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Abstract: The Regression Conditional Tail Moment (RCTM) is the risk
measure defined as the moment of order b > 0 of a loss distribution above
the upper a-quantile where o € (0,1) and when a covariate information
is available. The purpose of this work is first to establish the asymptotic
properties of the RCTM in case of extreme losses, i.e when o — 0 is no
longer fixed, under general extreme-value conditions on their distribution
tail. In particular, no assumption is made on the sign of the associated
extreme-value index. Second, the asymptotic normality of a kernel esti-
mator of the RCTM is established, which allows to derive similar results
for estimators of related risk measures such as the Regression Conditional
Tail Expectation/Variance/Skewness. When the distribution tail is upper
bounded, an application to frontier estimation is also proposed. The results
are illustrated both on simulated data and on a real dataset in the field of
nuclear reactors reliability.
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A recurrent problem in actuarial science, econometrics or statistical finance is
to quantify the risk associated with a non-negative loss variable Y. A large vari-
ability of the random variable Y implies a high capital reserve for portfolios or
a high price of the insurance risk. Quantiles are the basic tools in risk manage-
ment and the main quantile-based risk measure in financial institutions is the
Value at Risk with a confidence level 1 — «. It is defined as the ath quantile
of the survival distribution of Y, see [35] for a review. When a covariate in-
formation X is recorded simultaneously with Y, the Value at Risk becomes a
conditional quantile and is referred to as the Regression Value at Risk, denoted
by RVaR(«|X) to emphasize the dependence on the covariate. The estimation
of extreme Regression Value at Risk, i.e. RVaR(a|X) for small probabilities «,
has many important applications, for instance in ecology [45], climatology [20],
biostatistics [38], econometrics [9], finance [48], and insurance [4]. Recently, [11]
extended the classical asymptotic theory on conditional quantiles [5, 44, 46, 47]
further into the tails of the distribution by considering orders o = «, — 0
as the sample size n tends to infinity. The results are based on extreme-value
theory [28], they hold true whatever the nature of the distribution tail. At the
same time, an alternative regression risk measure, the Regression Conditional
Tail Moment (RCTM) [16] was proposed to overcome the limitations of RVaR
which prevent it from being a coherent risk measure [3]. The introduction of the
RCTM permitted to adapt some risk measures to the regression setting, among
them: the Conditional Tail Expectation (CTE) [3], also known as Tail-Value-
at-Risk or Expected Shortfall, the Conditional Tail Variance (CTV) [49], the
Conditional Tail Skewness (CTS) [32], etc. The authors also investigated the
estimation of the RCTM for extreme levels within the context of heavy-tailed
distributions.

The goal of this work is to fill in the gap between the two previous lines
of work. Here, the asymptotic properties of the RCTM are established for ex-
treme levels, and for all kinds of distribution tails. A nonparametric estimator
is also introduced and its asymptotic distribution is derived in this context i.e.
for « = a,, — 0 as the sample size n — oo and for an arbitrary distribution
tail. As a first application, we obtain the asymptotic properties of the associ-
ated estimators: regression CTE, CTV and CTS. The second application takes
place in the context of frontier estimation. Indeed, when the upper tail of the
distribution of Y given X = x is bounded, the right endpoint y*(x) is finite
and is often referred to as a frontier. The estimation of x — y*(z) has re-
ceived a lot of attention and various methods have been proposed based either
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on extreme-value estimators [22, 25, 31], projections [34], piecewise polynomial
estimators [29, 30, 37, 39, 40] or linear programming estimators [27]. Here, we
take profit of the properties of the RCTM to propose a new frontier estimator.
Its asymptotic normality is proved and its finite sample properties are compared
to other recent frontier estimators both on simulated and real datasets.

The paper is organized as follows. The definition of the RCTM and its links
with classical risk measures are recalled in Section 1. A nonparametric estima-
tor is introduced. Asymptotic properties are established in Section 2 and two
applications are detailed in Section 3. The efficiency of our estimators is then
illustrated on simulated data in Section 4 while Section 5 provides a motivating
example in reliability. Proofs are postponed to the Appendix.

1. Regression risk measures

Let Y be a positive random variable and X € RP a random vector of regressors
recorded simultaneously with Y. Assuming that (X,Y") is absolutely continuous
with respect to Lebesgue measure, the probability density functions (p.d.f.) of
X and Y given X = z are denoted respectively by ¢(-) and f(:|z). For any
x € RP such that g(x) # 0, the conditional distribution of ¥ given X = z is
characterized by the conditional survival function F(-|x) = P(Y > -|X = z) or,
equivalently, by the conditional quantile defined for o € (0,1) by F* (alz) =
inf{t, F(t|z) < a}. In a risk analysis perspective, Y represents a loss while the
conditional quantile is referred to the Regression Value at Risk and is denoted by
RVaR(:|z) := F* (-|x). We shall also denote by y*(x) := RVaR(0|z) € (0, +o0]
the right endpoint of Y given X = x. The Regression Conditional Tail Moment
of level a € (0,1) and order b > 0 has been introduced in [16] and is defined by

RCTMy(a|z) := E (Y*|Y > RVaR(a|z), X = z).

Let us note that this quantity may not exist for all b > 0, depending on the
tail heaviness of Y given X = z, see Section 2 for sufficient conditions. Thanks
to the RCTM tool, several risk measures have been adapted to the conditional
framework: the Conditional Tail Expectation, the Conditional Tail Variance and
the Conditional Tail Skewness. More specifically, the following regression risk
measures are considered: the Regression Conditional Tail Expectation defined by

RCTE(alz) = E(Y]Y > RVaR(«a|z), X = 2) = RCTM; (alx), (1.1)
measuring the mean of losses above the RVaR, the Regression Conditional Tail
Variance

RCTV(ajz) = E([Y — RCTE(a|z)]’|Y > RVaR(a|z), X = )

= RCTMy(alz) — RCTM; (alz), (1.2)

measuring the variability of the losses above the RVaR and the Regression Con-
ditional Tail Skewness given by
RCTM;(ax)

RCTS(al2) = erviaa e (1.3)
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assessing the asymmetry of the losses above the RVaR.

Starting from n independent copies (X1, Y1), ..., (Xn, Ys) of the random vec-
tor (X,Y), the estimation of the previous regression risk measures has been
addressed in [16] when the distribution of Y given X = x is heavy-tailed and
for extreme levels a i.e. @ = a, — 0 as n — oo. In view of (1.1)—(1.3), the main
step is to estimate the RCTM, the other regression risk measures can then be
estimated by a plug-in technique. To this end, remark that the RCTM can be
rewritten as

1 1
RCTMy(an|x) = a—E (Y*I{Y > RVaR(an|2)}| X = 2) = a—apb(RVaR(an|x)|x)

n

where I{-} is the indicator function. The considered estimator of the Regression
Conditional Tail Moment of level o, and order b is thus given by the following
three quantities:

Sy K (2 = X)VP{Y; > RVaR, (a,]2)}

RCTMy n(ap|z) = ST ok (@ — Xy) , (14)
RVaR,(anlz) = inf{t, F,(tlz) < anl, (1.5)
Bolyle) = iz K, (2 = XIY: >y} (L6)

Z?:l Kk, (x — Xi)

with IC,(+) := 27PK(-/z), for all z > 0 and where K(-) is a density on R? referred
to as a kernel. Sequences (h,,) and (k,,) control the smoothness of the estimators.
For the sake of simplicity, in what follows, the dependence on n for these two
sequences is omitted and we let £ := min(h, k), ¢ := max(h, k). Observe that
(1.4)—(1.6) are classical kernel estimators (see for instance [41, 43]) of conditional
expectations, quantiles and survival functions. However, their use in an extreme
context (a, — 0 as n — 00) induces unusual difficulties in the nonparametric
estimation, see the next section.

2. Main results

To derive the asymptotic properties of RCTM and of its estimator, an assump-
tion on the right tail behavior of the conditional distribution of Y given X =
is required. Since (X,Y) is supposed to be absolutely continuous with respect to
Lebesgue measure, the function RVaR(-|x) is differentiable almost everywhere
and we assume that

(A.1) There exists y(z) € R such that

RVaR/(ta|r)

i ! (@),
a—0 RVaR/(«a|x)

locally uniformly in ¢ € (0, 00).
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Condition (A.1) amounts to supposing that —RVaR’(-|z) is regularly varying
at the origin with index —(y(z)+1), see [6] for more details on regular variation
theory. From [28, Corollary 1.1.10, equation (1.1.33)], condition (A.1l) entails
that the conditional distribution of Y given X = x is in the maximum domain
of attraction of the extreme-value distribution with extreme-value index ~y(x).
The unknown function +(-) is referred to as the conditional extreme-value index
function. Let us point out that in [16], only the case vy(z) > 0 was considered,
which corresponds to the situation where Y given X = x has an heavy right
tail (Fréchet maximum domain of attraction). Here, no assumption is made
on the sign of y(x), and we let y4(z) := max(y(z),0). Finally, the sign of the
function (+) in (A.1) is not supposed to be constant on the support of X, but it
will appear that it should remain constant in a neighbourhood of the estimation
point. To be more specific, let us consider three examples of distributions with
different tail behaviors.

Example 1 (Fréchet maximum domain of attraction, y(x) > 0). The Pareto
distribution with cumulative distribution function (c.d.f.) F(y|z) =1 —y= 0,
y > 1 and 0(-) > 0 verifies (A.1), the extreme-value index is y(z) = 1/0(x) > 0.
Note that F(-|x) is regularly varying at infinity, this is the framework of [16].

Example 2 (Gumbel maximum domain of attraction, v(z) = 0). The expo-
nential distribution with c.d.f. F(ylx) = 1 — exp(—y/0(x)), y > 0 and 6(-) > 0
verifies (A.1), the extreme-value index is y(x) = 0. Note that F(-|z) is not
regularly varying at infinity.

Example 3 (Weilbull maximum domain of attraction, v(z) < 0). Let y*(-) and
0(-) be two positive functions. The considered c.d.f. is

Flyle) =1- (1 -y/y* ()@, Vye[0,y*(x)] (2.1)

and thus
RVaR(a|z) = y*(z)(1 — ot/?@) (2.2)

is differentiable with respect to o € (0,1]. If, moreover, §(z) < 1, then the
differentiability holds on the whole [0, 1] interval. In any case, (A.1) is verified,
the extreme-value index is y(z) = —1/6(x) < 0 while y*(-) is the frontier. The
estimation of y*(-) is illustrated on this particular example in Section 4.

Our first result establishes some asymptotic properties of the RCTM.

Proposition 1.

(i) Suppose y*(x) < oo. Then, for allb > 0, RCTM,(a|z) — [y*(z)]® as a — 0.
(ii) Under (A.1), for all b > 0 such that by(z) < 1,

. RCTMy(afz) 1
2 RVaR(alo)]P ~ 1 bys(a)’ (23)

and RCTMy(+|z) is regularly varying with index —by, (x).



364 J. El Methni et al.

First, let us highlight that Proposition 1 is an extension of the result estab-
lished in [33] for the Conditional Tail Expectation (b = 1) in the framework
of unconditional (y(z) = ) heavy-tailed (v > 0) distributions. When y*(z) is
finite, then the function z — y*(x) is called a frontier, and, from classical results
of extreme-value theory, necessarily y(z) < 0. In such a case, Proposition 1(i)
shows that RCTM,(a|z) — (y*(z))® as @ — 0 without further assumption on
the distribution tail. This will be the starting point in Section 3.2 for designing
a new frontier estimator. Basing on Proposition 1(ii), the asymptotic proper-
ties of RCTE, RCTV and RCTS can easily be derived and will reveal useful in
Section 3.1.

Corollary 1. Assume (A.1) holds.

(1) If y(z) <1 then
. RCTE(aly) _ 1
a—0 RVaR(alz) 1 —7y4(z)

(i) If v(z) < 1/2 then

im ROTV(afo) _ 75 (o) —: pr(7e ()
a0 [RVaR(afx)]2 — (1 — 4 (@)2(1 — 274 (x)) "7

o

)

(iii) If v(z) < 1/3 then

(L= 7 @) (1 = 274 (2))*/2
(@)1~ 37 (@)

lim RCTS(al) = = pa(y4(2)).

(iv) If y(z) < 1/3 then

2/3
lim RCTV(a|x)[RCTS(c|z)]

a=0 [RVaR(«|z)]? = (1 =34 (@))%

It is interesting to note that, from (i), when y(x) < 0, both risk measures
RCTE and RVaR are asymptotically equivalent. Besides, a close study of the
function po appearing in (iii) shows that the RCTS tends to infinity when v ()
approaches 0 or 1/3 and is asymptotically minimum for v(x) = ¢ where 7o =~
0.2873 is the unique root of equation v3 + 572 — 579+ 1 = 0 on [1/4,1/2]. Such
an extreme-value index 7y defines the distribution tail whose losses have the
minimum asymmetry.

The asymptotic normality of (1.4)—(1.6) is obtained under additional as-
sumptions. First, a Lipschitz condition on the p.d.f. of X is required. For all
(z,2") € RP x RP, let us denote by d(x,z’) a distance between x and .

(A.2) There exists a constant ¢, > 0 such that |g(z) — g(2')| < ¢gd(z, 2").
The next assumption is devoted to the kernel function K(-).

(A.3) K(-) is a bounded density on RP, with support S included in the unit
ball of RP.
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For £ > 0, the largest oscillation at point (z,y) € RP x R associated with the
Regression Conditional Tail Moment of order b > 0 such that by(z) < 1 is given
by
w (x7 a7 b’ 67 h)
— /
= sup {‘M - 1‘ with ‘é —RCTM(alx)| < f},
@/ €B(x,h) B a

recalling that ¢, (-|x) = F(-|]x)RCTM,(F(-|z)|x) and where B(x, h) denotes the
ball centred at x with radius h Finally, for all finite set E, let L(E) = {e; +
ej, (e;,ej) € Ex E}YUE. The first theorem establishes the asymptotic normality
of the RVaR estimator defined by (1.5) and (1.6).
Theorem 1. Suppose (A.1), (A.2) and (A.3) hold. Let x € RP such that
g(x) > 0 and consider a,,, — 0 such that nkPa,, — 0o as n — oo. If there exists
& > 0 such that

nkPa, (kVw(z,ay,0,&, k))2 — 0, (2.4)
then

(nkPa )2 F(RVaR (an|z)|z) (mn(an\x) - RVaR(an|x))

(o 2.

This result was first established in [11, Theorem 1] but under a stronger
assumption on the tail of Y given X = z. The Von-Mises condition used in [11]
requires the twice differentiability of F'. Here, it is replaced by (A.1) which only
involves the first derivative of F. As observed in [11], condition nkPa, — oo
limits the range of extreme Regression Value at Risk that can be estimated
with a kernel method. Condition (2.4) implies that the bias introduced by the
oscillation of the survival function

F(F (Blr)|a")
B

should be negligible compared to the standard-deviation of the estimator. The
smaller the oscillation is, the better the nonparametric estimation procedure
will perform. Moreover, (2.4) entails that w(z, ay,,0,£,k) — 0 as n — oco. This
condition can also be found in [11], it is verified under smoothness assumptions
on the conditional survival function. In particular, it requires the endpoint y*(+)
to stay either finite or infinite in a neighbourhood of x. Similarly, the sign of
the extreme-value index 7(-) should remain constant in a neighbourhood of x.

Theorem 2. Let J € N\ {0} and E := {b1,...,b;} where b; > 0 for all
j =1,...,J. Suppose (A.1), (A.2) and (A.3) hold and let o, — 0 be a
sequence satisfying ntf o, — 0o as n — oo. Let © € RP such that g(x) > 0 and
v(z) < 1/(2b;) for all j=1,...,J. If there exists £ > 0 such that

w(1'70[n,0,£,k) = sup {
' e€B(x,k)

_1‘ with‘£—1’<§},
an

2
nl’ o, (Z\/ max w(m,an,b,ﬂz)) —0,
bel(E)
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and £/0 — 0, then the random vector

R/Cﬁ/[b, n(an|T)
Y/ " 1/2 js -1
(ntew) RCTM,, (cn|2) _
! je{1,...,J}

1s asymptotically Gaussian, centred, with a J X J covariance matriz given by
cither |K|25W) (x)/g(x) if h/k — 0, or [|K|352) (2)/g(z) if k/h — 0, where

for (i,) € {1,.... J}?,
Wy~ I =biyy (@) = by (2)
e VR NN

@)y = 0= bre @)~ by ().

Two cases appear:

— If v(x) < 0, then the asymptotic covariance matrices do not depend on
{b1,...,bs} and thus the estimators mbﬁn(aﬂxﬁ j =1,...,J share the
same rate of convergence.

— Conversely, when «(x) > 0, the asymptotic variances are increasing func-
tions of the RCTM order. Moreover, note that [Eg)(a:)]j,j > [Eg)(a:)]j,j for
all j € {1,...,J} and thus k/h — 0 leads to more efficient estimators than
h/k — 0. Let us also note that, in this situation, the case h = k has been
investigated in [16, Theorem 1] where it was shown that diagonal terms of the
covariance matrix are

26242 (2)(1 — biy(x
2, = 2 )

Routine calculations show that [Eg)(m)]j,j > [Eg)(x)]j,j for all j € {1,...,J}
and thus k = h leads to more efficient estimators than h/k — 0. The comparison
between the choices k/h — 0 and h = k is less straightforward: £ (2)];; <
[Eg) (x)];,; for all j € {1,...,J} if and only if b;y(x) > 1/3.

These conclusions are however only of theoretical interest, since, in practice,
~(z) is unknown and the bandwidths h and k have to be determined for a fixed
value of the sample size n. A data-driven procedure is proposed in Section 4
but, before that, two illustrations of the above results are proposed.

3. Applications

In Paragraph 3.1, an estimation procedure is introduced for estimating the
regression risk measures (1.1)—(1.3) and the associated asymptotic properties
are established. These results are derived whatever the sign of the conditional
extreme-value index () is, in contrast to [16, Corollary 1, 2] which hold only
under the assumption y(z) > 0. In Paragraph 3.2, we focus on the situation
where y(z) < 0 and more precisely when the distribution of Y|X = x is up-
per bounded. A new estimator of the endpoint (or equivalently the frontier) is
then proposed basing on the RCTM estimator and its asymptotic normality is
proved.



Kernel estimation of extreme regression risk measures 367

3.1. Estimation of ertreme regression risk measures

All the regression risk measures (1.1)—(1.3) can be estimated by plugging-in the
RCTM estimator defined by (1.4)—(1.6). The obtained estimators are denoted
by mn(anM), fﬁT\Vn(anLr) and mn(an|x) The following corollary
establishes their asymptotic normality while their asymptotic variances are given
in Table 1.

Corollary 2.
(i) Under the assumptions of Theorem 2 with E = {1} (implying v(x) < 1/2),

(nfP e, )12 (RCLH) . )

RCTE(ay|z)

is asymptotically Gaussian, centred with variance Yrcrr,1(v+(2))||K||3/
g(x) if h/k = 0 or Ircre2(v4+(2)IKI3/9(x) if k/h — 0.
(ii) Under the assumptions of Theorem 2 with E = {1,2} (implying v(x) <

1/4),

(n€f o)

12 RCTV(an|z) (RCTV,(anlz) .
[RVaR(a|z)]? \ RCTV(ay|z) ’

is asymptotically Gaussian, centred with variance Yrcrv.1(v+(2))||K||3/
g(@) if h/k = 0 or Ircrv 2 (v+(@)IIKI3/g(x) if k/h — 0.
(iii) Under the assumptions of Theorem 2 with E = {1,2,3} (implying v(z) <
1/6), if (nfP o) 2[RCTS (v |2)]72/3 — 00, then
5 [ RCTS, (an|z)
P n 1/2 T . 2/3 [ A lonlQpn|l)
(0t IRCTS 0 )] ( Tiggpanldd 1),

is asymptotically Gaussian, centred with variance Yrcrs(v+(2))|IK|3/
9(@) if h/k — 0 or Ircrs 2 (v+(@))IKI3/g(x) if k/h — 0.

The following comments can be made:

— In the case y(z) < 0, estimators of the RCTV and RCTS both have the
same rate of convergence (Corollary 1(iv)) while the estimator of the RCTE
converges faster (Corollary 1(i)—(iii)).

—In the case y(z) > 0, from Corollary 1(ii) and (iii), all the previous risk mea-

sures share the same rate of convergence (nf” an)l/ 2. The asymptotic variances
of

RCTE, (an|) RCTV., (o |z)
P \1/2 2 Enlfl) P Y1/2 [ 222 VnlQnll)
(nta) ( RCTE (o |2) ) (n€an) ( RCTV (i) ’

(ndP o, )Y/? (RCTSH(O‘H|$) _ 1) 7

RCTS (o |2)
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TABLE 1
Asymptotic variances.

) (1—2)?
1-2z
2) (1-2)?
)

1-724922 41523624

YRCTE,1(2
YRCTE,2(

(z
(

YRrRCTV,1

Irorv,2(2) Tz
(1-32)1/3(9—19824174922 — 78902 +189792% — 2274625 +104152 481027 —129628 —2162°)

Urers,i(2) a/3 L, A0-27(-22)2(1—42)(1-52)(1-62)
YroTs,2(2) (1743(?[2)1&?:52:); :

~ —Z 2

T?RCTE,I z) 4=2)

( ) 1-2z
YreTE2(2) (1 —2)°

(2) (1—2)2(1-22)(1—-724922+152°—62%)
24(1-32)(1—4z2)

( (172)2(17i2>2(1+2)2

YrcTv,1(2

YroTv,2(2) —
2) (1-32)1/3(9—19824174922 — 78902 +189792% —227462°+1041525 481027 129628 —2162°)
4291(1—42)(1—52)(1—62)

YRCTS, 1

(
(2) (1-32)%/3(3—62—2%)2

YRCTS,2 o

are respectively given by 1§‘RCTE7.('}/+(;10))7 ﬁRCTV,.('er(x)), 19RCTS,.(’Y+($))
where

UrctEe(2) = UroTEe(2),
Urerv.e(2) = Urorv.e(2)/p3(2),
IRoTS.0(2) = ﬂRCTs,.(Z)P§/3(Z)7

see Table 1 for details and Figure 1 for an illustration. It appears that the
asymptotic variance associated with the situation k/h — 0 is smaller than the
asymptotic variance associated with the situation k/h — 0 for all three consid-
ered estimators, even though they almost coincide for RCTS. This is consistent
with the conclusions derived from Theorem 2 where it has already been observed
that the case k/h — 0 was the most favorable to estimate the RCTM. Since
1§RCTE72, 1§RCTV,2 and 1§RCT572 are decreasing functions, the following bounds
can readily be established:

1§RCTE,2(Z) > 1/4 for all z € [07 1/2],
ﬁRCTV’g(z) >225/4  for all z € [0,1/4],
Orors2(2) > 5041/4  for all 2 € [0,1/6],

and therefore the estimation of RCTV and RTCS is very unstable whatever the
tail heaviness is.

3.2. Frontier estimation

This paragraph is dedicated to the estimation of the right (positive) endpoint
y*(z) := RVaR(0|x) of the distribution of Y given X = x in the situation where
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102

10* '
1
’
7’
.
-
-
100 -z === =TT
0 0.1 0.2 0.3 0.4 0.5
10°
105 L
104 k
103 L
102 .
10* .
0 0.05 0.1 0.15 0.2 0.25
10°
10°
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103
102

0 002 004 006 0.08 0.1 012 014 016

Fic 1. Asymptotic variances z +> @RCTE’.(Z) (top left), z — ﬁRCTV’.(z) (top right) and
z = Jrors.e(2) (bottom) in a logarithmic scale. The case k/h — 0 is depicted with a solid
line while the case h/k — 0 is depicted with a dashed line. In case of the RCTS, the two
curves are almost superimposed.

y*(z) < oo (and thus when y(x) < 0). From Proposition 1(i), the Regression
Conditional Tail Moment of order b > 0 exists and

RCTM,(alz) — [y*(z)]® as a — 0. (3.1)

For all b > 0, a natural estimator of the right endpoint (or frontier) is thus given
by

(@) i= [RCTMy ()| (3.2)

where «,, is a sequence converging to 0 as n — oo. In the unconditional
situation, the estimation of the endpoint of a distribution has been widely
studied in the extreme-value literature, see [28, Section 4.5] for an overview
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or [1, 19] for applications. The methods rely on the extrapolation beyond an
extreme quantile via the estimation of the extreme-value index. In our situ-
ation, the adaptation of such techniques would require the estimation of the
conditional extreme-value index 7y(z) which would induce additional difficul-
ties. Our idea is to rely on the definition of the RCTM itself, which ensures that
[RCTM,(a,|x)]*/® > RVaR(ay,|2). There is thus some hope that ¢; , () extrap-
olate beyond the extreme conditional quantile RVaR(a,|z) without estimating
v ().

Let us highlight that, however, for a fixed value of n, one does not neces-
sarily have gy (X;) > Y; for all i = 1,...,n. More generally, this is also the
case for robust estimators of the frontier [2, 7, 13]. For instance, in [7], an ex-
pected frontier of order m is defined. The expected frontier converges to the
true frontier as m — oo (see [7, Theorem 2.3]) similarly to (3.1) but it does
not necessary envelop all the data points either. This property illustrates the
fact that such estimators are less sensitive to extreme values or outliers than
classical nonparametrical ones.

Assumption (A.1) is not required to justify the expression of the right end-
point estimator but it will reveal necessary to establish its asymptotic nor-
mality. Before stating this result, some notations are required. Let a(u|z) :=
F(u|z)/f(u|r). Under (A.1) with y*(z) < co, Lemma 1, equation (A.3) shows
that
a(u|z) a(ulz)

—7+(z) =

A, (ulz) == ” ”

=0 (3.3)
as u T y*(x).
Corollary 3. Suppose the assumptions of Theorem 2 hold with E = {b}, b > 0.
(1) If y*(x) < oo, |Ag(-|z)| is asymptotically decreasing and such that
(nfP )2 A, (RVaR(ay|z)|z) — 0 then
] ~ % d *
(n€fan)'? (g5 (x) = RVaR(anla)) == N (0, IKI5 (5" (2))*/ (b g(x))).-

(il) If, moreover, y(z) < 0 then

(nlPan)'/? (§;.0(x) = y" (2) =5 N (O, K3 (" (2))*/(g(x))).

Part (i) of the result states the asymptotic normality of the estimator g; , (z)
when centred on RVaR(ay,|z). It is well-known that the RVaR converges to the
endpoint, but centering the asymptotic distribution on the endpoint requires
the additional condition

(nfP o, )2 (RVaR (ay, |z) — y* () — 0 (3.4)

as n — oco. However, in the case (ii) where y(z) < 0, condition (3.4) is automat-
ically fulfilled.

To be more specific, let us consider the situation where the c.d.f. of Y given
X = z is defined by (2.1) in Example 3. From (3.3), it is easy to check that
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A, (+|z) is a decreasing function given by

A (ulz) = %x) (y*l(f) - 1) .

As expected, condition (3.4) and condition (nf’a,)'/?A,(RVaR(ay|z)|z) — 0
are thus equivalent. Since RVaR(«|z) is given by (2.2), these conditions sim-
)1/2 %11/9(91)

ply reduce to (nffa, — 0. It appears that the rate of convergence
(nfPa,)Y/? of the estimator is slightly smaller than oy, /?® = ™). It directly
depends on the tail behavior at the endpoint. The heavier the tail is, i.e. the
larger the extreme-value index is, the faster the convergence.

Finally, under the assumptions of Corollary 3(ii), an asymptotic confidence
interval of level 7 can then be established:

N R R L R N
|:yb,n(‘r) (1 (ngpan)l/g bgn(z)l/Q ) yb,n(x) 1+ (ngpan)l/Q bgn(x)l/Q ’

(3.5)
where ¢, (+) is the kernel estimator of the p.d.f. of X:
o) = 23 ke - ) 39
gn\T) = n — h\Z i .

and u, is the (7/2)th quantile from the survival function of the standard Gaus-
sian distribution.

4. Validation on simulations

The performance of the frontier estimator (3.2) is illustrated on simulated data
and compared to some other recent propositions [24, 26]. To this end, the simula-
tion framework of [24] is used: X is a one-dimensional standard uniform random
variable and the c.d.f. of Y given X = z is defined by (2.1), see Example 3. The
chosen frontier function is

/() = (% " Sin(wx)) l% - % exp (—64 (a: - %)Qﬂ :

see Figure 3 for an illustration. The shape of the unknown function is challenging
to estimate since it involves large derivatives as well as both concave and convex
parts. Two (positive) functions 6(-) are considered: #;(x) = 1.25 and 62(z) =
1.25 4 | cos(4mx)| for all z € [0, 1].

Selection of the hyper-parameters. The bi-quadratic kernel defined by
K(z) = 15/16(1 — 2%)%1{|z| < 1} is selected and, for the sake of simplicity,
we restrict ourselves to one common bandwidth h = k. Consequently, estima-
tors (1.4)—(1.6) depend on two hyper-parameters h and «. The choice of the
bandwidth h, which controls the degree of smoothing, is a recurrent problem



372 J. El Methni et al.

in non-parametric statistics. Besides, the choice of « is crucial, it is equivalent
to the choice of the number of upper order statistics in the non-conditional
extreme-value theory. In the following, a data-driven strategy is used to select
simultaneously h and «. Two sets of possible equi-spaced values are introduced:
H={h1 <---<hy}where hy =0.01, h; =0.1 and A = {a; <--- < a;} with
a1 = 0.01 and oy = 0.1. These values ensure that there is at least one point
above RVaR(¢;|z) in the ball B(z, h;) for all z € [0, 1] and (h;, ;) € H x.A. The
cardinal of the sets H and A are I = J = 11. The proposed data-driven strategy
consists in minimizing the sampled relative L' — error between lﬁC\Mg,n and

—2
RVaR,,:

S p—
1 & |RTCM, o (o
(hdata, Cdata) = argmin — 2,n(95]2)

T AR -1
(hi,o)€HXAT 4—1 | RVaR,, (a;|z)

where ; = t/(T'+ 1) and T = 50. The idea motivating this criteria is that both
— —2

RTCMa,, (") and RVaR,,(«a|-) should be close to (y*)?(+) if @ and h are well
chosen. To assess the behavior of the selection procedure, it is compared to an
oracle strategy which consists in minimizing the relative L' — error between an
estimator §*(-) and the true frontier y*(-):

g*(mti 1‘.

T
. 1
(horaclev O‘oracle) = argmn AT ; y* (l‘t

(hi,o)EH X

Of course, the oracle strategy cannot be used in practice to select h and « since
the true function y*(-) is unknown. However, it provides a lower bound on the
Ly — error that can be reached with the proposed estimators.

Competing estimators. Ten estimators g7 ,,,..., 77, deduced from (3.2)
are compared with mn and three estimators g)r(l*’gj), Qfl*’mc) and g)r(l*’mv)

from [24, 26]. All three previous estimators are based on a kernel estimator
of the high order moments of ¥ given X = z:

. 1 &
Hpn (@) = — > Y Kn(z - Xo).
1=1

where p — oo and h — 0 as n — co. The first one relies on the assumption that
Y given X = z is uniformly distributed on [0, g(x)]:

(.97 ~ . 1

959 (@) = ((p + Diipn (@) /G (2)) 7
where §,,(+) is the kernel estimator (3.6) of the density of X. Estimators grme)
and 5™ do not rely on a parametric assumption. They can be written as

1 1 ﬁ(a+1)p n(T) Fip,n ()
L Mg nyp 4 1) Letenl®) gy Bral@)
@ a Pt i @) Aot 1n(@)
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where @ > 0 is an additional parameter and e € {mec,mv}. The difference
between 75" and §5™" lies in the choice of the hyper-parameters h, p and

a, see [24] for implementation details.

Results. The finite sample performance of the estimators is assessed on N =
500 replications of samples of size n = 500. The choices (hdata, Ydata) and

(horacles Qoracte) associated with g7 ..., 91, and RVaR are computed on each
replication with the two strategies. The minimum, maximum and mean L'— er-
rors associated with (Rdqta, Qdata) are given in Table 2. The results associated

(*:gj) A(*,mc

with gn 7, gn ) and gﬁi"m“) are reported from [24]. It appears that 7 ,, does

not yield very good results but 43 ,,,...,9], , all perform better than R/V\aR,
g&r9) - pleme) and g™ in both situations 6(:) = 61(-) and 6(-) = 6(-).
Among them, 77, yields the best results but the behavior of g3 ,, and g5 ,, are
very close. The pérformance of the data-driven selection of the hyper-parameters
is compared to the oracle one on Figure 2. Histograms of the L'~ errors associ-
ated with each strategies are displayed for g7 , and for both functions 6 (-) and
02(-). Unsurprisingly, the oracle strategy yields smaller errors than the data-
driven one, but the large overlap of the histograms shows that the data-driven
selection procedure yields reasonable results. Figure 3 provides the best, the
worst and the median estimation of the frontier respectively corresponding to
the min, max and median of the mean L'- errors. It appears study that U7 n
combined with the data-driven hyper-parameters selection is a reasonable fron-
tier estimator both in terms of stability and precision.

TABLE 2
Mean L' — errors and [minimum, mazimum] L' — errors associated with the frontier

estimators. Estimators mn, U1 ps -+ U0, are computed with the hyper-parameters

selected by the data-driven strategy. Results obtained with estimators gﬁf’mc), Q%*’mv) and
g,(;“’f”) are reported from [24]. The best results are emphasized.

6() =01()

6() =02()

RVaR,  0.081[0.045, 0.131]  0.131 [0.074, 0.199)]
T 0.108 [0.069, 0.169]  0.138 [0.076, 0.232]
- 0.073 [0.047, 0.112]  0.107 [0.071, 0.177]
9 0.065 [0.041, 0.098]  0.100 [0.062, 0.159]
y4n 0.062 [0.039, 0.091]  0.096 [0.058, 0.149]
U5.n 0.061 [0.037, 0.089]  0.094 [0.056, 0.144]
U6 0.060 [0.037, 0.089]  0.093 [0.055, 0.140]
T 0.059 [0.037, 0.088]  0.092 [0.054, 0.137)
ygn 0.077 [0.032, 0.143]  0.104 [0.055, 0.171]
U5.n 0.070 [0.032, 0.131]  0.100 [0.053, 0.164]
Tom 0.066 [0.033, 0.121]  0.098 [0.052, 0.158]

957 0.082 [0.054, 0.137] 0141 [0.091, 0.202]

G50 0,083 [0.051, 0.143] 0140 [0.089, 0.203]

2,77(:’9])

0.091 [0.043, 0.161]

0.246 [0.175, 0.326]
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F1G 2. Comparison between the L' — error distributions associated with 97, computed on
N = 500 samples of size n = 500. White bars: oracle strategy, grey bars: data-driven strategy,
left: shape parameter 01(-), right: shape parameter 02(-).

5. Illustration on real data

As an illustration, an application to the reliability of nuclear reactors is pro-
posed. The data consist in n = 254 non-irradiated representative steels obtained
from the US Electric Power Research Institute. The variable of interest Y is the
fracture toughness and the unidimensional covariate X is the temperature mea-
sured in degrees Fahrenheit. As the temperature decreases, the steels fissure
more easily (see Figure 4). In a worst case scenario, it is important to know the
upper limit of fracture toughness of each material as a function of the tempera-
ture, that is y*(z) the endpoint of Y given X = . In view of Figure 4, one may
assume that the frontier y*(z) is an increasing function of the covariate x. In such
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F1G 3. The frontier (solid line) and its estimations by g};n computed on the N = 500 samples
of size n = 500 (left: shape parameter 01(-), right: shape parameter 62(-)). For the mean
LY — errors: best estimation (dotted line), worst estimation (dashed-dotted line) and median
estimation (dashed line).

a case, the frontier can also be interpreted as the endpoint of Y given X < z. In-
troducing this prior information opens the way to specific estimation techniques,
see for instance [12, 14, 17, 23]. We also refer to [2, 7, 13] for the definition of
robust estimators. Here, the estimator g7 ,, is compared to the spline-based es-
timators CS-B and QS-B recently introduced [12] for monotone boundaries (CS
and QS refer respectively to cubic and quadratic splines). The BIC criterion
is used to determine the complexity of the spline approximation. The hyper-
parameters associated with g7, are chosen in the sets H = {17,18,...,120}
and A = {0.01,0.015,...,0.1} using the data-driven procedure presented in
Section 4. The selection yields (hgata; Qdata) = (98,0.085), results are depicted
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Fic 4. Scatterplot of the 254 nuclear reactor’s data together with the frontier estimators. Top:
9%, (solid line), CS-B (dashed line) and QS-B (dotted line). Bottom: §; ,, (solid line) and
the associated pointwise asymptotic confidence intervals (dashed lines).
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Fic 5. '?SP’I (solid line) and the associated pointwise asymptotic confidence intervals (dashed

lines) on the nuclear reactor’s data.

on Figure 4. All three estimators yield increasing functions even though this con-
straint was not implemented in g7 ,,. Also, the three estimated frontiers coincide
on the range x € [—120, —30]. Results are slightly different outside this interval:
CS-B and QS-B estimators simply interpolate the boundary points whereas 7 ,,
estimates a heavier tail and thus a higher value for the limit of fracture tough-
ness. Basing on (3.5), Figure 4 provides pointwise 95% asymptotic confidence
intervals centered on ¢ ,, for the frontier. The estimation of y(-) is also displayed
on Figure 5 together with the associated pointwise 95% asymptotic confidence
intervals. The following estimator, introduced in [11], has been implemented:

mea, 1 RVaR, (o |z) — RVaRa (20 /3|2)
’Yn ’ (x) - 1 o —_— —— .
0g(2/3) RVaR,, (2a,/3|z) — RVaRy, (4, /9|2)

Note that this estimator also coincides with the kernel Pickands estimator in-
troduced and studied in [10] in the case y(x) > 0. It appears that the estimation
of v(z) is negative for most of the values of the covariate x and the 95% con-
fidence interval is most of the time included in R™. It seems thus reasonable
to assume that y*(x) < oo for most of the values of the covariate x. However,
the estimations g3 ,, (z) for which 45! (z) > 0 should be considered with great
care. To conclude, we would like to stress two possible improvements:

— In this work, we do not propose an automatic procedure for selecting b in
Yp - From the practical point of view, our opinion is that any choice of b > 4
is satisfying, the estimation being very stable over this threshold. As illustrated
on Figure 6, 43 ,,, U5 n» U5, and g7 ,,, are very close to each other. In fact, using
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F1G 6. Scatterplot of the 254 nuclear reactor’s data together with the frontier estimators 4y ,,,
U2 s Ug.p, and g5 . The four estimators are nearly superimposed.

the pointwise confidence intervals (3.5), at each point z, it is possible to show
that these four estimators are not significantly different at the 5% level. From
the theoretical point of view, Corollary 3 shows that the asymptotic variance is
a decreasing function of b. Since there is no counterpart on the bias, this would
suggest to choose b = b, — oo and to investigate the asymptotic behavior of
this new estimator. This approach would be similar to the kernel regression on
high order moments developed in [24].

— It is well-known that non-parametric estimators based on Parzen-Rosenblatt
kernels may suffer from a lack of performance on the boundaries of the esti-
mation interval [21]. This phenomenon appears on Figure 4. When z is large,
5 () slightly underestimates the true frontier. To overcome this limitation,
symmetrization [8] and jackknife [36] techniques have been developed. They
could be adapted to our framework.

Appendix A: Proofs
A.1. Preliminary results

We start with useful results on regularly varying functions. The set of reg-
ularly varying functions at 0 with index 8 € R is denoted by RVjs. Recall
that a function V() € RV if V(-) is asymptotically positive and such that
V(ta)/V(a) — t? as a — 0, locally uniformly in ¢ € (0, 00).

Lemma 1. Let U(+|z) be a decreasing and differentiable function with support
(0, M), M > 0. Let us introduce the positive function ay(-|x) such that for
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p € (0,M), ay(U(plz)|x) = —pU’(p|x) and the function L,(-) defined for all
(z,u) € R? by L.(u) := [{"v* " dv. If U'(:|z) is regularly varying with index
—(B(z) + 1), B(z) € R, then locally uniformly in s € (0, 00),

U(splz) — U(plz)

lim = Lg(1/s), Al
P ey U)o/ .
which is equivalent to
—
g U l) o0 WO))e) 1 a2
p—0 p Lﬁ(z)(t)
locally uniformly int € (—=1/84(x), —1/B—(x)). Finally, if U’ (-|x) € RV_(3(2)41)
then
_ay (U(plz)|x)
1 = . A.
Tl By () (A.3)

The function ay(-|x) is called the auxiliary function of U(-|x). Obviously,
under (A.1), the function RVaR(:|z) satisfies the assumptions of Lemma 1 (see
the first row of Table 3).

TABLE 3
Index of regular variation and auziliary function associated with RVaR(-|x) and @i (-|x).

U(:|z) B(z) ay (-|z)

RVaR(-|z) v(z) a(*|z) = F(|z)/f(]z)
ey Clz) (@) =)/ —by+(2))  ap(|z) := a(-|z)/(1 = by+(z))

Proof. First remark that condition U’(:|x) € RV_(g(z)+1) coincides with con-
dition (1.1.33) in [28, Corollary 1.1.10] which implies (A.1). Second, condi-
tion (A.1) is equivalent to condition (1.1.20) in [28, Theorem 1.1.6], with the
auxiliary function ay (-|z), which is also equivalent to (A.2). Finally, from [18,
Lemma 3.1] condition (A.2) entails (A.3). |

Since for any b > 0 such that the moment of order b of YV exists, op(-|z) =
F(-|z)RCTMy(F(-|x)|z) or, equivalently, the Regression Conditional Tail Mo-
ment of level a and order b is given by RCTM,(a|r) = a1y, (RVaR(a|z)|z).
The next lemma is dedicated to the analysis of the function ¢ (-|x).

Lemma 2. Assume that (A.1) holds and let b > 0 such that byy(x) < 1.
(i) The function py(-|z) is such that

o Pelyle) !
vty (o) y*F(yle) 1= by (2)
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(ii) The function pp(-|z) is differentiable with derivative ¢} (-|x) such that

. epylz) Fylo)
i) eu(yle) Fyle)

=byi(z) — L

Proof. (i) First, an integration by part leads to

y*(x) _ y* () B
on(ylz) = / PP (2la)dz = g Flyle) + b / VP (2|a)dz,
Yy Yy

since, for all b € [0,1/74(2)), y°F(y|z) — 0 as y 1 y*(z), see [28, Exercise 1.11].
Straightforward calculations yield

op(ylz) = (1= by (2)) "y F(yla) (1 + bRy (y|x)) (A4)
with

V(@) -1 (g
Rilyle) = (1= (@) | TECR) @, (As)

y Y F(ylz)

It thus remains to show that Ry(y|z) — 0 as y T y*(«). Three cases are consid-
ered.
— In the case y(x) > 0, one has y*(z) = oo and, from [42, Theorem 0.6],

=P )
vy PFG) T I h@)

Then, Ry(ylz) — 0 as y T y*(x).
— Let us now consider the case y(z) < 0 with y*(z) < co. One has,

Y (x) -1 y*(z)/y ty
/ Zb_—(zkr)dz = / t*Lexp {— Jj(u|x) du} dt.
y YO F (yle) 1 y  Flulz)

Under (A.1), applying Lemma 1, equation (A.3) with U(-) = RVaR(+|x) entails

o Pl o alylr)
vty () yf(yle) vt @)y

lim
Y—>00

=0.

Hence, for ¢ € (0,1/(2b)), there exists J > 0 such that for y > Y, ¢+ > 1 and
u € [y, ty], uf(ulx)/F(u|z) > 1/ leading to

v (=) 2P71F(2|2) €
0< / _ dz < < 2. (A6
Y y? F(y|x) 1—be )

— Similar calculations show that (A.6) also hold in the case y(z) = 0 with
y*(x) = oo. The proof of (i) is then complete since (A.6) is true for all € €
(0,1/(28)).

(ii) The proof is straightforward remarking that ¢} (y|lz) = —y°f(y|z) and
using (i) of Lemma 2. |
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The next lemma provides a control of the approximation error in Proposi-
tion 1(i) in the situation where y*(z) < oo.

Lemma 3. Let x € R? such that g(z) > 0. Suppose (A.1) holds and y*(z) < co.
Introduce Ag(u|z) := a(u|z)/u. If |Ay(-|z)| is asymptotically decreasing then,
for allb >0,

RCTM,(alz) = [RVaR(a|z)]’ [1 + O (A, (RVaR(a|z)|z))],
as a — 0.

Proof. Recall that since y*(x) < oo, y(x) < 0 and thus v4(x) = 0. As a conse-
quence, RCTM,, exists for all b > 0 and Proposition 1(ii) states that

RCTM,(a|z) = [RVaR(alz)]’(1 4 o(1)).

We start with the following equality derived from (A.4) in the proof of Lem-
ma 2(i):

RCTM;(alz) = [RVaR(a|z)]’ [1 + bRy(RVaR (a|xz)|x)],

where Rp(-|x) is defined in (A.5). Since y*(x) < oo, elementary calculations
yield

( ( | )‘ ) y* (z)/RVaR(a|z) b1 tRVaR(«a|z) 1 1
Ry(RVaR(a|x)|z :/ t° exp{—/ —7du}dt.
1 RVaR(a|z) U Aa(u|x)

Let us remark that, by assumption, —1/A,(ulz) < —1/A,(RVaR(a|z)|z) for all
u € [RVaR(a|z), tRVaR (a|z)], and thus

1
= [B.(RVaR(al) )] = b

o V(@) b—[Aq (RVaR(a|z)|x)]
RVaR(alx) '

Since A, (RVaR(«afx)|z) — 0 as a@ — 0, one has

0 < Rp(RVaR(«|z)|x)

0 < Rp(RVaR(«a|z)|x) < Ay(RVaR(alz)|z)/[1 — bAL(RVaR(«a|z)|z)]
for a small enough. As a conclusion,
RCTM;(alz) = [RVaR(a|z)]’ [1 + O (A (RVaR(a|z)|z))]
and the result is proved. ]

The next lemma shows that the function ¢ (-|z) satisfies the assumption of
Lemma 1 (see Table 3).



382 J. El Methni et al.

Lemma 4. Under (A.1), for all b > 0 such that by;(z) < 1, the derivative
(057 ) (-lz) of wy(:|x) belongs to the set RV _ (5, (x)+1) with V() := v(x)/(1 —
by (x)) and ay('[2) = a(2)/(1 — brs (2)).

Proof. For t € (0,00) and a € (0, 1), remark that

(op ) (talz) _ oh(py (alz)]x)
(pp ) (elz) (o5 (talo)z)
Recalling that a(-|z) = F(-|z)/f(-|z), Lemma 2(ii) entails that

“—\/ —
(pi ) tole) _ Lalgi-tollo) | o
(wp ) (alz)  t aley (afz)|r)

as « goes to 0. It thus remains to prove that the function a(¢; (-|z)|z) belongs
to RV_5, (). Remark that under (A.1), the function A(-|z) := a(RVar( |z)|x) =
—aRVaR/(a|z) € RV_, (). Introduce the function Vi(:|z) := F(p5 (|z)|z).
Since a(p; (|z)|x) = A(Vb( |x)|z), it then suffices to prove that Vb(|x) €
RV (1-by, (x))-1- To this end, note that for all ¢ > 0,

Vitalz) _ F(pj (alz) + Wii(elz)aley (alz)|z)|z)
Vo (alz) Fey (afz)]x)

with Wy (a]z) = (o5 (talz) — i (o]x))/a(p; (a|z)|z). Our goal is to prove
that

)

: —(1-b z))~!
ili)% Wit (a]x) = Loy (t (1=by+(2)) ) . (A.7)

If (A.7) holds, then Lemma 1, equation (A.2) applied to the function U(:|z) =
RVaR(-|z) with p = F(¢5~ (a|x)|a:) entails that Vy(-|x) € RV(1_ by ()1 which
is the desired result. Straightforward calculations show that (A 7) is equivalent
to

gy (talz) — oy (ofz)
1 1/t
I wer @l e
As a consequence of the equivalence (A.1) < (A.2) in Lemma 1, limit (A.7) is
also equivalent to

ou(y + tay(y|z)|z) 1
= . A8
T ) =0 (8.8

Applying Lemma 1, equation (A.3) to the function RVaR(:|z) leads to a(y|x)/
y — v+ (x) as y tends to the endpoint y*(x). Hence,

lim y+tab(y|$)|x) _ .

yty* () 1= by (z)
Consequently, y+tay(y|x)|z) — y*( ) as y — y*(x). Thus, applying Lemma 2(i)
together with Lemma 1, equation (A.2) leads to
lim eo(y + tap(y[z)|z)|z) <1 ) !

yty* (2) ou(ylz) 1- b% x) ) L5t/ (1 =byy(x)))
Considering separately the cases y(z) > 0 and v(z) < 0, it is easy to check that
this limit is equal to 1/LZ () which concludes the proof. |
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The Regression Conditional Tail Moment estimator defined in (1.4) is given

by RCTMy, . (i |2) = a3, (RVar, (an|) ) where @y (-|) = 1, (-|7) /G ()
with

Vo (ylz) = ZICh (x — X)) YPI{Y; > y}

an estimator of iy (y|lz) = g(x)es(y|x) and g, (-) the kernel estimator (3.6) of
the p.d.f. of X.

Let us finally introduce some further notations. Let y,(z) be a sequence
such that y,(z) T y*(x) and let J € N\ {0}. For j = 1,...,J, let y, j(z) :=
Yn () +tn,;(x)a(yn(z)|z) where ¢, ;(x) are sequences converging to 0 as n goes to
infinity. Recall that under (A.1), a(y|z)/y — v+(z) as y T y*(z) (see Lemma 1,
equation (A.3)). Hence, forall j =1,....,J, yn (@) = yn(z)(14+0(1)) as n — oo.

The next lemma is dedicated to the study of the asymptotic behavior of the
random vector {@p; n(Yn,;(z)|x)}j=1,..,7 with by > 0,...,b; > 0. The oscilla-
tions of the functions ¢y (yn, ;(z)|-) with b € L(E) where E := {b1,...,b;} are
controlled by

Qn(x,h) ;= max su
n(@,h) LA SUp
J=1,.,J

el -1

, 1’ € B(x,h)}.

Lemma 5. Suppose (A.1)- (A.3) hold. Let x € RP such that g(z) > 0 and
let J € N\ {0} and E = {b1,...,b;} with by > 0,...,b; > 0. Assume that
nhP F (y, (z)|z) — 00 as n — oco. If there exists £ > 0 such that

nh? F(y, (z)|x) (b V Q, (x,h))> = 0, (A.9)

then, if bjyi(x) <1 forall j=1,...,J, the random vector

{(nh”F(yn(fE)VU))1/2 (% - 1> }je{l }

is asymptotically Gaussian, centred, with covariance matriz ||K||§Eg)(x)/g(x)

Proof. Let 8 = (B1,...,87)" € R’ with 3 # 0. Our goal it to establish the
asymptotic normality of the random variable

W g s (e ).

with A2 (x) = 1/[nhPF(y,(x)|z)]. The following expansion holds

. )
1 _ 1/’bj,n(yn,j($)‘x)_ (o () — alx
i o 2 { (wbj<yn,j<x>m> L7 e =gl g
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Under (A.2), it is well known that g,(x) — g(x) = ) + Op ((nh?) 1/2) and
thus, in particular, that g,(x) converges in probabﬂlty to g(x). Hence since

g(x) # 0,

gn(2) - g(a) ea s i o
ety = O G @)Y) 0 (F ()l )
= O]p(l).

~

As a first conclusion, the limit distribution of \DS) is driven by

J
@), Yoy (Yng (@)]2)
o <¢b Gy @) )

We are now interested in finding a first order expansion of E[Wy, ,, (y,, ;(z )|x)] for
b e L(E) with byy(x) <1land j=1,...,J. Since the (X;,Y;), i =1,...,n are
identically distributed,

E[{o0(yn(2)]2)] = Kn(z = t)@b(yn.; (2)[t)g(t)dt

RP

/S K ()b (5 (2) |2 — h)g(z — hu)els,

under (A.3). Hence,

E ({10 (Y (2)]2)] = Yo (ynj (@

/SIC u)|g(z — hu) — g(x)|du  (A.10)

@b (Yn.j (z)|z)
@b (Yn,j (2)|x — hu) "
//c ‘ ) 1’ (z — hu)du. (A.11)
Under (A.2), we have
(A.10) < ¢,h / d(u, 0)K (u)du = O(h). (A.12)
S

Besides, in view of (A.12),
(A.11) < Qpu(x,h) / K(u)g(x — hu)du < g(z)Qn(z,h)(1 +0(1)).  (A.13)
s
Combining (A.12) and (A.13) leads to

E (b, (.5 (2)])]
U (yn.j (z)|z)
for all b € L(F) and j =1,...,J. Thus, by assumption

1 (Bl (s @)0)]
e ( B, (g (2)]2) 1) —0

—1=0(h)+ O (Q(z,h)) (A.14)
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as n — oo and for all j = 1,...,J. The limiting distribution of \1153) (and
consequently the one of \1153)) is then also the limiting distribution of

g (g @) —Efen(es @)\ =,
= ; & ( An (@), (yn 5 (2)]) - ; Zi

where
Zin
58, {/Ch(x _ Xi)YibJH{Yi > ynj (@)} —E (Kn(z — X;) YO I{Y; >y, (2)}) }
nA (@), (s () ) |

Jj=1

Clearly, {Z; ,, i = 1,...,n} is a set of centred, independent and identically
distributed random variables with variance V(Z; ,,) = B'BB/(nA,(z))? where
B is the J x J matrix defined for (j,1) € {1,...,J}? by

ijH{Y > Yn,j (LL')}
U, (Yn.j (z)|z)

Introducing the function Q(-) := K2()/||K||3, one has
WPy (Y (@) )0, (Yn.1 (2)]2) Bj o
= {IKIBE (Qn (& = X) Y IH{Y 2 g (@) V s (0)})

— WPE(Kp (z — X)YYI{Y > yp;(2)}) E (Kn (z — X) YOI{Y > yoi(2)}) }

K (x — X)

Bj; := cov (ICh (z — X) YblH{Y > ynl(x)}>

e, (yn,l(x) |z)

Since Q(-) also satisfies assumption (A.3), the three above expectations can be
expanded as in (A.14) leading to:

B — 11300, 46 (Ynj (2) V Y (@) |2)
7 WPy, (Y, (2)|2) 0y, (Yt (2)|2)
y [1 o (h,,wbj(yn,j<x)|m>wbl(yn,z<x>|w>)]_

Vb6 (Yn,j () V Yn 1 ()] 7)

Recall that ¢p(-|z) = g(x)ps(-|z). Since (b; + bi)v+(z) < 1 and y, j(z) =
Yn(z)(1 +0(1)) for all j =1,...,J, Lemma 2(i) entails that

Ub; (Yn,i (@) |2) P, (Y1 (@)|2) S e
Uy 100 (U g (@) V Y (2)]2) (1_— bj’YJr(x_))(l — by4(x))
o EWngl2)E(Ynlz) (14 0(1))

F(yn,j (@) V yn(z)|z)
1—(bj +bi)v4(z)
(1= b7+ (2)(1 = by (@)
X F(yn,j(@) Ayna(2)]z)(1+0(1)),
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and consequently,

= KN (1 = by () (A = biys (x) 1
Toheg(a) L= (b b)) F(Yn(2) Ayna(z)]z)
n(®

)+ (tn, (@) V tni(2))alyn(2)|2),

(1+ o(1)).

Moreover, since F(yp, () Ayn1(z)|z) = F (y
Lemma 1, equation (A.2) entails that

g PO Apal) 1
nreo F(yn(2)|z) nTreo Lv(w)(O)

(A.15)

leading to Bj; = nA2 ()| KBS (2)];1/9(2)(1 + o(1)).

To sum up, the variance of ¥,, converges to HICH%ﬂtZg)(z)B/g(x). Since ¥,
is a sum of independent centred random values, its asymptotic normality can be
established using Lyapounov theorem. It is sufficient to prove that there exists
n > 0 such that:

n
S E (|Z,,n|2+") —nE (|Zl7n|2+”) - 0.
i=1

Since for every random pair (77,75%) with finite (2 + )th order moments, one
has E(|Ty + To[**7) < 22H1[E(|T1[>7) v E(|T2[*H1)],

E|Zy """ = < 1 >2+n ZﬂﬂChx— X)YUIY > yn ()}

niA,(x) = U, (Yn,j ()])
2+4n
B BiKn (x — X) YUY > ynj(2)}
Z Vb, (Y, (2)]2)
5 241
(5.0)
2+n

B, (2 — X)YBIY > gy ()
E Z o s @)

X

From Lemma 2(i) and (A.15),
o, (g (@)]2) = g(@)yy7 (2)F (yn(@)]2) /(1 = bjr4-(2)) (1 + 0(1))

which implies that for n large enough,
AhP A, () \ 2"
E|Zy """ < (—(I))

9()
241

J b;
<E Z|ﬁj|/ch<x—X>H{Y>yn,j<x>}(yy )(1—bm<x>>
j=1
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Introducing ¢, (x) = min{y,1(z),...,yn,s(x)}, b = min{by,...,bs} and b =
max{by,...,bs}, it follows that

pin 2 (M@0 =@\ (&,

(/c (”C _hX> Yy > gn(g;)})%n] .

Let N(+) := IC2+”()/||IC||§J;Z and choose 7 such that 0 < 7 < —2 + 1/(by4 (x)).
One has

(ke (555 ) viuer = ﬁn(x)}>2+n]

= WIKIEEE (N (@ = X) Y'Y 2 go(a)) )
= WIS b (@) ) (1 + 0(1)),

using expansion (A.14) that holds since N(-) also fulfills assumption (A.3).
Lemma 2(i) and (A.15) entail nE|Z; [>T = O (A7(z)) — 0 as n — oo which
concludes the proof. [ |

2+n

x K

E

The next result establishes the asymptotic behavior of the J— dimensional
random vector {@; (o j|2)}j=1,...s With an j = ¢y, [RVaR(an|z)|2](1 + o(1))
forall j=1,...,J, and where o, — 0 as n — oo.

Lemma 6. Suppose (A.1)- (A.3) hold. Let x € R? such that g(x) > 0 and let
J e N\ {0}, E = {by,...,bs} with by > 0,...,by > 0. Assume «,, — 0 and
nhPa, — co as n — oco. If there exists & > 0 such that

2
nhPay, (h\/ max w(:z:,ozn,b,f,h)> -0,
bel(E)

then, if 2bjv4(x) <1, for all j =1,...,J, the random vector
RVaR(ay,|z) (nhPan)/? P, n(an jlz) _q
a(RVaR (e, |o)[2) 25, (@) I

is asymptotically Gaussian, centred, with covariance matrix ||K||%Zg)(z)/g(z)
where [Eg’)(x)]” =[1— (b + bj)ys ()7L, for all (i,5) € {1,...,J}%

Proof. Let (z1,...,27) € R7. We are interested in the asymptotic behavior of
the c.d.f. defined by

J
Ba(er, o 20) = B | () {ond @)@ ulansle) = ¢ (nsla) < 25} |
j=1
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where for j = 1,...,J, 0, (z) := (1 — bjyy(x))(nhPay,) /2 Ja(RVaR(ay, |z)|z).

For j=1,...,J, let us in?ff)duce the notations
Wsle) = L0 (G G gle) + (w12l
— 6, (91, (@ sl2) + 03 ()2 o)
and
sn,j(x) = W (aw- — b, (3, (am jlz) + Un,j(fﬂ)zj)|$) :

It is easy to check that
J
@n(zl,...,zJ) =P m {Wm](l‘) S Sn,j(fﬁ)}
j=1

Let us first focus on the non-random term s,, ;(z) for j € {1,..., J}. Since, for all
b > 0 such that by, () < 1, the function ¢p(-|x) is continuously differentiable,
there exists 0, ; € (0,1) such that

oo, (st (amglo)le) = ou, (i (anslo) + o (@) z])

= —0n,j(7) 250y, (1, (7)|2), (A.16)
where
Tnj () = @y (Qn j|T) + Op jon ()2
= RVaR(a,|7) + £, ;(7; zj)a(RVaR (v, |[z)|z)
with
Fi(@00) == @Z(a"’j‘x) — RVaR(ay|z) + On,j2; (nhPa )71/2
IR a(RVaR(a,|z)|z) 1— by, () " '

Our goal is now to find a first order expansion of ¢y (ry;(z)|z). Since from
Lemma 4, ¢; (-|z) satisfies the assumption of Lemma 1 for all b > 0 such that
byt (z) < 1, equation (A.1) of Lemma 1 entails that

¢y, (o j|z) — RVaR(an |2)

a(RVaR(ana)lz) (A.17)

Using (A.17), one has for all j € {1,...,J} that ¢, ;(z;2;) — 0. Hence, from
equation (A.2) of Lemma 1,

@b, (rn j (z)]7)
op; (RVaR (o |7)|x)

—1. (A.18)
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Since a(y|z)/y — v+ (x) as y T y* (), it is thus clear that
rn,;(2) = RVaR(an|z)(1 + o(1)) T y" ().
Using Lemma 2(ii) and (A.18), it follows that

op; (RVaR (o |7)|2)
a(rn,;(z)|z)

b, (rnj(@)]2) = (bjye(z) — 1) (14 o(1)). (A.19)
Let us focus on the sequence a(ry_ j(z)|z). Under (A.1), using equation (A.2) of
Lemma 1, it is clear that F(r, j(z)|z) = a,(1+0(1)) forall j =1,...,J. In ad-
dition, the function f(RVaR( |z)|x) is regularly varying and thus, f(r, ;(z)|z) =
F(RVaR(ay,|z)|x)(1 4 o(1)). Hence,

F(rnj(@)lz) _ an
= a(RVaR(ay|z)|z)(1 + o(1)).

a(rn,;(z)|z) (1+0(1))

Substituting in (A.19) the sequence a(r,, ;(x)|x) by its first order approximation,
we obtain that
oy, (RVaR (o |7)|2)

90;7;‘ (Tn,j(x”x) = (bj7+(x) o 1) a(RV&R(an|x)|x)

(1+ o(1)). (A.20)

To conclude the study of the non-random term s, ;(x), it suffices to replace
n (A.16), ¢, (rn,;(2)|z) by its first order approximation, leading to

_  oni(@)(br(x) =1) o, (RVaR(an|z)|)
oni(T) = =% a(RVaR(an|x)|x—;(nhpan)—1/2 Q. j (1+0(1))

= zj(1+0(1)). (A.21)

Let us now turn to the random term W, ;(z) for j € {1,...,J}. Let y,(z) :=
RVaR(ap|z) and for all j = 1,....J, yn;(x) = ¢ (anjlz) + 0pj(x)2; =
RVaR (v, |z) 4+, (z; 1)a(RVaR(ay, |z)|z). Obviously, equation (A.18) also holds
if r, j(x) is replaced by y, ;(z) and thus,

@b, (yn,j(@)|2) = an (1 4 o(1)) = @p, (RVaR(an[z)]x)(1 4 o(1)).
As a consequence, there exists £ € (0, 1) such that for n large enough

Qn 7h’ < ?’n)b’ 7h'
(x )_bglggé)w(wa & h)

One can then apply Lemma 5 to show that the random vector (W, 1,..., W, s)
is equal to &, where &, is a J—random vector converging to a centred Gaus-
sian random variable with covariance matrix HICH%ES)(x) /g(x). Taking account
of (A.21) and since, as a consequence of (A.17),

b, (an,j|r) = RVaR(an[z)(1 + o(1)),
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we have shown that

RVaR (o |7) (nhPan)V/? (b n(ngle) )
a(RVaR(ay,|z)|x) o (ap ;) L
J Jj=1,...,

converges to the c.d.f. of a centred Gaussian distribution with covariance ma-
trix [[K|25%) (2)/g(x) = ||K|2A(2)SY (2)A(x)/g(x) where A(z) is a diagonal
matrix with 4; ;(z) = (1 — bjy4(z)) L. n

The next result will be used in the proofs of Corollary 2 and 3. The following
notations are introduced. For x € R”, the gradient of the function ¥ : R’ +— R
evaluated at z is denoted by (V¥), and the J x J matrix D, is the diagonal
matrix whose (diagonal) elements are the coordinates of .

Lemma 7. Let J € N\ {0} and ¥ : R’ + R be a continuously differentiable
function. Assume that the assumptions of Theorem 2 hold with E = {by,...,bs}
where by > 0,...,b; > 0. Introduce 1, p = {RCTMy, (an|7)}ieqa,.... sy and

Tn,B 1= {mbi,n(ozn|as)}ie{1w,‘;}. If there exist a positive sequence v, and a
non null vector v € R such that,

P
vn Dy, o (V)07 pt-(1=0)rn 0 — 05
for all 6 € (0,1), then
vn(nlPan)'? (W (P ) = W (rn p)]

is asymptotically Gaussian, centred, with variance ||K||§(vt2g)(x)v)/g(x) in the
case h/k — 0 and ||K||§(vt2g)(z)v)/g(x) in the case k/h — 0.

Proof. A first order Taylor expansion leads to

U(tnp) = U(rae) = (Pop = 10,8) (V)05 ot(1—0)r, 5
where 6 € (0,1). From Theorem 2, one has 7, g — rn.g = (nﬁpan)_l/QDTn’ESn,
where &, is a random vector of dimension J asymptotically Gaussian, centred,

with covariance matrix || |25 (2)/g(z) if h/k — 0 and ||K|252) (2)/g(x) if
k/h — 0. Hence, by assumption

(ngpan)lﬂ(\l/(fnﬁ) - \I/(TnE)) = /Uné-’fLDTn,E (V\I/)9fn,E+(1—0)m,E
= 0'¢(1+o0p(1)),

and the proof is complete. [ ]
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A.2. Proofs of main results

Proof of Proposition 1. (i) Conditionally to {X =z}, Y < y*(z) a.s. and
thus

RCTMy(alz) 1
y@P  a

y* () B

( Y )b]I{Y>RVaR(a|x)}‘X:x] <1.

Moreover,

RCTMp(alz) _ 1 (RVaR(alz
PROK >a< v (@)
_ (RVaR(a|;v)>b

y*(x)

b
)> P(Y > RVaR(a|z)| X = z)

which tends to 1 since RVaR(a|z) — y*(z) as a — 0. These two bounds prove
the result.

(ii) Recall that RVaR(«|z) = ¢ (a]z) and RCTM(alx) = v (@ (alx)|z) /.
Then, applying Lemma 2(i) with y = ¢§ («|z) entails that

eo(py (afr)|x) !

since F(:|z) = @o(:|z), and (2.3) is proved. Next, Lemma 1, (A.1) with U(-|z) =
RVaR(:|z) implies
RVaR(sa|z)/RVaR(alz) —1

Jmy a(RVaR(a|z)|z)/RVaR(alz) L@ (1/9). (A.22)

Two cases occur. If y(z) > 0, (A.22) and (A.3) entail that

RVaR(salx)

li -1 L 1 — *'Y(:”)_

If y(z) <0, (A.22) and (A.3) yield

RVaR(sc|z)

aB0 RVaR(alz)

and the proof is complete. ]

Proof of Theorem 1. Remarking that a(-|z) = F(-|z)/f(:|x) (see Table 3),
the result is a direct consequence of Lemma 6 with J =1 and b; = 0. ]
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Proof of Theorem 2. Let (z1,...,2;) € R?. Our goal is to prove that the
c.d.f. defined by

J
D,(21,...,25) =P ﬂ {aﬁé(w)(mbﬁn(anm) —RCTMy, (an|z) < zj} ,

Jj=1

with oy, ; () 1= RCTM,, (an|2) (nfP vy, ) ~/% converges to the c.d.f. of a Gaussian

random vector. To this aim, introduce the following notations: for j =1,...,J
and 6 > 0 let
an,j(0) = an(RCTMy,(ay|z) + 00, ;(1)2;),
(@) = (1= by (@) (nllan)'? Ja(RVaR(ay 7)),
Wai(@) = vas(@) (5 lans (D) = o (an(D]2))
Wi@) = (@) (RVaRa(anlz) ~ RVaR(aplz) )

It is easy to check that
J
HENEHES JN0 {Wn,j(x) ~ W) < sn,j(x)} , (A.23)
j=1

with s, j(#) := vy ;(@)(RVaR(an|2) — @5 (o, (1)[x)). Let us first focus on the
non-random term s, ;(z) for j = {1,...,J}. Remarking that RVaR(a,|z) =
@4, (0 RCTM,, (an|2)[x), a first order Taylor expansion leads to:

8, (%) = —2janvp,j(2) 00,5 (2) (03, ) (Cn,j(On,;)|7)

where (0,1,...,05.7) € (0,1)7. Our aim is to find a first order expansion of
(01 (@ g B |) = 1/, (95 (5 (B 5)|2)| ). First note that

95 (@3 (0n3)]) = RVAR (@ [2) + 1 (2)a( RVAR () )

with

¢y, (anj(On,j)|x) — RVaR (v, |2)
a(RVaR(ay,|z)|x)

Since oy ;j(0n,5) = b, (RVaR(ay|z)|2)(1+0(1)), equation (A.17) in the proof of
Lemma 6 entails that ¢, j(x) — 0. Hence, equation (A.20) also holds if r,_ ;(z)
is replaced by ¢; " (an,;j(0n,;)|x). Therefore,

tn,j(x) =

a(RVaR(ay,|z)|x)
(bjv+(2) = Dy, (RVaR (an|z)[x)

(3,) (am,j (On.5)|7) = (1+0(1)).

Replacing in the Taylor expansion of s, ;(x) yields s, ;(z) = z;(1 + o(1)).
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We are now interested in the random term

Wi (@) = a(év; I%(Z;Tgm (1002 (85 (n 3 (D) = 65 (an 3 (D]2))

Since

oy, (om (1))
(1)

Lemma 6 entails that

RVaR(c|2)(1 + o(1))
¢, (RVaR (i |z)[2) (1 + o(1)),

(Wb, = Wh) e, (A.24)

where &, is asymptotically Gaussian, centred with covariance matrix

IKI3A(2) = (2) A(x) /9(x) = |IKIZSY (2)/g()

and where A(x) is a diagonal matrix with A; ;(x) = 1 — bjy4 (x). Furthermore,
from Theorem 1,

(0) _ p/2 £(0)
{Wn:] }jfl J (é/k) gn ) (A25)

Loy

where &) is asymptotically Gaussian, centred with covariance I1K||3v0t /g(x) =
K252 (2)/g(z) and v = (1 — byyy(x),...,1 — byvs(z))t € R7. Collect-
ing (A.23)-(A.25) and using the fact that s, j(z) — z; conclude the proof. ®H

Proof of Corollary 2. First, recall the notations introduced in Lemma 7:
For all set E = {by,...,by} where by >0,...,b; >0,

e = (RCTMy, (ay|x),...,RCTMy, (ayn|z)),
fnp = (RCTMy, ,(an|z),...,RCTM,, ,(an|z))".

Remark also that under the assumptions of Theorem 2 with E = {by,...,b;},
one has for all 0 € (0,1) and i € {1,...,J} that

ORCTM, ., (an|z) + (1 — O)RCTM, (0| z) = RCTM; (au|z) (1 + Op(0))
(A.26)
where o, := (nfla,)"1/? = 0.
(i) is a direct consequence of Theorem 2 with F = {1}.
(ii) Let E = {1,2}. We start by remarking that RCTV (ay,|z) = ¥(r,, g) where
for x = (z1,22), ¥(x) = 29 — 22. Since (VV), = (—221,1)!, equation (A.26)
entails that

Dy, oy (V®)gs, wi(1-0)rn 5 = (—2[RCTM (an |2)]?, RCTM2(an|$))t(1+OP(0n))~
Proposition 1(ii) leads to

D, 5(V¥)or, ot(1-0)r, 5 = [RVaR(an|z)]*v* (1 + 0p(1))
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with

oo (‘(1 —i(m))?’ 1 —2lv+<x>>t'

Thus, the assumptions of Lemma 7 are satisfied with v,, = [RVaR(ay,|7)] 2. The
end of the proof is straightforward by using Lemma 7 and remarking that

5D () = 1 =Ty (2) + 993 (2) + 1593 () — 674 (2)
e (1= 74+(2)2(1 — 274 () (1 — 374 (2))(1 — 44 (2))
= Jrerv,i(v4+(2))
and vtEg) (x)v = (1 i_ zjg) = Jrerv 2(7+ (7))

(iii) Let E = {1,2,3} and remark that RCTS(«a,|z) = U(ry,,g) where for z =
(x1, 9, x3), U(2) = x3(29—27)~3/2. The gradient of the function ¥(-) evaluated
at z is

(vm) o 31‘1%3 § I3 1 t
P\ a2 (e =) (e — 2D

Hence, using equation (A.26), the vector Dy, . (VW)g; i (1-6)r, 5 1S given by

<3[RCTM1(an|$)]2RCTM3(O‘"m) (1+ Op(0s)),

[RCTV (v |2)]/2
_ 3 RCTMa(an|2)RCTM; (s |)

2(%n O On)),
5 [ROTV (o |2)]/2 (14 Op(o4))
]_:/{_(\]_T/Mg(an|x) (]_+O]P’(Un))> )

[RCTV (av,|2)]3/2

where

RCTV (ap|z) = RCTMy(an|2)(1 + Op(0)) — [RCTM; (00 |2)]2(1 + Op(0))?
= RCTV(an|z) + Op (6, RCTM2(avy, |))
+ Op (0, [RCTM; (v |2)]?) -

Since by assumption o, [RCTS(av,|x)]?/3> — 0 and, by Proposition 1(ii), both
RCTMz(av,|z) and [RCTM; (o, |7)]? are O([RVaR(av,|z)]?), it appears that

RCTV(an|z) = RCTV (o |2)(1 + op(1)).
Using again Proposition 1(ii), it is then easy to check that

P
rUnDrn‘E (v\:[l)af'n,EJl‘(l_a)rn,E — U
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with v, = [RCTS(a,|z)]~%/% and

:<3(1—3V+($))2/3 3(1- 37, (@)? ()1 -3y (x)? )
N)

Q—m@)? 2 I-2y(2) (- @)1 — 27«

Applying Lemma 7 and remarking that vtEg)(x)v = Yrcrs,1(7+(x)) and that

vtEg)(x)U = YreTs,2(7+ (z)) conclude the proof. |

Proof of Corollary 3. (i) First remark that g; ,(z) = \Il(mb,n(ann)),
with W(z) = 2/ for > 0. Since (V¥), = b~'2/*~1 one has for 6 € (0,1)
and in the situation y*(z) < oo that

RCTMy(at |2) (V)

= VROl (o TN ) + (1~ OROTM, )]/

= TR 4 4 o)),

from Proposition 1(ii) and since, for all § € (0,1),

ORCTMy, 1, (atn|2)+(1—0)RCTMy (0r |)

ORCTM,, (ovn|2) + (1 — O)RCTM, (0 |7) = RCTM, (v |2) (1 + Op(0))
from Theorem 2 and where o, := (nffc,)~/? — 0. Hence, the assumptions of

Lemma 7 are satisfied with v, = 1/RVaR(ay,|z) and v = 1/b and thus,
(n€703,) 2 [RVAR (s )] (35 (@) — [ROTM, (0 )]/

converges to a N (0, || K||?/(b?g(x))) distribution since vtzg)} (x)v= vtEﬁ)} (x)v=

b=2. We conclude the proof by remarking that, from Lemma 3,
(na) /2 [RVaR (ap|2)] " ([RCTMb(an|aj)]1/ b_ RVaR(ozn|a:))
= 0 ((nﬁpan)l/QAa(RVaR(anu)|:I:))
and that RVaR(ay,|z) — y*(x) as n — oo.
(ii) Let us now consider the bias term in the situation y(z) < 0:

(nlP o) (RVaR (an|z) — y*(2))
RVaR(ay|z) — y*(z)

_ (ngpan)l/ZAa(RVaR(aﬂx)|JS))RV&R(Oén|$) a(RVaR(a,|z)|z)

- yv((;)) (n€Pc) /2 A (RVaR (an ) ) (1 + o(1)),
since RVaR(ay,|z) — y*(x) and (RVaR(an|z) — y*(x))/a(RVaR(ay,|x)|z) —
1/v(x) asn — oo in view of (1.2.14) in [28, Lemma 1.2.9]. It is thus clear that the
bias term tends to 0 under the assumption (nfa,)'/2A,(RVaR(ay|z)|z)) — 0
as n — o0o. ]
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