributed matrix in U (n) and, for 1 < m < n, let
[ be the empirical spectral measure of the top-left m x m block of \/%U. Leta = "%, jiq
be the probability measure on the disc with density f, as in (1.2), and let {k,}n,>1 C NN
be such that k,, = o(n) and 10g(n)2 — oo. Then with probability 1, for n large enough,

dBL (,[lTHJ ,uor) S 6771,

for every m € {ky,...,n — 1}, where
/27 log
5 484/ T8 m> 7
m 1654 /log () log(n) n
Ve m e m< 2
m €

Note that if m = o(n), then 4,, is of the order 4/ %. The restriction on k, in the
statement of the theorem thus implies that with probability one,

sup dBL (/~Lma /~La) TH_OO) 0.
kn<m<n-—1

Observe that, although the support of the empirical spectral measure ji,, is the disc
of radius /", the limiting spectral measure is supported on the unit disc; the following
treats the question of how far into this intermediate regime the eigenvalues are likely to
stray.

Theorem 1.3. Let 21, ..., 2, be the eigenvalues of the top-left m x m block of \/-U,

with joint law IP,, ,,,, and let o = 7. Then for any € € <O7 ﬁ — 1),

P, max |z >1+e€
1<5<

(1 —a™(1+ G)Qm) (1 —a(l+ 6)2)(1_a) "
= orymal—a) (L _a(l+e?) | (1-a) “as

Ife > — 1, then

f
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P, | max [z;]| >1+€¢| =0.
1<j<m

This estimate requires some effort to parse. Note that in the non-trivial case that
(1+¢€)? < é

(1—a™(1+e)?*m)
(1-a(l+e?)

=l+a(l+e’+ -+ (a(l+e*)™ " <m,
so that if we take ¢ to be such that
1+2>Lli—(1-a) (f)ﬁ (1.3)
a b

then

e (1 _ a77L(1 + 6)2m> . - i m .

vna(l—a) (1 —a(l+¢€)?) 27 (1_a)e

While the bound stated in Theorem 1.3 is formally stronger, we will use the simpler
bound (1) in the following discussion, separated into three distinct regimes.

P max |zi| >14+¢| <
o 1§j§m| il ~on

1. m =o(n):

For ™ = o small, the lower bound on (1 + ¢)? in (1.3) is

1 [1 —(1-a) (z)} =2 log(a) + o(1).

«

If m = o(n) and m > 2log(n), then the bound in (1) tends to zero at least as quickly
as n~2, and so it follows from the Borel-Cantelli lemma that if m,, is any sequence
with m,, = o(n) and m,, > 2log(n), then for any ¢ > 0, with probability one, for n
large enough the support of the empirical spectral measure ji,,, lies within the

disc of radius ,/2 + J + log(--), as opposed to the a priori support of the disc of

radius , /2.
My

2. There are ¢ > 0 and C < 1 such that cn < m < Chn:

Here the bound in (1) tends to zero exponentially with n, and in this case the lower
bound on ¢ from (1.3) results in a fixed radius r,, (somewhat smaller than \/% but
still bounded away from one, in terms of ¢ and C), such that, if m,, is a sequence
with en < m,, < Cn for all n, then with probability one for n large enough, [, is
supported in a disc of radius 7, .

3. 2 > 1:
n
The bound in (1) tends to zero exponentially with n, and for « tending to one,

1 {1(104) (Z‘)W“] =2-a+0((1-a)?).

(07

It thus follows from the Borel-Cantelli lemma that for any € > 0, if m,, is a sequence
with m,, < n for each n and “*» — 1, then with probability one, for n large enough,
the empirical spectral measure fi,,, is contained within a disc of radius 1 + e.
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2 Proofs of the main results

Throughout the paper, U will denote a Haar-distributed random unitary matrix in
U (n) and, for 1 < m < n, z1,...,2, will denote the eigenvalues of the top-left m x m
block of \/% U, with associated spectral measure ji.,.

Results below are formulated in terms of the L!-Wasserstein distance and the
bounded-Lipschitz distance, defined as follows. The L!'-Wasserstein distance between

probability measures p and v is given by
[ san- [ sav

where the supremum is taken over Lipschitz functions with Lipschitz constant 1. The
bounded-Lipschitz distance between p and v is given by

i (p,v) = s ‘ / fu - / fdv

)

Wi(p,v) = sup

b

where the supremum is taken over functions which are bounded by 1 and have Lipschitz
constant bounded by 1.

In some of the proofs, we will need to make use of the following uniform version of
Stirling’s approximation, which is an easy consequence of equation (9.15) in [3].

Lemma 2.1. For each positive integer n,
vV o tze <nl < en"tie",
We now proceed with the proofs.

Proof of Theorem 1.3. The form of the eigenvalue density (1.1), specifically the presence
of the Vandermonde determinant, gives that zi,...,2, form a determinantal point
process on C with the kernel (with respect to Lebesgue measure)

1 /m Jj—1 m
i oY 1-— — 2)
N, (nz122> ( n|21‘

J

n—m-—1 n—m-—1
2

(1-Thf)
j=1 "
m m
X 10,00 (1= 21212) 0,000 (1 = l2f?)
n n
where the normalization factor V; is given by

m(j— Dl(n—m—1)!
(n—=m+j—1)!

m
Kn,m(zlvz2) = E

NE

N; =

Let B, denote the ball of radius r, and let € € (0, L _ 1). Then the expected number
of z; outside Bj .. is given by

EWe;, )= [

B

c

nom(2,2)dz
1+e€
1

—_  m
NG 1 . . o
=2 Z — 20D (1 — ar2)n ™ rdr
1+e€ j=1 J
1
o’ v r20=Dpdp

1+e€

- (1-a/(1+ 6)23'))
<2t (1—a(l4+6)" " (1—a™1+¢™) Z

Jj=1

n—m—1

M

<2m (1—a(l+e€)?)

| —

M

<
I
—
Zl= Z|=

=2 (1—a(l+¢?)" """

<
Il
—_
[\
<

1
(27)N;
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The sum on the right can be computed using the hockey stick identity:

i 1 &K -—m+j—1)
Z (25)N; _ZQWj!(nfmfl)!

j=1 j=1
_im n—m+j—1
T 9 < n—m-—1
j=1
n—1
1 k
T o Z (nml)
k=n—m

I
[N}
>I‘H
| —
VS
3
I3
3
N———

|

—_
—

Then
ENg:, ] < (1—-a(l+ 6)2)nim71 (1—a™(1+e)m) (Z)

1—a™(1+¢)2m o (1
:((l_agllirz))(1—a(1+e)2)( ) <m>

The version of Stirling’s formula in Lemma 2.1 gives that, for m = an,

() < v [

and so by Markov’s inequality,

14e€

P{lgaéxm|zj|>1+e]: [/\/c 7]

e(lfam’(lee)Qm) (lfa(1+e)2)(1_a) "
- QW\/na(lfa)(lfa(1+e)2) (I—a)l-eae

Ife > — 1, then

a1
Vo

]P{max zj|>1+e] <IP[max |z >
1<5< <j<

3

since the eigenvalues of a principal submatrix of U necessarily have modulus bounded

by 1.

We now proceed with Theorem 1.1. The proof is an adaptation of the approach in [1],
using the framework of Coulomb gases. Specifically, the form of the eigenvalue density
given in Equation (1.1) means that the z; can be viewed as the (random) locations of m
unit charges in a two-dimensional Coulomb gas with external potential, as follows. If the

energy Hy, m(#1,...,2n) is defined by
Hym(z1,...,2 E log( ) +m g Vim(25),
— 2| —
Jj#k j=1
with the potential V,, ,,, (%) defined by

n—m-— 110g _mz27 2| < Q;
Vnm(z){m (1= 21, lel < VR

' otherwise,

)
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then the Gibbs measure on C™ (taking the inverse temperature g to be 2) is

1
AP, (21, .., 2m) = 7 exp{—Hpm(z1,-- -, 2m) dA(z1) ... d\(zm),

where A denotes Lebesgue measure on C. That is, the Gibbs measure in this Coulomb
gas model is exactly the same as the density of the eigenvalues of the top-left m x m
block of \/%U , and so the empirical measure of the charges z1,..., 2, has the same
distribution as the empirical spectral measure ji,,. This was the viewpoint taken by Petz
and Réffy in [7] to identify the large-n limiting spectral measure; the limiting measure
with density f, as in (1.2) is exactly the equilibrium measure for the 2-dimensional
Coulomb gas model with potential

o[ G (—alzp) el < g
0, otherwise,

It should be noted that the viewpoint here is slightly removed from the usual Coulomb
gas model, where the potential would not depend on m or n; allowing such a dependence
is possible because the approach taken here is non-asymptotic; i.e., n and m are fixed
throughout.

In recent work, Chafai, Hardy and Maida [1] have developed an approach to studying
the non-asymptotic behavior of Coulomb gases, using new inequalities they call Coulomb
transport inequalities. Specifically, if £(p) = [ g(z—y)du(z)dp(y) is the Coulomb energy,

with
log X, d=2;
TORE N
{u}w’ d>?2

the d-dimensional Coulomb kernel, they showed that if D is a compact subset of R?,
then there is a constant C'p > 0 such that for any pair of probability measures i and v
supported on D with £(u),E(v) < oo,

Wi(p,v)? < CpE(p—v).

When comparing to the equilibrium measure py of the Coulomb gas model with
potential V, this leads to the estimate

dpr(p, pv)* < Wilp, uv)? < Cy [Ev(u) = Ev ()] (2.1)
where £y is the modified energy functional
v () = £ + [ Vi 2.2)

The estimate (2.1) is the key ingredient in the proof of Theorem 1.1. The proof follows
the analysis in [1] closely, although their analysis does not apply directly to our potential.
In particular, certain technical lemmas in [1], e.g., Theorem 1.9, require modifications
because boundedness assumptions made there are not satisfied by V,, ,,.

The central idea of the proof of Theorem 1.1 is the following simple application of the
bound (2.1). Let z = (z1,...,2m), and let ji, := % Z;”:l J.,. Let pu, have density f,, for

a= . Givenr >0,

P [dBL(fiz, fta) > 7]

1 / 1 m
= exp{ — > log () S Vim(z) $ dN(2)
Zn,m dBL(ﬂZvl‘a)>T |ZJ - Zk' Z !

1 N
~y exp {—mEy,., ()} X' (2),
n.m Jdpr (fiz,pa)>T
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and on {z : dpr(fiz, pta) > 7}, (2.1) gives that

exp {~m2€y, . ()} < exp {—em*r? + m2&y, . (a)} -

Of course, since the measures ji, are singular, the approximate inequality above is invalid,
and so part of the argument is to mollify the empirical measures under consideration.
Since our potential V,, ,, is only finite on {|z| < \/% } this requires in particular that
the probability of any eigenvalues lying too close to the boundary of this disc is small,
which follows from Theorem 1.3. In fact, some further truncation is useful in order to
obtain improved control on the constants. Beyond that, all that is really needed is to
give estimates for the normalizing constant and the modified Coulomb energy at the
equilibrium measure.

The following lemma relates the energy H,, ., (z1,...,2y) to the modified Coulomb
energy of the mollified spectral measure.

Lemma 2.2, Forz = (21,...,2y) € C™, letfi, = L >.it, 0. Thatis, ji, is the probability

measure putting equal mass at each of the z;. For any € > 0, define
Y = g % A,
where )\, is the uniform probability measure on the ball B.. Then for z1, ..., z,, € B%_ N
2
Hpym (71,2 2m) > mggvnw ([AS)) —mé (Ae) —

Proof. Lemma 4.2 from [1] gives that
Hypm (21, 2m) > m2Ey,, .. (p@) —mE M) =S (Van * Ac = Vi) (24) 4
i=1
so that the only task is to give an upper bound for (V,, », * Ae — Vium) (2i).
2

Let0<e< (ﬁ) , and suppose that z < ﬁ —+/e. Then in particular, V;, ,,, (y) < oo
for |y — z| < ¢, so that

(Voo * Ae — Vaum) (2) = /(Vnm(z —eu) — Vium(2)) dA1(u).

Note that by symmetry, [ (VV,, ,,(2),u) d\1(u) = 0 for fixed z. Moreover, V,, ,, is convex,
so that Hess V}, ,, is positive semi-definite; it thus follows from Taylor’s theorem that

2
(Vi % Ae — Vi) (2) < S sup / (Hess (Vi )yt ) dAq (1)
' ’ 2 yeR2 ’
ly—z|<e
2
1
< % sup — AV, m (y).

lyl< s —vered

1
If Jy| < NG Ve+ e, then

4(1—a—121 41 —a 4(1 - «
AV ) = Tz =) Uza) __ 40-a)
(I —aly?) 2Va(ve—e) —alVe—¢€)?) e
for e in the range specified above. O
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In the proof of Theorem 1.1, we will use the following version of the Coulomb
transport inequality from [1], which is an immediate consequence of Lemma 3.1 together
with Theorem 1.1 of that paper. The lemma refers to an admissible external potential V;
we refer the reader to [1] for the definition, which is satisfied for our potentials V,, ,,.
A key fact is that such a potential is associated with an equilibrium measure py, which
is the unique minimizer of the modified energy £y as defined in (2.2). For our potential

Vi,m, the equilibrium measure is y, for a = 7*.

Lemma 2.3 (Coulomb Transport Inequality [1]). Let V' be an admissible external poten-
tialon R¢ with equilibrium measure uy. If D C R? is compact then for any u € P(R?)
supported in D,

dBL(M7,lLV)2 <WwW (,uan)2 < CDUsupp(uv) (EV(H“) - SV(MV))?
where if R > 0 is such that D U supp(uy) C Br, then Cpysupp(u,) €an be taken to be
UOl(B4R).

Proof of Theorem 1.1. Fix r > 0. By Theorem 1.3 and the discussion following it, it is
possible to choose n, > 0 such that 1 + 7, < ﬁ and so that

(& m _
Ppm 1gljax |Z]| >1+ noz:| o ae .
In particular, we may take 1+ 7, = /3 + log(a~—1), (although when a — 1, 7, may in fact

2
be taken to be any fixed positive number). Take € € (0, (ﬁ) ) as in Lemma 2.2,
such that also 1 + 7, < ﬁ — Ve Let
Aor i ={(z1,...,2m) €C" 1 |2j| <14+ na,j=1,...,n, and dpr (fiz, ta) > T} .

The probability that the eigenvalues of the top-left m x m block of /U lie in the set
Aq » is given by

1 - z z
Prn(Aas) = / e Gavenzn) TT dA(z)

nm S A, i=1
1 —m2ev, . (AL))—mE () — M2z | T

) o o
1 f[inana,T Evpy o (L)~ mS(AEyW} -

. ox

Zn,m o

by Lemma 2.2.
The normalizing constant Z,, ,, can be bounded in terms of p, as follows:

log(Zn,m

10g/ / i o8 (g ) Hnm-1) X7, 1Og(l_alz]lz)dk(m)~'~d/\(zm)

“tog [ [ B et O B i)

1 m
> —mlog(2(1 — a))

1 - 2
+/ —Zlog (ZJ—ZH) —|—(n—m+1)Zlog (1_a"zj| )]dﬂa(zl)"'dﬂa(zm)

JFk j=1
n—m-+1 9
= —mlog(2(1 — a)) —m(m — 1)E(pa) + | ————— | m* | Viomdita,

n—m-—1
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where the inequality is by Jensen’s inequality.
Observe that

o o (57) = (B (57) v ) 95, )

=m? inf (Evn,m (ﬂf)) &y (Na)) +m? [5(/@) —I—/Vn,md,ua] ,

and by Lemma 2.3,

ot (5””" (ﬂy)) = & (“0‘)) = Ton (1 4 o + o) At 45E (‘A‘g)’“"‘)2'

Since dBL(ﬂée),ﬂz) <e,

1 . 1 (e NERRRNS
§dBL (Mz,ua)Q < 3 (dBL (/l; ),#a) +dpr (/i; )7Mz>>
2 2 2
<dpr (ﬂf), Ha) +dpL (ﬂ;é)’ﬂz> <dpr (ﬂ;ﬁ)vua) + €.
It follows that

1;1‘25 (5Vn,m (ﬂge)) & (Ma)) > m (T; - 62) )

and so combining the estimate in (2.3) with the analysis above gives that

m? r? 2(n — m)m?
Pon(ar) <00 { o (g =) -t = S [
— 2(1 —
m (log (2#(1 oz)))+m (1 a)e+m5(>\€)}
Qo 2a
m? r? 2m(1 — )
< _ T e Jog XV
<o g (2 ) o (e (1)

m2(1 — a)e

Now, the Coulomb energy of A is

£0) = [ [ 108 () Ma(adra(0) = ~log(e)+E0) = ~los(e)+1 = log (/) 7

€

and so

IPn,m(Aa,r)
coxnd m? ﬁ ) om0 2me/4(1 — @) n m2(1 — a)e
=P 6r(1 + 70 + 002 \ 2 & ae 2 '
(2.4)
Now take

szm{(2<2f¢a>)2’(ja‘“*”“’f’wnw’””a’uzjomz}'

2
The analysis above required that ¢ < (ﬁ\/&) and that 1 + 7, < 1 _ V€, which is
guaranteed by the first two terms in the minimum.

B
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For the first term in the estimate (2.4), first estimating the ¢ in the denominator by
1 + 7, and then the factor of €2 in the numerator by W gives that

m2 2 ) m2 2 ) m2r2
— — )< [ - < —————— +1.
167(1 41, +€)2 \ 2 64m(1+n0)% \ 2 1287 (1 4 14)?
For the second term of (2.4), one verifies each of the 5 possible choices of € above: in all
cases,
2mel/4(1 —
m (1og (W)) < 2mlog(m) + mC,
€

where

C!, = max {21og(6) + 3log(a "), —2log(1 — Va(l + na)), —log(a(1 + na)) } + log(2me/*)
< 21og(6) + 3log(a™t) + log(2me'/*)
<6+ 3log(a™t),
since 7, > 0 and /an, < 1. Since we take € < (1_20# the final term inside the
exponential in the estimate (2.4) is bounded by 1. All together, then

Pym(Aa,r) < exp {—Com?r® + 2mlog(m) + mCl, + 2},

_ 1 1 !’ —1
where C,, = PR T > ETmNRY Crer T and C!, = 6 + 3log(a™1). O

The proof of Theorem 1.2 then follows from Theorem 1.1 and an application of the
Borel-Cantelli Lemma.

Proof of Theorem 1.2. If m > 2, then in Theorem 1.1, C,, can be taken to be 110277 and
C! can be taken to be 9. Choosmg

5, = [4logm 48 27 log(m) ’
Cam m
m

P L (i, fta) > O] < A2 Com o amlogmtCom} 4 2 e
27r 11—«

Theorem 1.1 gives that

/ n
< eZ—ZnLlog(nL)—i—Cam +ne .

)

which is summable.
If instead m < %, then in Theorem 1.1 we may take C,

C!, =9log(a~!). Choosing

1

- 1287 (14+/3 log(a—1))2 and

9logn < 24(1 4 /3log(Z))+/27 log(n) < 165 log

Om =
Com ~ NLD
Theorem 1.1 gives that
P [dBL (/:Lmaﬂa) > 6m] < 6{2 Com 572”+2m10gm+m0a} + = m e~ ™
- - 27r 11—«
< 2—7mlog(m) i m —-m
= TorVizat

which is summable since m > k,, and log( Toa(m)z — O°- The claimed result thus follows from
the Borel-Cantelli lemma. O
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