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We present in this review recent developments in the theory of metastable
Markov chains. The goal of the theory consists in describing the evolution of a
Markov chain by a simpler dynamics, typically one whose state-space is much
smaller than the original one, preserving the “macroscopic” features of the orig-
inal process.

To illustrate the problem, we present in the next section an example which
motivates the definitions of metastability introduced in Section 2. We then de-
velop three general methods, based on the characterization of Markov chains as
solutions of a martingale problems, to derive the metastable behavior of these
dynamics.

There are two recent and compulsory monographs on this subject. The first
one, by Olivieri and Vares [111], addresses the problem from the perspective of
the large deviations theory, and the second one, by Bovier and Den Hollander
[31], uses potential theoretic tools. We do not recall these approaches here and
refer the reader to the books. The reader will also find there physical motiva-
tions, an historical account and an exhaustive list of references, three aspects
which are overlooked here. We tried, though, to include in the references the
articles published after 2015.

Throughout the article, all new notation and concepts are introduced in blue.
We believe this will help the reader who may want to skip some introductory
parts. We present in Section A and B all results on Markov chains and potential
theory used in the article. Comments on the method presented in this review
are left to the end of Subsection 2.3.
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1. A random walk in a graph

We present in this section an example of a Markov chain to motivate three
different definitions of metastability. Denote by Exn, N > 1, the set shown in
Figure 1. In this picture, each large square represents a d-dimensional discrete
cube of length N, Ay = {1,...,N}¢ d > 2. Each pair of neighboring cubes
has one and only one common point. In particular, Ey has 4(N¢ —1) elements.
Elements of Ey are represented by the Greek letters 7, £, ¢, and are called
points or configurations.

Eo N

E3 N Ein

Ea N

Fic 1. The set Ey.

Let E;n, 0 < 5 < 3, be copies of Ay. The set En is formed by the union
of the sets E; y in which some corner points have been identified. We denote
by Ep,n the north cube and proceed labeling the sets in the clockwise order so
that E'3 n represents the west cube.

Denote by 7y (t) the continuous-time, Ey-valued, Markov chain which waits
a mean-one exponential time at each configuration and then jumps uniformly
to one of the neighbor points. This Markov chain is clearly irreducible. Denote
by deg (1), n € E, the degree of the configuration 7, that is the number
of neighbors. The measure 7y, defined by mx(n) = Zy'deg (1), where Zy is
the normalizing constant which turns wy a probability measure, satisfies the
detailed balance conditions, and is therefore the unique stationary state.

The purpose of this section is to provide a synthetic description of the Markov
chain 7y (t). In this example, the reduced model is evident. Denote by Ty :
En — {0,1,2,3} the projection which sends a configuration in E; x to j:

3
Tnm) = > kxm(),
k=0

where Y 4 stands for the indicator function of the set A. The value of Yy at the
intersections of the cubes is not important and can be set arbitrarily.
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The derivation of the asymptotic evolution of the coarse-grained model

Yn(t) = Tn(nn(t))

is based on properties of random walks evolving on discrete cubes. Denote by
zn(t) the symmetric, continuous-time random walk on Ay [the process ny(t)
restricted to Ax], and by 7y, its stationary state, the probability measure which
gives weights proportional to the degree of the vertices. It is well known, cf. [96,
Proposition 10.13], that the mixing time of zy(¢) is of order N? and that the
time needed to hit a point at distance N is of order ay = N?log N in dimension
2, and ay = N? in dimension d > 3.

Assume that the chain starts at the center of the cube Ej; . Denote by
B the set of points which belong to more than one cube, called hereafter the
intersection points, and by HY the hitting time of B:

HY = inf{t>0:nx(t) € B}.

Since the mixing time is of order N2 and the hitting time HY is of a much
larger order, the chain equilibrates, or thermalizes, before reaching one of the
corners of F; . This mean that the distribution of the chain approaches mx
before attaining B. In particular, ny(t) looses track of its starting point before
hitting one of the corners, and it reaches one of the two intersection points with
a probability close to 1/2.

After thermalizing inside the cube E; y, the random walk 7y (t) wanders
around E; n for a length of time of order ay, and then attains a point in
the intersection of E; v with Ej4+1 n, where summation is performed modulo 4.
Denote this point by £, and assume, to fix ideas, that it belongs to E; NNE; 11 N

Fix a sequence (¢ : N > 1) such that £y — oo, £5/N — 0. The precise
choice of ¢ is not important. Denote by Vi the set of points in En which are
at an Euclidean distance £y or less from £. After hitting £, the random walk
performs some short excursions from £ to & which remain in V. Some of these
excursions are contained in the set E; y and some in F; 1 n.

It takes a time of order ¢%; for ny(t) to escape from Vy, that is, to reach a
point in Vi, the complement of V. Note that ¢% is much smaller than o and
so the escape time from Vy is negligible in this time-scale.

Starting from a point at the external boundary of Vy, it takes a time of order
N?log/ly in dimension 2 and N? in dimension d > 3 to hit again the set B.
Since this time is much longer than the mixing time, once in Vy, before hitting
the set B again, the process equilibrates inside the cube. Thus, we are back
to the initial situation, and we can iterate the previous argument to provide
a complete description of the evolution of the random walk ny(t) among the
cubes.

According to the previous analysis, the evolution of the random walk can be
described as follows. Starting from a point not too close from the corners, the
random walk equilibrates in the cube from where it starts before it reaches one
of the intersection points. Since it has equilibrated, it reaches one of the two
boundary points with equal probability. Then, after some short excursion close
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to the intersection point, it escapes from the corner to one of the neighboring
cubes, with equal probability due to the symmetry of the set En. In particular,
with probability 1/2 the random walk returns to the cube from which it came
when it hit the intersection point. The escape time being much shorter than the
equilibration time, the small excursions around the intersection can be neglected
in the asymptotic regime. After escaping, the process equilibrates in the cube
where it is and we may iterate the description of the evolution.

Loss of memory being the essence of Markovian evolution, in the time-scale
an, the coarse-grained, speeded-up process

Yn(t) == Yn(tan) = Tn(nn(tan))

should evolve as a S := {0, 1, 2, 3}-valued, continuous-time Markov chain Y ()
with holding rates equal to some A > 0 and jump probabilities given by p(j,j +
1) =1/2.

In which sense can Y y(t) converge to a Markov chain? Figure 2 presents a
typical realization of the process Y y(¢). The process remains a time interval
of order ay at a point x € S until 7y (t) reaches an intersection point. At this
time, nx (t) performs very short excursions [in the time scale ay] in both neigh-
boring squares. These short excursions are represented in Figure 2 by the bold
rectangles to indicate a large number of oscillations in a very short time interval.
After many short excursions the random walk escapes from the boundary and
remains in one of the neighboring cubes for a new time interval of order ay.

an

O = N W

t

Fic 2. A typical trajectory of the process Xn(t). The red arrows indicate the length of the
time intervals which are of order ap.

These fluctuations in very short time intervals, represented by the black rect-
angles in Figure 2, rule out the possibility that Y x(¢) converges in any of the
Skorohod topologies. Thus, either we content ourselves with the convergence
of the finite-dimensional distributions or we need to adjust the trajectories of
Y n(t) by removing these short excursions.

The first step consists in introducing a set Ay C En to separate the squares
E; n. This procedure is illustrated in Figure 3, where &% represents E;j v \ Ay.
The set A is not unique. We only require that it is small enough for the fraction
of time spent in Ay to be negligible, but large enough for the process, starting
from a point outside of Ay, to equilibrate before it hits an intersection point.

In the example of this section, the set X, can be the points of Ej n which
are at distance at least £y from the intersection points, or, as in Figure 3, the
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set of points at distance greater than £y from the faces of the cubes. Here, as
above, ¢y is a sequence such that £y — oo, {n/N — 0.

En

&y

€N

&

Fic 3. The sets Elf\] are indicated in blue. The two red dots represent points in 59\, and E?\,.

The trace process n¢ (t) may jump from one to the other. It has therefore long jumps, in
contrast with the original random walks which only jumps to nearest neighbors. The picture
is misleading as the annulus around each blue square is much smaller than the square.

In the next section, we propose two different types of amendments of the
trajectories of ny(t) to achieve convergence in the Skorohod topology of the
coarse-grained model.

Before we turn to that, consider the example shown in Figure 4. Assume
that each line has N points, counting the common intersection point. Consider
a random walk evolving on this graph. The process waits a mean-one exponential
time at the end of which it jumps to one of its neighbors with equal probability.
Since one-dimensional random walks on a set of N points equilibrate in a time
of order N2, and since it hits a point a distance N in the same time-scale,
there is no separation of scales and the argument presented above to claim the
possibility of a synthetic description of the dynamics does not apply.

Fic 4. A random walk on a graph which does not have a synthetic description as a 3-state
Markov chain.
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The article is organized as follows. In Section 2, we propose three different
definitions of metastability. We present, in Sections 4-7, a general scheme to de-
rive the metastable behavior of a Markov chain in the sense of Definition 2.2 for
dynamics which “visit points”. This approach is based on the characterization
of Markov chains as solutions of martingale problems, examined in Section 3.
In the following two sections, an alternative approach is proposed for dynamics
in which the entropy plays a role in the metastable behavior. In Section 10,
we discuss tightness. In Section 11, we show that conditions (T1), (T2) entail
the metastability in the sense of the last passage, and, in Section 12, we prove
that these conditions together with property (12.1) lead to the convergence of
the finite-dimensional distributions. In Section A and B we recall some general
results on Markov chains and potential theory used in the article. In the last
section, we list some dynamics which fall within the scope of the theory.

2. Metastability as model reduction

The phenomenon described in the previous section, in which a process remains
a long time in a set in which it equilibrates before it attains, in a very short
transition, another set where the same behavior is observed, is shared by many
different types of dynamics (cf. Section 13 for many examples).

For this reason, we present in a general framework the adjustments needed in
the trajectory of the coarse-grained model to yield convergence in the Skorohod
topology. Let (Ex : N > 1) be a sequence of finite state spaces. Elements of Ey
are represented by the Greek letters 7, £, (. Denote by ny(t) a continuous-time,
FEn-valued, irreducible Markov chain. Its generator is represented by Ly and
its unique stationary state by my. Therefore, for every function f: Exy — R,

Ln ) = > Bvm& [ £ —fn)],
EEEN

where Ry (7, &) stands for the jump rates.
For a nonempty subset A of Ey, let H4, resp. HX, stands for the hitting
time of the set A, resp. the return time to A,

Hy == inf{t >0:nn(t) € A}, HEI = inf{t>n:nn(t) € A}. (2.1)

in this formula, 71 represents the time of the first jump of ny(t), 71 = inf{t >

0:nn(t) # nn(0)}

Assume that Ey contains n > 1 disjoint sets €X,..., &Y%, called wvalleys,
separated by a set Ay, so that €L,..., %, Ay forms a partition of Ey. Let
S :={1,...,n}, and denote by ®x: Ex — S U {2} the projection which sends
a configuration in &%, Ay to j, 9, respectively:

y(n) = Y kxex (M) + dxay(n) -
k=1

Let Xn(t) be the (S U {d})-valued process given by
XN(t) = (I)N(ﬂN(t)) . (22)
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In the example of the previous section, the trajectory of Xy (t) = ®n(nn(t))
resembles the one presented in Figure 2 with additional spikes due to very short
excursions [in the time scale ay] out of €K, which occur far from the intersection
points.

2.1. Last passage

The first adjustment of the trajectories which enables convergence in the Sko-
rohod topology consists in removing the fast fluctuations by recording the last
set €K visited by ny(¢). For t > 0, denote by nx (¢ —) the left limit of ny at t:

n(t-) = s—}%ngqmv(s)'
Let X)X (t) be given by
Xy (t) = @n(nn(on(t)) . (2.3)
where
t if t
on(t) = i (f) € En
wy(t) — otherwise,

and to (t) represents the last time before ¢ the process was in one of the valleys
ek

n
wy(t) = sup{s <t:nn(s) € Ex} and En = U ek .
k=1

If the set on the right-hand side is empty, we set o (¢) = 0. This remark is not
important as we will always start the process from a configuration in €. Note
that XX (t) € S because ny(on(t)) € En for all t > 0 whenever nx(0) € En.
Here is an alternative way, may be simpler, to define the process X} ().
Define inductively the sequence of stopping times (T} : j > 0) by Tp =0,

Tyay = inf {¢>T;: By (1) € S\ { @ (T)}}, J > 0.

Hence, Tj41 is the first time after T} at which ®(ny(t)) takes a value different
from d and ®(nn (7})). In other words, Tj4+1 is the first time after T; at which the
process 7y (t) visits a new valley. Then, by definition of XX (¢), on the interval
[T5, Tj1), XN (t) = on (0w (T ):

Xx(t) = Z‘PN(WN(:’}))X[T,-,T,-H)@)-

720

Here, recall, x4 stands for the indicator function of the set A.

The time change vy (t) removes the rapid oscillations from the trajectory.
Indeed, in the example of the previous section assume that the process starts
from a configuration in €K, and denote by €} the next valley visited. Recall
that H, i represents the hitting time of this valley. In the time interval [0, H &, ),
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during the rapid excursions of the random walk ny(¢) in Ay, X} (t) remains
equal to k. In particular, the fast fluctuations in the time interval [0, H gl | are
washed out. We may iterate the argument starting from time H &4, to extend
this property to the full trajectory.

Since H&’ is of order ay, the trajectory of X)X (¢) is formed by a sequence
of time mtervals of this magnitude in which the process remains constant. The
objections raised above for the convergence in the Skorohod topology are thus
overturned, and we may expect, due to the loss of memory which emerges from
the equilibration, that in the time scale ay, XX () converges to a S-valued
Markov chain in the Skorohod topology.

Definition 2.1 (Metastability according to LP). The Markov chain ny(t) is
said to be metastable, in the sense of last passage, in the time-scale Oy if there
exists a partition {EX,...,E%, AN} of the state space Ex and a S-valued,
continuous-time Markov chain X (t) such that

(LP1) For any k € S = {1,...,n} and any sequence (nn : N > 1) such
that nx € &%, starting from ny, X x(t) = XX (t0n) converges in the
Skorohod topology to X (t).

(LP2) The time spent in Ay is negligible: For allt >0

lim maxE {/OtXAN(nN(SHN)) ds} =0.

N—oconeln

The sets Ei\, are called valleys and the process X (t) the reduced model.

The main difficulty in proving such a result lies in the fact that the process
nn(on(t)) is not markovian. For this reason we propose an alternative modi-
fication of the trajectory which keeps this property. This method requires the
definition of the trace of a process, which we present below in the context of
continuous-time Markov chains taking values in a finite state space.

2.2. Trace process

Let E be a finite set and let n(t) be an irreducible, continuous-time, E-valued
Markov chain. Denote by R(n,&), n # £ € E, the jump rates of this chain,
by An) = > ccp R(n,€) the holding rates, and by 7 the unique stationary
probability measure.

Denote by D([0, c0), E) the space of right-continuous trajectories w : [0, 00) —
E which have left limits endowed with the Skorohod topology [26]. This notation
will be used below, without further comments, replacing F by another metric
space. Let P,,, n € E, be the probability measures on D([0,00), F) induced
by the Markov chain 7(t) starting from n. Expectation with respect to P, is
represented by E,,.

Fix a non-empty, proper subset F' of E and denote by Tr(t), t > 0, the total
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time the process 7(t) spends in F' on the time-interval [0, t]:

Tp(t) = / X (n(s) ds

where, we recall, xr represents the indicator function of the set F. Denote by
Sr(t) the generalized inverse of the additive functional Tr(¢):

Sp(t) := sup{s >0:Tp(s) <t}. (2.4)

The irreducibility guarantees that for all ¢ > 0, Sg(¢) is finite almost surely.

The process T is continuous. It is either constant, when the chain visits con-
figurations which do not belong to F, or it increases linearly. Figure 5 illustrates
this behavior. Denote by ng(t) the trace of the chain n(t) on the set F, defined
by nr(t) := n(Sr(t)). Taking the trace of the process corresponds to changing
the axis of time in Figure 5. When the process hits F'°, time is frozen until n(¢)
reaches F' again, at which time the clock is restarted. In particular, np(t) takes
values in the set F.

E Tp
b - / b s
Ty T> T +Ts
a — a

t t t

Fic 5. An example of the transformation which maps the chain n(t) into its trace on the
set {a,b}. The first graph shows the trajectory of n(t), the second one the function Tr(t) for
F = {a,b}, and the third one the trajectory np(t) = n(Sr(t)). Note that Sp(t) is obtained
from Tg(t) by inverting the roles of the x and y axes.

It can be proven [15, Section 6] that np(¢) is an irreducible, continuous-time,
F-valued Markov chain. The jump rates of the chain ng(t), denoted by Rr(n, ),
are given by

Rp(n,€) == M) Py[Hg = He], n,6€F, n#¢, (2.5)
where the hitting time H4 and the return time H:{ have been introduced in
(2.1).

The unique stationary probability measure of the trace chain, denoted by
7w (n), is the measure 7 conditioned to F:

mr(n) = —=, nekF. (2.6)

Moreover, 7 is reversible if so is 7 [15].
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2.3. Metastability

We return to the chain 7y (¢) introduced at the beginning of this section. De-
note by }P’nN, n € Ep, the probability measures on D([0,00), E) induced by
the Markov chain ny(t) starting from 7. Expectation with respect to IP’fIV is
represented by ET]]V .

Denote by 7~ (t) the trace of the process 1y () on the set € . As explained in
Figure 5, by taking the trace of ny(t) on &y we first remove from the trajectory
the time-intervals corresponding to the excursions in Ay (the intervals in black
in the leftmost picture of Figure 5), and then, we push back the trajectory, as in
the rightmost picture of this figure. This procedure removes rapid fluctuations
from the trajectory providing an alternative definition of metastability.

Let U: En — S the projection which sends a configuration in &%, to j:

Un(n) = Zk’Xs?v(U) :
k=1

In contrast with ®, ¥y is defined only on €. Let X% (t) be the process given
by
XI(t) = U (1)) . (2.7)

Note that X% (t) is not a Markov chain, but just a hidden Markov chain. It
corresponds to the trace on S of the process Xy (t) introduced in (2.2).

Definition 2.2 (Metastability). The Markov chain ny (t) is said to be metastable
in the time-scale Oy if there exists a partition {E€X,...,E%, AN} of the state
space En and a S-valued, continuous-time Markov chain X (t) such that

(T1) Foranyk € S ={1,...,n} and any sequence (ny : N > 1) such that ny €
k., starting from ny, the process X n(t) == XL (tOy) = Un(n°N (tn))
converges in the Skorohod topology to X (t);

(T2) The time spent in Ay is negligible: For allt >0

t
et [ vtmton ] -

The first condition asserts that in the time scale 8y the trace on S of the
process Xy (t) converges to a Markov chain, while the second one states that
in this time scale the amount of time the process Xy (f) spends outside S is
negligible, uniformly over initial configurations in €. In particular, condition
(T2) can be stated as

N—oconeln

t
lim maxEéV{/O Xo (XN (s0n)) ds} =0.

Remark 2.3. The use of the word “metastability”, instead of tunneling, to
name the phenomenon described in the previous section, might be inadequate.
Metastability has been used to represent the transition from a metastable state to
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a stable one. This corresponds to the case in which the reduced model X (t) takes
value in a set with two elements, one being transient and the other absorbing.
We allow ourselves this abuse of nomenclature.

Remark 2.4. The same sequence of Markov chains (nn(t) : N > 1) may
have more that one metastable description. In a certain time-scale oy, one may
observe transitions between shallow valleys and in a much longer time-scale By
transitions between deeper valleys.

Remark 2.5. There are examples of Markov chains [63, 62, 78, 79, 13] with a
countably infinite number of valleys. In these cases, the reduced model X (t) is
a continuous-time Markov chain in a countable state-space. In this article, we
restrict ourselves to the finite case to avoid technical issues on the martingale
problem.

Remark 2.6. One of the main features of metastability is the fast transition
between valleys. This information is encapsulated in condition (T2) which states
that the time spent outside the valleys is negligible. In particular, the transition
time between two wvalleys is negligible in the metastable time-scale.

Remark 2.7. All results presented in this review are in asymptotic form, they
characterize the limiting behavior of the coarse-grained model. Quantitative es-
timates at fired N are important in concrete problems. For example, to describe
synthetically a molecular dynamics which can be represented as a Markov chain
in a very large, but fixed, state space. The problem consists in finding a reduced
model which keeps the main features of the original chain. It might be interesting
to adapt the approach presented here to this framework.

The transition path theory [54, 101, 33, 98] has been designed for this set-up,
as well as the intertwining method [11, 8, 9, 10]. See also the results by Bianchi
and Gaudilliére [24]

Remark 2.8. In constrast with the pathwise approach [38, 111], no attempt is
made here to describe the transition path between two valleys.

Remark 2.9. In the example of the previous section, the process Xn(t) re-
mains constant in time-intervals of length of order ap. In this sense, ¥ can
be understood as a slow variable, since it evolves in a much longer time-scale
than the original process, and metastability as the search for slow variables and
the description of the evolution of these slow variables.

Remark 2.10. In most examples, as the Ising model at low temperature [10,
105], metastability is observed as a result of the presence of an energy barrier
which the system has to overpass to reach a new region of the state-space.

The example of the previous section is of different nature. In this model, there
18 no energy landscape but a bottleneck which creates a metastable behavior. Here,
entropy [the number of configurations] determines the height of the barriers.
Say, for example, that three squares are 3-dimensional while the last one is 2-
dimensional. In this case, in the time-scale N3, one observes an evolution among
the 3-dimensional cubes and the last square can be included in the set An as
the time spent there is of order N?log N.
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In other models, as random walks in a potential field, both energy and entropy
play a role.

2.4. Finite-dimensional distributions

Definition 2.1 describes the evolution of a modified version of the original pro-
cess, and Definition 2.2 the one of the trace. To avoid tiny surgeries of the
trajectories, we may turn to the convergence of the finite-dimensional distri-
butions, an alternative adopted by Kipnis and Newman in [81] and Sugiura
[121, 122].

Definition 2.11 (Metastability according to FDD). The Markov chain ny(t)
1s said to be metastable, in the sense of finite-dimensional distributions, in the
time-scale Oy if there exists a partition {E€X,...,E%, AN} of the state space
En and a S-valued, continuous-time Markov chain X (t) such that the finite-
dimensional distributions of X ny(t) := Xn(tONn) converge to the ones of X (t).

Note that while X n(t) takes value in S U {2}, X (¢) is S-valued.

3. Martingale problems

The proof of condition (T1) in Definition 2.2 relies on the uniqueness of solutions
of martingale problems, the subject of this section. To avoid technical problems,
we restrict ourselves to the context continuous-time Markov chains taking values
in a finite state-space E. We refer to the classical books [120, 55] for further
details.

Recall the notation introduced in Subsection 2.2. Assume that the Markov
chain 7(t) is defined on the probability space (2, F,P), where Q = D([0, c0), E)
and F represents the Borel o-algebra of D([0,00), E). Let (F7? : t > 0) be the
filtration generated by {n(s): 0 <s <t}.

Denote by L the generator of the Markov chain 7(t): for every function f :
F - R,

(LHm) = > R, E[F(€) = F(m)] - (3.1)
=)
It is well known that for every f: E — R,
t
MI(t) = fn(t) — F(n(0) — /0 (Lf)(n(s)) ds (3.2)
is a zero-mean martingale in (Q, (77),P).

It turns out that the converse is true. Let A be the generator of an E-valued,

irreducible, continuous-time Markov chain, and v a probability measure on FE.

Definition 3.1 (The martingale problem (A4, v)). A probability measures P on
(Q, F) is a solution of the martingale problem associated to the generator A and
the measure v if for every f : E — R the process M/ given by (3.2) [with L
replaced by A] is a martingale in (2, (F?),P) and P[n(0) = n] = v(n) for all
nek.
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Next result is a particular case of Theorem 4.4.1 in [55].

Theorem 3.2. Let A be the generator of an E-valued, irreducible, continuous-
time Markov chain. For every probability measure v in E, there exists a unique
solution of the martingale problem associated to the generator A and the measure
v. Moreover, under this solution, the process n(t) is the continuous-time Markov
chain whose generator is A.

This result provides a simple strategy to prove condition (T1) of Definition
2.2. Fix k € S, a sequence nx € €%, and denote by PV the probability measure
on D([0, 00), S) induced by the process X () = X% (t0) and the measure P, .
Prove first that the sequence PV is tight. Then, to characterize the limit points,
show that they solve a martingale problem (L, dx), where L is the generator of
a S-valued Markov chain [guessed a priori] and 4y, the probability measure on
S concentrated on k. Tightness is postponed to Section 10 and uniqueness is
discussed in the next sections.

4. The martingale approach

We carry out in this section the strategy outlined in the previous section to
prove the uniqueness of limit points of the sequence X %(t) It is based on the
uniqueness of solutions of martingale problems, presented above, and on the
fact that limits of martingales are martingales recalled below.

Let (©, F,P) be a probability space, (F; : t > 0) a filtration, and (My : N >
1) a sequence of martingales measurable with respect to the filtration.

Lemma 4.1. Assume that for each t > 0, My(t) converges in L'(P) to a
random variable M (t). Then, M(t) is a martingale with respect to the filtration
(Fi:t>0).

Proof. Fix 0 < s < t and a bounded random variable Y, measurable with
respect to F,. Since My is a martingale,

E[My()Y] = E[Mx(5)Y]

As Y is bounded and My (t), My(s) converge in L'(P) to M(t), M(s), respec-
tively. The same identity holds with My replaced by M. Moreover, M (t), M (s)
belong to L*(P). Since this identity is in force for all bounded random variable
Y, E[M(t)| Fs] = M(s), as claimed. O

Fix k € S, a configuration ny in €%, and denote by P¥ the probability
measure on D([0,00), S) induced by the process X i (t) and the measure PnNN.
The main result of this section asserts that all limit points of the sequence X X (t)
solve a martingale problem (L, dx) if we can prove a local ergodic theorem and
calculate the limit of the coarse-grained jump function, properties (P1) and (P2)
formulated at the end of this section.
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Fix a function F' : S — R. As the trace process is a Markov chain, (3.2)
applied to the function F o ¥y yields that under ]P’f;’N

ton
My(t) = F(Un(E)) — F(Un(mEY)) — / (e (FoWy)] (1Y) ds

(4.1)
is a martingale. In this formula, L¢, represents the generator of the trace pro-
cess 7N (t). Since X'x(t) = Wn(né™ (t0x)), changing variables this expression
becomes

F(X%#) - F(X50)) - / On [Len (FoUn)] (15 (s6)) ds

Denote by R% (1, €) the jump rates of the trace chain né~ (¢). The expression
inside of the integral can be written as

On > RN(CO{(FoUn) (&) —(Foly)(()} where ¢ = n®¥(sfy).
EEEN

Writing €y as UpEYy, since Wy (€) = £ for £ € €4, this expression is equal to

Oy Y Y RE(n*¥(s0n), €) { F(O) — F(X} () }

teSgeel,

= Y RY(n5¥ (s0n) ) { F(0) = F(XN () } .

Les

where R%)(C ) represent the jump rate from the configuration ¢ to the set €%
for the trace process speeded-up by 6y:

RO©) = ox Y RE(C€). (4.2)

geel,

Up to this point, we proved that the martingale My (t) is equal to

¢

F(XX(0) - ) = [ SR (o)) ()~ FOC () ) s
0 yes

If the functions R(Z) were constant over the sets 8§V, R%)( )= r%)(\ll ~n(n)) for

some rN : S — Ry, the martingale My (t) could be written in terms of the
process X & (s):

My(0) = PO 0) - PG 0) - [ 3 Ao {FO - F (X)) ds.
O tes

Furthermore, if for all j # ¢ € S, the sequences TSV) (j) converged to some

r(j,¢) € Ry, one could replace in the previous formula r ( T(s)) by 7(X % (s),
) at the cost of a small error.
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Therefore, under the two previous conditions, up to a negligible error,

F(X%t) - / D r(XN(s),0) { F(&) — F(X(s)) } ds (4.3)

0 ¢es

is a martingale.
Denote by P a limit point of the sequence P™V. Let X (¢) represent the coor-
dinate process of D([0,0), S):
(

X(t,w) = w(t), w e D(0,00),S), t>0.

Assume that P[X (t—) =X (¢)]=1 for all t > 0, where X (t—) = lims<; s—¢ X ().

Suppose, without loss of generality, that PV converges to P. Let L be the
generator of the S-valued Markov chain associated to the jump rates r. As
P[X(t—) = X(t)] = 1, the finite-dimensional projections are continuous (cf.
equation (13.3) in [26]). Thus, since the expression in (4.3) is uniformly bounded,
we may pass to the limit and conclude from Lemma 4.1 that

F(X(t)) — F(X(0)) - / (LF)(X(s)) ds

is a martingale under the measure P. Moreover, as nx € €%, PV[X(0) = k] = 1
for all N so that P[X(0) = k] = 1. Therefore, P is a solution of the (L, dy)
martingale problem. By Theorem 3.2, this property characterizes P, and under
this measure the coordinate process is a continuous-time Markov chain whose
generator is L.

We summarize the conclusions of the previous analysis in Theorem 4.2 below.
We first formulate the main hypotheses.

(P1) (Local ergodicity). The mean rate functions R%) (n), introduced in (4.2),
can be replaced by coarse-grained functions r%). More precisely, there exist
sequences of functions r%) :&n = Ry, £ €S, which are constant on the
sets &%, j € S, and such that for every function F : S — R, t > 0, and
sequence Ny € En,

N—o0

i By | [ PO (R (05 (03)) = (X5 bas | = 0,
0

(P2) (The coarse-grained jump rates). The sequence of functions r%), les,
called the coarse-grained jump functions, converge. More precisely, since
these functions are constant over the valleys 8’1“\,7 they can be written as

Y (n ZTNkf Xex (1)
kes

for some non-negative real numbers ry(k, £), named the coarse-grained
jump rates. Note from the formula for the martingale My (t) that the
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values of 7y (¢,¢) are unimportant. We assume that these rates converge:
There exist 7(j,¢) € [0,00), such that for all j £A¢ € S,

[\}i—{nooTN(j’[) = r(j,0). (4.4)

Theorem 4.2. Fix k € S, a sequence ny € 85“\,, and denote by PN the prob-
ability measure on D(]0,00),S) induced by the process X n(t) and the measure
IP’éVN. Assume that conditions (P1) and (P2) are in force. Then, every limit point
P of the sequence PN such that

P[X(t—) =X(t)] =1 forall t>0.

solves the (L, ) martingale problem, where L is the generator of the S-valued
Markov chain whose jump rates are 7(j,¢).

Note that we do not need to prove property (P1) with an absolute value
inside the expectation. This observation simplifies considerably the proof of this
replacement.

We present in Sections 5, 6 sufficient conditions, formulated in terms of the
stationary state and of capacities between the sets &%, for conditions (P1), (P2)
to hold. In Sections 8, 9 we propose alternative proofs of the uniqueness of limit
points for the sequence PV,

5. Local ergodicity

In this section, we provide sufficient conditions, formulated in terms of the sta-
tionary state and of capacities, to replace the jump rates Rg\lf), introduced in
(4.2), by coarse-grained jump functions which are constant on each set €X.. We
assume that the reader is acquainted with the results on potential theory of
Markov chains, recapitulated in Section B

Recall from (2.1) the definition of the hitting time H4 and the return time
qur of a subset A of E . For two non-empty, disjoint subsets A, B of E, denote
by capy (A, B) the capacity between A and B:

capy (A, B) = ZWN(n) An(n) Pév[H'B <H}], (5.1)
neA

where Ay () stands for the holding rate at n of the Markov chain ny (¢t): Ax(n) =

deEN RN(777 5)
Recall that

RYm) = ox Y R%(n,€),
geek,

where R% (1, &) represents the jump rates of the trace process. Thus, RE\’;) (n) is
the rate at which the trace process jumps from 7 to €% multiplied by 6. In
view of equation (2.5) for the jump rates of the trace process,

RE\];)(U) = 9[\[ >\N(77) PU[HS_N :Hél’]‘;,] = 0]\/‘ /\N(n) PW[HS?\, < Hg_lfv} 5
(5.2)
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where
e =&y, kes.
ik
In particular, Rg\l,c) vanishes in the interior of the sets Eg\“ where by interior we
mean the set of configurations in €%, whose neighbors belong to &%, [the configu-
ration £ € &% such that ZC@ZS?& Ry (&,¢) = 0]. This means that Rg\lf) is a singular

function. While it vanishes in the interior of the sets 8'5\,, it assumes a large value
at the boundary because the right-hand side of (5.2) is multiplied by 6.

The goal of this section is to replace the time integral of the singular function
RS\I,C) by the time integral of a very regular function, one which is constant at each
set 83\,. This replacement is expected to hold whenever the process equilibrates
in the valleys 8%, before it jumps to a new one.

Let fn : Ey — R be a sequence of real functions defined on €. Fix t > 0,
and consider the time integral

t tOn
/ v (0t (sOn)) ds = i/ fn(nEN(s)) ds.
0 0

On
The time integral can be decomposed according to the sojourns in the sets ‘ng- If
the process equilibrates during these visits, by the ergodic theorem, we expect
the integral of fy over these time-intervals to be close to the integral of the
mean value of fy on these sets. Hence, let

In() = Ex[fnlGn], (5.3)

where Gy represents the o-algebra of subsets of €y generated by the sets 83\,,
j € 8, and 7¢ the stationary state of the trace process né~ () [which, by (2.6),
is the stationary state my conditioned to &y].

Clearly,

Fvm) = > Fn() Xes (), where Fy(j) = — LS O ).

JjES WN(E.jV) Ceggv

The function fN is the candidate, and one expects that, under certain conditions
on the sequence fy,
1 [t e .
oy | A ) = Py () s
vanishes as N — oo.
Theorem 5.1. Let fn, gy : En — R be sequences of functions such that

a) For each j € S, there exists a configuration €N such that
(a) j g

1 < deggv ‘fN(C) |7TN(C)

lim — ma :
N—oo Oy need, CapN(nvfj’N)

)

where the supremum is carried over all configurations n # &N,
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(b) The sequence gn is uniformly bounded and is constant over each set 83\, :
There exist a finite constant Cy and a sequence of functions Gy : S — R
such that

= > Gn(j) Xeq, (n) and max lav(m) | < Co
jes neEN
for all N > 1.
Then, for allt > 0,
t ~
lim max ‘EnN[/ {fN(nEN(SON)) - fN(nEzv(sGN))}gN(UEN(SHN)) ds” =0.
0

N—oconeén

In the reversible case, this result follows from Corollary 6.5 and Proposition
6.10 in [15] and from the hypotheses of the theorem. In the nonreversible case,
it follows from Corollary 6.5 in [15] and Proposition A.2 in [19].

Remark 5.2. The proof of this result takes advantage of the fact that the ab-
solute value is outside of the expectation.
Remark 5.3. To turn the martingale My (t), introduced in the previous section,

into a function of X, we only need to prove the previous theorem for fy = R%),
Jj € S. In this special case, by (5.1) and (5.2),

Z | fn(Q) | mn(Q) = capy (€. EY) -
CESJ

In particular, condition (a) of the theorem becomes that for all j € S, there
exists £ € & such that

el éj
lim max M =0. (5.4)
N—oopegd, gzein capy (1, &)

Remark 5.4. The configuration &N has no special role. By Theorem 2.7 in
[15], if condition (5.4) holds for one configuration in &%, it holds for all.

The coarse-grained jump function, denoted by rg\],) in (4.4), is given by ﬁg\j,)
Thus, by (5.3) and (5.2),

r ) = BY0) = Br [RY1Gn] = D rw(k. ) xer, ()

kes
where, for k # j,
N oo - )
n(k,j) = (R Cezg:k ~(€) Ry ()
o a (5.5)
- (A (Q) B[ Hyy < H, |
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Remark 5.5. Hypothesis (a) of Theorem 5.1 requires the process to wisit all
configurations of the valley €% before it reaches a new one. Dynamics which
display this behavior are said to “visit points”. This class includes condensing
zero-range processes [16, 85, 4, 117], random walks in a potential field [91, 92,
93] or models in which the valleys are singletons as the inclusion process [25]
or random walks evolving among random traps [63, 62, 18, 79], but it does
not contain the example of Section 1. For such dynamics, in which the entropy
plays a role in the metastable behavior, a different approach is needed. This is
discussed in Sections 8 and 9.

6. The coarse-grained jump rates

In this section, we investigate the asymptotic behavior of the coarse-grained
jump rates ry(k, j), defined in (5.5). This is condition (P2) of Theorem 4.2.

6.1. Rewversible case

In the reversible case, we may express the coarse-grained jump rates vy (j, k) in
terms of capacities. If follows from the explicit formulae (5.1), (5.5) and from
an elementary argument taking advantage of the reversibility that

N (&) (4, k)

1 L o )
= On 3 {capN(eﬂ,eJ) + capy(EX,EF) — capy (&7 UEF, Upy;i€") } :

Here and below we often write &7, & for 83\,, c‘u:g\,, respectively. Therefore, in
the reversible case, one can compute the limit of the coarse-grained jump rates
rn(J, k) if one can calculate the asymptotic behavior of wn (€7) and of

On CapN( Ujea &’ ) UkeBek)

for non-empty subset A, B of S such that ANB =9, AUB=S.

6.2. Nonreversible case

Summing over j # k in (5.5) provides a formula for the coarse-grained holding
rates, denoted by Ay (j):

M) = Srn(hg) = — X S an QMO P Hye < HA] . (6.1)

k
7k (&%) T

The expression on the right-hand side corresponds to the capacity between gk
and &F. Therefore,

7TN(EJ)AN(J) = HN CapN(Ej?éj) ) .7 €s. (62)
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Remark 6.1. Equation (6.2) provides a formula for the magnitude of the scal-
ing parameter Oyn. To derive a non-trivial limit for the coarse-grained model
X:’A}, time has to be rescaled by the inverse of the capacity between the sets &
and &3 : ‘

TN (SJ)
capy (€1, E9)

The asymptotic behavior of the coarse-grained holding rates can be computed
through formula (6.2) provided one can estimate the capacities and the measures
of the valleys. Once this has been done, to compute the jump rates, it remains
to estimate the jump probabilities.

Recall from Section A the definition of a collapsed chain. Fix 7 € S, and
denote by 77 (t) the Markov chain obtained from the chain 7y () by collapsing
the valley & to a point, denoted by j. The chain %7 () takes value in ES7 :=
(Ex\&)Uui}y. .

Let PS, n € ES}7, be the probability measure on D([0, 00), ES”?) induced
by the collapsed process 7 (t) starting from 7. Expectation with respect to
IP’nc*j is represented by Egvj . By the last formula of the proof of [19, Proposition
3.4], for any k € S, k # 7,

91\/%

. ryn(7,k ; o
pn(j, k) = % = ]P’jC’J[Hgk < Hg;.], where &Ik = U e .

LeS\{j,k}

Denote by P; the probability measure on D([0, o), S) induced by the reduced
model X (t) starting from j. We present below a set of sufficient conditions which
ensure that py(j, k) converges to P;j[Hy < Hg\ (k] This approach has been
developed and gradually refined in [85, 92, 117], and it is based on the premise
that the capacities can be calculated through the Thomson and the Dirichlet
principles.

Denote by L?(mx) the space of square-summable functions f : Ex — R
endowed with the scalar product (-, - )., given by

<f7.g>7TN = Z f(n)g(n)ﬂ-N(n)

neEN

We assume that the generator £y of the Markov chain 7y (t) satisfies a sector
condition with a constant Cy independent of N: For every f, g € L*(nn),

(Enfy9)an < Col(=Ln)fs Flan ((=LN)Gs 9)nn - (6.3)
Suppose that for fixed j, k € S, k # j,

hm 91\7 CapN(gka éj’k) = CapS(ka S \ {.77 k}) 9
oo L . ‘ (6.4)
im0y capy (€7, &%) = caps(j, S\ {j}) ,

where capg (A4, B), A, B C S, represents the capacity with respect to the reduced
model X (¢).
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We also assume that the capacities for the collapsed process 7%/ (t) can be
calculated: Denote by cap%j (A, B) the capacity between A, B C Eg’j, ANB =
@ induced by the collapsed process %7 (t). We assume that the limit of the
capacity cap%’j(ﬁk, &7F) coincides with capg(k, S\ {J, k}):

im0y capl? (€4, 87%) = capg(k, S\ {jik}) (6.5)

The computation of the capacities requires test flows or test functions which
approximate the optimal ones in the variational principles. It is thus implicitly
assumed in hypotheses (6.4) and (6.5) that explicit expressions for such flows
or functions are available. We assume below that there exists a sequence of
functions V/} : €x — [0,1] close to the equilibrium potential hgk’ g0 given by

hy () = PY[Her < Hg,.o |
in the sense that

Jm Oy Dy (V) = A}ijnoo9NDN(h]ng7gJ,k) = capg(k, S\ {j.k}), (6.6)

where Dy (f) stands for the Dirichlet form of f:

DN(f) = <(_LN)fa f>ﬂ‘N .

The last identity in (6.6) follows from the fact, proved in (B.7), that
DN(hgk gin) = capy (&F, E9%) and from assumption (6.4).

We assume, furthermore, that V]]\,Z is constant in each valley 85\,:

V%) = Y Pi[Hy < Hs\(juy] xee(n) forall neéy. (6.7)
tes

Hence, le\,fc is equal to 1, 0 in &K, ég\’,k, respectively, while on 8?\/ it is given by
the probability appearing in (6.7).

Finally, as V]J\,Q approximates h which is harmonic on Ay U &7, it is

gk &k’
also reasonable to require £ VJN to be small in these sets. We assume that

Jim oy > |(en V) mv(n) = Jim o] 3 (en V) mmy ()| = 0.
neEAN neé&i

(6.8)

Proposition 6.2. Fiz j, k € S, k # j, and assume that conditions (6.3)—(6.8)
are in force. Then,

Jim py (k) = Pj[He < He\jx)] -

The proof of this proposition is divided in several lemmata. Since V]A,Q is

constant on &7, we may collapse it to a function defined on Ef,’j . Recall from
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(6.7) the value of V,'} at &7 and let Vﬁcj : ES7 = [0,1] be given by
Cjre C,j Ci s
V26) = PilHe < Haviyl, Vi'(n) = Vi), ne By’ \{}.

The dependence of Vjc,;j on N has been omitted.
Let Lg’j be the generator of the collapsed process n<(t). For A, B C EC’J
AN3B = @, denote by h&{)ﬁ the solution of the boundary value elliptic problem

{ (L7 h)(n) =0, ngAUB,
h(n) = xa(m), n € AUB.

Denote by h; 1 : En — R the lifting of the function hgi7éj’k:

hj,k(n) = h((g]l)c7é]k(]) , NE Ej ’ hj,k(n) = hgl)c7éjk(77) y ME En \ 8j .

Note that the function h;j is constant and equal to py(j, k) on the set &7.
Lemma 6.3. We claim that

. N
]\[15110091\7l)]\[(hj,}~C — VYj,k) =0.
Proof. Rewrite Dy (h—V)as (h—V , (=L [h—V]) )x, and compute separately
the limit of the four terms.

By equation (A.15), Dy (hjk) = Dg’j(hgi gx)s Where Dg’j represents the

Dirichlet form associated to the collapsed process. By (B.7), Dg’j (h(g’z gjk) =

cap%’j(gk, &%), Hence, by assumption (6.4),
lim On Dy(h;k) = capg(k, S\ {j,k}) .
N —o0

By assumption (6.6), the same result holds for Vjj in place of hj .
It remains to examine the cross terms. By (A.15),

(Vi s (=8 hip) dmy = (VG (LK RO 30 Vaca

where Wf,’j stands for the stationary measure 7y collapsed at &7. Since hgi ik
is harmonic on Ay U {j}, and since Vﬁcj vanishes on &7F and coincides with

RV on &*_ the last expression is equal to
Js

SV m) (£ R D) )7 ()
neeék '

C, C.j
Zhgk Sjk —L JthSJk)(n)ﬂNj(n)'
neek
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Using again the harmonicity of hgi g O AnU{j}, and the fact that it vanishes

on &7k we may extend the sum to the entire set E](\’;’j and conclude, as at the
beginning of the proof, that

lim Oy <ij,k; (_LN hj,k) >7TN = CapS(kaS\{jak}) :

N—o00

Similarly, since h; j is equal to Vj ; on EF U éj’k,

(Riges (ENVig) dmw = D Vig(n) (=Ln Vi) () w (n)
neek

+ > k() (LN Vik) ()N () -
neEANUET

Since Vj , vanishes on gik , the first term on the righ-hand side is equal to
Dn(Viw) = D Vis() (=£n Vig) () 7w (n) -
neEANUET

Therefore,

(hjk, (=LnVik) )y = Dn(Vjk)
+ > {hikm) = Vike)} (—Ln Vik) (n) mn(n) -

neANUET

Since hj and Vjj are constant in &7, non-negative and bounded by 1, the
absolute value of the second term on the right-hand side is less than or equal to

> [en Vi) )| an ) + | D2 (n Vi) () mn ()

nEAN neé&i

By condition (6.8), this expression multiplied by 0 converges to 0 as N — oo.
Thus, by (6.6),

Nh_rfloo On <hj,/€’ (_LN‘/j,’f ) >7TN = CapS(k’S \ {]7k}) :

Putting together all previous estimates yields the assertion. O

Fix two non-empty subsets A, B of Ey such that AN B = &, Recall from
Section B that we represent by €; o(A, B) the space of functions f : Exy — [0, 1]
which are equal to 1 on A and 0 on B. Let fJ{Vk = hjr — Vjk, and note that

this function is constant on each valley .
Lemma 6.4. Let f; . (€7) be the value of f;x at . Then, imy 00 f51(E7) = 0.

Proof. The function f; ) vanishes on &% U &k = &3 and it is constant on &J.
Hence, if f; x(€7) # 0, the function F defined as F(n) = f;x(n)/f;.x(E7) belongs
to Ql’o(gj, éj)
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Suppose that f;x(€7) # 0. On the one hand, by Lemma 6.3,
On fi k(€92 DN (F) = 0n Dn(fjr) — 0. On the other hand, since F belongs
to €10(&7, &%), by (B.14), Dy(F) > capi (&7, E&7), where cap (&7, &7) repre-
sents the capacity associated to the symmetric dynamics. By the sector con-
dition, stated in assumption (6.3), and Lemma B.15, this symmetric capacity
is bounded below by cg capN(Ej,éj), where ¢y = 1/Cy > 0. Hence, by (6.4),
liminfy o O DN (Fn) > cocapg(f, S\ {j}) > 0, which proves the assertion of
the lemma. O

Proof of Proposition 6.2. By definition (6.7) of Vi, V;x(&9) = P;[Hy <

Hg\(j,k}]- The claim of the proposition follows from Lemma 6.4 and the fact
that

h‘jak(gj) = hgl)«7é7k(]) = pN(j7 k) . 0
Remark 6.5. Assumption (6.3) can be replaced by the hypothesis that

lim inf 6y cap3 (&7,&7) > 0. (6.9)
N—o00

Proof. We only used the sector condition, assumption (6.3), in the proof of
Lemma 6.4 to guarantee that 05 Dy (F) is bounded below by a strictly positive
constant. Since Dy (F) > cap, (&7,E&7), by (6.9), liminfy_, O Dy (F) > co,
as needed. O

7. The negligible set An

We provide in this section sufficient conditions for assumption (LP2) or (T2) to
hold. Recall from (5.5) that rx(k,j) represents the coarse-grained jump rates.
Assume that they converge: For all j # k, there exists r(k, j) € [0, 00) such that

]\}im ry(k,j) = r(k,j) . (7.1)

Recall that we represent by X (t) the reduced model, the S-valued Markov chain
whose jump rates are given by r(k, j). Denote by A C S the subset of S formed
by the points which are absorbing for the reduced model X (¢). Next result is
Theorem 2.7 in [15] and Theorem 2.1 in [19].

Theorem 7.1. Assume that conditions (5.4) and (7.1) are in force. Assume,
furthermore, that for allk € A, t >0,

lim max Eflv[ /Ot Xan (Mv(sOn)) ds] =0; (7.2)

N— o0 7765116\;
and that for all j & A
lim TN (7.3)

Then, property (LP2) is in force.
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Remark 7.2. In the previous theorem, we may replace conditions (7.2), (7.3)
by the assumption

lim 1 N (AN)

- — =0
N—oo » PN (I k) 7w (E)
forall j € S.

In some spin dynamics, the valleys are formed by few configurations and the
following simple argument applies.

Lemma 7.3. Assume that

5 N (AN)
m max ———— =
N—oconeén 7TN(77)

Then, condition (LP2) is in force.

Proof. Fix t > 0. Clearly, dividing and multiplying by 7 x (),

EnN[ /Ot XAy (WN(S@N)) ds} < 7TN1(77) Ef:[N [ /Ot XAy (UN(SGN)) ds} .

Since 7y is the stationary state, the previous expression is equal to t mn (An)/
7N (n), which proves the lemma. O

8. The Poisson equation

We present here an alternative method to prove uniqueness of limit points of
the sequence of measures PV introduced in Section 4. It relies on asymptotic
properties of the solutions of Poisson equations.

Assume that we are able to foretell the dynamics of the reduced model, and
denote by L its generator. Fix a function F': S — R, and let G = LF'. Denote
by f, g: En — R the function given by

f=Y FF)xer, , 9= Gk xex - (8.1)

kes kes

The functions f, g are constant on each valley €4 and vanish at Ay. The
method presented below relies on the assumption that the solution fy of the
Poisson equation

OINCN N = ¢

is almost constant on each set €X;. A solution of this equation exists only if g has
zero-mean with respect to my, which is not necessarily the case. Therefore, we
need first to turn g into a zero-mean function and then to consider the solution
of the Poisson equation. This is the content of conditions (Al), (A2).
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Assume that there exists a sequence of function gy : Ex — R such that

(A1) gy has zero-mean with respect to 7y, vanishes on Ay and converges to
g uniformly on € y;
(A2) Denote by fn the unique solution of the Poisson equation

9]\[ LNf = gN (82)
in En. There exists a finite constant Cy such that

sup max [fn(n)| < Co, and  lim max | fx(n)— f(n)| = 0.
N>1 nebEnN N—oconeln

The natural candidate for gx in conditions (Al) and (A2) is the function g
itself, but it does not have zero-mean. To fulfill this condition, denote by 7 the
stationary state of the reduced model. We expect mn(E%;) to converge to 7 (k).
Hence,

lim E..[g] = lim Y G(k)ny(Ex) = > (LF)(k)7(k) = 0.

N—o00 N—o00
keS kesS

A reasonable candidate for gy is thus g — ey xe1 , where ey = Er, [9]/7n(EY)

vanishes as N — oo [if 7y (E}) — 7(1) > 0].

Properties (A1), (A2) have been proved in [57, 118] for elliptic operators
on R? of the form Lyf = eNVV - (e7VVaV§), in [94] for one-dimensional
diffusions with periodic boundary conditions, and in [106] for condensing zero-
range processes.

The main result of this section, Theorem 8.2 below, asserts that conditions
(A1), (A2) guarantee uniqueness of limit points of the sequence P™V. The proof
of this result requires some preparation.

Let Q)Y, n € En, be the probability measure on D([0,00), Ex) induced by
the speeded-up process ¢V (t) := ny(t0x) starting from 7. Keep in mind that
the generator of this process is O £ . Denote by (F7 : t > 0) the o-algebra of
subsets of D([0,0), En) generated by {n(s) : 0 < s < t}, where n(s) represents
the coordinate process. Fix n € Ey and denote by {F; : ¢ > 0} the usual
augmentation of {Fy : t > 0} with respect to Q). We refer to Section IIL9 of
[115] for a precise definition. The advantage of F,' with respect to Fy is that it
is right-continuous: F;! = Ng= 1 F7.

Recall from (2.4) the definition of the time change Se (t) associated to the
additive functional T%  (t). Clearly, for all » > 0, t > 0,

{Sen(r) >t} = {Tey(t) <r}. (8.3)

Lemma 8.1. For eacht > 0 andn € En, Se (t) is a stopping time with respect
to the filtration (F;' : t > 0).

Proof. Fixt>0,r>0and n € Ey. By (8.3),

{SE»N = m{SEN <T+q} = m{TEN(T+q)>t}7

q
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where the intersection is carried out over all ¢ € (0, 00)NQ. By definition of T¢ ,
{Te, (r+ q) > t} belongs to .7:77+q. Hence, as the filtration is right-continuous,
{Sey(t) <r} eng F, = F}, which proves the lemma. O

Let (G : ¢t > 0) be the filtration given by G = Fa (1)> and denote
EN

by €8~ (t) the trace of the coordinate process n(t) on En: €8N () = n(Se (t))-
Clearly, the process £ (t) is adapted to the filtration (QtN ). Moreover, as the
coordinate process corresponds to the distribution of £V (t), €€~ (t) corresponds
to the trace of the speeded-up process ¢V (t) on €.

It is easy to check that we may commute the trace operation with the accel-
eration of the process:

NN (thy) = €V (1) .

On the left-hand side, we first computed the trace of the chain ny(t) on En
and then accelerated it by 0, while on the right-hand side we first speeded-up
the chain ny(t) by 0n and then computed the trace of the result on €y. In
particular, the process X %(t), introduced in assumption (T1), corresponds to
the projection of €47 (¢) on S through Wy :

Xn(t) = Un(EN (). (8.4)

Moreover, the measure P on D([0,00),S) represents the distribution of the
process W (€67 (t)). We may now state the main result of this section.

Theorem 8.2. Fiz k € S and a sequence ny € EX,. Assume that conditions
(A1) and (A2) are in force for every function F : S — R. Then, every limit
point P of the sequence PN such that

P[X(t—) = X(t)] forall t>0. (8.5)

solves the (L, 8x) martingale problem.

Proof. Fix a function F' : S — R. Let fy : Ex — R be the function given by
assumption (A2). Then,

My(t) = fn(n(t)) — Fn(n(0) — / Ox (L f)(n(s)) ds
= fn(n(®) — Fn(n(0) — / an(n(s)) ds

is a martingale in (D([0,00), En), (F/™), Q).

Since {Sg , (t) : t > 0} are stopping times with respect to the filtration (F;™),

My (Sey(t)) is a martingale with respect to (Fg ) = ( NNy Hence, by
N

definition of the trace process £€7 (t),

_ Se (1)
My(t) == Mn(Sen(t) = fn(EN () — fn(€5V(0)) — /0 gn(n(s)) ds
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is a martingale with respect to the filtration gtN "IN Since gy vanishes on Ay,
we may insert in the integral the indicator function of the set €y. Then, a

change of variables yields that this integral is equal to

Se y () t
7 ot xenns)ds = [ axn(Sey(s)) ds.
0 0

Therefore,

t

Mn(t) = In(EEN (1) — fu(EEV(0) — / an (€5% (s)) ds

is a {G"" }-martingale.

By (A1) and (A2), gy, resp. fn, converge to g, resp. f, uniformly in &V as
N — 0. Hence, since £67(s) € €N for all s > 0, we may replace in the previous
equation gy, fv by g, f, respectively, at a cost which vanishes as N — oo.
Therefore,

Mn(t) = FEEN (1) — F(EE¥(0) — / 9(€5 (5)) ds + on(1)

is a {G)""™ }-martingale.
Since f and g are constant on each set €, by (8.1) and (8.4), f(£8~ (1)) =
F(Un(EEN (1) = F(XN(1)), g(€5% (5)) = G(Un (€57 (s))) = G(Xy(s)), and

FXT (1) — F(X%(0) - / (LF)(X%G(s) ds + o (1)

is a martingale because G = LF.
Since PV corresponds to the distribution of X%,

M(t) = F(X(t) - F(X(0)) - /O(LF)(X(S))dS

is a martingale under PV up to a small error. Let P be a limit point of the
sequence PV satisfying (8.5), and assume, without loss of generality, that PV
converges to P. By (8.5), the one-dimensional projections are continuous, and
we may pass to the limit to obtain that M (t) is a martingale under P.

On the other hand, as nx € &K, PV[X(0) = k] = 1 for all N, so that
P[X(0) = k] = 1. This proves that any limit point of the sequence P¥ satisfying
(8.5) is a solution of the (L, d;) martingale problem. O

9. Local ergodic theorem in L2

It is not clear whether the scheme presented in the previous section can be
applied to a large class of dynamics. The proof of condition (A2) is unclear even
for the simple example of Section 2.
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The method presented in Sections 4-6 has also a drawback. As the function
f =2 es F(k)xgifv has a sharp interface, the jump rates R%};) which appear
in the computation of L¢, f, are singular functions, vanishing at the interior
of the valleys and taking large values at the boundary. This lack of smoothness
turns the proof of the local ergodic theorem more demanding.

Following [20], we propose below an alternative approach, in which we replace
the indicator function x er, by “smooth” approximations obtained by solving the
resolvent equation

(I —wlex)f = xek (9.1)

where L, represents the generator of the trace process 7~ (t), I the identity
and vy a suitable sequence of positive numbers.

The resolvent equation (9.1) has a unique solution, denoted by u%;. Equation
(9.12) provides a stochastic representation of the solution, different from the
usual one given in terms of a time integral. This guarantees existence. Unique-
ness can be proven as follows. Let uq, us be two solutions, and set w = uy — us.
The function w solves (9.1) with a right-hand side equal to 0. Multiply both
sides of the equation by w and integrate with respect to m¢ to get that w =0
because (Ley f, f)ze <0 for all functions f: Exy — R.

Note that vy Leuk has the same regularity as u%;, because it is equal to
ué“v — Xek, - We prove in Lemmata 9.1, 9.2 that u’fv is close to Xek, and that the

local ergodic theorem holds for Lguk; if vy is larger than the equilibration
times in the valleys and smaller than the transition times between valleys.

9.1. The enlarged process

We assume below that the reader is familiar with the results on enlarged and
reflected chains summarized in Section A.

We do not require below the process ny(t) to be reversible, but we impose
certain conditions on the reflected processes. Denote by nf,’k (t) the process ny (t)
reflected at €X;. Recall that this means that we forbid all jumps between €%,
and its complement, and consider the resulting dynamics in 8’1“\,.

Denote by mex the stationary measure my conditioned to €X.. We assume
that for all k € S the reflected process at €X; is irreducible and that mex is a
stationary state (and therefore the unique stationary state up to multiplicative
constants). If the process is reversible, the second condition follows from the
first one. By Lemma A.7, this is also the case in the non-reversible setting if the
valley €%, is formed by cycles.

Denote by Lﬁ’k the generator of the process nﬁ’k(t) and by tfe’lN the relazation
time of the symmetric part of the generator:

1 ACEN S P
thN f (s fhmen ’

where the infimum is carried over all zero-mean functions f : €%, — R.
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Let 8}‘\}k be copies of the sets Eﬂ‘“\,, k €S, and set

ev = Jey, & = ey
kes j#k

Denote by P, : EyUEXN — EnUER the application which maps a configuration
in En, €}, to its copy in €%, Ex, respectively.

Fix a sequence 7y, and denote by (n(t) the yy-enlargement of the trace
process n°~ (t). The process (y(t) is a Markov chain taking values in &y U €%,
and whose generator, denoted by L¢, ., is given by

(Cownl)m) = 3 RY(,6) {£(6) - ()} + %N{f(P*n)—f(n)}, ne e,

£€EN

Lenal)0) = — {F(Pan) — F(m)}, me Ex
YN

In this formula, R% (n, &) represents the jump rates of the trace process 7 (¢).
Hence, from a configuration n € €% the chain may only jump to P,n and this
happens at rate 1/yy. From a configuration n € &, besides the jumps of the
original chain, the enlarged process may also jump to P,n and this happens at
rate 1/yy. The parameter vy will be large, which makes the jumps between €%
and & rare.

The stationary state of (5 (t), denoted by 7%, is given by

me(n) = me(Pan) = (1/2)me(n), neén,

where, recall, me stands for the stationary state wn conditioned to €.

In dynamics in which the process jumps to a new valley before visiting all
configurations in the valley, as configurations are not visited, it makes more
sense to suppose that the dynamics starts from a distribution rather than from
a configuration. Denote this initial distribution by vy and assume that there
exist £ € S and a finite constant Cy such that for all N > 1

dw)ﬂ < G (9.2)

Y) =1 and E,, |(— .
vn(Ex) o 8[(d7r8 = 7e(E%)

Note that the measure mee satisfies this condition.

For two non-empty, disjoint subsets A, B of Ex U €%, denote by cap, (A, B)
the capacity between A and B for the enlarged process. Consider two sequences
(any : N > 1), (by : N > 1) of positive real numbers. We say that ay is much
smaller than by, ay < by, if limy_ o0 an /by = 0.

Lemma 9.1. Fix k € S, two sequences of positive numbers vy, Oy, and a
sequence of probability measures vy satisfying (9.2). Assume that yn < Oy and
that there exists a finite constant Cy such that for all N > 1

< . (9.3)
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Then, representing by u¥; the solution of the resolvent equation (9.1),

Nlim sup E, [ ’ Xgl}cv(Tlg(tGN)) - u?v(ng(teN)) ” = 0.
— 00 t>0

Denote by ¢ (t) the trace of the process (y(t) on &%, and by Py~ m €
ENUEY,, the probability measure on D([0, 00), EyUEY ) induced by the enlarged
process starting from 7. Let ri(j, k), 7 # k € S, be the coarse-grained jump
rates at which the trace process (¥ (¢) jumps from €3 to 8?\’,}6. By (5.5), these
rates are given by

Y 1
v k) = T oxan

&) > rEm APV [HER) < HYEV)], (94)
TelCN

‘k,"
neey’

where A, (n) represents the holding rates of ((t). Since the enlarged process
jumps from n € €%, to P,n at rate 7y, the previous expression is equal to

1

el 2 T MEHEY) < HEV)].
N

ne&y

According to Section 6, in the reversible case, the coarse-grained jump rates
% (j, k) can be expressed in terms of capacities, while in the non-reversible
case they can be computed if there are good approximations of the equilibrium
potential. Assume, from now on, that these rates converge: There exist a time-
scale f and jump rates r(j, k) such that

Jlim Ox (i k) = r(jk) forallj#kes. (9.5)
—00

Condition (9.3) follows from this hypothesis since

cap, (EN", EN") = 7€) D ik, 0) .
0k

The sequence 8y represents the time-scale at which the process jumps be-
tween valleys. The proof of a metastable behavior is set up on the ground that
this time-scale is much larger than the equilibration time inside the valleys. This
hypothesis is formulated here by requiring the relaxation times of the processes
reflected at a valleys to be much smaller than 6y: for all k € S,

k,N
g < On. (9.6)

Let wk = L uk. Recall from (5.3) that Gy represents the o-algebra of

subsets of €y generated by the sets €%, j € S. Let

@zkv(??) = Er, [wf\[ | gN] . (97)
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Lemma 9.2. Fiz { € S, and a sequence of probability measures vy satisfying
(9.2). Assume that for all j, k € S,

7rN(‘glfv) N

< Oy . 9.8
7TN(£§\{) rel N ( )

Let vy be a sequence such that max; ag\’,k <L YN K 0N, where af(,k stands for
the left-hand side of (9.8). Then, for allT >0, k€ S,

lim E,, | sup (/Ot {w;cv(nsN(s))—wgc\,(nezv(s))}dsl} = 0.

N—o0 [ t<TOy

By (9.12) and a straightforward computation,
jeS
where r%(4,k), j # k, are the coarse-grained jump rates introduced in (9.4),
and 7 (J, ) = — Xogy; *n(Js k). Thus, for every function F: S — R,

YFR@km) = D xes (MY rNGR) [F(R) = FG)] . (9.9)

keS jES k#j

Fix ¢ € S and a sequence of probability measures satisfying conditions (9.2).
Let PN be the probability measure on D([0, 00), S) induced by the process X n
and the measure vy. Next theorem is the main result of this section.

Theorem 9.3. Fiz ¢ € S and a sequence vy of probability measures satisfying
(9.2). Assume that conditions (9.5) and (9.8) are in force. Then, every limit
point P of the sequence PN such that

P[X(t—) = X(t)] forall t>0. (9.10)

solves the (L, ;) martingale problem, where L is the generator of the S-valued
Markov chain whose jump rates are r(j, k).

Theorem 9.3 describes the asymptotic evolution of the trace of the Markov
n(t) on Ex. The next lemma shows that in the time scale § the time spent on
the complement of €y is negligible. The proof is similar to the one of Lemma
7.3 and uses Schwarz inequality and assumption (9.2) to replace vy by 7.

Lemma 9.4. Assume that

T(An)
im _

=0

forall j € S. Fiz £ € S, and let {vn : N > 1} be a sequence of probability
measures satisfying (9.2). Then, for every t > 0,

lim E,, {/Ot Xay (M(sOn)) ds] =0.

N—oc0
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Remark 9.5. The introduction of the enlarged process is inspired by the defi-
nition of the soft hitting time of Bianchi and Gaudilliere [24].

Remark 9.6. Hypothesis (9.8) can be divided in two: Assume (9.6), and suppose
that there exist constants 0 < cog < Cy < oo such that co WN(EIfV) < 7TN(8§V) <
Conn(EX;) for allk, L € S.

Remark 9.7. Hypothesis (9.8) can be weaken as follows. Instead of fixing the
same rate yn for all valleys, we may choose a valley-dependent rate. This does
not alter the stationary state, and it permits to choose larger parameters vy for
deeper valleys. Assumption (9.8) may also be weaken to admit a deep valley, all
the other ones being shallow (cf. [20]).

Remark 9.8. In Subsection 13.5, we apply the method presented above to a
polymer model examined by Caputo et al. in [37, 35]. It can also be employed to
derive the reduced model of the random walk presented in Section 2. We refer to
in [20]. Lacoin and Teizeira [84] followed this scheme to prove the metastable
behavior of a polymer interface which interacts with an attractive substrate.

Proof of Theorem 9.3. Fix ¢ € S and a sequence vy of probability measures
satisfying (9.2). Fix a function F : S — R and a limit point P of the sequence
PV satisfying (9.10). Assume, without loss of generality, that P™V converges to
P. We claim that

ME(t) == F(X;) — F(X,) — /Ot(LF)(XS)ds (9.11)

is a martingale under P, where L is the generator associated to the jump rates
r(j, k) introduced in (9.5).

Fix 0 <s <t ¢g>10<1t < - <t; <s, and a bounded function
g:57 = R. Let G =g(X(t1),...,X(tq)), where X (s) represents the coordinate
process of D(]0,00),.5). We shall prove that

E[M"(H)G] = E[M" (5G],

where E stands for the expectation with respect to P.
Fix a sequence yy such that for all j, k € .5,

7rN(glfv) N
— ) K < Oy,
w(Ey) S S
.8

which is possible in view of (9.8), and recall that we denote by u% the solution
of (9.1). Let

Hy(n) = Y F(k)uk(n), neén.
kes

By the Markov property of the trace process n¢(t),

tON
MY = Hy(n®(toy)) — Hy(n®(0)) — /0 (LeyHn)(n%(5)) ds
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is a martingale. In particular, if

GN = g(AX,}:,@l)7 ey X,Zj:,v(tq)) = g(qu\;<t10N)7 ey X],l\;(tqu)) 5
we have that
By [MNGN] = E, [ MNGN],
so that

tOn

B [ (P 0)) — Hx O (50)) — [ (Gt ) ar ] = o.

89N

By Lemma 9.1,

lim sup E,, [ | Hy(né(rfy)) — (FoWn)(n¢(rox)) ” =0.

N—00 >0

Thus, by the penultimate equation and since X & (t) = X & (t05) =¥ x (nE (t0x)),

tOn

lim E,, [GN {F(Xﬁ(t)) ~ P(XT(s) — / (LSNHN)(UE(T))dTH = 0.

N—oo sOn

By definition of Hy and w%;,, introduced just above (9.7), LeyHy =
>-i F (k) wk,. Hence, by Lemma 9.2 and (9.9),

t
Jim B, (G (PR ®) - PR - [ eamxEe)ar}] = o.
— 00 s
where LY is the generator of a S-valued Markov chain given by

(LVF)G) = > Onrr(i k) [F(k) — F(5)] .

keS

At this point, the martingale has been expressed as a function of the process
X % (t). By definition of the measure PV, the previous expectation is equal to

BY[o(X (). X)) {FOX @) - FOXG) - [ @i} ],

where, recall, X (¢) represents the coordinate process in D([0,00),S) and EY
expectation with respect to PV.

By assumption (9.5), (L3 F') (k) converges to (LF)(k) for all k € S. Therefore,
as PV converges to P and in view of (9.10) [which guarantees that the finite-
dimensional projections are continuous], passing to the limit, we get that

E[g(X(h), ..., X(t,)) {F(X(®) - F(X(s)) — /: (LF)(X(r)dr}] = 0.

This shows that (9.11) holds, and completes the proof of the theorem. O
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9.2. The resolvent equation

We examine in this subsection the asymptotic behavior of the solution of resol-
vent equation (9.1).

Fix vy > 0 and consider the yy-enlargement of the process 7~ (t). Let
RY : En U EX — [0,1] be the equilibrium potential between the sets 8’;\}k and

ox,k
k.

Wi (n) == PRV [H(EN") < HEW] . (9.12)

Since Lng*hIICV = 0 on &y, we deduce that the restriction of hﬂ“\, to En solves
the resolvent equation (9.1). Since the solution is unique, u’fv = h’fv on &y
and we have a simple stochastic representation of the solution of the resolvent
equations.

Remark 9.9. The enlargement of the chain n°~ (t) thus provides a stochastic
representation of the resolvent equation (9.1).

Lemma 9.10. There exists a finite constant Cy, independent of N, such that
forallk € S,

= T e+ (Gl b+ _~ 3 mehlr?

C
< 9—0 WE(EIJCV)'
N

Proof. Denote the left-hand side of the inequality by Ay, and by By the same

expression with 7¢ in place of 7z. Since 7z (n) = (1/2)7e(n), n € En, An =

2By. As uf; and h%; coincide on €, we may replace the former by the latter.

On the other hand, as h% = Xgh+ on &%, By = Dy (h%;), where Dy ,(f)

represents the Dirichlet form of f with respect to the enlarged process (n(¢).
By (B.7),

Dy (h%) = cap, (EN, &)

Thus, Ay = 2cap, (X", EXF). By assumption (9.3), the capacity is less than or
equal to Co g (8’;\/’3) /0 for some finite constant Cy. This proves the assertion
because 5 (E57) = (1/2) e (EX,). O

Proof of Lemma 9.1. Fix £ € S, a sequence of probability measures vy sat-
isfying the hypotheses of the lemma and ¢ > 0. Denote by Sg(t), t > 0,
the semigroup associated to the trace process n®(t), and by f the Radon-
Nikodym derivative dvy Se (t)/dme. By (A.9), Er. [(f¥)?] < Ex. [(fY)?]. Hence,
by Schwarz inequality, the square of the expectation appearing in the statement
of the lemma is bounded above by

B (22 e [ -]

dre
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By Lemma 9.10, the second term is bounded by Co vx e (€4)/60n. Thus, by the
assumption on the sequence of probability measures vy, the previous displayed
formula is bounded by Cy~yn/6x. This expression vanishes as N — oo by the
hypothesis on vy. O

9.3. Local ergodicity

The proof of Lemma 9.2 is divided in several steps. Denote by (-, - )., the scalar
product in L?(7¢). For a zero-mean function f : Ex — R, let || f||_1 be the H_;
norm of f associated to the generator L¢:

17120 = sup{2(7 hhry = (B (~Len) h)n, |

where the supremum is carried over all functions h : €5 — R. By [82, Lemma
2.4], for every function f : €y — R which has zero-mean with respect to me¢,
and every T > 0,

Er, [ sup / FE(@)ds) | < 24T IR 9.13)
0<t<T

Recall that we denote by 7¢x the stationary measure 7y conditioned to EX;.

Let L e be the generator of the reflected process ny (t) at €%;. For a function

f: &% — R which has zero-mean with respect to mgr, denote by || f||x,—1 the
H_1 norm of f with respect to the generator LRVEI;\]Z

IR 1 = sup{2(F, Ahaps = Ay (<L) )y }
h

where the supremum is carried over all functions A : Elfv — R. It is clear that

Zﬂ'g(eg\/)<h, (7LR7£§V)h>7T§j < <h’ (7L8N)h>ﬂ'£

for any function A : €y — R. These expression are not equal because two
kinds of jumps appear on the right-hand side and do not on the left: The trace
process may jump between valleys, and it may also perform a jump inside a
valley (crossing the set Ay) which is not possible in the original dynamics.

It follows from the previous inequality and from the formulae for the H_;
norms that for every function f : €5 — R which has zero-mean with respect to
each measure 7g;,

1£12, < S we (€ I£1E s - (9.14)
jeSs
Lemma 9.11. Let {vy : N > 1} be a sequence of probability measures on &y .
Then, for every function f : En — R which has zero-mean with respect to each
measure Tg; and for every T > 0,

oup | [ s enas|])” < 20 [(2)] S w11 -
jES

t<T
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Proof. By Schwarz inequality, the expression on the left hand side is bounded

above by
B [(2) e[ (f 160t 0)].

y (9.13) and by (9.14), the second expectation is bounded by

24T Y e (EQ) IFII5 -1

jes
as claimed. O

Proof of Lemma 9.2. Fix £ € S, and a sequence of probability meabureb UN
satisfying the hypotheses of the lemma. Fix k € S. Since wk, — @5 has zero-
mean with respect to each m¢;, by the assumption on the sequence vy and
Lemma 9.11, the square of the expectation appearing in the statement of the

lemma is bounded by
CoTON ;
AR E e (8,) [|wh — _ 9.15
778(82) = 5( N) || N NH] 1 ( )

for some finite constant Cj.
By (9. 1), on the set &%, Le uk, = — (1/9n) (1 — uk), so that wk, — @% =
(1/yn) (uk; — @%;). Hence, by the spectral gap of the reflected process,

1 kN
k ~F 12 k =~k 2
| wy — Wi ||k:,71 = ,Y_QHUN_UNHk,A < rel ||UN_UN ||7rék~
N
Since [[ufy — @k |2, < | uk —1]2,,. by Lemma 9.10,
kN
k ~F 12 1
Wi — W < (Cp—*&
e

for some finite constant Cy. ,
Similarly, since Leg  uk = (1/vn) uk on the sets €%, j # k,

1 re(Ek) 9N
k=~ E ~k 2 E\CN) Urel

Wpr — W : = —||u U ; 0 - .
| wi NH], 1 ey | un N||;, 1 e (E1) 0

Therefore, the sum appearing in (9.15) is bounded by

a t ek
CoT‘S| maX;es liel WN( é\/) .
N

7TN(8 )

By the hypotheses of the lemma, this expression vanishes as N 1 oo, which
completes the proof. O
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Proof of Lemma 9.4.. Fix £ € S, and let vy be a sequence of probability mea-
sures satisfying (9.2). By Schwarz inequality, the square of the expectation ap-
pearing in the statement of the lemma is bounded above by

ey Zoe [ () TBnn[( [ o (atsomy )

By assumption (9.2), the first expectation is bounded by Cy/me(€%). On the
other hand, by Schwarz inequality, the second expectation is less than or equal
to

tIETrN[/OtXAN(n(SQN))ds} = t?’rn(Ay) .

The expression appearing in the penultimate displayed formula is thus bounded
above by Co t? [mn(AN) /7N (EY%) ], which concludes the proof of the lemma. O

10. Tightness

In this section, we present sufficient conditions for the tightness of the sequence
PV introduced in Theorems 4.2, 8.2 and 9.3. We need a slight generalization of
Lemma 8.1. Recall the notation introduced just before this lemma. We proved
there that for each ¢ > 0 and n € Ey, Se, (t) is a stopping time with respect
to the filtration (F}' : t > 0).

Lemma 10.1. Let {G, : r > 0} be the filtration given by G, = ) and let
7 be a stopping time with respect to {G,}. Then, Se,. (T) is a stoppmg time with
respect to {F}'}.

Proof. Fix a stopping time 7 with respect to the filtration {G,}. This means
that for every t > 0, {r <t} € G, = L Hence, for all r > 0,

{r <t} n{Se,y(t) <r} e F.

We claim that {Se, (7) < t} € F/. Indeed, by (8.3), this event is equal to
{Te (t) > 7}, which can be written as

Ulr<adniTe,>a = J{r<a} n{Sey(a) <t}

q€Q q€Q
U U{r<a n{Senle) <t—(1/n)}.

qeQ n>1

By the penultimate displayed equation, each term belongs to ]-' “am C F,
which proves the claim.
We may conclude. Since

{SEN <t} n{SEN <t+Q}
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where the intersection is carried out over all ¢ € (0,00) N Q, and since the
filtration {F;'} is right continuous, by the previous claim, {Se, (1) < t} €
F. O

Recall that £y (t) = nn(t0y), and the definition of the measure Q) intro-
duced just before Lemma 8.1. Expectation with respect to this measure is de-
noted by @), as well. Note that n®~ (t0y) = £V (t).

Lemma 10.2. Suppose that for all t > 0,

t
. N o
Jim_ e OF[ [ xan(n(sds] = 0. (10.1)
and that »
lim lim sup max max Qf [ H(€%) < 6] = 0. (10.2)

6—=0 Nooo JES geel

Then, the sequence of measures PN is tight. Moreover, every limit point P is
such that
P[X(t) # X(t—)] =0

for every t > 0.
Proof. Fix n € Ey. According to Aldous’ criterion [26], we have to show that
for every § > 0, R > 0,

lim lim sup supIP’f;[HX]I\}(T—i—a) - Xﬁ(T)‘ > 6] =0,

ao—0  ¢—0

where the supremum is carried over all stopping times 7 bounded by R and
all 0 < a < ag. Since X &(t) = Un(£8¥ (1)), the previous probability can be
written as

Q[N (6 (r +a)) — Un(E5¥(m) | > 8]

Since Uy (£5% (T +a)) — Uy (€57 (7))| > 6 entails that Uy (£57 (1 + a)) #
v N(f én (T)), the expression in the previous displayed equation is bounded by

Q) [Un(§° (7 +a)) # Un (57(7)) ] -

Fix b = 2ag so that b — a > ag. Decompose this probability according to the
event {Se (T +a) — Se, (7) > b} and its complement.

Suppose that Se¢ , (T+a)—Se, (1) > b. In this case, Sg (7)+b < Se (T+a),
so that Te , (Sey (7)+b) < Te (Sey (T+a)) = 7+a. Hence, as Te , (Se (t)) = ¢,
Te o (Sen(T)+b) —Te (Sey (7)) < a, that is,

/ Xen(En(s))ds < a.
Sen(T)
In other words,

SSN (m)+b
/ Xow(En(s))ds > b—a.
S

sN(T)
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By Lemma 10.2, S¢(7) is a stopping time for the filtration {F,'}. Hence, by
the strong Markov property and since {n(Se , (t)) belongs to €y for all ¢ > 0,

Sen (T)+b

QY [Sen(r+a) - Sen(r) > b] < @,@V[/

Xay (En(8))ds > b— a}
Se (1)

< maX@?[/obXAN(&v(S))ds > bfa} :

E€EN

By Chebychev inequality, a change of variables and by our choice of b, this
expression is less than or equal to

ﬁ ceen Q?[/ob Xan (fN(S))dS} = oo Q?[/jao Xay (En(s))ds

gcen ap E€€n

By assumption (10.1), this expression vanishes as N — oo for every ag > 0.
We turn to the case {Se, (7 +a) — Se, (7) < b}. On this set we have that

{Un(En(Sen (7 +0) # Un(En(Sey (7)) )
C {Un(En(Sen (r) +)) # U (X(Se(r))) for some 0< e <b}.

Since Se¢, (7) is a stopping time for the filtration {F;} and since En(Se, (¢))
belongs to € for all ¢z,

Q) [ (En (e (r+0))) # W(En(Sey (1)) . S (7 +a) — Se(r) < 1)
< 51161?}1\(, Qév[\IIN(fN(c)) # Wy (€) for some 0 < ¢ < b] .

If ¢ € &), this later event corresponds to the event {H(é?v) < b}. The maximum
is thus bounded by

N & _ N ]
max max Q¢ | H(E)) <b| = max sup Q¢ | H(EV) < 2ap | .
J€S geed, ¢ [ (Ex) ] JE€S ¢ elﬂi, 3 [ (En) o]

By assumption (10.2), this expression vanishes as N — oo and then ag — 0.
This completes the proof of the tightness.
The same argument shows that for every t > 0,

lim limsup PV [ X (t —a) # X(¢t) for some 0 < a < ag] = 0.

a0—0 N0
Hence, if P is a limit point of the sequence PV,

lim P[X(t —a)# X(t) for some 0 <a<ag] = 0.

ag—0

This completes the proof of the second assertion of the lemma since {X(t) #
X(t—)} Cc{X(t—a)# X(t) for some 0 < a < ap} for all ay > 0. O
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Conditions (10.1), (10.2), can be formulated in terms of capacities. Next
results is Theorem 2.6 in [15] and Theorem 2.1 in [19]. Note that we do not
require the process to be reversible.

Theorem 10.3. Assume that condition (5.4) is in force: For all j € S, there
exists £ € &% such that

lim max —capN(Sg\,,Sg\,) =0
N—ooeed,  yzein capy(n, &)

Assume, furthermore, that the coarse-grained jump rates converge: For all j #+
k € S, there exists r(j, k) € [0,00) such that

lim ry(j,k) = r(, k).
N—o0

Let A C S be the set of absorbing points of the Markovian dynamics induced by
the rates (4, k). Assume that for all j € A, t > 0,

t
lim sup max Qév[/ Xay(En(s))ds| = 0.
0

N—o00 665;\7
Assume that for all k € S\ A,

lim INAEN) (Ax)

=0.
N—oo WN(E?“V)

Then, conditions (10.1), (10.2) hold.

This result, which guarantees tightness, together with Theorems 4.2, 5.1 and
Remark 5.3, which provide uniqueness, yield the convergence of the sequence
T
Xy
Theorem 10.4. Fiz k € S, a sequence ny € 8’]“\,, and denote by PN the prob-
ability measure on D([0,00),S) induced by the process X x(t) and the measure
IP’1I7VN. Assume the hypotheses of Theorem 10.3. Then, the sequence PN converges
to the solution of the (L,dy) martingale problem, where L is the generator of
the S-valued Markov chain whose jump rates are r(j, k).

11. The last passage

We prove in this section that the last passage process, introduced in Definition
2.1, converges if conditions (T1), (T2) hold. In order to prove this statement,
we first define a metric in the path space D([0,00), S U {9}) which induces the
Skorohod topology. Assume that 0 ¢ S and identify the point 0 with 0 € Z so
that S U {0} is a metric space with the metric induced by Z.

For each integer m > 1, let A, denote the class of strictly increasing, con-
tinuous mappings of [0, m] onto itself. If A € A,,, then Ao = 0 and \,,, = m. In
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addition, consider the function

1 ift<m-1,
gm(t) = m—t if m—1<t<m,
0 if t>m.

For any integer m > 1 and w,w’ € D([0,0), S U{0d}), define d,,,(w,w’) to be
the infimum of those positive € for which there exists A € A,, satisfying

sup [N —t] < € and  sup |gm(A)w(N) — gm(t) W' (t)] < €.
te[0,m)] te[0,m]

Define the metric d in D([0, 00), S U {d}) by

o0

d(w,w') = Z 2%{1/\dm(w,w')}.

m=1

This metric induces the Skorohod topology in the path space D([0,c0), SU{d})
[26]. Next result is Proposition 4.4 in [15].

Recall from (2.3) the definition of X}/ (t) and let X i (t) = XX (t0x). Recall
from assumption (T1) the definition of X % (t)

Theorem 11.1. Suppose that (ny(t) : t > 0), N > 1, satisfies condition (T2).
Then, for any sequence (ny : N > 1), ny € En,

lim E,, [dX},XN)] = 0.

N—oc0

It follows from this result that the last-passage process X x(t) converges
whenever the trace process X & (t) converges and (T?2) is in force.

12. The finite-dimensional distributions

Recall the definition of the process Xpy(t) defined in (2.2), and the one of the
reduced model X (¢) introduced in Definition 2.1. Next result is Proposition 1.1
of [89].

Theorem 12.1. Assume that conditions (T1) and (T2) of Definition 2.2 are
in force, and that

lim limsup sup sup ]P’év[n(sON) €EAy] = 0. (12.1)
0=0 N0 neEn 6<s<26

Then, the finite-dimensional distributions of X n(t) = Xn(t0n) converge to the
finite-dimensional distributions of X (t).

With further mixing conditions one can prove that the state of the process
at time tfy is a time-dependent convex combinations of states supported in the
valleys.
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Denote by p:(7, k) the transition probabilities of the reduced model X (t), by
7% the measure 7y conditioned to €%, and by ||u — v|Tv the total variation
distance between two probability measures p and v defined on Ey. Let (S (%) :
t > 0) be the semigroup associated to the Markov chain ny(¢). Then, under
mixing conditions specified in [89], for every j € S and sequence ny € 8;-\/ ,

N]i_r}nDQ H(S”N SN(tQN) — Zpt(j7k) 7Téﬁ\f HTV =0,
kesS

where d,), 7 € En, stands for the Dirac measure concentrated on the configura-
tion 7).

13. Examples

We present in this section some dynamics whose metastable behavior has been
derived with the arguments presented in the article.

13.1. Random walks in a potential field

We describe the reversible version of the dynamics. The non-reversible one is
obtained by replacing 2-cycles, in the terminology of Subsection A.2, by k-cycles.

Let Z be an open and bounded subset of R?, and denote by d Z its boundary,
which is assumed to be a smooth manifold. Fix a twice continuously differen-
tiable function F': EUJd = — R. We assume that the second partial derivatives
of F' are Lipschitz continuous; that all the eigenvalues of the Hessian of F at the
critical points which are local minima are strictly positive; that the Hessian of F'
at the critical points which are not local minima or local maxima has one strictly
negative eigenvalue, all the other ones being strictly positive. In dimension 1 this
assumption requires the second derivative of F' at the local minima to be strictly
negative. Finally, we assume that for every x € 02, (VF)(x) - n(x) > 0, where
n(x) represents the exterior normal to the boundary of E, and « - y the scalar
product of x, y € R% This hypothesis guarantees that F has no local minima
at the boundary of =.

Denote by Zy the discretization of Z: =y = =N (N~!'Z%), N > 1, where
N=17% = {k/N : k € Z?}. The elements of =y are represented by the symbols

x = (x1,...,24), y and z. Let uy be the probability measure on Ep defined
by
1 -
(@) = oML ez,
N

where Zy is the partition function Zy = > = exp{-NF(x)}. Let {nn(t) :
t > 0} be the continuous-time Markov chain on Zx whose generator £y is given
by

Cnf)@) = S e WANF@W-F@l ) f@)],  (13.)

YEEN
lly—=l|=1/N
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where || - || represents the Euclidean norm of R%. The rates were chosen for the
measure py to be reversible for the dynamics.

We restrict our atention here to the evolution among the shallowest valleys.
One can infer from this discussion the general case which can be found in [91].
Denote by 91 the set of local minima and by & the set of saddle points of F' in
=. Let & be the set of the lowest saddle points:

6 = {zGG:F(z):min{F(y):yGG}}.

We represent by z!,..., 2" the elements of &1, &; = {2!,...,2"}. Denote by
H the height of the saddle points in &y:

H = F(z).
Let £ be the level set of = defined by
2 ={zec=:Flx)<H}.

The set A!AZ can be written as a disjoint union of connected components: Q=
Ui<j<s{2;, where £2;N(2, = @, j # k, and where each set {2; is connected. Some
connected component may not contain any saddle point in &;, and some may
contain more than one saddle point. Denote by §2;, 1 < j < m, the connected
components ﬁj/ which contain a point in &7.

Each component (2; is a union of valleys, 2; = W;1U---UW;,, . The sets
W; o are defined as follows. Let .(OZJ- be the interior of £2;. Each set W, is the
closure of a connected component of .(02]-. The intersection of two valleys is a
subset of the set of saddle points: W;, N W;, C &;. Figure 6 illustrates the
valleys of two connected components.

-ed g
¢

F1a 6. Some valleys which form two connected components 1 and Q2. The blue dots represent
the saddle points and the gray regions the points x in the valleys such that F(x) < H — €.

Fix 1 < j < m and a connected component 2 = (2;. Let S = {1,...,¢}
denote the set of the indices of the valleys forming the connected component {2:
2 =WiU---UW,. Recall that F(z) = H, z € &;. For e > 0,1 < a < ¢, let
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We={xeW,: F(x) < H—¢€}, and let
€% = WNnsy, 1<a</l.

Each valley W, contains exactly one local minimum of F', denoted by m,. Let
he = F(my,).

Let 8, = H — hy > 0, a € S, be the depth of the valley W,. The depths 6,
provide the time-scale at which a metastable behavior is observed. Let 01 < 05 <
-+ < 0p, p < ¢, be the increasing enumeration of the sequence éa, 1<a<?:

{01,...,00} = {01,...,0,}.

The chain exhibits a metastable behavior on p different time scales in the set
. Let Ty={aes: 0, = 04}, 1 < ¢ <p,sothat T1,...,T, forms a partition
of S, and let

Sg = TqU---UT,, 1<q<p.

Define the projection U}, : Ex — S, U {0}, 1 < ¢ <p, as

Vi(z) = 3 axey ().

a€sS,

Note that W} () = 0 for all points & which do not belong to Uses, €% . Denote
by X% (t) the projection of the Markov chain ny(t) by ¥%:

Xy(t) = v (XN (1) -

The theory presented in Sections 4—6 yields the existence, for each 1 < ¢ < p,
of a time-scale % and a Sg-valued Markov chain X?(¢) with the following
property. For each a € S, and sequence of configurations &y in £%;, starting
from « y, the finite-dimensional distributions of the projected process X% (t) =
X7, (t8%;) converge to the ones of X ?(t). The time-scales 8% can be explicitly
computed and are related to the capacity between valleys.

We refer to [91, 92, 93, 90] for more details. This model is at the origin of
the study of metastability from a dynamical point of view. The first results can
be traced back at least to Hood [76], van’t Hoff [75], Arrhenius [7], Eyring [58]
and Kramers [83]. We refer to the recent books by Olivieri and Vares [111] and
Bovier and den Hollander [31] and to the review by Berglund [23] for references
and alternative derivations of these results.

13.2. Spin dynamics

Since the seminal paper by Cassandro, Galves, Olivieri and Vares [38], which
introduced the pathwise approach to metastability, the metastable behavior of
many spin dynamics have been derived in different ways. We do not review here
the main results, but just illustrate the theory developed in the previous sections
with one example. We again refer the reader to [111, 31] for a complete list of
references on the subject.
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Denote by A;, = {1,..., L}? the two-dimensional discrete torus with L? el-
ements, and let Qp = {—1,0,1}**. Elements of Q; are represented by the
Greek letter 0. For x € Ar, o(x) € {—1,0,1} stands for the value at = of the
configuration ¢ and is called the spin at z of o.

The Blume-Capel model was introduced in [27, 36] to study the *He —*He
phase transition. One can think as a system of particles with spins. The value
o(x) = 0 corresponds to the absence of particles, while o(x) = %1 to the
presence of a particle with spin equal to £1.

Fix an external field h € R, a magnetic field A € R, and denote by H : 2, — R
the Hamiltonian given by

H(o) = Y (o(y) —o(@)® = h Y a(z) = A Y ol2)*,

TEAL zEAL

where the first sum is carried over all unordered pairs of nearest-neighbor sites
OfAL.

Denote by pg the Gibbs measure associated to the Hamiltonian H at inverse
temperature . This is the probability measure on €, given by

(o) = e, (13.2)
B
where Z3 is the partition function, the normalization constant which turns g
into a probability measure.

We refer to [47] for a description of the ground states, the configurations
which minimize the Hamiltonian H, according to the values of the parameters h
and A. In all cases, the ground states form a subset of the set {—1,0,+1}, where
—1,0, 41 represent the configurations of Q; with all spins equal to —1,0, +1,
respectively.

The continuous-time Metropolis dynamics at inverse temperature (3 is the
Markov chain on Qy,, denoted by {o; : ¢ > 0}, whose infinitesimal generator Lg
acts on functions f : Q; — R as

(Lsf)o) = Y Rs(o,0"") [f(6™F) = f(0)]

TEAL

+ Y Re(o,0"7) [f(6™7) = f(o)].

TEAL

In this formula, o®* represents the configuration obtained from ¢ by modifying
the spin at x as follows,

+1 if z=
O_w,i(z) — O'(J,‘) mod 3 1 z T,
o(2) if z#x,

where the sum is taken modulo 3, and the jump rates Rg are given by
Ro0.07%) = exp{ - 8 [H(o™*) ~H(0)], }. weAL,

where a4, a € R, stands for the positive part of a: a4 = max{a,0}.
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The Gibbs measure pg introduced in (13.2) satisfies the detailed balance
conditions (A.3), and is therefore reversible for the dynamics.

Assume from now on that the chemical potential vanishes, A = 0, and that
the magnetic field A is small and positive, 0 < h < 2. In this situation, the con-
figurations —1, 0 are local minima of the Hamiltonian, while the configuration
+1 is a global minimum. Moreover, H(0) < H(-1).

Assume that 2/h is not an integer and let ng = [2/h], where |a| stands
for the integer part of a € R;. Denote by M. the set of configurations with
ng(no + 1) + 1 0-spins forming, in a background of —1-spins, a ng X (ng + 1)
rectangle with an extra 0-spin attached to the longest side of this rectangle. This
means that the extra O-spin is surrounded by three —1-spins and one 0-spins
which belongs to the longest side of the rectangle.

It is proved in [87, 88] that, as the temperature vanishes, starting from —1
the process visits the set R. before hitting 0 or +1:

lim ]P)_l[Hg)f{C < H{0,+1}] =1.

B—o0

The set R, represents the energetic barrier which has to be surmounted to
pass from —1 to {0,+1}. Fix £ € R, let

A = H() — H(-1) = 4(no +1) — [no(no +1) +1] ,
and let 65 be given by

_ pp(—1) _ 3 1
O = cap(—1,{0,+1}) [1+0s(1)] 4(2n0 + 1) Mew’

where 05(1) is a remainder which vanishes as § — oo.

Fix 0 # 0, £1, and denote by ¥ : Q, — {—1,0,1,0} the projection defined
by ¥(-1) = —1, ¥(0) = 0, ¥(+1) = +1, and ¥(o) = 0, otherwise. The
main results in [87, 88] state that, starting from —1, the finite-dimensional
distributions of the coarse-grained chain Xg(t) = ¥ (o (6st)) converge to the
ones of the {—1,0, 1}-valued, continuous-time Markov chain X (¢) in which 1 is
an absorbing state, and whose jump rates are given by

r(-1,0) = r(0,1) = 1, r(-1,1) = r(0,—-1) = 0.

The metastable behavior of this model has been explored by Cirillo and
Olivieri [47], Manzo and Olivieri [100], and more recently by Cirillo and Nardi
[44], and Cirillo, Nardi and Spitoni [46]. The mean-field Potts model is another
spin dynamics in which the spin may take more than two values. It has been
examine recently in [92] and by Nardi and Zocca in [103].

13.3. Zero range processes

Denote by N the set of non-negative integers, N = {0,1,2,...}, by T, L > 1,
the discrete, one-dimensional torus with L points, and by 1 the elements of NT~
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called configurations. The total number of particles at « € T, for a configuration
n € NT- is represented by n,. Let Ex, N > 1, be the set of configurations with
N particles:
Ey == {neN"™:> n,=N}.
z€Ty,
Fix a > 1, and define g : N = R as

a(n) "> 9

g(0)=0, g(1)=1 and g(n)= m >

where a(0) = 1, a(n) = n®, n > 1. In this way, [}, g(i) = a(n), n > 1, and
{g(n) : n > 2} is a strictly decreasing sequence converging to 1 as n 1 cc.

Fix 1/2 < p < 1, and denote by p(z) the transition probability given by
p(1) = p, p(-=1) = 1 —p, p(x) = 0, otherwise. Let 0¥y be the configuration
obtained from 7 by moving a particle from z to y:

Ne—1 forz==x
(6®¥n), = < ny+1 forz=y
i otherwise .

The nearest-neighbor, zero-range process associated to the jump rates {g(k) :
k > 0} and the transition probability p(x) is the continuous-time, Epn-valued
Markov process {nn(t) : t > 0} whose generator Ly acts on functions f : Exy —

R as
(LnH)m) = > gta)ply — o) {f(o™n) — f(n)} -

T#y
Hence, if there are k particles at site z, at rate pg(k), resp. (1 — p)g(k), one of
them jumps to the right, resp. left. Since g(k) decreases to 1 as k — oo, the more
particles there are at some site x the slower they jump, but the rate remains
bounded below by 1.
This Markov process is irreducible. The stationary probability measure, de-
noted by my, is given by

) = o I

Zn g a(nx)

where Zp is the normalizing constant.
Fix a sequence {{ : N > 1} such that 1 <« ¢y < N, and let %, z € Ty,
be the set of configurations in which all but £y particles sit at z:

&Y = {UGEN:%ZN—KN}.

According to equation (3.2) in [15], for each z € Ty, nn(€F) — 1/L as N 1 oo.
Denote by né~(t) the trace of the process ny(t) on Ey = U,E%, and let
Uy : En — S be given by

Un(n) = D @ Xy ().

zeS
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Under some further conditions on the sequence ¢, it can be proven, following
the method presented in Sections 4-6, that the time-rescaled coarse-grained
process X n(t) = Xny(tN'FY) = Wn(né~ (tN'F)) converges to a S-valued
Markov chain X (¢). The jump rates of the reduced model X (¢) are proportional
to the capacity of the random walk on the discrete torus with L points which
jumps to the right with probability p and to the left with probability 1 — p.
Moreover, in the time scale N'*¢ the time spent by the process ny(t) on Ay =
En \ € is negligible.

This model has been introduced by Evans [56] Godreche examined the dy-
namics of the condensate in [68]. Its metastable behavior has been derived in
[16, 85, 117]. The reduced model is a T'-valued Markov chain whose jump rates
are proportional to the capacities of the underlying random walk associated to
p()

The nucleation phase of this model has been described in [14]. Armendériz,
Grosskinsky and Loulakis [4] considered the case in which the total number of
sites increases with the number of particles, keeping a constant density. In this
situation, the reduced model is a Lévy-process.

Grosskinsky, Redig and Vafayi [72], Cao, Chleboun and Grosskinsky [34] and
Bianchi, Dommers and Giardina [25] proved the metastable behavior of the
inclusion process, another interacting particle system which exhibits condensa-
tion.

Static aspects of condensation for this zero-range process and other dynamics
have been examined by Jeon, March and Pittel [80], Grosskinsky, Schiitz and
Spohn [73], Armenddriz and Loulakis [5, 6], Chleboun and Grosskinsky [41, 42,
43], Grosskinsky, Redig and Vafayi [71], Godréche and Luck [69], Armendériz,
Grosskinsky and Loulakis [3], Fajfrovd, Gobron and Saada [59].

In some dynamics the condensate is formed instantaneously as the size of the
system grows, Waclaw and Evans [123], Chaul, Connaughton and Grosskinsky
[39].

13.4. Random walks among random traps

Let (Gy : N > 1), Gy = (Vn, En), be a sequence of possibly random, finite,
connected graphs defined on a probability space (2, F,P), where Viy represents
the set of vertices and Ey the set of unoriented edges. Assume that the number
of vertices, |V |, converges to +o0o in P-probability. To fix ideas, one can consider
the d-dimensional discrete torus with N¢ points.

Assume that on the same probability space (2, F,P), we are given an i.i.d
collection of random variables {WjN :j > 1}, N > 1, independent of the random
graph G and whose common distribution belongs to the basin of attraction of
an a-stable law, 0 < a < 1. Hence, for all N > 1 and j > 1,

PWN >t = @, t>0,

where L is a slowly varying function at infinity.
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For each N > 1, re-enumerate in decreasing order the weights WiV, ..., WII\\//N E
WJN = Wé\(fj), 1 < j < |Vn] for some permutation o of the set {1,...,|Vy|} and
WJN > Wﬁ_l for 1 < j < |Vi|. Let (zF, ... ,xlj\(,Nl) be a random enumeration

of the vertices of G and define W;YV = WjN, 1 < j < |Vu|, turning Gy =
i

(Viv, Ex, W) into a finite, connected, vertex-weighted graph.

Consider for each N > 1, a continuous-time random walk {nx(¢) : ¢ > 0} on
Vu, which waits a mean WY exponential time at site x, after which it jumps
to one of its neighbors with uniform probability. The generator £ of this walk

is given by: . .
(Lnf)(z) = deg(z) WN S ) - f@)]

for every f: Vy — R, where y ~ 2 means that {x, y} belongs to the set of edges
Ey and where deg(z) stands for the degree of x: deg(z) = #{y € Vi : y ~ z}.
Let U : Vi — {1,...,|Vn|} be given by \I/N(.Z‘;V) = j. It has been proved
for a class of random graphs that there exists a time-scale 8y for which time-
rescaled process X n(t) = Uy (nn(t0n)) converges to a K-process.
To describe the dynamics of the K-process, consider two sequences of positive
real numbers u = (ug : k > 1) and Z = (Zj : k > 1) such that

szuk < 00, ZUk = 0.

k>1 k>1

Consider the set N, = {1,2,...}U{oo} of non-negative integers with an extra
point denoted by co. We endow this set with the metric induced by the isometry
¢ : N, — R, which sends n € N, to 1/n and oo to 0. This makes the set N, into
a compact metric space.

The K-process with parameter (Zi,uy) can be informally described as fol-
lows. Being at k € N, the process waits a mean Zj, exponential time, at the
end of which it jumps to co. Immediately after jumping to oo, the process re-
turns to N. The hitting time of any finite subset A of N is almost surely finite.
Moreover, for each fixed n > 1, the probability that the process hits the set
{1,...,n} at the point k is equal to ux/ Zlgjgn u;. In particular, the trace of
the K-process on the set {1,...,n} is the Markov process which waits at k a
mean Zj exponential time at the end of which it jumps to j with probability
Ui/ r<icn Wi

In contrast with the theory presented in the previous sections, here the re-
duced model takes value in a countably infinite space. Moreover, as ¥y is a
bijection, the process X y(t) is Markovian, and we do not need to remove a
piece of the state space by considering the trace, and we prove the convergence
of the projection to the reduce model.

The K-process has been introduced by Fontes and Mathieu [63] who also
proved the convergence to the K-process of the trap model in the complete
graph. Fontes and Lima [62] considered the case of the hypercube. These results
have been extended to d-dimensional torus, d > 2, and to random graphs in
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[78, 79]. More recently, Cortines, Gold and Louidor considered a continuous time

random walk on the two-dimensional discrete torus, whose motion is governed
by the discrete Gaussian free field [49].

13.5. A polymer in the depinned phase

Fix N > 1 and denote by Ey the set of all lattice paths starting at 0 and ending
at 0 after 2V steps:

Ey = {neZ’™ in_y=ngy=0,n41-n==%1, -N <j<N}.

Fix 0 < a < 1 and denote by ny(t) the En-valued Markov chain whose gener-
ator Ly is given by

N-1 N-1
InhHm) = D G F@H=fml+ > -0 )—fm)].
j=—N+1 j=—N+1

In this formula 77'* represents the configuration which is equal to n at every
site k # j and which is equal to n; £ 2 at site j.

The jump rate ¢; 4 (n) vanishes at configurations  which do not satisfy the
condition ;1 = n;11 = n; + 1, and it is given by

1/2 i nj—1 =nj41 # £1,
Cj¢+(77) = 1/(1 + O[) if Nji—1 = Nj+1 = 17
a/(1+a) if Nj—1 = Nj+1 = —1

for configurations which fulfill the condition 1,1 = 141 = n; + 1. Let —n
stand for the configuration »n reflected around the horizontal axis, (—n); = —nj;,
—N < j < N. The rates ¢; _(n) are given by ¢; _(n) = ¢;+(—n).

Denote by ¥(n) the number of zeros in the path n, X(n) = 3> ;< y H{n; =
0}. The probability measure 7y on Ey defined by mx (1) = (1/Zan) o™, where
ZsN is a normalizing constant, is easily seen to be reversible for the dynamics
generated by Ly.

Denote by gy the spectral gap of the chain. The exact asymptotic behavior
of gy is not known, but, by [37, Theorem 3.5], gn < C(a)(log N)®¥/N5/2 for
some finite constant C(«).

Fix a sequence £y such that 1 < {n < N, and let

EN = {nEEN:nj>OforaH —(N—£N)<j<(N—£N)}7
Ex={n€Ex:—nely}, Ay = Env\(EyUER).

By equation (2.27) in [35], mn (€)= mn (EL) = (1/2) + O(£5"?).
Denote by gf,’j the spectral gap of the chain reflected at &%, j = 1, 2. By [35,
Proposition 2.6], taking £x = (log N)'/4, for every € > 0, there exists Ny such
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that for all N > Ny, gﬁ’j > N—(2+9)_ In particular, choosing e small enough and
Ix = (log N)V/4,
R,1
oy < gy

for all N large enough. This shows that the chain equilibrates inside each valley
in a much shorter time-scale than the one in which it jumps between valleys.

Let v be a sequence of probability measures concentrated on £}, and which
fulfills conditions (9.2). Set 8y = 1/gn. The method presented in Section 9
yields that the time-rescaled coarse-grained process X & (t) = X% (t0y), intro-
duced in condition (T1) of Definition 2.2, converges to the {1, 2}-valued Markov
chain which starts from 1 and jumps from m to 3 — m at rate 1/2. Moreover,
in the time scale 0y, the time spent by the process ny(t) outside the set €y is
negligible. We refer the reader to [20] for the proofs.

The interest of this model is that the entropy plays an important role. In
contrast with the models presented in the previous subsections, the metastable
behavior is not determined by an energy landscape, but by a repulsion in a
bottleneck region of the space. In particular, in the terminology introduced in
Remark 5.5, this dynamics does not visit points and the method presented in
Sections 4—6 does not apply.

Note that the metastable behavior has been derived without a precise knowl-
edge of the time-scale at which it occurs. Of course, the jumps between valleys
take place in the time-scale 6y, the inverse of the spectral gap, but the exact
asymptotic behavior of gy is not known, and not needed in the proof of the
metastable behavior of the dynamics.

This model has been introduced in [37, 35]. The results described in this
subsection are taken from [20].

13.6. Coalescing random walks

Fix d > 2. Denote {ey, ..., eq} the canonical basis of R%, and by p the probability
measure on Z? given by

p(x) = ﬁlfxé{j:el,...,:ted}, p(z) = 0 otherwise .

Let T% be the discrete d-dimensional torus with N points. Denote by Ey the
family of nonempty subsets of T% . Consider coalescing random walks on T4,.
This is the En-valued, continuous-time Markov chain, represented by (An(t) :
t > 0), whose generator Ly is given by

(LNS)A) =D > ply—a){f(Awy) = FAI+ YD ply—2){f(A) - f(A)},

€A YZA reAycA

where A, ,, resp. A, is the set obtained from A by replacing the point by y,
resp. removing the element x:

Avy = [AN{z}]U{y}, As = A\{z}.
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In contrast with the previous dynamics, in this example the reduced model
takes value in a countably infinite state space. Let S = {1,1/2,1/3,...} U {0},
and let C1(S) be the set of functions f : S — R of class C?, that is f € C1(S)
is the restriction to S of a continuously differentiable function defined on R. For
each f € C1(S) define £f: S — R as

V() -7(2)}. ty=tadn>o,

(5) 1/
(LhHy) =10, ify=1,
(1/2)f'(0) ify=0.

Proposition 2.1 in [13] asserts that for each z € S there exists a unique solution
to the (£, d,)-martingale problem.
Consider the partition of En given by

Ey=|J &%, where €% :={ACT%:|A=n}, neN.
neN

In this formula, |A| stands for the number of elements of A. Let ¥y : Exy — S
be the corresponding projection:

WN(A):1/|A|, A€ FEy.

To define the metastable time-scale, consider two independent random walks
(@] )i>0 and (y{¥)i>0 on T4, both with jump probability given by p(-), starting
at the uniform distribution. Let 8 be the expected meeting time:

On = E[min{tZO:xiV:ygv}]. (13.3)

Since z¥ — y¥ evolves as a random walk speeded-up by 2, f represents the
expectation of the hitting time of the origin for a simple symmetric random
walk speeded-up by 2 which starts from the uniform measure. In a general
graph, though, the time-scale should be given by (13.3) mutatis mutandis.
Consider a continuous-time, random walk (z;);>¢ on Z¢ with jump proba-
bilities given by p(-) and which starts from the origin. Assume that d > 3, and
denote by vy the escape probability: vg = Py[H;™ = oc]. It can be shown that

0 1
J\;gnlo N—J\C]l = To; in dimension d > 3,
I On 1. di ion d— 2
im — in dimension d = 2 .
N—oo N2log N T

The factor 2 in the denominator appears because the process has been speeded-
up by 2. In particular, in d = 2, 1/7 should be understood as (1/2)(2/m). We
refer to [13] for a proof of this result.

Consider the time-rescaled coarse-grained process

Xn(t) = Un(An(Oxt)), t>0.
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Note that in this example we do not take the trace of the process on some set,
but we just project it on a smaller state space.

Applying the ideas presented in the previous sections, it is proved in [13]
that, starting from the configuration in which each site is occupied by a particle,
X (t) converges in the Skorohod topology to the Markov chain whose generator
is given by £ and which starts from O.

This model has been first considered by Cox [50], who proved that the coa-
lescence time [the time all particles coalesced into one] is asymptotically equal
to a sum of independent exponential random variables. This result has been ex-
tended by Oliveira [107, 108] to the case of transitive graphs. Related questions
have been examined by Aldous and Fill [2], Durrett [53], Cooper, Frieze and
Radzik [48], Chen, Choi and Cox [40].

13.7. Further examples

We mention in this last subsection other models whose metastable behavior has
been derived with the tools presented in the previous sections.

The metastable behavior of sequences of continuous-time Markov chains on a
fixed finite state-space has been examined in [17, 95]. This problem has been ad-
dressed with large deviations techniques by Scopolla [116], Olivieri and Scopolla
in [109, 110], Manzo, Nardi, Olivieri and Scoppola [99] and Cirillo, Nardi and
Sohier [45].

Properties of hitting times of rare events have been considered in [22]. Fer-
nandez, Manzo, Nardi, Scoppola and Sohier [60], and Fernandez, Manzo, Nardi
and Scoppola [61] examined this question through the pathwise approach.

The evolution, in the zero-temperature limit, of a droplet in the Ising model
under the conservative Kawasaki dynamics in a large two-dimensional square
with periodic boundary conditions has been derived in [18, 70]. The reduced
model in this example is a two-dimensional Brownian motion on the torus.

Misturini [102] considered the ABC model on a ring in a strongly asymmetric
regime. He derived the metastable behavior of the dynamics among the segre-
gated configurations in the zero-temperature limit. Here, the reduced model is
a Brownian motion.

Appendix A: Markov chains

We briefly present in this section some results on Markov chains used in the
article. Fix a finite set E. Consider a continuous-time, F-valued, Markov chain
(n(t) : ¢ > 0). Assume that the chain 7(t) is irreducible and denote by 7 the
unique stationary state.

Elements of E are represented by the letters n, §. Let P, n € E, be the
probability measure on D([0, 00), E) induced by the Markov chain n(t) starting
from 7. Recall from (2.1) the definition of the hitting time and the return time
to a set.
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Denote by R(n,£), n # £ € E, the jump rates of the Markov chain 7(t), and
let A(n) = Z&E R(n, &) be the holding rates. Denote by p(n, £) the jump prob-
abilities, so that R(n,&) = A(n) p(n, ). The stationary state of the embedded
discrete-time Markov chain is given by M (n) = m(n) A(n).

Denote by L the generator of the Markov chain 7(t),

(L) = Y Rm, [~ fn)].

EEE

Let L?(7) be the set of square-summable functions f : E — R endowed with
the scalar product (-, - ), given by

nekEN

Denote by L* the adjoint of the operator L in L?(n): For all functions f, g :
FE — R,

An elementary computation yields that

(L)) = D R (0, &) [fE) — fF)]

{EE

where the jump rates R*(7,§) satisfy

() R (n,&) = n(§)R(Emn), n#EE€E. (A.2)

The chain is said to be reversible if the generator L is self-adjoint: L* = L. It
is reversible if and only if the jump rates satisfy the detailed balance conditions:

m(n) R(n,§) = 7€) R(Emn), n#Ee€ k. (A.3)

The operator L* corresponds to the generator of a Markov chain, represented
by n*(t), and called the adjoint or time-reversed process. The holding rates
A () = Deep B (1, €) of this chain coincide with the original ones, \*(n) =
A(n), and the jump probabilities p*(n &) satisfy the balance conditions

M(n)p*(n,§) = M()p&n), n#Ee€kb. (A4)

Let L® be the symmetric part of the generator L:
1 *
LS:§{L+L}. (A.5)

The operator L* is self-adjoint in L?(7) and it corresponds to the generator of
the Markov chain whose jump rates, denoted by R*(n, £), are given by R*(n, &) =
(1/2){R(n,&) + R*(n,€)}. A simple computation shows that these rates satisfy
the detailed balance conditions (A.3).
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Denote by D(f) the Dirichlet form of a function f: E — R:
D(f) = ((=L)f, [l = (L), [)r. (A.6)

We leave to the reader the assignment of checking the last equality. An elemen-
tary computation shows that

1
D(f) = 5 > > m(m R, [£(&) — f(n)]* . (A7)
neE EEE
This formula holds even in the non-reversible case. In the sum, each unordered

pair {n,{} C E, £ # n, appears twice.
Denote by (S(¢) : t > 0), the semigroup associated to the generator L, so

that (d/dt)S(t) = L S(t) = S(t) L. Fix a probability measure v on E and let f;

be the Radon-Nikodym derivative of vS(¢) with respect to 7. We claim that
4
dt

Indeed, fix a function g : E — R and consider the mean E,[g(n(t))], where

E, represents the expectation with respect to the measure P, =3 _pv(n) Py.
This expectation can be written as

Yo S m) = Y wSOImam) = Y wm) fuln) gn) = (fe. g)n -

ner neE neE

fe = L'fe. (A8)

As (d/dt)S(t)g = S(t) L g, taking derivative on both sides of this identity we
get that

v S Laltn) = {5 fo g)a

nek

The left-hand side can be written as ( ft, Lg)r = (L*fi, g)r. Hence, for all
functions g, ((d/dt)fi, ¢)r = (L*ft, g )r, which proves claim (A.8).
By (A.8) and (A.1),

G hi e = 2L, i) = —2D() < 0.

The inequality follows from the positiveness of the Dirichlet form derived in
(A.7). Integrating in time yields that

t
1517+ 2 [ DU ds < 15l
0
In particular, for all 0 < s < ¢,

<ftaft>ﬂ' S <fsafs>7r- (A9)

The spectral gap of the generator, denoted by g, is the value of the smallest
positive eigenvalue of the symmetric part of the generator:

— in <(_L)f7f>7r
o= T,
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where the infimum is carried over all functions f : £ — R which are orthog-
onal to the constants, i.e., which have zero-mean with respect to m: E;[f] =

<f71>7r:0~

A.1. Reflected chain

Fix a non-empty, proper subset F of E. Denote by (nf¥(¢) : t > 0), the Markov
chain 7n(t) reflected at F. This is the F-valued process obtained from n(t) by
forbidding all jumps between F' and E \ F. The generator Lg g of this Markov
process is given by

(Lrrf) () = > Rm,{fE) —fm)}, neF.

EEF

Assume that the reflected process ' (¢) is irreducible. It is easy to show
that the conditioned probability measure mr defined by
mr(n) = Ln) , neF, (AlO)
m(F)
satisfies the detailed balance conditions (A.3) for the reflected process if the
chain is reversible.

In general, mp may not be invariant. Consider, for example, an asymmetric
random walk on the circle. The uniform measure is invariant, but its restric-
tion to an interval I is not invariant for the process reflected at I. For cycle
generators, however, it is possible to reflect the chain preserving the stationary
state.

A.2. Cycle generators

The results of this subsection are taken from Section 4 of [95]. We refer to [93]
for an application.

Cycle: A cycle is a sequence of distinct configurations (19, 71, - - -, hn—1,Mn = o)
whose initial and final configuration coincide: n; # n; € E, i # j € {0,...,n—1}.
The number n is called the length of the cycle.

Cycle generator: A generator L is said to be a cycle generator associated to the
cycle ¢ = (Mo, M1y -+ s Mn—1,Mn = No) if there exists reals r; > 0, 0 < i < n, such
that

r; ifn=mn; and £ =n;41 for some 0 <i<n,

0 otherwise .

R(n,§) = {

We denote this cycle generator by L. ., where r = (rq,...,r,—1). Most of the
time we omit the dependence on r and write £, simply as L.. Note that

n—1
(ﬁc,rf) (77) = (ﬂcf) (n) = ZX{m}(U) T [f(mﬂ) - f(m)] )
i=0
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and that the chain is irreducible only if {no,n1,...,Mn-1} = E.

Consider a cycle ¢ = (10,71, -+, Mn—1,Mn = Mo) of length n > 2 and let £, be
a cycle generator associated to c. Denote the jump rates of L. by R(n;,ni+1).
A measure 7 is stationary for L. if and only if

w(n;) R(Mi,mit1) is constant . (A.11)

Sector condition: Next lemma asserts that every cycle generator satisfies a sector
condition. The proof of this result can be found in [82, Lemma 5.5.8].

Lemma A.1. Let L. be a cycle generator associated to a cycle ¢ of length n.
Then, L. satisfies a sector condition with constant 2n: For all f, g: E — R,

<£cfag>3r < 2n<(_‘ccf)7f>ﬂ<(_£€g)’g>ﬂ'

Cycle decomposition: Every generator L, stationary with respect to a probabil-
ity measure 7, can be decomposed as the sum of cycle generators which are
stationary with respect to .

Lemma A.2. Let L be a generator of an E-valued, irreducible Markov chain.
Denote by w the unique invariant probability measure. Then, there exists cycles
€1,...,¢p such that

= Zﬁcj )

Jj=1

where L., are cycle generators associated to ¢; which are stationary with respect
to T.

Proof. The proof consists in eliminating successively all 2-cycles (cycles of length
2), then all 3-cycles and so on up to the |E|-cycle if there is one left. Denote
by R(n,£) the jump rates of the generator L and by Cs the set of all 2-cycles
(n,&,n) such that R(n, &)R(£,n) > 0. Note that the cycle (n, &, n) coincides with
the cycle (¢,7,€).

Fix a cycle ¢ = (n,&,n) € Cq. Let &(n,€) = min{r(n)R(n, &), n(§)R(E,n)}
be the minimal conductance of the edge (n,€), and let R.(n,&) be the jump
rates given by R.(n,&) = ¢(n,&)/m(n), R.(&§,n) = ¢(n,§)/m(€). Observe that
R.(¢,¢") < R(¢, ¢ for all (¢,¢'), and that R.(£,n) = R(&,7n) or R(n,§&) =

R(n, €).
Denote by L, the generator associated the the jump rates R.. Since w(n)R.(7,

&) =¢e(n, &) =7m(§)Rc(E,m), by (A.11), 7 is a stationary state for L. (actually,
reversible). Let £1 = £ — L. so that

L =1+ L..

R.(¢, (") < R((, (), Ly is the generator of a Markov chain. Since both L
and L. are stationary for 7, so is L. Finally, if we draw an arrow from ¢ to ¢’
if the jump rate from ¢ to ¢’ is strictly positive, the number of arrows for the
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generator Ly is equal to the number of arrows for the generator L minus 1 or 2.
This procedure has therefore strictly decreased the number of arrows of L.

We may repeat the previous algorithm to L; to remove from L all 2-cycles
(n,&,n) such that R(n,&)R(&,n) > 0. Once this has been accomplished, we may
remove all 3-cycles (10,71,72,73 = o) such that [[o; 4 R(ni,ni41) > 0. At
each step at least one arrow is removed from the generator which implies that
after a finite number of steps all 3-cycles are removed.

Once all k-cycles have been removed, 2 < k < |E|, we have obtained a

decomposition of L as
|E|-1

L= > Ly+1L,

where Lj is the sum of k-cycle generators and is stationary with respect to
m, and Lisa generator, stationary with respect to m, and with no k-cycles,
2<k<|E|.If L has an arrow, as it is stationary with respect to 7 and has no
k-cycles, L must be an |E|-cycle generator, providing the decomposition stated
in the lemma. O

Corollary A.3. The generator L satisfies a sector condition with constant
bounded by 2|E|: For all f, g: E — R,

Proof. Fix f and g : E — R. By Lemma A.2,

(Lf.9) (ij (Lo fg))

where L., is a cycle generator, stationary with respect to m, associated to the
cycle ¢;. By Lemma A.1 and by Schwarz inequality, since all cycles have length
at most |E|, the previous sum is bounded by

p P
2B > ((—Le,f) Hla D (= Ley9):9)w = 2|E[((—Lf), f)= ((~Lg), g)x ,
j=1 k=1
as claimed O

Remark A.4. A generator L is reversible with respect to 7 if and only if it
has a decomposition in 2-cycles. Given a measure ™ on a finite state space,
by introducing k-cycles satisfying (A.11) it is possible to define non-reversible
dynamics which are stationary with respect to w. The previous lemma asserts
that this is the only way to define such dynamics.

Remark A.5. The decomposition in cycles is not unique. There may exist cy-
cles and vectors ¢1, ..., ¢y, T1,...,Tp and €1, ..., ¢, T1,..., T such that {c1,. ..,

ot #{C1,..., 8}, , ,
- Z‘chm] Zﬁkrka

=1 k=1
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and m is a stationary state for all cycle generators. We leave the reader to find
an example. However, in view of Lemma A.1, it is natural to look for one which
minimizes the length of the longest cycle.

Remark A.6. In a finite set, the decomposition of a generator into cycle gen-
erators is very simple. The problem for countably-infinite sets is much more
delicate. We refer to [65] for a discussion.

Let F' be a proper subset of E and consider the chain reflected at F. The
last result of this subsection provides sufficient conditions for the measure m
conditioned to F' to be a stationary state for the reflected process in the non-
reversible case.

Lemma A.7. Assume that the generator L can be written as a sum of cycle
generators:

P
L = Z£C]'7
j=1
where ¢1, ..., ¢, are cycles and 7 is a stationary state for each L. Then, the

measure w conditioned to F' is stationary for the reflected chain at F' if there
exists a subset A of {1,...,p} such that

Lrpr = Y L, .

jEA
Proof. Since 7 is a stationary state for each L, it is also a stationary state

for Lpr = ZjeA L. As the reflected process does not leave the set F, the
measure 7 is stationary if and only if its restriction to F' is stationary. O

A.3. Enlarged chains

Let E* be a copy of E. The elements of E* are represented by the letters 7, .
Denote by P, : EU E* — E U E* the application which maps a configuration
in B, E*, to its copy in E*, E, respectively.

Following [24], for v > 0 denote by 17 (t) the Markov process on EUE* whose
jump rates RY(n,&) are given by

R(n,§) ifnand§€E,
R'(n,§) = {1/ if £ = P,
0 otherwise.

Therefore, being at some state £ in E*, the process may only jump to P,{ and
this happens at rate 1/+. In contrast, being at some state £ in E, the process
n7(t) jumps with rate R(&,¢’) to the state ¢’ € E, and jumps with rate 1/ to
P& We call the process 17 (t) the y-enlargement of the process 7n(t).

Let 7, be the probability measure on E U E* defined by

r(n) = T (Pay) = (1/2)7(n), neE.
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The probability measure 7, is invariant for the enlarged process 17 (t) and it is
reversible whenever 7 is reversible.

Let F' be a subset of E. Think of F' as a valley. If « is much larger than the
mixing time, the distribution of n(Hp, ), where F, = {P,n: n € F}, is very close
the stationary state conditioned to F.

A.4. Collapsed chains

The collapsed chain consists in collapsing a subset of the state-space to a point
and in the defining a dynamics which keeps the properties of the original evo-
lution as much as possible. This is a well-known technique, see for instance
32, 1].

Fix a subset A of E, and let E4 := [E'\ A]U {0}, where 0 stands for an extra
configuration added to E and meant to represent the collapsed set A. Denote
by (n©A(t) : t > 0) the chain obtained from 7(t) by collapsing the set A to the
singleton {9}. This is the continuous-time Markov chain on E4 with jump rates
RC7A(T]7€)7 UB g € Ea, given by

RO (n,€) = R(n,€), R*(n0) = > R(m,(), n,& € BE\A,
CeA

1
RC’A(DW) = —Zﬂ—(é-)R(é-ﬂﬁa nEE\A
m(A)
£eA
(A.12)
The collapsed chain {n““(t) : ¢ > 0} inherits the irreducibility from the
original chain. Denote by 7¢*4 the probability measure on E4 given by

ﬂC’A(D) = w(4), WC’A(U) =m(n), neE\A. (A.13)

Since
> wORESQ = > 7R,
EZACEA EZACEA

one checks that 7¢4 is a stationary state, and therefore the unique invariant

probability measure, for the collapsed chain n®4(t).

The collapsed chain has to be understood as follows. Until the process hits
the set A, it evolves as the original one. When it reaches this set, it imme-
diately equilibrates and its position is replaced by the stationary distribution
conditioned to A.

In particular, we may couple the collapsed process with the original one until
the set A is reached, so that, for every n € E\ A, and B C E\ A,

POA[Hy < HY | = Py[Ha < Hf |, (A.14)
provided PS+4 represents the distribution of the collapsed chain n®4(t) starting
from 7. It follows from this identity and the explicit formulae for the jump rates
and the stationary state that for every B C E \ A,

cap(4, B) = cap®(0,B)
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where cap®4(d, B) represents the capacity between d and B for the collapsed
chain.

This identity ceases to hold if we replace A by a set in E'\ A because (A.14)
is incorrect if 9, A are replaced by a set D C E'\ A.

Denote by LY“ the generator of the chain n“4(t). Fix two functions f,
g:Epx— R. Let F, G: E — R be defined by

Fn) = fn), neE\A, F()=f(®), (€A,
with a similar definition for G. We claim that
(LEAf, g)rca = (LF, Gy . (A.15)

Conversely, if F, G : E — R are two functions constant over A, (A.15) holds if
we define f, g: F4 — R by

fn) = F(n), neE\A, [f() = F(¢) forsome (€A,

with an analogous equation for f, F' replaced by g, G, respectively.
To prove (A.15), fix two functions f, g : E4 — R. By definition of &4,

(LOAf, ghnen = Y 7@ m) RO, &) [£(6) = f(m) 1 g(n) -

n,§ELA

In view of (A.12), (A.13), this expression is equal to

> owm{ X RmO1F© —fon] + D Rm.OLF@) = F(0)] | 9()

neEE\A ECE\A =
+ 3 S rQORCGOF©) — F0)]90) .
EEE\ACEA

Since F(n) = f(n) for n € E\ A, and F(§) = f(0) for £ € A, with similar
identities with G, g replacing F', f, the last sum is equal to

> owm{ Y RmO[FE© - Fm)] + Y Rm.QIFQ) — Fo)] } Gn)

neEE\A §EE\A ceA
+ 3 3 mQOREEFE) ~ FOIGQ)
(€AEEE\A

Since F' is constant on A, we may add to this expression

SN w1 R0, &) [F(§) — F()] G(n)

ncEALEA

to obtain that the last displayed expression is equal to (LF, G), which concludes
the proof of the first assertion of (A.15). The second statement is obtained
following the computation in the reverse order.
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Appendix B: Potential theory

In this section, we present general results on the potential theory of continuous-
time Markov chains used throughout the article.

Reversible Markov chains can be interpreted in terms of electrical circuits.
This description may provide some intuition on the notions introduced below,
as Dirichlet form, capacity or equilibrium potential. We refer to the monographs
of Doyle and Snell [52] and Gaudilliere [66]. The analogy has been extended to
the non-reversible context by Baldzs and Folly [12].

B.1. The capacity

Fix two non-empty subsets A, B of E such that AN B = @&. The capacity
between A and B, denoted by cap(A, B), is given by

cap(A, B) = Y M(n)Py[Hp < Hf] . (B.1)
neA

The capacity is monotone in the second coordinate. Let B’ be a subset of F
such that AN B’ =@, B C B'. Since P,[Hp < Hf] < P,[Hp < H}], we have
that

cap(A, B) < cap(A, B'). (B.2)

4), for any sequence of configurations 71,1, ...,m, such that p(n;,

By (A
)>0,0<i<n,

Ni+1
M(no) T ptnismicn) = Mna) [ 2" 0igrsmi) -
=0 =0

In particular, for any n € A, £ € B,

M(n)P,[Hp <H},Hg=H¢| = M({)IPE[HA < Hf,Ha=H,].
Therefore, since

S M) P,[Hp<Hf] = > Y M(n)P,[Hp < H} Hp = H],

neA nceAEeB
by (B.1) and the penultimate identity we have that

cap(A, B) = > M(&)Pi[H] < Hf] = cap™(B, A), (B.3)
éeB

where cap*(A, B) represents the capacity between the sets A, B for the adjoint
process.

It follows from (B.2) and (B.3) that the capacity is monotone in the first
coordinate as well: if A" is a subset of F such that A C A’, AN B =g,

cap(4,B) < cap(4’,B).
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B.2. A formula for the capacity

Recall the formula (A.7) for the Dirichlet form D(f) of a function f: E — R.
Fix two disjoint subsets A, B of E: AN B = &. Denote by hyp : E = R
the equilibrium potential between A and B. It is the unique solution of the
boundary-value elliptic problem

(Lh)(n) =0, neQ :=(AUuB)°, (B.4)
h(n) = xa(m), n€ AUB. :
It has a stochastic representation as
hap(n) = Py,[Ha < Hp] . (B.5)

Since h4 g is harmonic on §2, it vanishes over B and it is equal to 1 at A,
D(ha,g) = ((—Lhap), hap)x = — Z ) (Lha,g)(n) . (B.6)
neA

By definition of the generator L and since hy4 g is equal to 1 on A, the previous
expression is equal to

Dihag) = 3 > wn) R0 [1=hap(©)].
neAEErE
By the representation (B.5) of the equilibrium potential, 1—h4 g(§) = P¢[Hp <
H 4. By the strong Markov property at the first jump, for every n € A,
P,[Hp < HY] = > pn,&)Pe[Hp < Hal .
{ckE

Hence,

D(hag) = Y w(n)A(n)By[Hp < Hi] = cap(4,B) . (B.7)
neA

The capacity is symmetric: By (B.5), hga = 1 — ha p, and, by (A.7),
D(hap)=D(1— hy p). Hence,

cap(A,B) = D(hA,B) = D(l—hA,B) = D(h,B,A) = cap(B,A). (BS)
B.3. Flows

Denote by ¢(n, ) the conductance of the oriented edge (1, ), and by ¢s(n, ) its
symmetric version:

€)= T ROLE), (€)= 3 {en& +cl&m)}.  (BY)
o

Note that ¢s(n,&) = (1/2) w(n) { R(n,€) + R*(1,£) }-
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Let € be the set of oriented edges defined by

¢ = {(n§ eEXE : R(n¢&) + R(En) >0} .

An anti-symmetric function ¢ : € — R is called a flow. The divergence of a flow
¢ at n € E is defined as

(dive)m) = Y o),
&(n,g)ee
while its divergence on a set A C E is given by
(div ¢)(4) = Y (div)(n) .
neA

The flow ¢ is said to be divergence-free at n it (div ¢)(n) = 0.
Denote by § the set of flows endowed with the scalar product given by

1 1
0.0) = 5 3 gt OV, andler [0° = (6,9) .
(n.§)ee

Remark B.1. For a probability measure p on E, define the flow ¢, : € = R

by ¢,.(n,&) = pn) R(n, &) — p(&) R(&,n). In this set-up, the stationary state
corresponds to the probability measure m which turns the flow ¢., divergence

free at every configuration.

B.4. The Dirichlet and the Thomson principles
For a function f : E' — R, define the flows @5, ®% and ¥y by

3 (n,8) = f(n)e€,n) — f(&)em, ), (B.10)

By (A.2) and the fact that the jump rates R® satisfy the detailed balance con-
ditions (A.3),

(div @5)(n) = —=(n) (L"f)(n), (div¥y;)(n) = —=x(n) (L f)(n) . (B.11)

It follows from the definition of these flows that for all functions f : E — R,
g:FE—R,

(g, @) = (L) f,9)ns  (¥p,Pg) = (L) f, 9)r
<\Ilf7\:[jg> = <(_Ls)f7g>7r'

Fix two disjoint subsets A, B of F and two real numbers a, b. Denote by
Cob(A, B) the set of functions f : E — R which are equal to a on A and b on B:

Cop(A,B) = {f:E—)]R:f|AEa, f|BEb}.

(B.12)
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Let §4(A, B) be the set of flows from A to B with strength a € R:
Fu(A,B) = {¢€F: (dive)(A) = a, (dive)(n) =0,n € Q}.

In particular, §1(A4, B) is the set of unitary flows from A to B.

Let 1y p be the equilibrium potential corresponding to the adjoint dynamics.
It is the solution of the elliptic problem (B.4) with the adjoint generator L* in
place of L. Tt can be represented through the adjoint chain n*(¢) by equation
(B.5) with the obvious modifications.

Lemma B.2. Fiz two disjoint and non-empty subsets A, B of E. For every
ac R} Y S R; f S Qa,O(AvB)} ¢ S S"’Y(AaB);

<<I)f - ¢’ \IJhA,B> = OzC&p(A,B) -

Proof. By definition of the scalar product, the left-hand side is equal to

% Z {@r(n,&) — ¢(n,€) } [ha,s(n) — ha,s(&)] .

(n,§)ee

On the one hand, by definition of ®

Z s(n,6) [hapn) — han)] = — ZW(n)f(n) (Lha,s)(n) .

(n.§)ee neE

Since f belongs to €, (A, B) and h4 g is harmonic on 2, we may restrict the
sum to the set A, and then replace f by aha p to conclude that the previous
sum is equal to

—a Z Yhas(n) (Lhag)(n) = aD(hasg) .
nek
By (B.7), this quantity is equal to acap(A, B).
On the other hand, by definition of the divergence of a flow,
1
~3 > 6,6 [hann) — hasl — Y has(n) (div é)(n) .
(7/75)66 nek

Since ¢ is divergence-free on Q2 and h4,p = x4 on AU DB, this expression is equal

to
- > (divg)(n) = —
neA
This completes the proof of the lemma. O

Theorem B.3 (Dirichlet principle). For any disjoint and non-empty subsets
A, B of E,

A, B) = inf inf || ®; — ¢l
cap(A, B) el seith 5 [®f — ¢l

Furthermore, the unique optimizers of the variational problem are given by

1 . i}
f - §(hA7B +hA,B) and ¢ - ((I)h* (I)hA,B) .
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Proof. Fix f in € (A, B) and ¢ in Fo(A, B). By Lemma B.2 and Schwarz
inequality,

cap(A,B)2 = <(I)f - ¢a \IjhA,B >2 < ” (I)f - ¢H2 ||\IjhA,B ”2 .

By (B.12) and (B.7),

[ Wh,pl® = cap(4, B) (B.13)
Hence,
cap(A,B) < inf inf o — gl .
p(4,B) < ree ™ b veith gy [®f— ¢l

To complete the proof of the theorem, it remains to find f in € (A, B) and
¢ in Fo(A, B) such that ||®; — ¢||* = cap(A, B). We propose fo = (1/2)(ha.p +
hZ,B) and ¢g = cI)fo - \IlhA,B'

It is clear that fo = (1/2)(ha,p + h% ) belongs €; o(A, B). We claim that
¢o = @y, — ¥y, , belongs to Fo(A, B). By (B.11) and by definition of fy, the
divergence of ¢g at n is equal to

5 { T ham)) + (L)) — Thas)o) — (Ehas)m) ),

so that

(Av 60)(n) = 5 70n) { (Lham)(n) — (LR p)(0) )

As hs g and hY p are harmonic on (), ¢¢ is divergence-free on this set. On the

)

other hand, by (B.7), (B.3) and (B.8),

2 Z(div #0)(n) = D(hap) — D(h} p) = cap(A,B) — cap”(4,B) = 0.
neA

This proves that ¢g belongs to Fo(A4, B).
As fo, ¢o belong to € o(A, B), Fo(A, B), respectively, and since @5, — ¢o =
Uy, 5, by (B.13),

inf inf @7 —ol® < @5 —doll> = [|Wn, . |I° = cap(A,B) .
reel o el 12 =4l < 112 = dol | ¥, 5]|” = cap(4, B)

This completes the proof of the theorem. O

Theorem B.4 (Thomson principle). For any disjoint and non-empty subsets
A, B of E,

1
————— = inf inf o, — ).
cap(A, B) $EF1(A,B) ge€o.0(A,B) 125 =l

Furthermore, the unique optimizers of the variational problem are given by
1 ®ns, , + 95,

ha,B

1 hjl,B - hA,B 1
2 cap(4, B)

2 cap(4, B) and ¢ =

g:
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Proof. Fix a function g in &g ¢(A, B) and a flow ¢ in §1(A4, B). By Lemma B.2,
Schwarz inequality and (B.13),

1= (2 — ¢, Un,,)" < [[@5 — ¢|*cap(4, B)

so that
1

- - < inf o, .
cap(4,B) — wesl(A B) QGQO o(A B) | B

To complete the proof of the theorem, it remains to find g in €y (A4, B) and
¢ in F1(A, B) such that || ®, — ¢ > = 1/cap(A, B). Let go = (1/2){h% p —
ha,g}/cap(A, B), which clearly belongs to € (A, B), and let g = ®4, + Uy,
where hg = ha p/cap(A4, B).

We first claim that ¢y belongs to §1(A4, B). By (B.11),

(div o)(n) = —=(n) (L"g0)(n) — m(n) (L*ho)(n)

- % {(L*1% 5)(n) + (Lha,p)(n) } -

This proves that g is divergence free on 2. Moreover, the divergence of ¥y on
A is given by

_m{ZW(n)(L*hzg )+ > 7w(n) (Lhas)( )},
’ neA neA

By (B.6) and (B.7), this expression is equal to 1, which proves the claim.
By definition of gg, %o, ho and by (B.13),

1

o, — L= U 1P = ———
12 = w0l = 10| =
This completes the proof of the theorem. O

Remark B.5. It follows from the proofs of the theorems that the optimal flow
¢ In Theorem B.3 can be written as

¢ = Oy — Uy,

where f = (1/2){hy p + ha,p} and h = ha p. Similarly, the optimal flow ¢ In
Theorem B./J can be written as

¢:®go+q]h07

where go = (1/2) {hZ,B — ha,p}/cap(A, B) and ho = ha,p/cap(4, B).

Theorem B.3 appeared in Gaudilliere and Landim [67], and Theorem B.4 is
due to Slowik [119]. Similar Dirichlet and Thomson principles are available in
the context of diffusions processes, [90, 86].
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Remark B.6. Both theorems require an explicit knowledge of the invariant
measure which is not always available in non-reversible dynamics. An important
open problem consists therefore to derive formulas for the capacity which do not
involve the stationary state.

Remark B.7. These variational formulae, expressed as infima, provide simple
lower and upper bounds for the capacity. To obtain sharp bounds, good approxi-
mations of the harmonic functions are needed to produce test functions and test
flows close to the optimal ones. In concrete examples, one of the difficulties is
that the test flows constructed are never divergence free, and a correction has to
be introduced to remove the divergence of the test flow, [91, 93, 117].

Remark B.8. Similar variational formulae for the capacity hold in the context
of diffusions [90, 86].

B.5. Reversible dynamics

In the reversible case, the conductance is symmetric: ¢(n, &) = ¢(£,n). In partic-
ular, all flows @y, %, Wy, introduced in (B.10), coincide, and the optimal flow
¢ of Theorem B.3 vanishes because the equilibrium potentials 1%y 5, ha,p are
equal. Hence, in the reversible case,

cap(A,B) =

inf inf
f€C1,0(A,B) fE€C1,0(A,B)
where the last identity follows from (B.12). We recover in this way the Dirichlet
principle for reversible dynamics:

A B) = inf D B.14
cap(4, B) e (f) (B.14)

In the Thomson principle, the optimal function g vanishes, and we recover
the Thomson principle for reversible dynamics:

1
_— = inf 2,
cap(A, B) YEF1(A,B) Il

In the reversible case, the Thomson principle can also be expressed in terms

of functions.

Lemma B.9. We have that

1 , D(f)

- — inf 2
@4 B) T (5w (L )

where the infimum is carried over all functions f : E — R such that (Lf)(n) =0
forallne E\ (AUB).
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Proof. Fix a function f: E — R such that (Lf)(n) =0foralln € E\ (AU B).
By Schwarz inequality and equation (A.7) for the Dirichlet form,

(5 3 =0 RGO 1FE) — )] [han(©) — hastn)]) < D) Dlhas).
n,§€EE

As the chain is reversible, the jump rates satisfy the detailed balance conditions
(A.3). We may thus rewrite the sum appearing on the left-hand side as

— 3" 7m) R, &) [£(€) — f)hapn) = = > 7(m) (L F)(n) has() .

n,E€E nekE

Since ha,p = x4 on AUB and Lf = 0 on the complement, the previous sum is
equal to
=Y wm) (L f)n) -
neA
We have thus proved that

2 1
sup (n;w(n) LH) 55

where the supremum is carried over all functions f satisfying the assumptions
of the lemma. This inequality is actually an identity because the equilibrium
potential h4 p belongs to the class of functions considered [it is harmonic on €]
and

< D(ha,B),

> wm) (Lhag)m) = D(hasg) .

neA
To complete the proof of the lemma, it remains to recall that cap(A, B) =
D(ha,B). |

Remark B.10. By inserting test functions, the previous lemma provides lower
bounds for the capacity between two sets. In practical situations, however, it is
almost impossible to find functions which are harmonic at every point of Q). But
it might be possible to find functions which are almost harmonic in the sense
that Lf is small. The previous proof applied to any test function yields that for
every € > 0,

a-a(Xrm@nm) — H(Sam@nml) < D) Dlhas)
Q

neA ne

where we used Young’s inequality 2ab > —ea® — e 'b? and the fact that the
absolute value of the harmonic function is bounded by 1. The advantage of this
inequality with respect to the Thomson principle lies in the fact that it holds for
all functions f : E — R and not only for the harmonic ones in Q. However, the
resulting lower bound for the capacity will be sharp only if f is almost harmonic

on Q.

Remark B.11. The previous remark can be extended to all principles stated in
the previous and in the next section. It is this version which is used in concrete
examples. We refer to Theorem 5.3 of [117].
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B.6. Dirichlet principle I1

We provide in this subsection an alternative variational formula for the capacity
in terms of functions only.

Fix two disjoint subsets A, B of E. Let §o(A4, B)" be the set of flows in §
which are orthogonal to all flows in Fo(A, B). By [97, Theorem 8.7], for every
function f in €; o(A4, B),

P 2
inf &, — ¢l = sup (Pr, 90" ,
$€T0(A,B) WEFo(A,B)+ (¥, )
where the supremum is carried over all 1) # 0. We may rewrite the right-hand
side to obtain that
inf ||®;—o)> = su 2D, ) — (1, , B.15
sl 0 =0 = s {2(000) < (w0}, B1)
which is more convenient.

Let €(A, B) be the set of functions f : E — R which are constant in A and

B:
¢(A,B) = U Casb -
a,beR
Lemma B.12. We have that

So(A,B): = {U;:feeA,B)}.

Proof. Denote by 2 the set on the right-hand side. Its is clear that 2A C
Fo(A, B)*. Indeed, fix ¢ € Fo(A, B) and f in €, for some a, b € R. Then,

(Up6) = 5 3 1F)— F©]60.6 = 3 fl) [Aive)n)

(n,§)ee nekE

As f is constant equal to a, b on A, B, respectively, this sum can be written as

a Y (dive)(n) + Y f(n)(dive)(n) + b Y (dive)(n). (B.16)

neA ngAUB neEB

Each of these sums vanish because ¢ belongs to Fo(A4, B).
It remains to show that A+ C Fo(A, B). Let ¢ be a flow in A+, Then, for all
a,beR, fin €4,
<\I/f’ (b) =0.
In the first part of the proof, we showed that the left-hand side of this identity
is equal to (B.16). Hence, for all ¢, b € R and all f: F\ (AU B) — R, (B.16)
vanishes. From this we conclude that for all £ ¢ AU B,

> (dive)(n) = (divg)(§) = Y (divg)(n) = 0.
neA neB

This proves that ¢ belongs to Fo(A, B) and completes the proof of the lemma.
O
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It follows from (B.15), the previous lemma and (B.12) that

. 2 s
N L ﬁERBB){2<f7Lg>ﬂ ((=L%9),9)x},
where the set €(A, B) has been introduced in the statement of Lemma B.12.
We replaced g by —g in the previous expression to remove the minus sign in the
first term.

The previous argument permitted to formulate in terms of functions a varia-
tional formula originally expressed through flows. Since, by (A.6), (L°g, g)r =
(Lg, g)r, in the previous formula we may replace L* by L. This identity to-
gether with Theorem B.3 provides a Dirichlet principle in terms of functions
only. This is the content of the next result. In contrast with the one formulate
in terms of flows, it involves an inf sup instead of an inf inf which is simpler to
estimate.

Theorem B.13. Let A, B be disjoint, non-empty subsets of E. Then,

cap(4, B) = inf su 2(f, Lg)n — {((=L)g, g} .
p( ) fe€i0(A,B) QGQ(};),B){ <f g> <( )g 9> }

Moreover, the optimal function is given by f = (1/2){ha s + b} g}

Theorem B.13 has been proved by Doyle [51] and, independently, by Gau-
dilliere and Landim [67]. A version in the context of diffusions is due to Pinsky
[112, 113)].

Remark B.14. [t is also possible to transform the variational problem

inf ®, —?
el [®g — 9]
into a supremum over flows satisfying certain identities. The resulting varia-
tional formula does not seem to be useful.

B.7. Sector condition

Recall from (A.5) that we denote by L® the symmetric part of the operator L
in L2(n): L® = (1/2)(L + L*). This operator is self-adjoint in L?(7) and the
corresponding Markov chain, denoted by 7°(t) is reversible. Moreover, for every
function f : E — R,

(L) [, fre = ((=L)f, f)n = D(f)-

Therefore, the Dirichlet form associated to the operator L®, denoted by D*(f)
and defined by the leftmost term of the previous equation, coincides with the
Dirichlet form of the original process.

In particular, if we represent by cap®(A4, B) the capacity between two disjoint,
non-empty subsets A, B with respect to the chain n*(t), by (B.14),

cap®(A,B) = inf Dy = inf D(f).
P ) f€€1,0(A,B) () f€C1,0(A,B) )
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Hence, as h,, g belongs to €; o(A, B), by (B.7) and the previous identity,
cap®(A, B) < cap(4, B) . (B.17)

It turns out that a converse inequality holds if the generator satisfies a sector
condition. Recall that a generator L satisfies a sector condition with constant
Cy if for every functions f, g : E — R,

<Lfvg>727 S CO<(_L)faf>7T<(_L)g7g>7r

Next result states that the capacity between two sets can be estimated by by the
symmetric capacity between these set if the generator satisfies a sector condition

Lemma B.15. Suppose that the generator L satisfies a sector condition with
constant Cy. Then, for every pair of disjoint subsets A, B of E,

cap(4, B) < Cycap®(4, B) .

Remark B.16. By equation (6.2), the height of a valley is proportional to the
inverse of the capacity. Thus, equation (B.17) asserts that the height of a valley
i non-reversible dynamics is smaller than the one in the reversible version.
Therefore, non-reversible dynamics miz faster than their reversible counterpart.

Remark B.17. When the state space E is finite, the generator always satisfies
a sector condition (cf. Corollary A.3), but Lemma B.15 holds in the context of
countably-infinite state spaces and diffusions.

B.8. Recurrence

We assume in this section that the set F is countably infinite. A classical problem
in the theory of Markov chains is to determine wether a chain is recurrent or
not. Potential theory is a powerful tool in this framework.

Here is an open problem, for instance. Consider the random walk in random
environment evolving on Z? as follows. For each line I(k) = {(z, k) : = € Z} flip
a fair coin. If it comes head, on this line the random walk may only jump to
the right, while it may only jump to the left if it comes tail. This represented
by drawing an arrow from (z, k) to (x + 1, k) for each « € Z if the side shown is
head, or from (z, k) to (x — 1, k) if it is tail. Do the same thing for each column
to obtain a graph as in Figure 7.

As illustrated in Figure 7, each point (z,%) in Z? is the tail of two arrows.
Denote by n(t) the random walk on Z? which waits a mean-one exponential
time ate each site of Z2 and which jumps with equal probability along one of
the two arrows.

It is clear that for almost all environments the random walk is irreducible and
that the uniform measure is stationary [because the flow formed by the arrows
is divergence-free]. It is an open problem to determine if this random walk is
almost-surely recurrent or transient.
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Fi1G 7. A random walk in random environment evolving on Z2. At the tail of the two red
arrows, the random walk may only jump, with equal probability, to the left or to the bottom.

In view of this example, consider a chain 7)(t) defined on a countably infinite
space E which is irreducible and assume that there exists a stationary state,
denoted by m. Note that m may not be summable, as in the example above.
But we assume that 7 is explicitly known because all estimates below involve 7.
This is clearly a strong hypothesis and in many cases a stationary state is not
known.

Recall that the Markov chain 7(¢) is recurrent if and only if there exist a
configuration 1 € E such that P,[H," = oo] = 0. There is nothing special about
n. If this identity holds for some configuration 7, due to the irreducibility, it
holds for every. Let (B, : n > 1) be a sequence of finite subsets of E containing
7 and increasing to E, n € B, C By+1, Uy B, = E. Then,

+ _ _ 1 +
IE%[H77 —oo] = nILH;OPn[Hga <H77]'
By definition (B.1) of the capacity, for any finite set B containing the site 0,

1
M(n)

where M (&) = (&) A(£), A(&) being the holding rate at . Hence, the Markov
chain n(t) is recurrent if and only if there exist a configuration n € E and a
sequence of finite subsets B,, containing 7 and increasing to F such that

P, [HBC < Hﬂ = cap(n, B°),

lim cap(n,B;) = 0. (B.18)
n—oo
The proof of the recurrence is thus reduced to the estimation of the capacity
between a configuration and the complement of a finite set.

Of course, if condition (B.18) holds for some configuration € E and for some
sequence of finite subsets B,, containing 7 and increasing to FE, it also holds for
all configurations £ € E and for all sequences of finite subsets C,, containing &
and increasing to F.

The next two results, taken from [67], follow from the previous observation
and the estimate (B.17) and Lemma B.15. Recall from the previous subsection
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that 1®(t) stands for the reversible version of the process n(t) whose generator
is given by L® introduced in (A.5).

Theorem B.18. Let n(t) be a irreducible Markov chain on a countable state
space E which admits a stationary measure. The process is transient if the
Markov chain n*(t) is.

Theorem B.19. Let n(t) be a irreducible Markov chain on a countable state
space E which admits a stationary measure. The process is recurrent if its gen-
erator satisfies a sector condition and if the Markov chain n®(t) is recurrent.

It follows from these results, cf. [67], that a irreducible Markov chain on a
countable state space E' which admits a stationary measure is recurrent if the
Markov chain 7°(t) is recurrent and if

ca(n, €)?
2 g %

where the symmetric conductance ¢s has been introduced in (B.9), and the

asymmetric one is given by ¢, (n, &) = (1/2) [¢(n, &) — c(&,n)].

Benjamini and Hermon [74, 21] used Theorem B.18 to investigate the recur-
rence of non-backtracking random walks and to show that for every transient,
nearest-neighbor Markov chain on a graph, the graph formed by the vertices it
visited and edges it crossed is a.s. recurrent for simple random walk.

B.9. Equilibrium measure

Fix two proper, disjoint subsets A, B of E: AN B =9, A # &, B # &. Define
the equilibrium measures vap, v}z on A as

_ M(n)P,[Hp < H} | . _ M(n)P;[Hp < H} |
VAB(U) - cap(A B) ’ VAB(U) - Cap*(A B)

neA.

For a probability measure 4 on E, denote by P, the measure on D([0,00), E)
induced by the Markov chain n(t) starting from pu: P, = >°, - 5 () Py Expec-
tation with respect to PP, is represented by E,,.

Proposition B.20. Fiz two proper, disjoint subsets A, B of E. For every
function g : E — R,

Hp *
B, [ [ st ar] = pan (B.19)

Proof. We first claim that the proposition holds for indicator function of a
configuration. Fix an arbitrary element £ of E. If ¢ belongs to B the right
and the left-hand side of (B.19) vanish. We may therefore assume that & does
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not belong to B. In this case we may write the expectation appearing in the
statement of the lemma as

Hp—1

By { ; % X} (Yn)

where (Y,, : n > 0) is the discrete-time, embedded Markov chain, (e, : n > 0)
is a sequence of i.i.d. mean-one, exponential random variables, independent of
the jump chain (Y;, : n > 0), and Hp the hitting time of the set B for the
discrete time Markov chain Y,,. By the Markov property and by definition of
the harmonic measure v} g, this expression is equal to

ZZVAB =§,n<HB}

77€A n>0

:— M(n)P;[Hp < H} |P,[Y, =&, n <Hp] .
A(cap 7;”726;4 b ][ Som B}

We may replace the hitting time and the return time Hp, HX by the respec-
tive times Hp, Hz for the discrete chain. On the other hand, since n and £ do
not belong to B, the event {Yy = 0, Y, = £, n < Hp} represents all paths
that started from 7, reached £ at time n without passing through B. In par-
ticular, by the detailed balanced relations between the process and its adjoint,
Mm)PylY, = £, n < Hp|] = M(§)P¢[Y, = n,n < Hp| and the last sum
becomes

s P*H <HY|P{[Y,=n,n<H
e (4.5) 2 253l <Ll = <]
M(¢
:— Pi[Y,=n,n<Hp,Hpod, <H}o¥,|,
XE e (4 B) 20y 2 FELn =70 <o oo < Ho 0]

where we used the Markov property in the last step. In this formula (9 : k > 1)
stands for the group of discrete time shift. Summing over 7 the sum can be
written as

Z]P}Y €A, n<Hp,Hpod, <H}ov,].
n>0

The set inside the probability represents the event that the process Yy visits A
before visiting B and that its last visit to A before reaching B occurs at time
n. Hence, since M (§) = A(§) w(£), since by (B.3), (B.8) cap*(A4, B) = cap(4, B)
and since g is the indicator function of the configuration £, summing over n we
get that the previous expression is equal to

1

* 7h* ™
WW(Q]}%[HA <HB] — M

cap(A, B) .
By linearity, we get the desired result for all functions g : £ — R. O
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In the particular case where A = {n} for n ¢ B we have that

<ga h?n}B >7r

Hp
En[/o g(n(s))ds | = ap(in}. B)

for all functions g : E — R.

(B.20)
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