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The hard-edge tacnode process for Brownian motion
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Abstract

We consider N non-intersecting Brownian bridges conditioned to stay below a fixed
threshold. We consider a scaling limit where the limit shape is tangential to the
threshold. In the large N limit, we determine the limiting distribution of the top
Brownian bridge conditioned to stay below a function as well as the limiting correlation
kernel of the system. It is a one-parameter family of processes which depends on the
tuning of the threshold position on the natural fluctuation scale. We also discuss the
relation to the six-vertex model and to the Aztec diamond on restricted domains.
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1 Introduction

Non-intersecting walks have appeared naturally in the descriptions of many physical
systems as well as in mathematics. To mention just a few examples, the polynuclear
growth model (describing the growth of an interface) is based on the representation as
non-intersecting random walks [51, 34], the Aztec diamond (and similar combinatorial
models of random tiling) has a similar mathematical description [36, 9], Markov chains
on Young diagrams related to the Plancherel measure [12, 7], and the evolution of
eigenvalues of random matrices as the GUE Dyson’s Brownian motion [26] can be
expressed and analyzed as non-intersecting Brownian motions [27, 48]. The analysis
was possible because of the determinantal structure of correlation functions [27, 6, 13].

In this paper, we study non-intersecting Brownian motions starting and ending at
a fixed position with the extra constraint that they stay below a given threshold as
illustrated in Figure 1. The motivation for these investigations is twofold:

(a) The six-vertex model with domain wall boundary conditions (DWBC) can be
expressed as a system of non-intersecting line ensembles (in discrete space and time) [30]
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The hard-edge tacnode process for Brownian motion

Figure 1: Illustration of N = 50 non-intersecting Brownian motions conditioned to stay
below the black threshold.

with fixed starting and ending points. In particular, at the free-fermion line, there is
a mapping to the Aztec diamond [58] and thus by [36] we know that the border of
the lines are described in the limit of large system by the Airy,; process [51]. Recent
studies of limit shapes (not only for the free-fermion case) consider also geometries
beyond the classical DWBC [15, 16, 17, 18]. This raised the natural question on the
description of the limit process for the border of the line ensemble for L-shaped domains
or for pentagonal domains obtained from a square by removing a triangle at the corner.
Although we do not do the analysis for this discrete case, if the removed triangular piece
is tangential to the the limit shape of the lines for the DWBC, then under appropriate
scaling, the limiting process should be exactly the one we study in this paper. See
Section 3 for further discussions.

(b) Non-intersecting Brownian motions have attracted a lot of interest also because
of their relations to the eigenvalues of Hermitian random matrices subjected to Dyson’s
Brownian motion [2, 55, 48, 10, 40, 41, 56, 42, 5]. Discrete versions have been studied as
well [49, 47, 35, 51, 29]. More recently, the situation where the limit shape of two sets
of non-intersecting Brownian motions just touch in a tacnode geometry has been studied,
first in a random walk setting in [3], then via a 4 x 4 Riemann-Hilbert problem [23] and
with a more direct approach in [38, 32]. The equality of the formulas for the correlation
kernel of the tacnode process obtained in [23] and in [32] was verified directly in [21].
The tacnode was observed also in random tiling models [4, 1].

The tacnode geometry occurs also if the non-intersecting trajectories are conditioned
to stay positive and to start and end away from 0 at a distance so that the limit shape
becomes tangential to 0. This has been studied in [22, 24] for the case of non-intersecting
squared Bessel processes. Since Brownian motion conditioned to stay positive is a
Bessel process of parameter 1/2, the kernel of the hard-edge tacnode process for non-
intersecting Brownian motions can be obtained from [22] in terms of the solution of a
4 x 4 Riemann-Hilbert problem. However, finding explicit formulas for the tacnode limit
process for Brownian motions conditioned to stay positive remained open due to the fact
that the hard-edge tacnode kernel was found in [24] explicitly only for non-intersecting
squared Bessel processes with integer parameter.

We mention that if the starting points of Brownian bridges (or more generally Bessel
processes) are set to 0, the ending points are the same for all paths and it is scaled with
the number of paths, then the limit shape of the non-intersecting paths conditioned to
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stay positive separates from 0 at some time in (0,1). In the neighbourhood of the point
of separation, the hard-edge Pearcey process appears [25, 45, 24].

In this paper, we consider N Brownian bridges starting from 0 at time 0 and ending
at 0 at time 1. We condition the Brownian bridges not to intersect for times ¢t € (0,1) and
denote by By (t) the position of the top bridge at time ¢. This is also known as Brownian
watermelon and it is well-known that under appropriate scaling, By converges to the
Airy, process Aj:

oN1/6 (BN (%(1 + uN*l/S)) - WV) = Ag(u) — u? (1.1)

as N — oo. Therefore, if we consider the Brownian watermelon conditioned to stay
below a threshold of height VN + £ RN~1/6, then the probability that the conditioning
is effective is in (0, 1) also in the N — oo limit. Thus we will see a new non-trivial limit
process which we call hard-edge tacnode process for Brownian motions. This process
is characterized by its finite dimensional distributions as given in Theorem 2.6. When
R — oo, the constraint becomes irrelevant and the top path will be the Airy, process
(see the discussion after Theorem 2.10). When R — —oo, after appropriate rescaling,
the limit process should be the one with extended Bessel kernel [55] which was also
derived for non-intersecting Brownian excursions studied in [57].

The derivation of our result does not use the standard determinantal point process
approach [37], rather we start with a Fredholm determinant expression with path
integral kernel obtained in [50, 8] which gives the probability that the top path of
N Brownian bridges stays below a given function over an open time subinterval of
[0,1], see Proposition 2.1. First we extend the conditioning to the full time interval
(see Theorem 2.3). The finite dimensional distributions are then written as ratios of
probabilities for two threshold functions leading to Theorem 2.4. Using [8], we can
rewrite the Fredholm determinant of a path integral kernel to a Fredholm determinant of
an extended kernel which is indeed the correlation kernel as shown in Theorem 2.5. ([8]
is a generalization of what was present in [51]. The importance of [51] was rediscovered
and extended in [20] in the setting of the Airy processes.) Notice that with the present
method, we directly get formulas for quantities such as distribution of the maximum of
By (conditioned to stay below the threshold). This quantity is not directly accessible by
the standard method leading to the finite dimensional distributions. Finally we perform
the asymptotic analysis for the correlation kernel (see Theorem 2.6) and we give the
limit of the probability that the top path of the non-intersecting Brownian bridges stays
below a rescaled function (see Theorem 2.10).

After the appearance of the first version of this paper, non-intersecting Brownian
bridges with reflecting and absorbing walls were studied in [46] by the method of
orthogonal polynomials. Their correlation kernel of the hard-edge tacnode process
by the solution of a 2 x 2 Riemann-Hilbert problem both for reflecting and absorbing
walls is less explicit than our formulation. In a second step they show that the kernel
IA(eXt(Tl, Ui;Ts,Us) in Theorem 2.6 below is the odd part of the soft-edge tacnode process
of [32] thus proving the equivalence of the kernel Kext (T1,U1; T, Us) and their formula
for the hard-edge tacnode process in the case of absorbing walls.

Outline: In Section 2, we define the model and present the results of this paper.
Section 3 contains a short discussion on the relation with the six-vertex model. In
Section 4, we determine the multipoint distribution of By conditioned to stay below a
constant threshold. Section 5 contains the extension of the formula of [50] to the full
time interval. In Section 6, we prove the formula for the correlation kernel. The large N
asymptotic analysis is performed in Section 7. Finally, Section 8 contains the proof of
several technical lemmas.
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2 Model and main results
The model

The model considered in this paper is the following system of N non-intersecting Brown-
ian bridges. Consider N standard Brownian bridges Bj(t),. .., By(t) which start from
zero at time ¢ = 0 and end at zero at time ¢ = 1, and condition them on having no
intersection in ¢t € (0,1) in Doob’s sense. To denote the paths, we use the convention
B (t) < --- < By(t) with strict inequality for ¢ € (0, 1).

The starting point of the work is a formula for the distribution of the top path By (t)
conditioned to stay below a given function, based on [8] and [50]. To state it, we need
some notations. Let H,(x) denote the nth Hermite polynomial defined by

2 d” 2

H,(x)=(-1)"e”® T € —* (2.1)

which form an orthogonal system with respect to the weight e~*"dz on R, i.e.

/ H,( e de = /2! 0, m.- (2.2)
Define the harmonic oscillator functions
on(x) = 71'71/42771/2(71!)71/2671’2/21{"(93) (2.3)
and the Hermite kernel

KHenn N X y Z 4)071 ‘Pn (2.4)
With the Laplacian A on R, let
1
D:—§(A—x2+1) (2.5)

be the differential operator for which the eigenfunctions are the harmonic oscillator
functions, that is, Dy,, = ny,,. Then Kyerm,n iS a projection to the space spanned by the
eigenfunctions ¢y, ..., pN_1.

For some 0 < a < b < 1, let H'([a, b]) be the set of square integrable functions with
square integrable derivative. The following statement is a consequence of Proposi-
tions 2.1 (which goes back to Proposition 4.3 of [8]) and Proposition 2.2 in [50].

Proposition 2.1 (Nguyen-Remenik [50]). Let0 < a < b < 1 and h € H*([a,b]) and denote
by By (t) the top path of N non-intersecting Brownian bridges. Then

P (By(t) < h(t) fort € [a,b]) = det (11 — Ktferm.n + 9A,Be<B—A>DKHerm,N) ey 2O

where A = %ln lfa, B = %ln b 5 and D is the differential operator defined in (2.5).
Further,

_ (eBy—eAm)z)
(WP —a?)/24B T ( 4(6—0)

Am (B — )
~ 14471 4T
x P/l;(a):eAw7Ab(,3):€By (b(T) < V2 h <1 + 47

OaB(zr,y)=¢c

) fort € [a,ﬂ}) (2.7)

where a = 1’4 = 1% and 3 = =1t In(2.7), b( ) denotes a Brownian bridge
with diffusion coefficient 2 startmg at b( ) = e’z and ending at b(ﬁ) = eBy.
EJP 22 (2017), paper 79. http://www.imstat.org/ejp/
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Finite N result

First of all, we extend Proposition 2.1 so that the condition for the /N non-intersecting
Brownian bridges to stay below a function can be imposed for the whole [0, 1]. Since
we are ultimately interested in the distribution of N non-intersecting Brownian bridges
conditioned to stay below a constant, we consider functions A such that for some
O0<ti<ta<landr >0,

h(t)<r for te[0,1] and h(t)=r for te0,1]\ (t1,t2). (2.8)

Motivated by the definition (2.7), let

1t , _ 144 4
S for i=1,2 and J(r)= — =L |p (L) —r|. (2.9)
41—t V2 1+4r

Further, for such a function h, define

T(iLl,az ('U/, U)

d - - -
— Py, (b(r) <0 for 7 € oy, 2], b(r) < h(7) for 7 € (71, 72),blaz) <) (2.10)
» =
where 71,72 € [a1, 2] and h are as in (2.9). The Brownian motion b above has diffusion
coefficient 2.
For any u,v € R and n,m integers, introduce the functions

1 2 .
Pr(u) = — / aw wrer (VI =VEW (£ () — f (—u)), (2.11)
T Jir
U (v) = L dz Z‘(m“)e_T(‘/iT_ZZ)zJFﬂTZ(gZ(v) = 9z(-v)) (2.12)
2mi Ty
with
fw(u) = e(V2r=2W)u  anq gz(v) = e~ (V2r=22)v (2.13)

and define the kernel

1 (Vor—2)" —2r242V/2rZ
They satisfy the following compatibility conditions (see Section 8 for the proof).

Proposition 2.2. Let ¢;(z,y) = \/21? exp (—(z — y)?/2t) and set

TT1,T2 (l’, y) = ¢2(7'2—7'1)(y - I) - ¢2(T2—7'1)(y + CL’) (215)

forany x,y € R. Then, forany0 < 71 < 12, 0 < 7 and u,v € R, the following compatibility
relations are satisfied:

/ du @2 (u)Ty, 7, (u,v) = @7 (v), (2.16)
/ dv Ty, 7, (u, 0) VT (v) = U (u), (2.17)
du @2 (uw) ¥ (u) = (1 — Ko)(n,m). (2.18)

R_

We can now state the extension of Proposition 2.1 to the conditioning on the full time
interval.

EJP 22 (2017), paper 79. http://www.imstat.org/ejp/
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Theorem 2.3 (Full time span conditioning). Let the function h € H'([0,1]) satisfy (2.8)
for some 0 < t; <ty < 1. Then

P(Bn(t) < h(t) fort € [0,1]) = det (1 — thv)m{o,l,...,mm (2.19)
where the kernel K is given by
K% (n,m) = 1(n,m) / du/ dv @7 (u)T7; h (U 0) T (v). (2.20)

As a consequence, we get the following for the probability that the conditioned
process remains below a given function.

Theorem 2.4. Under the assumptions of Theorem 2.3, we have

P(By(t) < h(t) fort € [0,1] | By(t) <r fort € [0,1])
=det (1 - K, +T" ) gy (2:21)

where K, = K, ., and K., ., is given by

Ky (u Z U (u) (1 — Ko) ™ (n,m) 7 (v). (2.22)

n,m=0

For N non-intersecting Brownian bridges conditioned to stay below a constant
level r for [0,1], we know by the Karlin-McGregor type formulas and Eynard-Mehta
theorem [27, 39] that it forms a determinantal process. We compute its correlation ker-
nel which characterizes the finite dimensional distributions of the process. Conditioning
N non-intersecting Brownian bridges to stay below r corresponds to the h = r constant
choice in (2.8). In this case, (2.10) becomes 1,,<¢7Tx, o, (4, v)1,<o by the reflection princi-
ple. The correlation kernel of N non-intersecting Brownian bridges conditioned to be
below a constant level is given as follows.

Theorem 2.5 (Correlation kernel). The system of N non-intersecting Brownian bridges
conditioned to stay below the constant level r for time [0,1] forms a determinantal
process with extended correlation kernel defined for t,ts € [0,1] and x1,z2 < r by

1

Ko (1, 215t0,22) = K& (11, u1; T2, u2) (2.23)
21— t)(1—b)

where we used the variables

S (2.24)

due to (2.9) and the kernel

KeXt(Tlvul;T%u?) = *]1-,—1<7—2T7.1 T2 ulau2 Z \I/ ]1 KO) (TL, m)(I):—Z(UQ)
n,m=0

(2.25)
In particular, the gap probabilities of N non-intersecting Brownian bridges conditioned
to stay below level r can be expressed for any t,...,t, € [0,1] and hy,...,hy <r as

P (BN(tl) < hl, .. ‘,BN(tk) < hg | BN(t) <rte [0, ].D = det(]l — QKEXt)LZ({Tl,_“’Tk}X]Ri)

(2.26)

with
Qi(rw) = Luzn f(rou),  mi=jy-p m=— (=) Q27
EJP 22 (2017), paper 79. http://www.imstat.org/ejp/
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Large N asymptotic result

Next we take the number of Brownian paths N — co. We choose the scaling in a way
that the following condition holds. The probability that N non-intersecting Brownian
bridges stay below the rescaled threshold r should stay asymptotically away from 0 and
1. This means that we need to scale the threshold r as well as time and space as follows:

1+ TN-1/3 RN—1/6 R+ H)N—1/6
t = %7 r= \/N + 2 b h == \/N + %

(2.28)

with H < 0. Let us first describe ingredients of the limiting correlation kernel. For any
parameter s, let ,
Ail) (z) = €257 /312 Ai(s? + z). (2.29)

Then we introduce the functions

5(U) = AiID(R+¢+U) — AT (R+ € - ),

~ (2.30)
TS (U) = AT R+ ¢+ U) — AiCD(R+ ¢ - 1),
and the shifted GOE kernel
Ko(&,¢0) =273 Ai(2732R + £ + 0)). (2.31)

The next theorem establishes the convergence of the rescaled kernel and the existence
of the hard-edge tacnode process which is the limiting determinantal point process.

Theorem 2.6 (The hard-edge tacnode process). Consider the scaling
1+T,N"1/3 RN—1/6 R+ U;)N—1/6
ti:%, r:\/ﬁ—&—T, mizx/ﬁ—i—%. (2.32)
Then the extended correlation kernel of N non-intersecting Brownian bridges conditioned
to stay below a constant level converges uniformly on compact sets, i.e.

N71/6
lim

N —o0

Kot (t1, 21312, 22) = KTy, Ur; T, Us) (2.33)
where the limiting kernel Kext jg given by

KNTy, Uys Ty, Us) = _]1T1<T2TT17T2<U1aU2)+/ d§ dC‘T’%(Ul)(]l—[?0)_1(5,0‘5%2((]2)

Ry JR4
(2.34)
where Tl,TQ € R and Ul,UQ <0.

As a consequence, the hard-edge tacnode process T exists as the limit of N non-
intersecting Brownian bridges conditioned to stay below a constant level under the given
scaling. It is characterized by the following gap probabilities. For any fixed integer k
andT,...,T; € R and for any compact set E C {T},..., T} x R_,

P(TNE=0)=det (1K), (2.35)

(E)’

As in [21] and in [24], the soft-edge or hard-edge tacnode process usually has a
natural temperature parameter (here is the threshold R), and the derivative of the
correlation kernel with respect to the temperature parameter has a low rank structure.
In particular, the temperature derivative of the correlation kernel of the soft-edge
tacnode process is rank two, which was proved in [21] to hold for the formulas obtained
in [23] and in [32] yielding a direct proof for the equivalence of the two formulation.
In [24], the rank one structure of the temperature derivative of the hard-edge tacnode
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kernel was shown in the case of non-intersecting squared Bessel processes with integer
parameter. This gives the importance of the next proposition about the derivative with
respect to the microscopic position parameter of the threshold since the model studied
in the present paper corresponds to non-intersecting Bessel processes of parameter 1/2.
The proposition is proved in Section 8.

Proposition 2.7. The derivative of the extended correlation kernel of the hard-edge
tacnode process with respect to parameter R has rank one, that is,

0

ﬁf{em(ﬂ, Ur;To,Usz) = — f(T1,U1)g(To, Us) (2.36)
where
AT,y = / Ag TS, (U)(1 — Ro) 1 (€.0), (2.37)
R+
9T, Uy) = / A¢ (1 — Ro) (0,008, (U). (2.38)
R+

In Proposition 1.5 of [46], it was proved that the odd part of the soft-edge tacnode
kernel of [32] coincides with the extended correlation kernel of the hard-edge tacnode
process defined by (2.34). We recall the statement below.

Proposition 2.8 (Proposition 1.5 of [46]). Let £ (T}, Uy, Ty, Uy) be correlation kernel
of the soft-edge tacnode process as defined in (1.5) of [32] where ) is the asymmetry
parameter and where ¢ is the temperature parameter. The symmetric case corresponds

to A = 1. Then for any threshold R € R for the hard-edge tacnode process,
RoU(T, Uy Ty, Us) = L52B (1, Uy, T, U) — 252 BTy, Uy Ty, —U) (2.39)

tac tac
holds.

Remark 2.9. It is possible to view the system of non-intersecting Brownian bridges
conditioned to stay below a constant threshold r as non-intersecting paths r — Yt(l) for
1=1,2,..., N where Yf“ are three-dimensional Bessel bridges, hence the results of [22]
apply. Since the correlation kernel in [22] is expressed with the solution of a 4 x 4
Riemann-Hilbert problem, it is very hard to compare the two kernels. Proposition 2.7 is
the first step towards this aim. Although this approach was successful for the soft-edge
tacnode process (see [21]), the hard-edge tacnode case seems to be more difficult and
the results of [24] and of [22] could not be compared so far.

Theorem 2.6 characterizes the finite dimensional distributions of the limit process,
which does not cover properties such as the limiting probability that the non-intersecting
paths stay below a given function. This can be obtained by performing the large N
asymptotics of Theorem 2.4.

Theorem 2.10. Consider the top path of N non-intersecting Brownian motions condi-
tioned to stay below r = /N + RN ~'/6 rescaled as

BE(T) = 2N1/6 <BN (%(1 n TN—1/3)) - \/N) . (2.40)
Let Ty < Ty be given as well as a function H € H' ([T}, Tz]) with H < R. Then
Jim P (BY(T) < H(T) for T € [T1, T]) = det(1 - Kr, + TR Ry, m) 2wy (2.41)
where I?Tl = I?Tth and IA{ThTZ(Ul, Us) := I?e"t(Tl, Uy; 1o, Us) defined in (2.34) and
TH 1 (U, Us) = di%PB(Tl):Ul (B(T) < H(T) for T € [T1, Tb), B(Ty) < Uz)  (2.42)

with B(T') being a Brownian motion with diffusion coefficient 2.

EJP 22 (2017), paper 79. http://www.imstat.org/ejp/
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Finally, let us discuss the large R limit. As R — oo, the constraint H < R becomes
trivially satisfied and thus we should recover
Rli_r}n()o det(1 — K, + Tg}leT%Tl)LQ(Ri) =P(AT) - T?> < H(T),T € [T}, T5]) (2.43)
where A is the Airy, process. We verify it below. Consider the entry (U,U’) of the
kernel on the left-hand side of (2.43). Applying the change of variables U — U — R and

U’ — U’ — R, we have that the right-hand side of (2.41) is the Fredholm determinant on
L?((—o0, R)) with kernel

—IA(Tl(U—R,U’—R)+/de£}f(U—R,V—R)IA(T27T1(V—R,U’—R). (2.44)

It is easy to verify that

lim Kext(T U— R T/ U — R) eQ(TS—T/S)/3+TU—T/U'

R— o0
=Kn(T,U+TAHT, U +T7
ail o ) (2.45)
6_51(7:/7*%)

=1 ,+/ A ST =TI Ai(¢ + U + T2 Ai(€ + U +T'%),
ey S 3 (€ ) Ai(¢ )

where K ; is the extended Airy kernel [51, 36]. Indeed, as R — oo, (1 — Ko)~* — 1, but
also R .
(U — R)e 2T /3=TU 4 oTE Ai(¢ + U + T?),

~ , (2.46)
US,(U — R)e*T/3+TU o= TCAI(C 4+ U + T?).

These asymptotics imply that in the R — oo limit our Fredholm determinant is on
L?(R) with kernel

T34+T U
— Kpi(T, U+ TE T, U+ T7) +/dvezT1:1TT o (UV)Kai(To,V + T3 Tv, U’ + T7)
ez o +T2V 2172
(2.47)
after the same conjugation as in (2.45). Finally, by the change of variables U — U — T%Z,
U —U' —T? and V — V — T, the kernel becomes

77T1 +T1U
— Kai(Th,U; Ty, U /dV AT Ty TQ(U T2V — T3 Kai(T, V; Ty, U'). (2.48)
By Theorem 2 and 3 of [20], the determinant of this kernel on L?(RR) is equal to the the
right-hand side of (2.43) as expected?.

Remark 2.11. There are two natural ways to obtain the hard-edge tacnode process as
the limit of non-intersecting Brownian bridges conditioned to stay below a constant level.
The first option is what we follow in the present paper: we keep the number of paths
fixed first and we characterize the distribution of the paths conditioned to stay below a
constant level for [0, 1], see Theorem 2.5. Then we let the number of paths N — oo as it
is done in Theorem 2.6.

An alternative approach is that one imposes the condition that the Brownian bridges
stay under a constant level on a fixed interval [a,b] with 0 < a < b < 1 and one lets the
number of paths N — oo first. Then the limit is an Airy; process conditioned to stay
below a parabola for a fixed finite interval (compare with (2.43) for constant H). In the

1In Theorem 3 of [20] there is a misprint: in the Gaussian factor, one should replace x by  — ¢2 and y by

y — r2, as it can be easily verified by comparing with formula preceding Theorem 3.
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Figure 2: Illustration of the non-intersecting line ensemble for an Aztec diamond/six-
vertex model with DWBC of size N = 10 (left) and size N = 50 (right).

second step, by letting this interval grow to R, the same hard-edge tacnode process is
obtained as in Theorem 2.6.

The fact that the two different ways of taking the limit gives the same result is not
obvious, but we do not prove it here. The reason why the first way is more interesting
is that the Airy, process conditioned to stay below a parabola for a fixed finite interval
i.e. the object which arises in the intermediate step in the second approach is know, its
distribution is given in [20].

3 Relation to the six-vertex model and the Aztec diamond

The six-vertex model is a statistical mechanics model with short range interaction
which is however sensitive to the boundary conditions. For instance, imposing the
so-called domain wall boundary conditions (DWBC), it was noticed in [43] that it has a
macroscopic influence on the system. In this setting, the model has two free parameters.
When these parameters satisfy a given equation, the system becomes “free-fermion” and
there is a (many-to-one) mapping to the Aztec diamond [58]. For the free-fermion case,
one can associate a set of non-intersecting lines to the six-vertex configurations, from
which the Aztec diamond configurations can be recovered [30]. These are illustrated in
Figure 2.

In the recent papers on the six-vertex model [15, 16, 17, 18], questions concerning
the limit shape and correlation functions have been addressed for the six-vertex model
also for other domains. In particular, domains obtained from a square by cutting off a
triangle or a rectangle from the corner were considered with DWBC. In terms of the
Aztec diamond, this corresponds to conditioning the dominoes in the top corner to be all
fixed and horizontal. The fixed dominoes form the region which has been cut out.

The Aztec diamond has been studied very well. In particular, denote the size of the
Aztec diamond by N. One can think of lines in discrete time ¢ € [-N, N].

Theorem 3.1 (Theorem 1.1 of [36]). Denote by X y(t) the top line of the Aztec diamond
at time t. Then

Xn(27YON2/3T) — N/v/2
5—5/6 N1/3 -
in the sense of finite dimensional distributions. Here A is the Airy, process.

Ao(T) — T? (3.1)

The result is derived by analyzing the point process of the lines. Consider the
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(N?/3, N'/3) windows around the top line of Figure 2, i.e. if (¢, ) denotes the coordinates
of the lines in Figure 2, one considers

(t,z) = (27YSN3T, N/v2 + 275/ NY30), (3.2)

Then under this scaling, the lines converge to a determinantal point process with
correlation kernel given by the extended Airy kernel, see (2.45). This is the same limit
as the appropriate scaling limit obtained from N non-intersecting Brownian bridges as
N — o0. Notice that the scaling of the horizontal and vertical directions is compatible
with the Brownian scaling (as it is the case for the limit process since the Airy, process
is locally Brownian [33, 19, 14]).

L-shaped case: Under the scaling (3.2), cutting out a square from the top of the
Aztec diamond such that its lower tip is at height N/v/2 + 2-%/6N/3R is asymptotically
equivalent to forbidding only a vertical line segment down to the tip of the square.
Denote by X ﬁ the top line in this case. Then, from the above discussion, we expect the
following:

Conjecture 3.2. Define

X2 YON2/3T) — N/V/2

R,resc _

XTI = =5/ N1/3 (3.3)

Then for any given Ty <Tp < ... <Tp and Uy,...,Ur < R,
o (N e < ) B a(T) ~ T2 U0 {A0) < R} o
Nm eg{ N (T) <UL} | = P(A,(0) < ) A4)

where A, is the Airy, process [51, 36]. As a consequence

. F i

lim P(Xﬁ,reu: <U)= cue(min{U, R}) (3.5)

N—oo FGUE (R) ’

where Fqug is the GUE Tracy-Widom distribution function [54].

Pentagonal case: Under the scaling (3.2), cutting out a triangle on the top corner
at height N/v/2 4 275/ N'/3R becomes asymptotically a conditioning to stay below a
fixed height R. Denote by X ﬁ be the top line in this case. Then, we expect to have the
following:

Conjecture 3.3. Define

Roresc XE(27V/SN23T) - N/V2
Xree(T) = Y : (3.6)
Then i
. R,resc < _ _ goext X
Jim P (Zr]l{XN (Ty) < U} | = det (]1 K )LQ(E) (3.7)

with the set E = {(Th,[U1 — R,0]) x ... x (Ty, [Ux — R,0])}.

4 Multipoint distribution and heuristics for the correlation ker-
nel

In this section, we consider the process of N non-intersecting Brownian bridges
conditioned to stay below a constant level. First we prove Theorem 2.4, that is, the
probability that this conditional process stays below a function of the form (2.8) can be
written as a Fredholm determinant of the kernel K..;. As a consequence, we show that
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the multipoint distribution of the conditional process also has a Fredholm determinantal
form, which is part of the statement of Theorem 2.5. This does not imply that K., is the
correlation kernel for the point process of the non-intersecting Brownian bridges, but it
gives a potential candidate for it. The proof that K, is actually the correlation kernel is
performed directly in Section 6.

Our heuristic derivation of the correlation kernel for N non-intersecting Brownian
bridges conditioned to stay below a constant is based on the formula given in Theorem 2.3
for the probability that the top path of N Brownian bridges is below a function. First we
verify that the kernel which appears in Theorem 2.3 is trace class.

Lemma 4.1. For any function h : [0,1] — R and for any fixed integer N, the operator
with kernel K% given in (2.20) is trace class on L*({0,1,..., N — 1}).

Proof. Since N is fixed, it is enough to show that K% (n,m) is finite for any n,m < N,
that is, the double integral in (2.20) is finite. By (2.12), one clearly has [V7 (v)| < Ceclvl

Tz(u U)‘ < ¢2(7'2 7'1)(y - Jf),

hence

/dv\ (0, 0)U (0)] < Ceelt! @.1)

for some finite constants C' and c¢. On the other hand, (6.15) shows that <I>21 (u) has a
Gaussian decay in u, i.e.

7"2
|P7 (u)| < Ce™ 571 (4.2)
for some finite C. This completes the proof. O
For any function f € L*(R), let
Py f(z) = Loy f(2), Py f(z) = Locy f(2) (4.3)

be the projection operators.

Proof of Theorem 2.4. The strategy of the proof is to compare the kernel K ]}(, for a
general h of the form (4.9) to the one which corresponds to the constant h = r. For h = r,
in the second term on the right-hand side of (2.20) one has to insert

T . =PyT, +Po (4.4)

T1,T2

by comparing (2.10), (2.15) and (2.9). Hence the kernel K}, for h = r simplifies to
Ky (n,m) =1(n,m) / du/ dv @7 (u)Tr, -, (u,v) VT (v) = Ko(n,m) (4.5)

as a consequence of Proposition 2.2.
Hence we can write the kernel K ]’i, for a general h of the form (2.8) as

K% (n,m) = Ko(n,m) / du/ dv @7 (u) (PoT%r, ., Po — T} h) (o) P (v).  (4.6)

The conditional probability on the left-hand side of (2.21) is written as a ratio of two
Fredholm determinants: using (4.5) we get

P (By(t) < h(t) fort € [0,1] | By(t) < rfort € [0,1])
~det(1 — K¥)e2({o,....N~1})

det(I — Ko)ez({o1,...N-1})
=det (1 — (K} — Ko)(1 — Ko)~*

4.7)
)z?({m ..... N-1})
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where we used the multiplicative property of the determinant in the second equality. By
the cyclic property of the determinant and by using (4.6), (2.22) and (2.17), one obtains

det (1 — (K} — Ko)(1 — K0)71)52({o,1,...,1v—1})

=det (1 — (PoTr, r, Po — TP ) Ury (1 — Ko)’léfl)Lz(Ri) (4.8)

h
= det (1= Ko, + T} 1, Krpr,) o

which completes the proof. O

To obtain the multipoint distribution of N non-intersecting Brownian bridges con-
ditioned to be under the constant level r in the time interval [0, 1], we specialize the
probability that the top path of N non-intersecting Brownian bridges stays below a
function h given by (2.8). Namely, for 0 < ¢; < --- < t; < 1, we consider the function

_fr ifx#Etifori=1,... )k
for some h; < r fori = 1,...,k. Since h given by (4.9) is not in H'(]0,1]), one has to

verify that Theorem 2.3 can be used. We prove the following lemma in Section 8.
Lemma 4.2. Theorem 2.3 remains valid for a function h defined in (4.9).

The multipoint distribution of N non-intersecting Brownian bridges conditioned to
stay below a constant level can be expressed as follows.

Proposition 4.3. Let h be a function given by (4.9). Then the following conditional
probability for the top path of N non-intersecting Brownian bridges can be written in a
Fredholm determinant form as

P (By(t) < h(t) fort € [0,1] | By(t) < r fort € [0,1])
=det (1 — K;, + Py, Tr, 7, Pry ... T, Py, (Tr, ) 'Ky,)

C T TR—1,Tk

L2R) " (4.10)
Proof. By Lemma 4.2, Theorem 2.3 holds for this choice of h as well. The same steps
used in the proof of Theorem 2.4 lead to the result. We just need to replace TT’L1 , With
the corresponding expression for a general h of the form (4.9), namely with

,T

T"{Llﬂ'k = FﬁlTTl,ﬁ?mTTz,Tg e T‘rk,l,‘rkﬁnk (411)
from (2.10) and using (2.9) with (2.27). O

Using the result of [8], the Fredholm determinant with the path integral kernel on the
right-hand side of (4.10) can be rewritten as in Proposition 4.4 below. Hence the second
part of Theorem 2.5 about the gap probabilities follows from Proposition 4.3 and 4.4.
This is weaker than proving that K., is the correlation kernel for N non-intersecting
Brownian bridges conditioned to stay below level ». We prove in Section 6 that K. is
actually the correlation kernel.

Proposition 4.4. For the Fredholm determinant on the right-hand side of (4.10), the
following identity hold

det (]l - K‘f'l + Pan,Tanz te TTk—th?Uk (T‘Flﬂ'k)ilKTl)L’Z(]Ri)

= det(]l - QKeXt)L2({Tl """" Te}XR_) (4.12)

where the extended kernel K< is given by (2.25) and Q is defined in (2.27).
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Proof. Applying formally Theorem 3.3 of [8] with W, .. = T%, -, and with K, defined
by (2.22) would give (4.12). This is however not correct because the operator K, with
kernel given in (2.22) is not a bounded operator and the assumptions of Theorem 3.3
of [8] are not satisfied.

Hence we introduce the following conjugation in order to circumvent this issue. Let

O _(u) =ec= D (u),
W2 | W2
Trory(u,0) =€ “7 T O0 T (u,0), (4.13)

T (v) = e & 0T (v)

where C is a sufficiently large constant which depends on 74,...,7; in such a way the
operators T, -,,, are bounded. The condition of boundedness of T, ..., is given by
C > 4(1 — 7;/7i+1), because then the v? term in the exponent has negative sign in
T+ ris, (u,v) in (4.13). Further in this case,

2

o Cr; 1 - Arip1—T)u

/ Ty, 7 (u,0) = L e T O A ) (4.14)
R CTZ'+1 —4(Ti+1 —Ti)

which has Gaussian decay in u.
Replacing ®” and U by & and ¥ in the definition (2.22) of K, we get the kernel

_ w2 | 02
K, (u,v) =e v ter K (u,v). (4.15)

Note that the Fredholm determinant on the left-hand side of (4.12) does not change if
the operators K and T are replaced by K and T since it is just a conjugation, i.e.

det (1 — K7, + Py, Tr, 7, Py .. Ty 7 Py, (Tﬁ_,k)—lKﬁ)LQ(Ri)
=det (1 - K, +PyTr Py ...T Py (Tr 7)) 'Kry) s my- (4.16)

: Tk—1,Tk

To apply Theorem 3.3 of [8] (with the minor modification that now the space is
L*(R_)) with W,, ;. = T, ., and with K., we check the three assumptions of the
theorem. For Assumption 1, all the operators which appear are bounded. In particular,
the boundedness of TTM]. was checked above. The operator K, is also bounded if C > 4

by comparing the Gaussian decay @7 (u) ~ e—% with the conjugation (4.13).
Assumption 2 about compatibility is rather clear using the interpretation of T, .. as
a Brownian bridge transition kernel and by Proposition 2.2. Since the kernels of all the
conjugated operators W,, .. and Fn which appear have Gaussian decay, the trace class
properties needed for Assumption 3 are straightforward to check. Hence Theorem 3.3
of [8] can be used which gives (4.12) with K., replaced by its conjugated version on the
right-hand side, but the conjugation can be removed without changing the Fredholm
determinant. O

5 Extension of the Nguyen-Remenik formula

In this section, we extend Proposition 2.1, the Nguyen-Remenik formula for the
probability that N non-intersecting Brownian bridges stay below a given function on
[a, b] for any fixed 0 < a < b < 1 to the probability that the Brownian bridges stay below
a function A of the form (2.8) on [0, 1].

Proof of Theorem 2.3. First we express the Brownian bridge probability on the right-

hand side of (2.7) for the special choice of the function h given in (2.8) in terms of Tfhm.
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By introducing the drifted and shifted Brownian bridge b(7) = b(r) — (1 + 47)r/+/2, one
can write

> 1+4r 4
Py a)=erni(B)=eBy (b(T) < /2 h (1 n 47) for r ¢ [a,ﬁ])

= PE(CY):CA(E—(1+4(X)T‘/\/§ (E(T) < Oforre [Ol, 5]75(7-) < TL(T) for 7 € (TlvTQ)) (51)
b(B)=ePy—(1+4B)r/V2

where 71, 75 and h are defined by (~2.9). Using the notation (2.15), we can condition on
the values of the Brownian bridge b(7) at times 7; and 72 and rewrite the right-hand side
of (5.1) as

Pi ()t (1440103 (b(f) < 0for T € [a, 8],b(r) < h(r) for 7 € (r1, Tz))
b(B)=ePy—(1+48)r/v2

0 0 da)r 48)r
f,oo du f,oo dv Taﬂ'l (eAx - %a U)Tj}l,‘f'z (u7 U)T‘rzﬂ(U? eBy - %)

:lw< 2r cosh A
e G35y (Py — eAx — 21/2(5 — a)r)

(5.2)

where the indicator on the right-hand side of (5.2) comes from the condition that the
starting point and the endpoint of the Brownian bridge g(r) should be below 0 to get a
non-zero probability.

Next we compare the operator © 4 g to the case of N non-intersecting Brownian
bridges not conditioned to stay below any function, that is, the free case. We express
O 4,p as the operator for the free case minus a remainder. From the representation of
O 4,p as the solution operator of a boundary value problem given in [50], one obtains

that A
_ (Py—etn)
) = e —a)/24B P ( i(5—a) )

—(B—A)D
e x, (5.3)
(@ (5 —a)
which corresponds to © 4 p with the choice i = co. By defining
B (eBy_eAw)z)
Rap(a,y) = e@' =248 (-t
| 4n(B - a)
0 0 1+4a)r 14408)1
1— f—oo du f—oo dv Ta,"’l (eAx - %7 u)T‘f%;,Tz (u’ U)TTQ,B(Uv eBy - %)
Pa(p—a)(ePy — eAw — 2v2(8 — a)r)
(5.4)
we can write the operator identity
®A7B = P\/51”coshA(e_(B_A)D - RA,B)P\@T cosh B (55)

using the notation (4.3).
For the proof of Theorem 2.3, we need to take the limit ¢« — 0 and b — 1 in (2.6). Thus

we set
1 €2L

— ) b= ——.
1+ e2Ll” 1+ e2L
We decompose the operator ©_;, ;, as a sum of the operator which corresponds to the
free case, the remainder operator and an error term as

A=—-L, B=L whichmeans a= (5.6)

O rr=e?P R ;. -Qp (5.7)
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where the error term is
—2LD -5 —2LD ¥5)
Qr=e - R*LwL - P\/§'r coshL(e - R*L-,L)P\/ir cosh L* (5.8)

Since Kuerm,v defined by (2.4) is a projector on a subspace of eigenvectors of D, it
commutes with e/? and thus one has €2/ Kyjerm v = (eXP Kpierm v )?. Using the identity
det(1 + AB) = det(1 + BA), Proposition 2.1 can be written as

P(Bn(t) < h(t) for t € [0,1])

= lim det(]l - KHerm,N + eLDKHerm,NefL.LeLDKHerm,N)LQ(]R)' (59)
L—oo '

Next we use the decomposition (5.7) of ©_;, ;. We prove the following lemma in Sec-
tion 8.

Lemma 5.1. The error term Q, = e'P Kyjerm NQLel? Kijjerm, v goes to 0 in trace norm
as L — oo.

Thus, by Lemma 5.1, in the L — oo limit, we can neglect the error term in the
Fredholm determinant on the right-hand side of (5.9) (use for example Lemma 4 in
Chap. XIII.17 of [52]). Consequently one obtains

P (By(t) <h(t) fort € [0,1]) = lim_det (1 — " Kterm N R-1,6"” Ktterm,n) ;> ®)-
(5.10)
By the definition (2.4), we can write Kyerm v = pp* where o : L2({0,1,..., N —1}) —
L?(R) and ¢* : L?(R) — L?({0,1,...,N — 1}) are operators that are adjoints of each
other defined by

@h @ =Y eul@fn).  (¢°9) (@) = [ @ on@a). (5.11)
n=0 R

By this identity and by using the cyclic property of the Fredholm determinant again, we
have

det (1 — " Kiterm N R—1,1.6"" Kiterm,n') )= det (1 — R—L,LEQLDKHerm,N)

= det (1 — @*R,L,LezLDgo)

L2(R L2(R)

L2({0,1,...N—1}) '

(5.12)
The rest of the proof of Theorem 2.3 now follows from the Proposition 5.2 below about
the equality of kernels, since the prefactor in front of K ]}{, on the right-hand side of
(5.13) is just a conjugation which can be removed without changing the value of the
corresponding Fredholm determinant. O

Proposition 5.2. Let h € H'([a,b]) be a function which satisfies (2.8). Then for any N

and L, one has
‘R 2LD _ [ml2retm Kh 5.13
(90 —L,LE ‘P)n,m = ! 9m oLn N(nvm) (5.13)

foraln,m=0,1,...,N — 1.

Remark 5.3. Notice that Kj’{, on the right-hand side of (5.13) does not depend on L,
hence up to the conjugation neither the left-hand side does, which is a priori not at all
obvious. This fact shows that the . — oo limit of the right-hand side of (2.6) with (5.6) is
obtained up to conjugation by simply removing the projections from ©_, ;, in (5.5).
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Proof of Proposition 5.2. We use the following two integral representations of the har-
monic oscillator functions:

2mn 1
(@) = | St e 2= [ dw e 2, (5.14)
® !
n. T JiR
2
n| 4 a2/ 1 e % +2zx
gOn(iU): \/2771' / e / Tm Y dZW (515)

where the integration contour I'y is a small circle around 0 with counterclockwise
orientation. To compute the kernel on the left-hand side of (5.13), we substitute (2.15)
in the double integral in the definition (5.4) of R_y, 1. In this way, we get the terms

( ) = Gor—e—28j2(U — X) Pa(ry—r) (V= 1) Pe2r jo_or, (Y — 0),
Q1(u,v,X,Y) = 7¢27'1—e*21‘/2(u - X) Trhl,fz (u,v) Pe2r j2-27, (Y —v),
( ) = Gar, ez (u— X)) Th 1, (u,0) deat o o7, (Y +0), (5.16)
( ) = Gar, ez pa(u+ X) TH 1, (u,0) deat o o7, (Y = 0),
Qa(u, v, X7 Y) = —or, ez pp(u+ X)Th 1, (u,0) deat o o7, (Y +0).

By simplifying the exponential prefactor with the denominator on the right-hand side of
(5.4), one gets

R_pi(z,y) = oW?—2%)/2+L—V2r(e"y—eLa)+sinh(2L)r?

4
- 1+ e 2E)r 1+e2by\  (5.17)
XAduAdvonQj (u,v,e Lm—(\/§>,eLy—(\/§)).

Note that one has changed the domain of integration for u and v to R because of the
term which corresponds to (o. In the terms which correspond to Q1-Q4, 17, 72( u,v)is 0
if u or v is positive by (2.10). With these notations, the kernel on the left-hand side of
(5.13) using both representations (5.14)—(5.15) of the harmonic oscillator functions ¢, is
equal to

(0" R_1.0e*"PQ)n.m

:/dx/dygon(l‘)R—L,L(x’y)eum@m(y)

| 9n
_ [ /dx [an[ and [ du [ averomgneivceo
nl 2m 27r1 To

et 132, (s emte - WHCEN iy <1+>) PP
=0 V2 V2 Zm+
(5.18)
Doing the change of variables

(1+ 6_2L)T

X =ctg— ,
V2

1 2L
Y:eLy—(—i/eé)r, W =elw, Z=etz, (5.19)

one obtains

m! 2" e W2e—
(5.18)—\/ T 9m o 271_1 /dX/dY/ dw FOdZ/du/dve

—z2 2L+22(Y+w)

‘e —2W(X+(1+e )7)Wn —fr(Y X)— smh(?L)T ZQJ U v, X Y)e
7=0

Zm+1
(5.20)
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The integral with respect to X and Y in (5.20) can be computed, since they are
Gaussian integrals. One has

/ dX ¢, ‘QL/z(u + X)e—2wx+ﬂrx — (m—e N (V2r—2W)? /4F (Var—2W)u
T1—€ ’
R

(5.21)
/ dy ¢ 2Lj9 9 (Uiy)ezzy—\/ﬁw _ e(eQL—47-2)(\/ir—QZ)z/4:t(\/§r—2Z)u

e —4T2 *
R

Then putting the definitions (5.16) into (5.20), using (5.21) and the notation (2.13), one
gets

(‘P*R—L,L62LD<)0)n,m
| 9n Lm 2 W Tl(\/§r—2W)2—\/§rW
:x/ﬁ—e—i,/ aw dZ/du dp ——°
n! 2m eln (271)2 Jip T R R Zmtlen(V2r—22)2—V2rz

< (fw (W)da(ry—ry) (v = w)gz(v) = (fw (u) = fww ()T}, ., (u,0)(92(v) = gz(~v))).
(5.22)

By using (8.3) of Lemma 8.1, one can see that the integral of the first term on the
right-hand side of (5.22) up to conjugation is

Wne 71 ( \fr 2W)2 V2rw
(2m) / W, dZ/du/dv Fmiigra—2zp—vaz W (WP (v = u)gz (V)

=1(n,m). (5.23)

Comparing (5.22) and (5.23) with (2.20) and (2.11)—(2.12) completes the proof. O

6 Direct derivation of the correlation kernel

In this section, we prove Theorem 2.5 where the correlation kernel of N non-
intersecting Brownian bridges conditioned to stay below a constant level is determined.
The direct proof of the correlation kernel follows the line of [57] where the correlation
kernel for non-intersecting Brownian bridges were computed without further condition-
ing.

Let us define the functions

i+1
~. 1 1—1¢t)\ 2 z2 T (2r—u)? 2r—zx
P! =—— | — " H|—)—e¢ 2 H(———) ), (6.1
o(7) 2nﬁ< t ) (e ( Qt(lft)) € ( 215(115))) (6.1)

~ 1 t 3 T _Gr=o)? 2r —
N . Te t)H - ) — 20—t H _— 6.2
o) =7 (115) (e ( 2t(1 —t)) ‘ ( 2t(1 —t))> 6-2)

for t € [0,1], # < r and ¢ integer where H; is the ith Hermite polynomial. For any
0<ti<ty<landz,y<r,let

- 1 _ (@—y)? _@r-—z—y)?
Tiy 1y (,y) = m e 2tz-t) —e 2027t (6.3)
2 —t

be the free evolution kernel of a Brownian motion below level r.
Proposition 6.1. et 0 < t; < --- < t; < 1 be times and x() (l) be positions,
l=1,...,k. Then the joint dens1ty of N non-intersecting Brownian bndges conditioned

to stay below level r for [0, 1] at times t; and positions xy) is proportional to

T MONRCEINS Gi-10.ky) "
i—1
[] det (Ttl e (20, ))4]4 det (\I/tk (! ))j 64

=1 1,]= 1,]=

det (E)il_l (.13§1) ) v

1,j=1
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Proof of Proposition 6.1. We follow the usual strategy to get N non-intersecting
Brownian bridges which start and end at 0. We let them start and end at positions
—e,—2¢,...,—N¢g, and then we will let ¢ — 0. By a Karlin-McGregor type formula, their
joint density is given by

N - N
H det (Ttl i (@ gl),xyﬂ)))‘ ~det (Ttk,l(mgk), —js)). o
1,j=1 i,j=1 ij=1
(6.5)
The product of £ — 1 determinants in the middle in (6.4) and in (6.5) is the same. The

general (i, j) entry of the first determinant in (6.5) is

(1), . \2 (1), . 2
" o 1 @i i) _@roaitic)
Tou, (—ie, x5 7) = e M —e 20

det <T07t1 (—ie, x(l) )

vV 27Tt1
2.2
e 7 _<m£)>2 . isxg-l) N 1 i2€2(x§1))2 N
= € 1 - = e
V2t t1 2 t%
2.2
e~ @R ie(2r — x§1)) 1i2e2(2r — 212
— e 21 1— - j
V2t ty 2 t2

(6.6)
where we used Taylor expansion in the last step.
By elementary row operations with the matrix in the first determinant in (6.5), one
obtains

T (€3]
det (Tml( ig, T; )) et
D)2 W (2r—a D)2 0 N
= c(e) |det (e (g )t —e” e (2r—a; )" ) + O(e)

ij=1

(6.7)

where c(¢) is a constant which does not depend on the xg-l) variables. (Notice that c(¢)
depends on ¢ asymptotically as ¢V(N=1)/2 but it is unimportant for the proposition.)
The determinant on the right-hand side of (6.7) is already independent of ¢, hence it is
also the factor which appears in the ¢ — 0 limit. By further row manipulations in the

determinant on the right-hand side of (6.7), one can turn the monomials ( a ))” I and
(2r — 5.1))’ I into any polynomials of degree i — 1, but with the same polynomial for
both terms. In particular, by choosing the (i — 1)st Hermite polynomial with rescaled
argument « — H,;_1(x/+/2t(1 — t)), one gets that the determinant on the right-hand side
of (6.7) is proportional to the first factor in (6.4). The argument for the last determinant
is the same, hence the proof is complete. O

Proposition 6.2. With the relation (2.9) between the variables t,,t, and 11,79 and with
(2.24) between x; and u;, one has the following equality of the conjugated functions

r2_ (z=m? ~

O (u) =e 2 200 P (x), (6.8)
(x 7*) ~
V' (u)=e? Py TP (z), (6.9)
(w1=m)2 _ (w9-m)2
117-17.,-2 (Ul, Ug) = 2(1 — tl)(l - tg)e 201—ty)  2(1-t2) Ttl,tz (.131, $2). (610)

With Proposition 6.2, proving Theorem 2.5 is easy.

Proof of Theorem 2.5. The correlation kernel can be directly obtained from the general
formula given in [38], since the joint density of /N non-intersecting Brownian bridges
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conditioned to stay below level r is given by (6.4) where the functions which appear in
the determinants satisfy

" o (x) ~ A
/Oodx me,tz(%y) = ma (6.11)
v, (y) v (2)
/ dy T 1z (2 XObsvrwi, — = A (6.12)
(I)Z( ) \Ilg(:r) o
d =(1-K 6.13
/_Oo x21/4\/1—t1 21/4\/1—t2 ( 0)(7’7.7) ( )

which is a direct consequence of Proposition 2.2 knowing the relations proved in Propo-
sition 6.2. Hence the extended kernel can be written for z1,22 < r as

cht(tlaml;tQ;xZ) = *]17'1<7-2Tt1 to ($1,$2)

= U (m) ) &) (o)
+ Z v (1 — Ko) (n, )m. (6.14)
Due to Proposition 6.2, one can write the correlation kernel in terms of the variables 7;, u;
according to (2.24) since the extra factor 1/4/2(1 —t1)(1 — t2) is the volume element.
This proves that the correlation kernel in terms of the the natural variables 7;, u; is given
by (2.25). It is also consistent with the definition (2.23) of the correlation kernel, which
finishes the proof. O

For the proof of Proposition 6.2, the following representations are useful.

Proposition 6.3. The functions ®7 and V' admit the following representations in terms
of Hermite polynomials

1 _(<1+47)7'+ u ) (1 +4T) U 2712 4/3
or =" 2v2r | 2v7 Hn( ) Tri4V2ru _
) = e et oo 2yi)e (u e —u)
(6.15)
and
(2/T)™ (1+47)r U\ o2 3y
m _ TT W __ _
UM (u) = o H ( N + Qﬁ)e (u + —u). (6.16)

The notation (u <» —u) means that we have the same term with u replaced by —u.

Proof of Proposition 6.3. Expanding the exponent of (2.11) and doing the change of
variables 2,/7W = w, one gets

(I)n(u) — l/ dw Wne4TW27(1+4T)\/§TW+2TT2672’U4W+\/§TU - (u o 7u)
' m Jir (6.17)
2yT)rtt i fig
By (2.3) and (5.14), one has
1 1 2
— [ dwwhev 2 = T Hy (). 6.18
= ww"e 2nﬁe (2) ( )

Then the integral on the right-hand side of (6.17) can be expressed with Hermite
polynomials using (6.18) which immediately yields (6.15).
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The representation (6.16) is proved similarly. With the change of variables 2,/7Z = z
in (2.12), one obtains

1
\I/:_n(u) = % d dz Z*(WH’I)6747‘Z2+(1+4T)\/§TZ72T7‘262uZ7\/§ru o (’LL o *U)
0 1 1 *22+2(M+ L )z727r27\/§ru (6.19)
= VT g f asee e TR (@ o —u).
0
Using (2.3) and the representation (5.15) yields
2
1 e~ ? +2zx 1
o P e = 6.20
27 Jr, # m+1 n (2) ( )

Then the two integrals on the right-hand side of (6.19) are rewritten with (6.20) which
proves (6.16). O

Proof of Proposition 6.2. We proceed by direct computation. To prove (6.8), one can
first rearrange the right-hand side to get

2 177‘2,\.
T & (o)

2

z—r r—xz)2 —
R (H( L) e, (e ))
2t(1 — t) 2t(1—t)

22 z , (t=2)r2 (2r—=)2 — @, (t42)r2
=Cnt (6 m(ﬁ—f,) Hn <L)6{—lt+ 2(1-t) — ¢ 2t(1—t) Hn (2707‘%)67 Tt 2(1—1t)
’ 2t(1 1) )

1t (1 ¢
(6.21)
n+1
where C,,; = 2n1\/7? () =

Next we rewrite the right-hand side of (6.21) in terms of the variables 7 and u. Using
(2.24), one has

x _(1+4T)r+ u 2r—x _ (I+4m)r  w (6.22)
2t(1 —t) 2v2r 2T \J2t(1 —t) 221 2T '
and
2
PRI ) i (6.23)

1—t ' 21—t

By substituting (2.9), (6.22) and (6.23) on the right-hand side of (6.21), one exactly gets
the representation (6.15), which proves (6.8).

Similarly,

2 )2
o=+ U7 ()

_ 1 (t) L (e—u H, () - R n(%—w))
n! \1—t 2t(1—t) 2t(1 —1t)

_ 1 (t) <Hn<x)6 85— sl Hn(M)e;w;;?:f)
nl \1—t 2(1 —t) 2t(1—1)

(6.24)
Then by (2.9), (6.22) and (6.23), one can write the right-hand side of (6.24) in terms of
the variables 7 and u. Comparing this with (6.16), (6.9) is proved.
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Finally, by definition (6.3) and by using (2.24),

(z1-m)2 _ (2z5-7)?2

2(1— t1)(1 — to)e 200 ~ 2021 Ty, 4 (21, 22)

— — : 2 (A—tp)uy —(1—ty)up)? (A=tpDug+A—ty)ug)?
(1 tl)(l t2)6(17t1)uf*(17t2)u§ (6_ . uf,12—1i1 282 —e 1 t12—t1 2z >

7T(t2 — tl)
A R e e
7T(t2 — tl)
(6.25)
By noticing that
Ury—m) = 2" (6.26)
To —T1) = ) .
VT ) (1 —ty)
the proof is complete. O

7 Asymptotics

This section is devoted to the proof of Theorem 2.6 and Theorem 2.10. To this end, we
start with a lemma which contains the asymptotic properties of the harmonic oscillator
functions which are necessary for further proofs.

Lemma 7.1. For the nth harmonic oscillator function ¢,,, one has

1/6

lim 2~ Y/4p/ 120 (\/271 4
b0 v V2

uniformly on any compact subset of R for s. Further, for any c > 0, there are sy and ng
such that for any s > sg and n > nyg,

) = Ai(s) (7.1)

’2_1/4n1/12<,0n ( fon + W)‘ < e, (7.2)
V2

There is a universal constant C such that for anyn > 1,

sup 2_1/4n1/12g0n(x)‘ < C. (7.3)
zeR

Proof of Lemma 7.1. The formula (7.1) is well-known, see e.g. [53]. It can be also seen
in Lemma 5.8 of [31], while (7.2) can be derived directly from Lemma 5.9 of [31]. Using
Definition 5.7 of [31], one has

X 1 .
an(0,s) = n1/3e3"/2+5"1/3 5 /]R dw 6"”2/2+(2n+6n1/3)w (—w)™

_ 2n—1/2n—n/2—1/663n/2+sn1/3i/ dWeW2—2(m+s7nl/3/\/§)WWn
i iR

_ 2n—1/2n—n/2—1/6e3n/2+sn1/3 /%W—l/zxe(\/ﬁﬂnm/\/ﬁ)?mwn (\/%-i- 5”\;;/6>

- 2_1/47”01/123% < fom + sn—1/6>
V2
(7.4)

with the change of variables W = —\/T/QUJ in the second equality, with the use of (5.14)
in the third and by Stirling’s formula in the last one. Hence the results of [31] apply
and one gets (7.1) and (7.2) with ¢ = 1. By inspecting the proof of Lemma 5.9 in [31],
one can realize that the terms which appear in the integral representation of 3;(r, s)
in (5.40)-(5.42) of [31] are bounded by a large constant times exp(—s3/2) which is less
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than e~“° for any c if s is large enough. By the last remark after (5.47) in the proof of
Proposition 5.9 in [31], one gets that the same bound applies for a;(r, s) as required.
Finally, (7.3) is an easy consequence of the detailed bound obtained in [44], see also
(A.54) of [28] where p,(z) = Hy(z) (except for a small typo: 2%/ should be 2*/2). By
replacing x/ V2N by z and by (2.3), one exactly gets (7.3). O

Then one has the following limits as N — oo and bounds for the functions which
appear in the kernel of N non-intersecting Brownian bridges.

Proposition 7.2. Consider the scaling

N-1/6
w=IN N eNYB = N (NVR (7.5)
V2
as well as (2.32) fort;,r,x;. Then as N — oo, it holds
. 2 2 N71/6 RNL/3 _ ~
m (N) O B = 30), (7.6)
3 N El _N_RBNY3 _ ~
N (2) NN TR () = W (U). 7.7

For the rescaled kernel the convergence

lim <§7) i N3 Ky(n,m) = Ko(&,C) (7.8)

N—o0

holds.
Furthermore, for U,V in a compact interval and for any ¢ > 0, there is a C = C(c)
such that the bounds

n

2\2 N—1/6 1/3
‘(zv) e ) < 0o (7.9)

‘(];7> 2 N1/3e_N_ RN;/S

n—m

U (u)| < Ce ™, (7.10)

‘(;) : NY3Ky(n,m)| < Ce™ &+ (7.11)

hold for ¢ and ¢ uniformly in [0, N?/3].

Theorem 2.6 is now an easy consequence of Proposition 7.2.
Proof of Theorem 2.6. It is enough to prove (2.33) in terms of the variables 7;, u;, that is,

N71/6

]\}gnoo \/i KEXt(Tl,ul;TQ,’LLQ):I?EXt(Tl,Ul;TQ,UQ). (712)
First of all, (2.32), (7.5) and Brownian scaling give
N—1/6
TTTI,TQ (u1,u2) = Tr, 1, (U, Us). (7.13)

Further, by the uniform decay properties (7.9)-(7.11) in £ and ¢, in the sum for n and m
in (2.25), dominated convergence can be used. We thus replace the rescaled functions
U2 (uy), @ (uz) and the rescaled resolvent of the kernel Ky in (2.25) according to (7.6)-
(7.8). The conjugations and prefactors exactly cancels. We turn the Riemann sum into
an integral and by dominated convergence, we obtain (2.33). O
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Proof of Theorem 2.10. First note that the left-hand side of (2.41) before taking the
N — oo limit is equal to the left-hand side of (2.21) for

H(T)N—'/6 1+TN-Y3
h(t) = VN + % t:%. (7.14)
Thus we can apply Theorem 2.4. Under the same scaling as in the proof of Theorem 2.6,
in particular with u; = U”Y/;m, Proposition 7.2 yields
N-1/6 ~
WKTI,TQ (u1,u2) = K1, 1, (U1, Ua). (7.15)

In order to compute the limit of 7", observe that under the scaling (7.14) with r =
VN + JRN~/5, and by (2.9),

11+ TN-Y3 ~ N—L/6

_ _ = _ _ —-1/3
T=7(T) = 117N/ h(r) = 7 (H(T) - R)1+ O(N ). (7.16)
Further, inserting (7.16) and u; = %_21/6 into T" given by (2.10), we obtain
—1/6 .
i 7 17, 7, (u1,u2)
1N71/6dP b(r(T)) < h(r(T)) for T € [Ty, Ts], b
= lim — — P> < <
e e Py, (D) S R((T) for T € [T, T b S ) ()0,
d
— = Por-v, (BT) < (H(T) ~ R) for T € 11, Tu), B(Ty) < U)
2

= Tf 5 (U, Us)

where we used the Brownian scaling by writing the probability in terms of the Brownian
motion B(T) = %Nfl/ﬁg(i + $TN~1/3) in the second equality. The convergence of the
Fredholm determinant follows from the bounds of Proposition 7.2 in the same way as for
the convergence of the Fredholm determinant of Theorem 2.6. O

Proof of Proposition 7.2. In the representation of ® in terms of Hermite polynomials
(6.15), we use (2.3). Then we get

Vn! _1(Q4anr o )2 1+4 2
(I):—L(u) = "3 71,4—1 T€ ;( 2v2r +2‘ﬁ) @n(ﬂ‘FL)eQﬂn +‘/§m—(u < —u).
2% Tl g1 2421 2T
(7.18)

Using the scaling of the variables (2.32), (7.5), as well as (2.9), one has

(1+47)r | w (T? + R+ U)N-Y6 _ TUN-/? 1/
+ = V2N + + o(N~?),
v ave VG e

N
2rr% £ V2ru = >+ TN?3 4 (T2 + g + U) NY3 4+ RT + T2 + o(1).

Further, by the scaling (2.32), (7.5) and (2.9),
(47)"F = TN?PHT°/3-Te+o(1) (7.20)

Finally, Stirling’s formula leads to

N-gNnl/3 N 1
2

e~ ¥ 40 (9x NYE = (2m)ENE e F o) (7.21)

Vil = N(1—¢N2/3)
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Plugging (7.19)-(7.21) into (7.18), one has

n

N\? 1/3
(I):'L(u) = (2> \/§N1/6€_N_%+0(1)6§T3+(R+5+U)T

2 —-1/6
X 3 TVANY2 e <M+ T *R%U)N )—(UH—U). (7.22)

On the other hand, by (7.1) from Lemma 7.1, for any £ > 0 fixed,

~1/6
o o—1/dpr1/12 / sV — Ai
1\;5202 N2 on_enss < 2N + 7 ) Ai(s+¢). (7.23)

Using the notation (2.30), this proves (7.6).
The proof of (7.7) is similar. Using (2.3) in (6.16) gives

9Lt 1 Gtanr |y )2 14+4
- ST (L e

(7.24)
Substituting (7.19)-(7.21) with n replaced by m, one has

U (u) = (2) T NN B po(1) - 3T~ (R )T

2 —1/6
Vo o (P HRAUIN

% 271/4N1/12§0N7CN1/3 < \/§

> — (U <+ =U) (7.25)
which proves (7.7) by using (2.30).

To show (7.8), one uses (8.4). By comparing the definitions (2.11)-(2.12) with (7.22)
and (7.25), one can write the kernel as

Ko(n,m) = <N> 7 g 1/2y1/6,T(E—C)o(1)

2
i (T? 4+ R4+ U)N-1/6 (7.26)
x /RdUe ey—exiva (VN + NG )
~— (T?+R-U)N"VS

where we made the change of variables v = UN —1/6 / V2. For any ¢ > 0, there is a
uniform constant C' = C(c¢) such that

SN_1/6
V2

’2—1/4N1/12¢N5N1/3 (\/ﬁ+ )’ < Ceel&ts) (7.27)
for s > 0, because of (7.2) with n = N — ¢N1/3,

If n does not grow to infinity with N — oo, then by definition (2.3) with
x = /2N + sN~1/6/y/2, the harmonic oscillator function on the left-hand side of (7.27)
is of order e~V which is even smaller than the right-hand side. Using (7.3), the left-hand
side of (7.27) is at most a uniform constant for s < 0. Hence we can use dominated
convergence in (7.26) and conclude that

—m

(;) NY3Ky(n,m) — eT¢=9 / AU e*"V AT? + R+ €+ U)A(T? + R+ ¢ - U)
R

=273 Ai(27V3(2R + £ + ().
(7.28)
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In the last step we use the following identity: for any s1, so,t € R,
2
/ dXe™ Ai(ss + A) Ai(sg — A) = 27 1/3ez(s1-52)t A (2—1/3 <51 + 89 — 7;)) , (7.29)
R

which follows from (A.5)-(A.6) of [11] using the notation (A.1) in [11]. This proves (7.8).

Using the uniformity of the bound (7.27) in &, the exponential bounds in ¢ and (
which can be given for (7.22), (7.25) and for (7.26) yield (7.9)—(7.11). This completes the
proof. O

8 Proof of lemmas

In this section, we give the proofs of all those propositions and lemmas which were
found to be technical to give immediately. For the proof of Proposition 2.2 we will use
the following lemma.

Lemma 8.1. With the notation (2.13), for any u,v € R, one has
/ du fw (u) P2 (ry—ry) (v — u) = (=2 =2 o (4), (8.1)
R

/ AV o (ry—ry) (v — u)gz (v) = e2TIVE=227 g (), (8.2)
R

Further, for any 7 > 0 and integers n and m,
) WneT(\/ﬁ’r—QW)z—ﬂ'r'W

[ aw ¢ az [ | . -
(2mi)2 /iR o o uZerleT(ﬁT*?Z)zf\/irZfW(u)gZ(u) (n,m), (8.3)

2 /dW dZ/d W%T(ﬂrizw)gfﬁrwf = K, (8.4)
@l S I, Y S e (arazy v T 92w = o). (8.

Proof of Proposition 2.2. We substitute the definition (2.15) of T’;
terms after the change of variables u — —u, one gets

/ ot (fov () — forr(—0))Try (1, 0)

and by combining

1,72

= / du fw (u)pa(ry—ry) (v — u) —/ du fir (4)da(ry—ry) (0 + 1) (8.5)
R R

= el OB iy (0) — fi (=)

where (8.1) was used in the second equality. This proves (2.16). The proof of (2.17) is
similar. The identity (2.18) immediately follows from (8.3)-(8.4) after the combination of
the terms which appear in (2.11)—(2.12) and by the change of variables u — —u. O

Proof of Lemma 8.1. The identities (8.1) and (8.2) are Gaussian integrals which are
straightforward to compute.

To show (8.3), one separates the integral with respect to u restricted to R_ and to
RR,. We can suppose that I'y is so small that Re(Z) € (—1,1) along Z € T'y. Then in the
integral on R_, one can deform the W contour to —1 + iR, and with this, the integral
with respect to v can be computed as

1

/ du fw (u)gz(u) =/ dy 2@ — NZ-W) (8.6)

since Re(Z — W) > 0 for any Z € T'y and W € —1 +iR. Similarly on R, one deforms the
W contour to 1 4 iR, and then

1

_ 2Z—-W)u _
/]R+ deW(U)gZ(U)/1R+ due = Tz-w) (8.7)
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since Re(Z — W) < 0 in this case. By joining the two integration contours for W and by
Cauchy’s theorem, one gets

& du [ AW ¢ dZ wrer(V2r—2w) =varw
W/]R U/ To Zm+1€'r(ﬂr72z)27ﬁrzfw(u)gz(u)

n T(\/§T72W)27\/§TW
L azmes [ M W=7 (8.8)
27 Zn,+1eT(\/§r—QZ) —V2r z’
1 n—m—1 __

which shows (8.3).
In the same way, (8.4) follows by

2 fauf awd az wrer(V2r—2w) =varw
(27{1)2/]1{ U/ To Zm+1e‘r(\/§r—22)2—\/§rz fw(u)gz(~u)

n o r(V2r—2w)? —v2rw (8.9)
= 2%” 3 dZ Res <Z@+6167(\/§T_2Z)2_\/§7.Z W = V2r — Z>
= Ko(n,m).
This completes the proof of the lemma. O
Proof of Proposition 2.7. First observe that due to definition (2.31),
iKo(é“ Q) = (385 8@“)[{0(5 Q). (8.10)

By writing the resolvent of IA(O as a Neumann series and by applying (8.10) to each term
of the series, one obtains

0 0 0 ~ ~ ~ A
1=K 6.0 = (57 + ¢ ) (1= Fo) 6.0 (1Ko Ro(6.0)(1 - Ko)  Ro(0.0)
(8.11)
Further, by (2.30),
0 ¢ 9 - 9 -~

Té S T¢
gV (U) = ge¥5U)  and  GRELU) = S UU). (8.12)

Now one can take the derivative of the kernel K in (2.34) with respect to R. Using
(8.11) and (8.12), the proposition follows by direct computation. O

Proof of Lemma 4.2. For a function h of the form (4.9), one can define approximating
functions h. € H'([0,1]) for any small £ > 0 such that as ¢ decreases to 0, the functions
increasingly approach h. With other words, h.(z) — h(z) increasingly as € — 0 for any
z € 0,1].

Then the events E. = {Bn(t) < h(t) fort € [0,1]} increase to Ey = {Bn(t) <
h(t) fort € [0,1]} as e — 0, hence P(E.) — P(Ey) by the continuity of the measure.
Similarly, the events E. = {b(7) < he(r ) for 7 € (71, 72)} which appear in (2.10) used in
the definition (2.20) of K% increase to Ey = {b(r) < h(r) for T € (71,7'2)} as ¢ — 0, since
the functions /. increase to  pointwise as ¢ — 0, see (2.9). Hence P(E.) — P(Ej).

To complete the proof, the convergence of the corresponding Fredholm determinants
on the right-hand side of (2.19) has to be shown. From P(E.) — P(Ej), one has the
pointwise convergence of the operators in the Fredholm determinant. On the other hand,
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by Lemma 4.1, K% is a trace class operator for any function A, i.e. the Fredholm deter-
minant series converges absolutely, hence the corresponding Fredholm determinants on
the right-hand side of (2.19) converge as ¢ — 0 by dominated convergence. O

Proof of Lemma 5.1. This proof follows the lines of the proof of Lemma 2.3 in [50].
We first rewrite the operator e 22” — R_; | as follows. We substitute (5.6) into the
definitions (5.3) and (5.4) and we use the identity

_ L, _ p—=L. _ (2L _ ,—2L\_1_)\2 _
(ely —e Lx)Z (efy—e tax— (e e )\/5) B <62L e 2L)T2 —\/ﬁr(eL —e_L:L')
o2L _ g—2L 2L _ o—2L = 5 Yy

(8.13)

to simplify the exponential factors. Then one has the decomposition
e 2P R =TTol; (8.14)

where

Ty (2, u1) = e—w2/2+\/§eﬂm+u§/8nT672L/4’Tl (e—Lx _ UL\/’;L)TWI) Lo, <m,, (8.15)
Do (ur, ug) = 0/ GTHu/STeqriti () 4y, (8.16)
Fg(Ug,y) _ e—ug/8Tk+y2/2+L—\/§eLll7"+(62L—672L)Tz/2]1u2SHkTTk)egL/4 (Ug, eLy — %) .
(8.17)

The extra conjugation by ¢ul/871 and by ¢U3/37 was introduced because in this way all
the operators I';,I'9, '3 have finite norm as shown below. Next we decompose the error
term as 1, = Q} + Q7 with

Ql = P\/ircoshL(eizLD - R*L,L)P\/ircosh[ﬂ (8.18)
Q= (P —R_1.L)P 3 comn 1 (8.19)

We bound the trace norm of
Q= " Kiorm N1 e"P Ktierm, v + €5P Kitorm v Q3 €7 Kttorm, v (8.20)
as follows. One has by (8.14) and (8.18) that
lle"P Knerm,n 2k P Kerm |1
< 1" Ktterm, N Pz cosn L1z [T2llop IT5P 3, con 6”7 Ktterm,n|l2. (8.21)
By definition, one can write the square of the first Hilbert-Schmidt norm as

||6LDKHeTm7NPﬁT cosh LF1 H%
N-1 Hq e’} e’}
Z /dl/ dy/ dw/ dz
n,m=0 R —00 v2rcosh L v2rcosh L
x M g (@) o () (W) om (2) L1 (w, )T (2, )

N-1 H, o )
Z eQnL/ dy </ dz gon(z)I‘l(z,y)> (8.22)
n=0 oo

V/2r cosh L

Hy %) %)
eQ(N’l)L/ dy (/ dz son(z)Q) (/ szl(z,y)Q)
—00 \/57" cosh L \/57" cosh L

< Ne2(V-DE / d / dy Ty (2, )°
\/§rcoshL R

<

=
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where we used first that the harmonic oscillator functions ¢,, are orthonormal, then the
Cauchy-Schwarz inequality, and finally the orthonormal property of ¢, again. In the
definition of 'y (8.15) and by comparing it with (2.15), one can give the upper bound

- 2 1 —2L \ 2
/ dy Fl(z7y)2 S e—z2+2\/§e Lz’r‘/ dye4{rl ¢2T1—e—2L/2 <y _ e_LZ + —*—67")
R R \/i
’12 —
: (y—etz+ Lf/;L r)?

2 -L e4r1
— e ? +2v/2e zr/ d ex
R Y w(4m —e2L) P 21 —e2L /2

:e_(1+o(1>>z2+0(1)z/dy L (o) 35 +(+0(1) i — 2 o(Dy=-to(1)
r A4mT

L~
= ——e¢

VAT
(8.23)

by computing the Gaussian integral in the last step. The o(1) above means a term which
does neither depend on y nor z and which goes to 0 as L — co. Putting (8.22) and (8.23)
together, one obtains

140(1))22+ 4"21 +o0(1)z+o(1)

-

2
N2N-DLtim oo .
LD 2 ¢ 7 —(1+40(1))22+0(1) z+0(1)
€ K erm P F S dZ e
H H N4 \/2rcosh L 1 ”2 \/ﬁ /\/57« o L

2
Ne2NL+ 3

AT

2NL76262L

672r2(cosh L)?(1+0(1))

< cie
(8.24)
with positive constants c¢; and ¢y for L large enough. We used the Chernoff bound on the
tail of the normal distribution in the second inequality.
Obtaining a bound on |[[sP s, oy, ,€"” Ktierm v ||3 is very similar. There is a differ-
ence in the step which corresponds to (8.23). It can be done as follows.

/ dzTs(z, 2)?
R

2 _ L 2L _—2Ly 2 _ =2 1+e2l)ry\2
< e +2L—2v/2e" zr4-(e e )r/ dre % ¢62L/2—27k (l‘ _ €LZ+ g)
R

V2 (8.25)
_ 2L-2r—(1+o(1)2* oDz [ gy 1 o~ (1Ho(1) o — (1+0(1))2vBar-+o(Dzz-+o(1)
R Vmeil
_ L 2n@m-2)r? - (1ro(1) 22 +o()zto(1)
7T€2L

where the o(1) term are again independent of y and 2z and they go to 0 as L — co. The
computation (8.25) results in a bound

ITsP 3y cosn 16" Kiterm,n ||z < cre™” (8.26)

very similarly as in (8.24). The factor e—°2¢"" is not present due to the fact that the
projection P s, ; is replaced by P /5, .o /-
Finally, the operator norm of I'; can be bounded in the following way.

2

_a? 2
||F2||(2)p < sup/ dacI‘Q(x,y)2 < Sup/ dre 3 Ting ¢2(Tk_T1)(y—x)2
yeR JR yeERJR

1 1 _4“1»%71392) 1 1
=Sup =,/ —F— 5 kTR = — [ ————
2 2 2 2
yer 2\ m(7¢ — 17) 2\ w(rg —17)
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by straightforward computation involving a Gaussian integral. Putting (8.21), (8.22),
(8.27) and (8.26) together proves that the error corresponding to QlL goes to 0 as L — oo.
The proof for Q2 can be done similarly. O

References

[1] M. Adler, S. Chhita, K. Johansson, and P. van Moerbeke, Tacnode GUE-minor processes and
double Aztec diamonds, Probab. Theory Related Fields 162 (2015), 275-325. MR-3350046

[2] M. Adler, J. Delépine, and P. van Moerbeke, Dyson’s nonintersecting Brownian motions with a
few outliers, Comm. Pure Appl. Math. 62 (2010), 334-395. MR-2487852

[3] M. Adler, P.L. Ferrari, and P. van Moerbeke, Non-intersecting random walks in the neighbor-
hood of a symmetric tacnode, Ann. Probab. 41 (2013), 2599-2647. MR-3112926

[4] M. Adler, K. Johansson, and P. van Moerbeke, Double Aztec diamonds and the tacnode process,
Adv. Math. 252 (2014), 518-571. MR-3144240

[5] P. Bleher and A. Kuijlaars, Large n limit of Gaussian random matrices with external source,
Part III: Double scaling limit, Comm. Math. Phys. 270 (2007), 481-517. MR-2276453

[6] A. Borodin, Biorthogonal ensembles, Nucl. Phys. B 536 (1999), 704-732. MR-1663328

[7]1 A. Borodin, Schur dynamics of the Schur processes, Adv. Math. 228 (2011), 2268-2291.
MR-2836121

[8] A. Borodin, I. Corwin, and D. Remenik, Multiplicative functionals on ensembles of non-
intersecting paths, Ann. Inst. H. Poincaré Probab. Statist. 51 (2015), 28-58. MR-3300963

[9] A. Borodin and PL. Ferrari, Random tilings and Markov chains for interlacing particles,
preprint: arXiv:1506.03910 (2015).

[10] A. Borodin, PL. Ferrari, M. Prahofer, T. Sasamoto, and J. Warren, Maximum of Dyson Brownian
motion and non-colliding systems with a boundary, Electron. Comm. Probab. 14 (2009), 486-
494. MR-2559098

[11] A. Borodin, PL. Ferrari, and T. Sasamoto, Transition between Airy; and Airys processes and
TASEP fluctuations, Comm. Pure Appl. Math. 61 (2008), 1603-1629. MR-2444377

[12] A. Borodin and G. Olshanski, Stochastic dynamics related to Plancherel measure, AMS Transl.:
Representation Theory, Dynamical Systems, and Asymptotic Combinatorics (V. Kaimanovich
and A. Lodkin, eds.), 2006, pp. 9-22. MR-2276098

[13] A. Borodin and E.M. Rains, Eynard-Mehta theorem, Schur process, and their Pfaffian analogs,
J. Stat. Phys. 121 (2006), 291-317. MR-2185331

[14] E. Cator and L. Pimentel, On the local fluctuations of last-passage percolation models, Stoch.
Proc. Appl. 125 (2015), 879-903. MR-3293293

[15] F. Colomo and A. Pronko, Third-order phase transition in random tilings, Phys. Rev. E 88
(2013), 042125.

[16] F. Colomo and A. Pronko, Thermodynamics of the six-vertex model in an L-shaped domain,
Comm. Math. Phys. 339 (2015), 699-728. MR-3370616

[17] F. Colomo, A. Pronko, and A. Sportiello, Generalized emptiness formation probability in the
six-vertex model, J. Phys. A: Math. Theor. 49 (2016), 415203. MR-3556195

[18] FE. Colomo and A. Sportiello, Arctic curves of the six-vertex model on generic domains: the
Tangent Method, J. Stat. Phys. 164 (2016), 1488. MR-3541190

[19] I. Corwin and A. Hammond, Brownian Gibbs property for Airy line ensembles, Invent. Math.
195 (2013), 441-508. MR-3152753

[20] I. Corwin, ]J. Quastel, and D. Remenik, Continuum statistics of the Airy, process, Comm. Math.
Phys. 317 (2013), 347-362. MR-3010187

[21] S. Delvaux, The tacnode kernel: equality of Riemann-Hilbert and Airy resolvent formulas,
preprint: arXiv:1211.4845 (2012).

[22] S. Delvaux, Non-Intersecting Squared Bessel Paths at a Hard-Edge Tacnode, Comm. Math.
Phys. 324 (2013), 715-766. MR-3123536

EJP 22 (2017), paper 79. http://www.imstat.org/ejp/
Page 30/32


http://www.ams.org/mathscinet-getitem?mr=3350046
http://www.ams.org/mathscinet-getitem?mr=2487852
http://www.ams.org/mathscinet-getitem?mr=3112926
http://www.ams.org/mathscinet-getitem?mr=3144240
http://www.ams.org/mathscinet-getitem?mr=2276453
http://www.ams.org/mathscinet-getitem?mr=1663328
http://www.ams.org/mathscinet-getitem?mr=2836121
http://www.ams.org/mathscinet-getitem?mr=3300963
http://arXiv.org/abs/1506.03910
http://www.ams.org/mathscinet-getitem?mr=2559098
http://www.ams.org/mathscinet-getitem?mr=2444377
http://www.ams.org/mathscinet-getitem?mr=2276098
http://www.ams.org/mathscinet-getitem?mr=2185331
http://www.ams.org/mathscinet-getitem?mr=3293293
http://www.ams.org/mathscinet-getitem?mr=3370616
http://www.ams.org/mathscinet-getitem?mr=3556195
http://www.ams.org/mathscinet-getitem?mr=3541190
http://www.ams.org/mathscinet-getitem?mr=3152753
http://www.ams.org/mathscinet-getitem?mr=3010187
http://arXiv.org/abs/1211.4845
http://www.ams.org/mathscinet-getitem?mr=3123536
http://dx.doi.org/10.1214/17-EJP97
http://www.imstat.org/ejp/

The hard-edge tacnode process for Brownian motion

[23] S. Delvaux, A. Kuijlaars, and L. Zhang, Critical behavior of non-intersecting Brownian motions
at a tacnode, Comm. Pure Appl. Math. 64 (2011), 1305-1383. MR-2849479

[24] S. Delvaux and B. Vet6, The hard edge tacnode process and the hard edge Pearcey pro-
cess with non-intersecting squared Bessel paths, Random Matrices Theory Appl. 4 (2015),
1550008. MR-3356886

[25] P. Desrosiers and P]J. Forrester, A note on biorthogonal ensembles, J. Approx. Theory 152
(2008), 167-187. MR-2422147

[26] EJ. Dyson, A Brownian-motion model for the eigenvalues of a random matrix, J. Math. Phys. 3
(1962), 1191-1198. MR-0148397

[27] B. Eynard and M.L. Mehta, Matrices coupled in a chain. I. Eigenvalue correlations, J. Phys. A
31 (1998), 4449-4456. MR-1628667

[28] PL. Ferrari, Shape fluctuations of crystal facets and surface growth in one dimension, Ph.D.
thesis, Technische Universitat Minchen, http://tumbl.ub.tum.de/publ/diss/ma/2004/
ferrari.html, 2004.

[29] PL. Ferrari and H. Spohn, Step fluctations for a faceted crystal, J. Stat. Phys. 113 (2003),
1-46. MR-2012974

[30] PL. Ferrari and H. Spohn, Domino tilings and the six-vertex model at its free fermion point, J.
Phys. A: Math. Gen. 39 (2006), 10297-10306. MR-2256593

[31] PL. Ferrari, H. Spohn, and T. Weiss, Brownian motions with one-sided collisions: the station-
ary case, Electron. J. Probab. 20 (2015), 1-41. MR-3361257

[32] PL. Ferrari and B. Vetd, Non-colliding Brownian bridges and the asymmetric tacnode process,
Electron. J. Probab. 44 (2012), 1-17. MR-2946151

[33] J. Hagg, Local Gaussian fluctuations in the Airy and discrete PNG processes, Ann. Probab.
36 (2008), 1059-1092. MR-2408583

[34] K. Johansson, Discrete orthogonal polynomial ensembles and the Plancherel measure, Ann.
of Math. 153 (2001), 259-296. MR-1826414

[35] K. Johansson, Non-intersecting paths, random tilings and random matrices, Probab. Theory
Related Fields 123 (2002), 225-280. MR-1900323

[36] K. Johansson, The arctic circle boundary and the Airy process, Ann. Probab. 33 (2005), 1-30.
MR-2118857

[37] K. Johansson, Random matrices and determinantal processes, Mathematical Statistical
Physics, Session LXXXIII: Lecture Notes of the Les Houches Summer School 2005 (A. Bovier,
F. Dunlop, A. van Enter, F. den Hollander, and J. Dalibard, eds.), Elsevier Science, 2006,
pp. 1-56. MR-2590604

[38] K. Johansson, Non-colliding Brownian Motions and the extended tacnode process, Commun.
Math. Phys. 319 (2013), 231-267. MR-3034030

[39] S. Karlin and L. McGregor, Coincidence probabilities, Pacific J. 9 (1959), 1141-1164. MR-
0114248

[40] M. Katori and H. Tanemura, Symmetry of matrix-valued stochastic processes and noncolliding
diffusion particle systems, J. Math. Phys. 45 (2004), 3058-3085. MR-2077500

[41] M. Katori and H. Tanemura, Infinite systems of noncolliding generalized meanders and
Riemann-Liouville differintegrals, Probab. Theory Relat. Fields 138 (2007), 113-156. MR-
2288066

[42] M. Katori and H. Tanemura, Noncolliding Brownian Motion and Determinantal Processes, ].
Stat. Phys. 129 (2007), 1233-1277. MR-2363394

[43] V. Korepin and P. Zinn-Justin, Thermodynamic limit of the six-vertex model with domain wall
boundary conditions, J. Phys. A 33 (2000), 7053-7066. MR-1792450

[44] 1. Krasikov, New bounds on the Hermite polynomials, arXiv:math.CA/0401310 (2004). MR-
2076893

[45] A. B. ]J. Kuijlaars, A. Martinez-Finkelshtein, and F. Wielonsky, Non-Intersecting Squared Bessel

Paths: Critical Time and Double Scaling Limit, Comm. Math. Phys. 308 (2011), 227-279.
MR-2842976

EJP 22 (2017), paper 79. http://www.imstat.org/ejp/
Page 31/32


http://www.ams.org/mathscinet-getitem?mr=2849479
http://www.ams.org/mathscinet-getitem?mr=3356886
http://www.ams.org/mathscinet-getitem?mr=2422147
http://www.ams.org/mathscinet-getitem?mr=0148397
http://www.ams.org/mathscinet-getitem?mr=1628667
http://tumb1.ub.tum.de/publ/diss/ma/2004/ferrari.html
http://tumb1.ub.tum.de/publ/diss/ma/2004/ferrari.html
http://www.ams.org/mathscinet-getitem?mr=2012974
http://www.ams.org/mathscinet-getitem?mr=2256593
http://www.ams.org/mathscinet-getitem?mr=3361257
http://www.ams.org/mathscinet-getitem?mr=2946151
http://www.ams.org/mathscinet-getitem?mr=2408583
http://www.ams.org/mathscinet-getitem?mr=1826414
http://www.ams.org/mathscinet-getitem?mr=1900323
http://www.ams.org/mathscinet-getitem?mr=2118857
http://www.ams.org/mathscinet-getitem?mr=2590604
http://www.ams.org/mathscinet-getitem?mr=3034030
http://www.ams.org/mathscinet-getitem?mr=0114248
http://www.ams.org/mathscinet-getitem?mr=0114248
http://www.ams.org/mathscinet-getitem?mr=2077500
http://www.ams.org/mathscinet-getitem?mr=2288066
http://www.ams.org/mathscinet-getitem?mr=2288066
http://www.ams.org/mathscinet-getitem?mr=2363394
http://www.ams.org/mathscinet-getitem?mr=1792450
http://arXiv.org/abs/math.CA/0401310
http://www.ams.org/mathscinet-getitem?mr=2076893
http://www.ams.org/mathscinet-getitem?mr=2076893
http://www.ams.org/mathscinet-getitem?mr=2842976
http://dx.doi.org/10.1214/17-EJP97
http://www.imstat.org/ejp/

The hard-edge tacnode process for Brownian motion

[46] K. Liechty and D. Wang, Nonintersecting Brownian bridges between reflecting or absorbing
walls, Adv. Math. 309 (2017), 155-208. MR-3607275

[47] T. Nagao, Dynamical Correlations for Vicious Random Walk with a Wall, Nucl. Phys. B 658
(2003), 373-396. MR-1976323

[48] T. Nagao and PJ. Forrester, Multilevel dynamical correlation functions for Dyson’s Brownian
motion model of random matrices, Phys. Lett. A 247 (1998), 42-46.

[49] T. Nagao, M. Katori, and H. Tanemura, Dynamical correlations among vicious random walkers,
Phys. Lett. A 307 (2003), 29-33. MR-1969523

[50] G.B. Nguyen and D. Remenik, Non-intersecting Brownian bridges and the Laguerre Orthogo-
nal Ensemble, Ann. Inst. Henri Poincaré Probab. Stat. to appear (2015).

[51] M. Prahofer and H. Spohn, Scale invariance of the PNG droplet and the Airy process, J. Stat.
Phys. 108 (2002), 1071-1106. MR-1933446

[52] M. Reed and B. Simon, Methods of modern mathematical physics IV: Analysis of operators,
Academic Press, New York, 1978. MR-0493421

[53] G. Szegd, Orthogonal polynomials, 3th ed., American Mathematical Society Providence,
Rhode Island, 1967. MR-0310533

[54] C.A. Tracy and H. Widom, Level-spacing distributions and the Airy kernel, Comm. Math. Phys.
159 (1994), 151-174. MR-1257246

[55] C.A. Tracy and H. Widom, Differential equations for Dyson processes, Comm. Math. Phys.
252 (2004), 7-41. MR-2103903

[56] C.A. Tracy and H. Widom, The Pearcey Process, Comm. Math. Phys. 263 (2006), 381-400.
MR-2207649

[57] C.A. Tracy and H. Widom, Nonintersecting Brownian Excursions, Ann. Appl. Prob. 17 (2007),
953-979. MR-2326237

[58] P. Zinn-Justin, Six-vertex model with domain wall boundary conditions and one-matrix models,
Phys. Rev. E 62 (2000), 3411-3418. MR-1788950

Acknowledgments. The authors are grateful for discussions with Filippo Colomo and
Andrea Sportiello about their work and to both ICERM and the Galileo Galilei Institute
which provided the platform to make such discussions possible. The work of PL. Ferrari is
supported by the German Research Foundation via the SFB 1060-B04 project. The work
of B. Vet6 is supported by OTKA (Hungarian National Research Fund) grant K100473.

mmerewer His work is supported by the UNKP-16-4-TI1. New National Excellence Program
of the Ministry of Human Capacities. He is grateful for the Postdoctoral Fellowship of
the Hungarian Academy of Sciences and for the Bolyai Research Scholarship.

EJP 22 (2017), paper 79. http://www.imstat.org/ejp/
Page 32/32


http://www.ams.org/mathscinet-getitem?mr=3607275
http://www.ams.org/mathscinet-getitem?mr=1976323
http://www.ams.org/mathscinet-getitem?mr=1969523
http://www.ams.org/mathscinet-getitem?mr=1933446
http://www.ams.org/mathscinet-getitem?mr=0493421
http://www.ams.org/mathscinet-getitem?mr=0310533
http://www.ams.org/mathscinet-getitem?mr=1257246
http://www.ams.org/mathscinet-getitem?mr=2103903
http://www.ams.org/mathscinet-getitem?mr=2207649
http://www.ams.org/mathscinet-getitem?mr=2326237
http://www.ams.org/mathscinet-getitem?mr=1788950
http://dx.doi.org/10.1214/17-EJP97
http://www.imstat.org/ejp/

	Introduction
	Model and main results
	Relation to the six-vertex model and the Aztec diamond
	Multipoint distribution and heuristics for the correlation kernel
	Extension of the Nguyen–Remenik formula
	Direct derivation of the correlation kernel
	Asymptotics
	Proof of lemmas
	References

