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Abstract

We prove the subsequential tightness of centered maxima of two-dimensional Ginzburg-
Landau fields with bounded elliptic contrast.
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1 Introduction
Let V € C? (R) satisfy

V)=V (-x), (1.1)
0<c_ <V"(z)<cy <oo, (1.2)

where c_, ¢, are positive constants. The ratio k = ¢, /c_ is called the elliptic contrast of
V. We assume (1.1) and (1.2) throughout this note without further mentioning it.

We treat V' as a nearest neighbor potential for a two dimensional Ginzburg-Landau
gradient field. Explicitly, let Dy := [N, N]2 N Z? and let the boundary 0Dy consist of
the vertices in Dy that are connected to Z? \ Dy by an edge. The Ginzburg-Landau
field on Dy with zero boundary condition is a random field denoted by ¢”~-°, whose
distribution is given by the Gibbs measure

2
dun = Zytexp |[= Y Y V(Vis )| JI dow) ] do(e(), 1.3

vEDN i=1 vEDN\ODN veEODN

where V;¢ (v) = ¢ (v+e¢;) — ¢ (v), e1 = (1,0) and ex = (0, 1), and we set ¢ (v) = 0 for all
v € Z?\ Dy. Here Zy is the normalizing constant ensuring that p is a probability
measure, i.e. MN(IR‘DM) = 1. We denote expectation with respect to uy by Ey, or simply
by E when no confusion can occur.

Ginzburg-Landau fields with convex potentials, which are natural generalizations
of the standard lattice Gaussian free field corresponding to quadratic V' (DGFF), have
been extensively studied since the seminal works [9, 10, 13]. Of particular relevance
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to this paper is Miller’s coupling, described in Section 2.2 below, which shows that
certain multi-scale decompositions that hold for the Gaussian case continue to hold,
approximately, for the Ginzburg-Landau model.

In this paper, we study the maximum of Ginzburg-Landau fields. Given U C Dy, let

.f Dn,0
My = I;lea(}(gf) (z),
and set My = Mp, . For the Gaussian case, we write Mﬁ for Mp. Much is known
about Mﬁ following a long succession of papers starting with [4]. In particular, see
[5] and [2], Mﬁ — m% converges in distribution to a randomly shifted Gumbel, with
m% = c1log N — cploglog N and explicit constants ¢y, ¢s.

Much less is known concerning the extrema in the Ginzburg-Landau setup, even
though linear statistics of such fields converge to their Gaussian counterparts [13]. A
first step toward the study of the maximum was undertaken in [1], where the following
law of large numbers is proved:

Mp,
log N

— 2y/gin L?, for some g =g (V) > 0. (1.4)

Moreover, g is bounded above and below by strictly positive functions of the constants
c4,c_ from (1.2).

In this note we prove that the fluctuations of Mp, around its mean are tight, at least
along some (deterministic) subsequence.

Theorem 1.1. There is a deterministic sequence {ny} with ny —j_,- oo such that the

sequence of random variables {Man —EMp, } is tight.

As will be clear from the proof, the sequence {n;} can be chosen with density
arbitrarily close to 1. Theorem 1.1 is the counterpart of an analogous result for the
Gaussian case proved in [3], building on a technique introduced by Dekking and Host
[7]1. The Dekking-Host technique is also instrumental in the proof of Theorem 1.1.
However, due to the fact that the Ginzburg-Landau field does not possess good decoupling
properties near the boundary, significant changes need to be made. Additional crucial
ingredients in the proof are Miller’s coupling and a decomposition in differences of
harmonic functions introduced in [1].

Recall that the extreme value statistics for log correlated Gaussian fields (including
the 2D discrete Gaussian free field) are universal up to a random shift, see [8]. We
conjecture that the Ginzburg-Landau field belongs to that universality class. More
explicitly, we conjecture that the expected maximum has the asymptotic expansion

3
EMp, =2\/glog N — Zgloglog]\H—O(l),

and that {Mp, — EMp, } converges in distribution to a randomly shifted Gumbel random
variable.

2 Preliminaries

2.1 The Brascamp-Lieb inequality

One can bound the variances and exponential moments with respect to the Ginzburg-
Landau measure by those with respect to the Gaussian measure, using the following
Brascamp-Lieb inequality. Let ¢ be a sample from the Gibbs measure (1.3). Given
n € RP~, set

(Gm)i= 3 dun(v).

vEDN
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Lemma 2.1 (Brascamp-Lieb inequalities [6]). Assume that V € C?(R) satisfies
inf,er V" () > ¢~ > 0. Let lEgrr and Varggr denote the expectation and variance
with respect to the (standard) DGFF measure (that is, (1.3) with V (z) = :v2/2). Then for
anyn € RPv~,

Var(¢,n) < cZ'Vargpr(¢,n), (2.1)
E [exp ((¢,1) — E (¢, 1))] < exp (;HVarGFF@,n)). (2.2)

2.2 Approximate harmonic coupling

By their definition, the Ginzburg-Landau measures satisfy the domain Markov prop-
erty: conditioned on the values on the boundary of a domain, the field inside the domain
is again a gradient field with boundary condition given by the conditioned values. For the
discrete GFF, there is in addition a nice orthogonal decomposition. More precisely, the
conditioned field inside the domain is the discrete harmonic extension of the boundary
value to the whole domain plus an independent copy of a zero boundary discrete GFFE.

While this exact decomposition does not carry over to general Ginzburg-Landau
measures, the next result due to Jason Miller, see [12], provides an approximate version.

Theorem 2.2 ([12]). Let D C Z? be a simply connected domain of diameter R, and
denote D" = {x € D :dist(z,0D) >r}. Let A be such that f : 0D — R satisfies
maxzeop |f (z)] < AllogR|®. Let ¢ be sampled from the Ginzburg-Landau measure
(1.3) on D with zero boundary condition, and let ¢/ be sampled from Ginzburg-Landau
measure on D with boundary condition f. Then there exist constants c¢,~,¢" € (0,1), that
only depend on V, so that if r > cR” then the following holds. There exists a coupling
(¢, "), such that if ¢ : D" — R is discrete harmonic with ¢|ap- = ¢! — ¢|opr, then

1P(¢f:¢+¢§mD’“) >1-c(A)RY.

Here and in the sequel of the paper, for a set A C Z? and a point = € Z?, we use
dist(x, A) to denote the (lattice) distance from x to A.

2.3 Pointwise tail bound

We also recall the pointwise tail bound for the Ginzburg-Landau field (1.3), proved in
[1].

Theorem 2.3. [1, Proposition 1.3] Let g be the constant as in (1.4). For all uw > 0 large
enough and allv € Dy we have

u?

P (6(v) > u) < exp <ngst(8DN)

+ o(u)) : (2.3)

This allows us to conclude that the maximum of #”~:° does not occur within a thin
layer near the boundary.

Lemma 2.4. Given ¢ < 1, there exists ' > 0 such that
P (MAN > (2 —6) 1ogN) < N7,

where
Ay ns = {v € Dy : dist(z,0Dyn) < N°}.

Proof. Let A = dist(z,0Dy). For ¢’ small enough, applying Theorem 2.3 with v =
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(2/g — &') log N yields

log N)* 20" (log N)*

P(6y> (205 — ) log N) < 2 g men oo

G0 3 (25— ) logN) eX( ogA 5 Togh +0(log N)
< N_2+25’/\/§+0(1)’ forallv e AN,Né'

Therefore a union bound yields
P (MAN v > (2¢/g—0)log N) < NO—1426'/y/gto(1)

It suffices to take §’ such that 26'/,/g < 152. O

3 The recursion and proof of Theorem 1.1

We prove Theorem 1.1 by establishing a recursion similar to the one in [3]. It is
natural to look for such recursion on dyadic boxes. However, unlike the Gaussian case,
the fine field and the harmonic function obtained by applying Theorem 2.2 are not
independent. This makes it difficult to control these harmonic functions and make the
recursion work for dyadic boxes. Instead, we prove a recusion for some random variable
My,,, where Yy C Dy is a specific subset that interpolates the N interior and N7
interior at one side of Dy (with v as in Theorem 2.2), such that the harmonic functions
obtained from that theorem can be explicitly controlled (with their expected maximum
uniformly bounded, see Lemma 3.3 below).

Denote by Ty = [-N, N| x {N} C Dy the top part of the boundary of Dy. For fixed
e > 0, define

Yy = {v € Dy : dist(v,0Dn) > eN} U {v € Dy : dist(v,0Dy) = dist(v,Tn)}.
For § € (0,1), we also define Yy 5 C Yy as
YN}(; = {U eYy: diSt(’U,TN) > Nl_é} ,

see Figure 1. We will later choose 1 > § > « according to Lemma 3.2 below.
Lemma 3.1. For the constant g = g(V') in (1.4), we have

— 2/g in L?. (3.1)

Moreover, for any ¢’ € (0, 2\/§) there exists § > 0, such that
P (My, , < (2y/g—¢)logN) < NP (3.2)
Proof. Let D% := {v € Dy : dist(v,0Dy) > eN}. Since

MDJEV < MYN,S < MDN
logN ~— logN ~ logN’

the claim (3.1) follows from [1], since the upper control on Mp, /log N follows from (1.4)
while the estimate for IP (M ps, < (2y/g — ') log N) (and therefore the lower control on
MDJEV /log N) follows from the display below (5.19) in [1]. The latter also yields (3.2). O

We now switch to dyadic scales. Forn € N, set N = 2" and m,, :== My,, ,. We set up
a recursion for m,,. The starting point of the recursion is the following inequality, which
we will prove,

v v

vev) veY, 7}

Emyqo = EMy,, ; > Emax{ max ¢P+V-0 max ¢D4N’O} —on (1),
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INl—J

eN

2N

Figure 1: The domain Yy 5.

where Y]E,’;)(; are the translations of Yy s, defined by Y]E,I#); =Yns+ (—1.1N,3N), Y]S,%()S =
Yn,s + (1.1N,3N), see Figure 2 Here and in the sequel, we write ¢2° for various sets As
to emphasize the 0 boundary conditions on the boundary of A.

The next two lemmas will allow us to control the difference between ¢”+¥:0 and
¢P~-0 (and as a consequence, between mpu+2 and m,). Set Dg\}) = Dy + (—1.1N,3N),
D = Dy + (1.1N, 3N).

Lemma 3.2. There exist 8,1 > § > ~ > 0, such that the following statement holds. Let
Dy = {v e DV : dist(v,0DY)) > NV}. Then there exists a coupling P of

(¢D4N=0, qug\})’O, nggvz)vO) and an event G with P (G¢) < N~%', such that nggvl)*O and (;SD%)’O
are independent and, with hq(f) being harmonic functions in D%) with boundary conditions

)
¢pPN.0 _ pPN' 0 on the event G, we have

D

) , .
DN = g N Oy h{Y, for allv e Y]E;‘Y) fori=1,2.

o

Moreover;, there is a constant Cy = Cy (), such that, forany 1 > 6 > ~,

max Var (hgf)) < Cy(9).

i=1,2
vEY]E;’)é

Lemma 3.3. With notation as in Lemma 3.2, there exists a constant C'; < oo, such that

Emin min hgf) = —Emax max hgf) > —C,.
i ovev() towev

The proof of Lemmas 3.2 and 3.3 are postponed to Section 4. In the rest of this
section, we bring the proof of Theorem 1.1.

Proof of Theorem 1.1. Denote by m; an independent copy of m,,. In order to compare
Em,,+2 and lEm,,, we first consider a thickening of Y,y s, defined by

Yins = {v € Yy : dist(v, Ty) > N' 70},

ECP 24 (2019), paper 19. http://www.imstat.org/ecp/
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Figure 2: The domains Yls,i )6, with the boundary pieces R, Q.
so that Yjs,l(); U ng,%(); C }74N_,5. Let my42 1= MY,W 5 We have

Efpio — Empie < E(Mpt2 — Mat2) Lingo>ma s

< 2 (Emiw)lm P (g2 > Mnga) '/

To see that the last quantity goes to zero as n — oo, use (3.1) of Lemma 3.1 and
Mp42 < Mpyo < Mp,, together with (1.4) to obtain

(Em2,,)"% = 0 (log N). (3.3)

On the other hand, the same argument as Lemma 2.4 (that uses Theorem 2.3 and a
union bound) implies the existence of some ¢’ > 0, such that

IP( max ¢(v)>(2\/§6/)logN> <NT

vEYin,s\Yan,s

Together with the lower tail in Lemma 3.1 we see that
R 1/2 s_1 5\t /2
P (mn+2 > mn+2) S (N 2+ N ) .

Therefore Em,, 2 — Em,+2 — 0 as n — oo. We also notice that it follows from (3.3) and
Lemma 3.2 that

Eritnsalge < (Em2,,) " " P(G°)/? < ON~/21og N 0.
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We combine Lemmas 3.2 and 3.3 and the estimates above, to conclude

Emyyo > Emyyo —on (1) > Emyqolg —on (1)

Y

E

©) ,
1g max max <¢5” s hg”)} —on (1)
s

v UEYzS;)
> Emax{my,m)}+ 2Emin mi(n) R — 2F [1gemy,] — oy (1) .
boveYyss

We apply (1.4) to conclude that

/2 _ ClogN

- T N9Y/2

E [lgem,] < P (G9)'* B [m?]
Thus for all large n, we can apply Lemma 3.3 to get
Emy42 > Emax {m,,m)} — 3C;.

Using max {a,b} = 3 (a + b+ |a — b|) in the first inequality and and Jensen’s inequality in
the second’, we obtain

1 1
Emyyo — Em, > §]E |my, —my| —3C; > iE |my, — Em}| — 3C}. (3.4)
We need the following lemma.
Lemma 3.4. There exists a sequence {n;} and a constant K < oo such that
Emp, 42 < Em,, + K.

Proof of Lemma 3.4. Take K > 4,/g. Suppose that no such sequence {n,} exits. Then,
for all n large enough, Em,, 42 > IEm,, + K. This implies

Em,, K
2 > 5 > 29,

which contradicts with (3.1). O

lim inf
n—oo

Remark 3.5. A variation of this proof shows that the sequence log, n; can be chosen
with density a(K), with a(K) — 00 1.

We continue with the proof of Theorem 1.1. Using the subsequence {n;} from Lemma
3.4, we have from (3.4) that

E |my, —Em;, | < 2K + 60,

Nk

which implies that {mnk — ]Em;';k_} is tight. It follows that the sequence of random
variables e 0
MD?V ‘= max {@, Ve v € Dy, ,dist(v, 0Dy, ) > N,i_‘s}
k

is tight around its mean. Indeed, since M p3, 1s the maximum of 4 rotated (possibly
k
dependent) copies of m,,,, there exists Uy < oo, such that

E|Mp; —Em,| = E

max(m{l) — Emy,)

1=

4
< EY \mgg — Emn, | < 4E |my,, — Emn,| < Co.
i=1
Jensen'’s inequality implies
‘EMD?V — Emy,| < Cs,
k
ECP 24 (2019), paper 19. http://www.imstat.org/ecp/
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and therefore

E‘MDISV ~EMp, | <20,
k k

Finally, combining the lower tail estimate in Lemma 3.1 and Lemma 2.4, we obtain

_ 1/2
P (MDNk > Mps, ) < (2"’“(6_1) + 2_B"k) , for some 3 > 0,
) k
so that

EMbp,, — EMD;‘Vk < E (MDNk - MD‘?WC) 1{”’3% >Mpg }
k

_ 1/2 , \1/2 L \1/2
< P (Mp,, > Mpg ) {(EMDM) + Bz, k) }
1/2
< 2. (2"k<5—1> n 2“3’%) O (log N},) — 0.
We conclude that the sequence {MDNk —EMp,, } is tight. O

4 Proof of Lemma 3.2 and 3.3

Proof of Lemma 3.2. The existence of the harmonic decomposition is implied by the
Markov property and Theorem 2.2 (with ¢’, v taken as the constants in Theorem 2.2). It

thus suffices to obtain an upper bound for Var (h,(j)). Write hg) = B&” — BE,“, where ﬁg,i)

is the harmonic function in Dy\;(i) with boundary value ¢”+~-%, and BS,") is the harmonic

) with boundary value QSD%)’O. Without loss of generality we set ¢ = 1.

Notice that h'" is a linear functional of oP 80,

function in D};"

(1)
= 5 By 0670,
zE@DX}(l)

(€]

where H ap7® (v, -) is the harmonic measure of DX,’ seen at v. Applying the Brascamp-

Lieb inequality (2.1) withn = H, o) (v, ) we get
N

Var (hg”) < ¢~"Vargrrp (th) )
The orthogonal decomposition for GFF implies

VarGFF (il,q()l)) = VarGFF (EGFF |: 1[))4N’0“/—"8D7N,(1):|)

DW‘(U,O
= Vargrr [¢)*"°] — Vargrr [% N ]

and
. W e
Vargrr (hq(jl)> = Vargrr {dh?’v ’O] — Vargrr {%DN ’0} .

Take some 6 € (,1). We now estimate the last two expressions for different regions
ofv e ng,l,();. First of all, it suffices to control i for v € 8Y]E,17[)5. Let

Q : = {1} € 6Y]E,173; s dist(v,0Dy) = dist(v,T)} ,
R : = {v € 8Y]£,{()5 : dist(v,0Dy) =5N} .
ECP 24 (2019), paper 19. http://www.imstat.org/ecp/
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We first show that
max Vargrr (/35})) < CVe),
vER

max_Varger (135,”) < CyNI. 4.1)

vEQUR

Indeed, standard asymptotics for the lattice Green’s function (following e.g. from [11,
Proposition 1.6.3]) give, for some constant g,

D%(l)’o
Vargrr [¢5)*""°] — Vargrr [% N ]

= g <log dist(v, 0D4n) — log dist(v,aDX,’(l))) +on (1)

IA

4N
go log NN +on (1) < C(e),

and similarly,

P o 1 g
Vargrr |:¢v N7l — Vargpr [¢u N

. (log dist(v,0DV) — log dist(v, apj&”)) +O (N
N° —1 -5

To conclude the proof, we also claim that

ma Varcer (Ag)) < ONTO, 4.2)

(Recall that § € (,1).) Indeed, denote by T, the top boundary of D};, we apply asymp-
totics for lattice Green’s function to obtain

Vargrr [¢}*¥ ] — Vargrr {¢5N’O}
= go (log dist(v, 0D4n) — log dist(v, 8D},)) + O (N~ 1)
= go (log dist(v, T") — log dist(v, 7)) + O (N ') .

Since
dist(v, T) N°

— 22 <log —— < CN??
8 dist(v,7,) = S NO— N7 = ’

we obtain (4.2). O

Proof of Lemma 3.3. Recall that hq(f) = qui) — BSP. We will prove that there exist Cy < oo
and o > 0, such that for all C; > Cy,

P <maxiz$)1) > Cl> < e (4.3)
vEQR
P <max fzgl) > C’1> < e‘“cl, (4.4)
vER
IP< min h{Y < 01> < eTo0, (4.5)
vEQUR
ECP 24 (2019), paper 19. http://www.imstat.org/ecp/
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Indeed, (4.3) follows from (4.2) and the exponential Brascamp-Lieb inequality (2.2) (with
n= H(')D%’(l) (U, ))

P (1) < P (i
(E}Ileaéihv >01) < 1@l max (hv >01)

%
CyVargrr (ﬁq(,l))

IN

C3Nexp | —

IN

CQ
CsN exp (ClN‘sV) ,
2

where (5, C3 are some fixed constants. The same argument using (4.1) gives (4.5).
We now prove (4.4) using chaining. Omitting the superscripts (1) in () and D3,
we claim that there exists K < oo, such that for u,v € R,
|u— vl
eN
Applying the orthogonal decomposition of the DGFF we obtain

Varger [ﬁu _ hv} <K (4.6)

PN — gDu 0 = IR0 _ G ONO o,

Y Yy ~ ~
and therefore, by the independence of (bf N9 qﬁf v and h. — h, under the DGFF
measure,

Dy 0] . 4.7)

VarGFF |:ilu - iLv:| = varGFF [¢54N’0 - ¢UD4N’ ] VarGFF |:¢u v:0 — ¢'u

We now apply the representation of the lattice Green’s function, see, e.g., [11, Proposition
1.6.3],

GPN (u,v) = Z Hapy (u,y)aly —v) — a(u — v),
yEODN

where Hyp,, (u,-) is the harmonic measure of Dy seen at u and a is the potential kernel
on Z? which satisfies the asymptotics

2 _
a (@) = = logla| + Do + O (Jal %),

where Dy is an explicit constant (see e.g. [11, Page 39] for a slightly weaker result which
nevertheless is sufficient for our needs). Substituting into (4.7), we see that

Varggr [¢} " — ¢¥°] — Vargrr [¢uN’ - ¢5)N’O}
= GPW (u,u) + GP (v, v) — 2GP (u,v)
- (GDX’ (u,u) + GP¥ (v,v) — 2GPX (u, v))
= Z Hop,, (u,z)a(u—z) Z Hyp,y (v,2)a(v—2)

2€0DyN 2€0D4N

-2 Z Hop,x (u,2)a(v—2)

2€0DyN

Z Hypy (u,z)a(u—2) Z Hypy (v,2)a(v—2)

2€0D}, z€dD};

+2 Z Hypy (u,2)a(v—2)
2€0D7,

= AD4N - AD%

ECP 24 (2019), paper 19. http://www.imstat.org/ecp/
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We now apply the Harnack inequality, see [11, Theorem 1.7.1],

u—v|
|H3D4N (u’ Z) - H3D4N (’U,Z)‘ < AN
to obtain
AD4N = Z H3D4N (u7z) (CL(U—Z) —a(v—z))
z€0DynN
+ Z H3D4N v Z) H3D4N (ua Z)) a (”U - Z)
2EO0D4N
lu— v
< AN Z H3D4N (U7Z)
2€EOD4N

2
+ Z (Hop,y (v,2) — Hop, (u,2)) <a (v—12)— ;logN — DO)
2€0D4N

u = vl

N 3

< K for some K < oo.

The same argument gives ’ADX, <K |“E;V”|, thus (4.6) is proved.

Now fix a large ky. For k > kg let P, be subsets of R that plays the role of dyadic
approximations: P, contains O (2’“) vertices that are equally spaced and the graph
distance between adjacent points is e N27%. For v € R, denote by P (v) the k*" dyadic
approximation of v, namely the vertex in P, that is closest to v. Then for v € R,

h = Pko Z th+1(1) th(v)~
k>ko

We now apply the exponential Brascamp-Lieb inequality (2.2) with
n= HaDp(l) (Pk+1('[}), ) - HaD‘YN;(l) (Pk(v)v ) 9

(4.6), and a union bound to obtain

—k
N A 3
(CTRe

e w() %)
oo e(3).

for some constant Cy. Since both / K (%)71C and the tail probability are summable in £,
we conclude that (4.4) holds. O
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IN
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