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Abstract

We obtain a functional Erdés-Rényi law of large numbers for “nonconventional” sums
of the form ¥, =" _| F(Xom, Xom, ..., X¢m) where X1, X2, ... is a sequence of expo-
nentially fast ¢-mixing random vectors and F' is a Borel vector function extending in

several directions [18] where only i.i.d. random variables X;, X5, ... were considered.
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1 Introduction

Let X1, Xo,... be a sequence of independent identically distributed (i.i.d.) random
variables such that £FX; = 0 and the moment generating function ¢(t) = Ee'*! exists.
Denote by I the Legendre transform of In ¢ and set ¥, = E:ﬁl:l X,, forn > 1 and ¥y = 0.

The Erdos-Rényi law of large numbers from [8] says that with probability one

. S
I(a) lim max — = (1.1)
N0 0<m<n—[ 18] Inn

for all & > 0 such that I(«) < oco.
The nonconventional limit theorems initiated in [17] and partially motivated by

nonconventional ergodic theorems (with the name coming from [10]) study asymptotic
behaviors of sums of the form

Sn= Y F(Xm, Xom, o Xom) (1.2)

m=1

(and more general ones) where F' is a vector function satisfying certain conditions. The
main features of such sums are nonstationarity and unboundedly long (and strong)
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Erdds-Rényi law for nonconventional sums

dependence of their summands. In [18] we established (1.1) for sums (1.2) where F'is a
bounded Borel function and X;, X, ... are independent identically distributed random
variables. One of the main reasons for the independence assumption in [18] was the use
of large deviations for nonconventional sums (1.2) which was established in [20] only for
sums (1.2) with i.i.d. random variables X7, X5, ....

In this paper we modify our method so that only the standard (conventional) large
deviations are used for sums of the form

n
T,=Y F(XO,XP), . X0 (1.3)

2m> m
m=1

where {Xﬁ,?, m >1},4=1,2,..., ¢ are independent copies of the sequence {X,,, m > 1}.
Now, when X, Xo, ... is a stationary weakly dependent sequence then the latter sum
consists of stationary weakly dependent summands with similar properties which allows
applications to Markov chains satisfying the Doeblin condition and to some dynamical
systems such as Axiom A diffeomorphisms, expanding transformations and topologically
mixing subshifts of finite type (see [2]). We assume exponentially fast )-mixing of the
sequence X7, Xo, ... which still leads to long and strongly dependent summands of X,
but once we justify a transition to the sums T,, we arrive at exponentially fast -mixing
summands there. Observe that the Erdds-Rényi law for conventional (/ = 1) sums of
exponentially fast ¢-mixing random variables was obtained in [6].

In fact, we derive a functional form of the Erd6s-Rényi law for nonconventional
sums (1.2) which was first introduced for (conventional) sums of i.i.d. random vectors
in [1] and it was never considered before beyond this setup. This is a more general
result and as a corollary we derive from it the standard form of the Erdés-Rényi law for
nonconventional sums. Moreover, unlike the original form of this law its functional form
allows to consider a multidimensional version where X1, X5, ... are random vectors and
F' is a vector function.

The structure of this paper is as follows. In Section 2 we describe precisely our setup
and results. In Section 3 we exhibit a lemma which is a version of Lemma 3.1 from [15]
and which plays a crucial role here. In Sections 4 and 5 we derive the corresponding
upper and lower bounds which yield the functional form of the Erd6s-Rényi law for
nonconventional sums. After that we show how this implies the standard form of this
law. In Appendix we describe applications to Markov chains and dynamical systems and
then discuss some properties of rate functions of large deviations which are relevant to
our proofs but hard to find in most of the books on large deviations.

2 Preliminaries and main results

Let X7, X5, ... be a p-dimensional stationary vector stochastic process on a probability
space (2, F, P) and let F : R®* — R? be a bounded Borel vector function on R¥‘. Our
setup includes also a sequence F,,, C F, —oo < m < n < oo of g-algebras such that
Fmmn C Fmin, Wwhenever m; < m and n; > n which satisfies an exponentially fast
1-mixing condition (see, for instance, [4]),

w(n) = sup {| pipmy — 1|+ A€ Foook, B € Fignoos (2.1)
P(A)P(B) # 0} < ky fe~mm

for some x; > 0 and all k,n > 0.
We assume also the centering condition

F= /F($1,$27...,l'e)d,u(xl)...d,u(l‘g) =0, (2.2)
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where p is the distribution of X, which is not actually a restriction since we always can
take F — F' in place of F'. In addition, we assume that either X, is Frn—m,n+m-measurable
for some m € IN independent of n and then F' is supposed to be only Borel measurable
and bounded or F' is supposed to be bounded and Hoélder continuous

Y4
HFHOO =D< 0, |F($1, ...,.Z‘g) - F(ZUL 7y€)| S "{2_1 Z |x’b - yi'KQ’ Ko > 0 (23)

i=1

and then we need only the following approximation property
E‘Xn - Xn,m|’{2 < 55167K3ma Xn,m = E(X7L|F7z—m,n+m) (2.4)

for all n,m € IN and some «3 > 0 independent of n and m.
Define two sums
Sn= Y F(Xg, Xok, ... Xer), =0
1<k<n
and
To= Y FXVXP, .. XE), To=0

1<k<n

where {X,gi), k>1},i=1,2,...,¢ are independent copies (in the sense of distributions)
of the stationary process {Xj, kK > 1}. Assume that for any piece-wise constant map
v [0,1] — R the limit

- ' 0 x@ (0 '
nlgrgo - In F exp (n/o ('yu,F(X[un],XQ[un], ...,Xz[un]))du) = /0 II(7y,,)du (2.5)
exists, II(a), a € R is a convex twice differentiable function such that V,II(a)|q=¢ = 0
and the Hessian matrix V2II(«a)|a—o is positively definite (where (-, -) denotes the inner
product).

Let

1(B) = sup((a, §) — (a)) (2.6)

[e%

and for any ~ : [0, 1] — R¢ from the space C([0, 1], R?) of continuous curves on R¢ set

1
S(v):/o I(#,,)du (2.7)

if v is absolutely continuous and S(y) = oo, for otherwise. It follows from the ex-
istence and properties of the limit (2.5) (see, for instance, Section 7.4 in [9]) that
n~1T,, satisfies large deviations estimates in the form that for any a,d, A > 0 and every
v € C(]0,1],R?), 79 = 0 there exists ny > 0 such that for n > ny,

P{p(n='T,, v) <3} > exp(—n(S(vy) + A\)) and (2.8)
P{p(n~'T,, ®(a)) > 6} < exp(—n(a — X))

where p(v,7) = SUPye(0,1] [Yu — nu| and @(a) = {y € C([O’ 1]7Rd) t 7 =0, S(y) <a}.
Since S is a lower semi-continuous functional then each ®(a), a < co is a closed set
and, moreover, it is compact for any finite a. Indeed, |II(«)| < D|a| by (2.3) which implies
by (2.6) that I;(8) = oo provided |8| > D (take a = a/|| in (2.6) and let a — o0). Hence,
|4s| < D for Lebesgue almost all s € [0, 1] if v € ®;(a), and so the latter set is bounded
and equicontinuous which by the Arzela-Ascoli theorem implies its compactness.
For each ¢ > 0, u € [0,1] and integers m > 0 and n > 2 set

Em+bC (nyu) — Xm
be(n)

Vi () =
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where b.(n,u) = [ub.(n)] and b.(n) = [clnn]. Introduce also the set of random curves
Wy ={Vf,: 0<j<n-—b.(n)} The following is the main result of this paper.
Theorem 2.1. Assume that the conditions (2.1)-(2.5) hold true. Then, for any ¢ > 0 with
probability one
lim H(WS, ®(1/¢)) =0 (2.9)
n— oo
where H(I';,T'y) = inf{§ > 0: T'; Cc T'y, 'y C '} is the Hausdorff distance between sets
of curves with respect to the uniform metric p and T° = {v: p(v,T) < §}.

Corollary 2.2. Letd = 1. Then for c = with probability one

_1
1(B)
lim max Vi, (1)=p (2.10)

n—00 0<k<n—be(n)

provided 0 < 8 < By =sup{B: I(B) < oo}.

Observe that (X ,El), XQ(?, o X éﬁ))7 k > 1is an {p-dimensional stationary process with
properties similar to the ones of the process X, £ > 1, and so unlike »,, the sum T,
requires only “conventional” treatment. Our main goal here will be to show how to
replace in our proofs the handling of the sums X, by the sums 7;,. We will mainly
discuss the proof for the case where F' and X,, n > 1 satisfy the conditions (2.3) and
(2.4) since the case when X,, is F,,_,, n+m-measurable and F' is only a bounded Borel
function is established by an obvious simplification of the proof just by eliminating the
steps connected to approximations of X, by corresponding conditional expectations
E(Xn|Fo—mntm)-

Our method goes through also for more general sums %,, = >, ., .., F(Xq (m),
Xgo(m)s - Xqu(m)) Where g;(m) = im for i < k < £ and ¢;(m) for j = k +1,...,{ be-
ing nonlinear indexes as in [19]. For instance, we may take ¢;(m) = m’ for j >
k. In this situation, it turns out that we can replace such sums ¥, by the sums
T, = ZlgmgnF(Xéllzm)vX;jzm)’"'»X;Qm)) where, again, {Xf,’,,), m > 1}, i = 1,.,¢
are independent processes, for ¢ = 1,...,k they are copies of X,,, m > 1 while all
Xr(,ﬁ), m > 1,5 > k are i.i.d. and have the same distribution as X;. Then, again,
(X;llgm),Xéfzm), ...,Xq(fgm)), m > 1 is an /p-dimensional stationary process with prop-
erties similar to the ones of the process X,,, m > 1 and we can deal with such sums T,
in the same way as in this paper.

Using dependence coefficients

@ap(G,H) = sup{||E(9|G) — Egll, : g is H — measurable and ||g, < 1}

for o-algebras G, H C F (see [4]) it is possible to obtain a version of Lemma 3.1 below
beyond v-mixing (where ¢(G, ") = w1, (G, H)), and so the proof of Theorem 2.1 can be
extended assuming weaker than -mixing conditions. Still, we do not give details here
since our main examples (see Appendix), which should also satisfy appropriate large
deviations, are anyway 1-mixing.

Our conditions are satisfied when, for instance, X,,, n > 1 is a p-dimensional Markov
chain with transition probabilities P(z,I") satisfying the strong Doeblin type condition

P(x,dy)
dv(y)
for some probability measure v and a constant C' > 0 independent of = and y. Then
(X,(ll), Xéi), vy X }f}) is an /p-dimensional Markov chain satisfying similarly to X,, both
exponentially fast ¢-mixing and the necessary large deviations estimates (see [4],
[9] and [13]). Here we can take, for instance, the c-algebras F,,, generated by

Xms Xm+1, ..., Xm and then F' is supposed to be only bounded and Borel.

ct< <C
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On the dynamical systems side our conditions are satisfied, for instance, when
X, = go f™ where g is a Holder continuous function and f is an Axiom A diffeomorphism
on a hyperbolic set, expanding transformation or a mixing subshift of finite type (see [2]).
In this case f: M — M and X, (w), w € M is a stationary sequence on the probability
space (M, F,P) where M is the corresponding phase space, F is a Borel o-algebra
and P is a Gibbs measure constructed by a Holder continuous function. The function
F here should satisfy (2.3) and the o-algebras F,, ,, are generated by cylinder sets in
the subshift case or by corresponding Markov partitions in the Axiom A and expanding
case. The exponentially fast ¢-mixing for these transformations is obtained in [2] and
the required large deviations results can be found in [13] and [14] and the product
system (f, f2,..., f*), which plays the role of ¢ independent copies in sums 7},, has similar
properties to the dynamical system f” itself.

3 Basic estimates

We start with the following result which is a corollary of Lemma 3.1 from [15].

Lemma 3.1. Let Y; be p;-dimensional random vectors with a distribution u;, i =1,....k
defined on the same probability space (2, F, P) and such thatY; is F,,, »,-measurable
where n;_1 < m; < n; < miy1,%=1,...,k, ng = —oo, my41 = oo and o-algebras F,, p,
satisfy the condition (2.1). Then, for any bounded Borel function h = h(zy,...,x);) on
Re1to2t -tk

|ER(Y1,Y2, ..., i) — fh($17362, ey T )dpa (1) dp(w2)..dpr ()| GB.1)
- k —R1(M;—"N;—1
< iy hlloe Soip e )

where || - || is the L*> norm. In other words, ijl(l), Y2(2), ...Yk(k) are independent copies of
Y1,Ys, ..., Y, respectively, then

k
|ER(Y1,Ya, .., Vi) = BR(YD Y2 Y < hT|hfloe D emratmimmioy), (3.2)

=2

Taking h = I for a Borel setT' C R¥*1¥2t+¢r (where Ir(z) =1 ifz € T and Ir(z) =0,
for otherwise) it follows that

k
|P{(V1,Y2,... Vi) € T} = P{V\V,v;?, vy eI} < wpt Y emimmmo - (3.3)

=2

Proof. If k = 2 then Lemma 3.1 from [15] gives that
[E(h(Y1,Y2)|Fy ny) — 9(Y1)] < tb(m2 — n1) Al

where g(y) = Eh(y,Y2) = [ h(y, z)dus2(z). Taking the expectation we obtain (3.1) for
k = 2. Now let (3.1) holds true for all £ < j — 1 and any bounded Borel function of the
corresponding number of arguments. In order to derive (3.1) for £k = j we consider
(Y1,Y5,...,Y,_1) as one random vector and Y; as another . Then we obtain from Lemma
3.1 of [15] that

|E(h(Y15Y2? "'7}/j)|]:m1,71j—1) - g(Y15Y27 ~"7}/j—1)| < '(/)(mj - nJ—l)HhHOC

where g(y1, Y2, .., ¥j—1) = Eh(y1,¥2, ..., ¥j—1,Y;). Now, taking the expectation and apply-
ing the induction hypothesis to ¢ we complete the proof. O

EJP 22 (2017), paper 23. http://www.imstat.org/ejp/
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In the case when X,, is F,_,, nt+m-measurable for all n and a fixed m then we
will be able to use Lemma 3.1 directly which will enable us to replace summands
F(Xp, Xon, s Xen) by F(XU, X2 X9, On the other hand, under (2.3) and (2.4)
we will have, first, to replace the original random vectors X,, by their approximations
Xk = E(Xo | Fin—k,m+k) and then using (2.3) to estimate the error.

Namely, for k = (kq, ko, ..., k,,) set

RH,E: Z F(Xj,kj7X2j,kj7---7XZj,kj)-

1<j<n

Let j(u) > 0, u € [0,1] be a non decreasing integer valued function. We will use that by
(2.3) and (2.4),

ESUpue[o,l] ‘vaﬂ(u) - Em - (RnL-l-j(u),/:: - Rm,]?:)| (34)
<D mti<icmsj) EIF (X, Xoi, oo, Xoi) = F(Xi g, Xoiky, o Xei,)|

—-1.-1 —rski
< Ky kg Zm+1§i§m+j(1)6 .

We observe that Lemma 3.1 applied to the summands of the form F(Xj,kj S s ng_,kj)
does not yield yet the summands of the form F(X ](-1), vy X g)) but only the summands
F(X](.ylk)j,...,X éf)k]) where X Z.(;’)kj, i = 1,...,¢ are independent and have the same distri-
butions as Xj;,, ¢ = 1,...,{, respectively. Thus an additional argument together with
another use of (2.3) and (2.4) will be needed.

4 The upper bound

We will show first that with probability one,

li Ve ®(1/c)) = 0. 4.1
ninéoogjénfi’icm)p( i ®(1/0)) (4.1)

This assertion means that with probability one all limit points as n — oo of curves from
W belong to the compact set ®(1/c).
Set R, = R,,  where k = (k;, 1 < j < n) with k; = [/3] and

2 . Rm+bc(n,u) - R,

Ve =
m,n (U) bc(n)
Then by (3.4) and the Chebyshev inequality
P{p(Vis s Visow) Z €} S 70 )y 0yt 30,041 cjcoe €007 (4.2)

< 6—1bc—1ﬁ2—1K;le—ﬁ,g(m—z)/:s(l _ e—%na)—l.
Observe that

|Zm+bc(n,u) —Ym = (Zm+k+bc(n,u) - 217’L+k)| <2kD as. (4.3)

where, recall, D = || F||~. Hence, a.s.,

= S ®(1/0)) = c B(1/c) <2D (44
0= Oﬁjgla—)éc(n)p(v;"m (1/¢)) sbc(n)ggii—bc(n) p(ij’ (1/e)) < 2¢ (4.4
and, similarly,
< Vs ®(1/c)) — e ®(1/¢)) < 2D. 4.
0= OSjgﬁic(n)p(VJ’”’ 1/9) abc(n)SHjlg)rifbc(n)p(Vj’m (1/¢)) < 2 (4.5)
EJP 22 (2017), paper 23. http://www.imstat.org/ejp/
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By (4.2) we also have that

P{maxsbc(")fjgn—bc(”) p(V] no ‘/;,7z) > 5} (46)
< Zebc(n)gjgn—bc(n) P{p(V] n’ ‘/J n) 2 5}

< (Sbc(n)fiz,‘-ﬁg(l _ 6—53/3)2) 16253/3n—n35c/3_

Next, observe that the family of compact sets {®(a), a > 0} is upper semi continuous,
i.e. for any a > 0 and ¢ > 0 there exists ¢ > 0 such that ®(a+J) C ®(a)® where, as before,
G*© denotes the open e-neighborhood of a set G. Indeed, if Gc = ®(a + J) \ ®(a)® # 0
for some a,e > 0 and all § then the decreasing with § | 0 compact sets G5 must have a
common point vy € ®(a) contradicting the fact that vy ¢ ®(a)°. Now, choosing such § for
¢ and a = 1/c we obtain that

P{p(VF,,®(1/c)) > 3e} < P{p(V{,, ®(1/c+d)) > 2} (4.7)
For each vector

z(m) = (a:gl),. z(b; x(12),. 3. ...;x&“) 20y e R

rYm ) ’ ’HL

define the curve v(Z(m)) in R by

Y(@m) =m= Y P2, e) ue o]

1<j<[um]

where the sum over the empty set is considered to be zero. Introduce the Borel set
1
[ = {z(b(n)) € R*% 2 p(y(2(be(n)), ©(- +9)) > 2}

Let the pairs {(X U , Xi(;,)[j/s])v j=12..}1i=1, ...,é be independent copies (in the
sense of joint distributions) of pairs of processes {(X;;, Xjj[j/3), j =1,2,..}, i =1,...,¢,
respect1ve1y, which can be constructed on a product space. We identify the processes
{X” ,j=1,2,..},i=1,..., with the processes having the same notation in Section 2

since they have the same joint distributions which is what only matters here. Set

_ (1) (2) ©
T, ZFX G730 X2g/3) o Xeiti/a)
and . .
Sre m—+b.(n,u
Uso () iy ue

Next, observe that

1
(X157 X, (/3]s -+ Xej (/3] ma1<j<msbe(m) € DY = {p(Vi . (E +4)) > 2¢}
and

1 2 0) 1
X0 X3 o s Xy papmr i <ty € T = {p(U i B 4 8)) > 26},
Taking in Lemma 3.1,

Y;‘ = (X’Lj,[j/:ﬂ? j =m—+ 1,m+ 2, ,m—i—bc(n)), 1= 1,27...76

EJP 22 (2017), paper 23. http://www.imstat.org/ejp/
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and observing that

1 1 1
im+1)— g(m +1)—(i—1)(m+b.(n)) — g(m + be(n)) > g™ (4.8)
provided that m > 6£b.(n), we obtain from (3.3) that for m > 6£b.(n),
1 1
[PLo(Vi s ®( +0)) > 26} = P{p(Uy, 0 @5 +0)) > 26} < wyle”™ /0 (4.9)

Next, using the same notation for 7,, = Z F(X(l) XQ(?, ey Xéj)) as in Section 2
with XV, X

95 1+ XZ) introduced in this section we set

Tm+bc(n,u) — T

Up ) = 2520 € 0,11
Now, recall that each pair (Xz(j), XZ(;)[]/S]) has the same joint distribution as (X;, X; ;/3]),

and so by (2.4),
(2) (2)
E|X XZJ J/3]| -
Hence, similarly to (3.4) and (4.2) we conclude that

P{p(Uy, n,Uc ) > e} < (ebe(n)raks(l — e r3/3))~Leralm=2)/3, (4.11)

E|\Xi; — E(Xi|Fij—1i/3,i5+1/3)] < Ky e relBl (4.10)

Now, repeating (4.4)-(4.6) with U¢ in place of V¢ we write also

< 1 d(1/¢)) < 2D 4.12
O_OSjérrl%C(n) PUSn, 2(1/€)) = ebo(n) 25 en—bo(n) " PUsn, 2(1/€)) < 22D, (4.12)
< < ‘
0< max = p(Uf,@(fc) =~ max (U, @(1/c) S2D,  (413)

P{maXEb (n)<j<n—b.(n) P (Uj n U ) > E} < Esbc(n)gjgnfbc(n) (414)

P{p(U s n,UC ) > e} < (ebe(n)roks(l — e r8/3)2)~1e2rs /3y —rsec/3,

Taking into account stationarity of the sequence F(X,%),X (2) X éﬁz), m > 1 we

2m>
obtain from the upper large deviations bound in (2.8) that for any ¢, A > 0 there exists

n(e, A) such that for all n > n(e, A),

P{p(Us (¢ +0)) = e} = P{p(b" (n) Ty, (n), D(¢ +9)) > e} (4.15)
< 67(%+67)\)bc(n) < efznf(lJrCO')

where we choose A > 0 so small thato =6 — X > 0.
Now, by (4.2), (4.7), (4.9), (4.10) and (4.15) we obtain that for m > 6¢b.(n),
P{p(Vy5, 0, ®(1/c)) > de} < di' (e ™ 4 n~ (1)) (4.16)

for some d; = d;(¢) > 0 independent of m and n but dependent on ¢ > 0 which is fixed
for now. Hence, we obtain from (4.2), (4.4), (4.5), (4.7), (4.12), (4.13) and (4.16) that

P{maxo<m<n—b,(n) (V.0 ®(1/€)) > 8D + 4e} (4.17)
< P{max.y, (n)y<m<n—b.(n) PV n» ®(1/)) > e}
< P{maxcp, (n)<m<6tb.(n) P(Vinn» ®(1/c)) > 4}
+ D 6tbe(n)<m<n—b. (n) P{p(Vy5, n: ®(1/c)) > 4e}
< Db (n)<m<60bo(n) P{p(Vii ., ®(1/c)) > 3¢} + dy '~
< D cbe (n)<m<60be (n) P{p(Vg ., @(1/c+0)) > 2} +dy 'n=4

for some dy, > 0 independent of n but dependent on ¢ > 0.

EJP 22 (2017), paper 23. http://www.imstat.org/ejp/
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Next, we have to modify our approach for b.(n) < m < 6£b.(n) in order to estimate
the last sum in the right hand side of (4.17). Fix an integer M and define new random
curves setting for £ <u < k/M,

V() = MV () = Vi (7)), k=1 M
while V;Lfk(u) =0ifu ¢ [52, £). We define also for u € [, £),
~e M e e k=1
Um,m,k(u) = M(Umyn(u) — Um,n(v))v k= 1, 7_]\4'
with Ur(;LJ\fk( ) =0ifu ¢ [E=1, £). Observe that for u € [51, &),
m-+be(n,u)
Vrf{,]‘r;[,k(u) = Mb;l(n) Z F(Xij/g},XQij/g], ey Xéj,[j/?,])

j=m+[(k—1)M~1b.(n)]+1
and

m+be(n,u)

e, M _ -1 1) (2) )
Upp (@) = Mb. " (n) > F(XG 573 Xoj 1y a0 -+ Xag /)
j=m+[(k—1)M ~1b.(n)]+1

Taking in Lemma 3.1,
Y, = (Xij,[j/g], j=m+[(k— 1)M_1bc(n)] +1,....m+ [kM_lbc(n)])7 i=1,2..,¢
and observing that

1 2 1 e k+1 J4
j—— E—1)M 1 b.(n))—(i—= EM ™ 'b.(n)—= > (5
(= 5) (me+ (b= 1)M " be(n) = (1= )+ kM be(n) — 3 > (54> =2 )b
provided that m > eb.(n), we see that for M = M (e) = 6¢([1/¢] + 1) the right hand side
of (4.18) is not less than %ebc(n). Thus by (3.3) for such m in the same way as in (4.9) we

obtain that

-(n), (4.18)

PLVEY L B2 +)) > 22} — PLUSY . @(L +6) > 2¢)] (4.19)

'rnnlc7 m,n,k’

< KT Lor1(1+e)/3pp—griecinn — KT Lor1(1+e)/3 ppy—r1ec/6

Since there are no more than 6¢cInn numbers m for which we will need this estimate it
will suit our purposes.

Next, define for u € [%2, £) and k = 1,..., M,
Upito(u) = M(U%,n(U)*Uﬁm,n(%l))
. _ m-+be(n,u) (1) (2) £)
= Mo (n) 7 (n)]HF(X,) XS LX),

UM ) > ¢} by the right hand side

m n, k’ m,n,k

Relying on (2.3) and (4.10) we estimate P{p(U"
of (4.11) and using (4.19) we obtain

m,n,k’ m,n,k’

P{p(veM (% +0)) > 2} < P{p(U=M (% +0)) > 2} +dz'n% (4.20)

for some d3 > 0 independent of m, n, k but dependent on €.

Next, using stationarity of the sequence F(X (1) Xéi), vy X g,?) k > 1 we can compute
the rate functional of large deviations for Um nk @S T — 00 from (2.5)—(2.7) which will
provide the upper bound similarly to (4.15) in the form

P{p(U™M <I>( +6)) > e} <djlelnm = grlp=d (4.21)

m,n,k’

EJP 22 (2017), paper 23. http://www.imstat.org/ejp/
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for some d4 > 0 depending on ¢ but not on n. Now observe that
pe — Lypen
mmn M Z m,n,k*
k=1

Since <I>( + 9) is a convex set then

M
1 e 1
PV B 4 8)) < 22D oV B +))
k=1
Hence,
1 1
LoV (- +0)) > 2) < 223 PLOVEN, @(- +0)) > 26}, (4.22)

k=1

Now, collecting the estimates (4.4)-(4.7), (4.9), (4.15) and (4.17)-(4.22) we conclude
that

P Ve ®(1/c)) > (8D +4)e} < dg'n=% 4.23
o P(Vin, ®(1/€) 2 (8D +4)e} < d5™n (4.23)
for some d5 > 0 depending on £ but not on n. Replacing n by the subsequence k,, = n2/%!

we obtain by the Borel-Cantelli lemma that with probability one,

lim sup max p(Vig,, ®(1/c)) < (8D + 4)e. (4.24)

n—oo 0<j<kn—b. (kn)
Now take into account that if k,, < r < k,, 1 then

n—+1

be(knt1) — be(r) < be(kny1) — be(kn) < c[2/dy] In( )+1—=1 as n— oo.

It follows that (4.24) remains true if k,, there is replaced by n implying (4.1) since € > 0
is arbitrary.

5 The lower bound

We will prove here that with probability one

lim  sup min Vi) =0 (5.1)
n=00 e p(1/c) 0<j<n—be(n) ( J» )

which will complete the proof of (2.9). For v € ®(1/¢) introduce the events

IO =TM(y,e)={ min p(Vf,,7) > 6e}.

0<j<n—b.(n)
Then
r ey Ve ~) > 6el. 5.2
(’Y? ) {(1 1/4Z)n<]n<n be(n) p( ],nvp)/) = 5} ( )
Set

(1-1/40)n<j<n—b.(n)
Then, by (4.2),
PP (v,6)) < P(M®)(v,e)) +dg ‘e~ %n (5.3)

for some constant dg > 0 independent of n and ¢.
Next, we apply Lemma 3.1 to random vectors

Yi= Xijps, 1= 45

EJP 22 (2017), paper 23. http://www.imstat.org/ejp/
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Observe that
(t—1/3)1—-1/4)n— (i —2/3)n=n/3— (i —1/3)n/4 > n/12,
and so similarly to Section 4 we derive from (3.3) that
|P(TP) (v,)) = (T (7,¢))| < djle ™ (5.4)
where

r i U¢,,7) =5
(v,€) = {(171/4Z)113%1]I1§n7bc(n)p( jn>7) = e}

and d; > 0 does not depend on n. Now,

5
F’l('L4) = (1-1/4)n<j<n—b.(n )F( ) - m] (1-1/40)n<j[41n? n]<n—b.(n) ;;[4111 2 p] (5.5)

where
T (v,€) = {p(U%,,.7) > Be}.

Next, we write
5 6 re
I (v,6) € T (y,8) U {p(US,,. U5,) > €}

where I'®)(y,¢) = {p(U$,,,7) > 4¢}. Hence, by (4.11) and (5.2)~(5.5),

P(FS)(’%&)) < P( mj: (1-1/40)n<j[41n% n]<n—>b.(n) Fiﬁ’;‘[zlln? n] (776)) + d8eid8n (5.6)

for some dg > 0 independent of n but depending on ¢.

Next, we will use ¥-mixing and approximation properties of the product process
(XJ( ) Xéf), XZ)) j = 1,2,.... Consider the product probability space (Qf, F¢, P¢) =
(w, F,P) x x (2, F, P) (Z tlmes product) and the o-algebras F, niima.no;...imene =
SR ]:7n2,n2 X -+ X Fm, n, (Where by this product we mean the minimal o-algebra
containing all products of sets from the factors). Let

I'e ]:—oo,mu—oo,mg;...;—oo,me and A S ]:ml+k1,oo;mg—&-kg,oo;...;mg+kz,oo- (57)

We claim that

‘ ¢
[PATNA) = PYD)PYA) < PADIPHA) Y k) [T (1 +w(ky) (5.8)
i=1 j=it1

where H2+1 =1 and % is defined in (2.1).

Indeed, take first ' =T'; x 'y x -+ xTpand A = Ay x Ag x - x Ay withI'; € F_ ooy,
and A; € Fry4ki00, ¢ = 1,...,£. We proceed by induction in ¢. For £ = 1 the inequality
(5.8) follows from (2.1). Now, suppose that (5.8) holds true for ¢ — 1 in place of /. Then
by (2.1),

|PAT N A) = PAT)PA(A)| =TT, P(Ti N A) = [T, P(T:)P(A)]
< PN A)|ITTZ) P(TiN A — [Ti—; P(Ti)P(A)]
+HP(T N A — P(Te)P <Ame L P(T)P(A)
< (L + (k) P(T)P(A)| TIZ; P(T: N A;) = [Ti—; P(T:)P(A)]
+¢(k£)ni:1 P(T i)P(Ai)

and we arrive at (5.8) using the induction hypothesis taking into account that here

L L

PYT) =] P(r:) and PY(A)=]]P(A).

=1 =1

EJP 22 (2017), paper 23. http://www.imstat.org/ejp/
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Since (5.8) remains true under finite disjoint unions and under monotone unions and
intersections then by the monotone class theorem (5.8) is valid for all I" and A satisfying
(5.7). _ .

Next, we redefine XJ(-z) on the product space Q¢ setting X](l) (w,wa, ...,w¢) equal to
X J(-i) (w;) and using the same notation for the new processes which are, again, independent
for different i’s and have the same distributions as before. Using these X j(.i) we redefine
on Q the sum 7}, and the random curves U}, ,,(u), u € [0,1], as before. Let 7, = {0,Q}

be the trivial o-algebra on 2 and set
FO = Fyx - x Fox Fx Foyx - xFyand FO = Fyx - x Fo X Frpp X Fo %+ x Fo

where the nontrivial o-algebra appears as the i-th factor (and the product o-algebras
are understood in the same sense as above). Set X\ ), = E4(X\ |7 where Ef
is the expectation with respect to the probability P¢. Define

m, n+m)

SN px®, x® LXO

n
7,[In2 n] 27 [In2n)’ " £37,[1n2 n)

Jj=1

and

~ T'+bp n,u) T
U ) = 25—,

Taking into account that the pairs (X (@) , X (¢ [)1 2 ]) have the same distributions as
(X, X (n2 n]) we derive from (2.3) and (2.4) s1m11ar1y to (4.10) and (4.11) that
PY{p(U 5 anjC,n) > e} < dg*texp(—dyIn®n) (5.9)

for some dgy > 0 independent of n but depending on . Hence,

P(mj: (1-1/4€)n<j[41n? n]gnfbc(n)]-—‘;ﬁ’;[él In2 n] (’Y, 5)) (5.10)

7 _
< P(0: (1-1/40m <5412 nj<n—be(m) Do yja1n2 ) (72€)) + dg ' exp(—dg In® n)

where Fm-( e) = A{p( jn,y) > 3¢}.  Now observe that I‘S;[Mn%](%s) is

Frer(Gm)ma (Gyn)ika (on), ma(Gom)i.tke () (G.m) -measurable, where k;(j, n) = ij[4In* n] — [In® n]
and m;(j,n) = ij[41n* n] + [In® n] + b.(n). Hence, k;(j + 1,n) — m;(j,n) > [In® n] when n
is large enough. Applying (5.8) successively we obtain that

7
P(Nj: (1-1/40)n<j{am? n]gnfbc(n)lﬂi;[“nz 2 (7€) (5.11)
e 7
< (1+ ([In® n]) T2 T (11 jaeyn<sia in? n)<n—be(n) PZ(Fi,i-[unz 2(71:6)

where
U (k) = (k) (1+ (k)" < ryte2te ™k (5.12)

for all k£ large enough.
Next, we use (5.9) again in order to obtain that

PYT ) (v,6)) < PYTW(v,€)) + dy ' exp(—dy In® n) (5.13)

n

where Ffﬁ; (7v,€) = {p(Uf,,,7) > 2¢}. Observe that we can replace P‘ by P in the right

hand side of (5.13) if the independent processes {Xf;),j =1,2,..},i = 1,..,0 are
considered on the original probability space (2, F, P).

EJP 22 (2017), paper 23. http://www.imstat.org/ejp/
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Since we consider v € ®(1/c) then I(%,) < oo for Lebesgue almost all v € [0, 1] and
(see Appendix) if I(8) < oo, f € R? then I(af) < I(B) for any 0 < a < 1. Hence, if we
define

= (1—e( sup |yul)™ )y, u e 0,1]
v€e[0,1]

then .
p(y,m) <e and S(n) <S(y)-—a< S—a (5.14)

for some a > 0. By (5.14) and stationarity of the summands in 7;,,
01 (8) 0 c
PAT, 5 (vse)) < PHp(US,,,m) = €} (5.15)
= Pp(b;  (n) Ty, (n),n) > €} = 1 — P{p(Us,,,n) <e}.

Now, employing the lower large deviations bound from (2.8) we obtain that for any
e, A > 0 there exists ng > 0 such that for all n > ny,

PHp(b. () Ty, (nys 1) < €} = exp(=be(n) (et —a+ X)) >n~1F (5.16)

where we choose A\ > 0 so small thatc =a — X > 0.
Hence, we obtain by (5.6), (5.10)-(5.13), (5.15) and (5.16) that for all n large enough

P(Fgll)(v7 £)) < (14 r~102%exp(—£1[In® n]))™ (1 — n~1+e7) SeAin 7] (5.17)
+dg e 4+ 2dg 'nexp(—do In® n) < dig exp(—digIn®n)

for some d;g > 0 independent of n but depending on . Employing the Borel-Cantelli
lemma we conclude from (5.17) that for any v € ®(1/c¢) with probability one

li i VE ) < 6e. 5.18
msup min p(Vin, ) < 6e (5.18)

Since ®(1/c) is a compact set we can choose there an e-net 1,72, ..., V(c) and then with
probability one (5.18) will hold true simultaneously for all v = ~;, i = 1, ..., k(¢). It follows
then that with probability one,

limsup sup min Viny) < Te (5.19)
n—o0 Vecp(l/c)0§j§n—bc(n>p( in7)

and since € > 0 is arbitrary we obtain (5.1). O

6 Proof of Corollary 2.2

Observe that (2.9) implies, in particular, that for any continuous (with respect to the
metric p) function f on the space of curves [0, 1] — R? with probability one,

lim max  f(Vi,)= sup f(7). (6.1)

n—00 0<k<n—>b.(n) ye®(1/c)

Now assume that d = 1 and take f(v) = v(1) where we write y(u) = 7,. Assume that
I(B) < oo and set ¢ = 1/I(5). Then

sup  f(v) =sup{y(1): v € ®(I(B))} = B. (6.2)
YER(I(B))

Indeed, by convexity of the rate function I for any v € ®(1(5)),

1 1
1(8) = S(v) = / I((u))du > I( / $(u)du) = T(7(1)

and by monotonicity of I (see Appendix), 8 > ~(1). On the other hand, take vy(u) = uf,
u € [0,1]. Then S(vy) = I(B) and (1) = g implying (6.2) whenever I(3) < oo and (2.10)
follows. O
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7 Appendix
7.1 Applications

The main applications in the discrete time case of Theorem 2.1 concern Markov
chains and some classes of dynamical systems such as Axiom A diffeomorphisms, ex-
panding transformations and topologically mixing subshifts of finite type. We will restrict
ourselves to several main setups to which our results are applicable rather than trying
to describe most general situations. First, let X,,, n > 0 be a time homogeneous Markov
chain on R¥ whose transition probability P(z,T') = P{X; € I'| Xy = =} satisfies

kv(T) < P(x,T) < k() (7.1)

for some x > 0, a probability measure » on R¥ and any Borel set I' C R®. Then X,,, n > 0
is exponentially fast ¢-mixing with respect to the family of o-algebras F,, , = 0{ X}, m <
k < n} generated by the process (see, for instance, [12]). The strong Doeblin type
condition (7.1) implies geometric ergodicity

1P(n,z, ) = ull < B~e™"", B> 0

where || - || is the variational norm, P(n,x, -) is the n-step transition probability and u is
the unique invariant measure of {X,,, n > 0} which makes it a stationary process. In
this situation (Xfll), XQ(?, vy X e(i))» n > 0 is the product Markov chain on R*® satisfying
similar to (7.1) strong Doeblin condition. The limit (2.5) exists here (see Lemma 4.3
in Ch.7 of [9]) and exp(II(«)) turns out to be the principal eigenvalue of the positive
operator

Gf(m) = Ea:f(X£1)7X£2)a ) X[SE)) eXp ((047F(X1(1),X2(2)7 7X£EZ))))

(see [13] and references there) where F, is the expectation conditioned to (X(()l),
X52)7 ...,Xée)) = z. It is well known (see [21], [12], [11] and references there) that
() is convex and differentiable in . Furthermore, the Hessian matrix V2II(a)|,—0 is
positively definite if and only if for each o € R?, a # 0 the limiting variance

02 = lim n'BE(Y (o, FX, X5 X)) (7.2)

n—oo
k=0
is positive. The latter holds true unless there exists a representation

n

4 4 V4
(0, FOXD, o X)) = g(XSD, o X)) = g(X ) X[ ) n=1,2, ..

for some bounded Borel function g (see [12]).

In the discrete time dynamical systems case we consider X, (w) = go f*(w), n >
0 where g is a Holder continuous vector function and f : Q — Q is a C? Axiom A
diffeomorphism on a hyperbolic set or a topologically mixing subshift of finite type or
a C? expanding transformation. Here X,,, n > 0 is considered as a stationary process
on the probability space (€2, 7, P) where (2 is the corresponding phase space, F is the
Borel o-algebra and P is a Gibbs measure constructed by a Holder continuous function
(see [2]). Then the exponentially fast 1)-mixing holds true (see [2]) with respect to the
family of (finite) o-algebras generated by cylinder sets in the symbolic setup of subshifts
of finite type or with respect to the corresponding o-algebras constructed via Markov
partitions in the Axiom A and expanding cases.

Here the process (Xfll), e Xéﬁ)) is generated by the product dynamical system

(f X f2 X X fe)”(WLWQ, ...,WK) = (f”wl,fQ”wQ, ...,fenwe)

EJP 22 (2017), paper 23. http://www.imstat.org/ejp/
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so that
(XD @1), o X (@0)) = G0 (f X f2 5 f)" (wn, ey ) (73)

where G(w1,wa, ...,wr) = (g(w1), g(w2), ..., g(we)). The above product dynamical system
has similar properties as the original dynamical system f"w, n > 0 itself, in particular, it
satisfies large deviations bounds with respect to Gibbs measures constructed by Holder
continuous functions and exponentially fast ¢)-mixing holds true, as well. The existence of
the limit (2.5) and its form follows from [14]. Here II;(«) turns out to be the topological
pressure for the function (a, F') + ¢ where ¢ is the potential of the corresponding Gibbs
measure (for the product system). The differentiability properties of II;(«) in « are well
known and, again, the Hessian matrix V21I;(«)|,—o is positively definite if and only if
for each a € R?, a # 0 the limiting variance (7.2) is positive where the expectation
should be taken with respect to the chosen Gibbs measure (see [22], [11], [13], [14] and
references there). The latter holds true unless there exists a coboundary representation
(o, F) = g o f — g for some bounded Borel function g.

7.2 Some properties of rate functions

We collect here few properties of rate functions of large deviations which are essen-
tially well known but hard to find in major books on large deviations. First, observe that
if II(a), a € R? is a twice differentiable function such that I1(0) = 0, V,II(a)|a=o = 0
then II(a) = o(|a), and so

1(B) = sup((a, B) — (a)) > 0 (7.4)
unless 5 = 0. Indeed, by the above
1(8) > 48> — 11(88) > 0

if B # 0 and 6 > 0 is small enough. Curiously, positivity of the rate function is not studied
in several books on large deviations without which upper large deviations bounds do not
make much sense.

Next, assume, in addition, that II is convex and has a positively definite at zero
Hessian matrix V21I(«)|o—o. Then II(«) > 0 for all « € R¢ and for some §;,d5 > 0,

II(«) > §1|r| provided || > Js. (7.5)

It follows that if |3] < ¢; then ag = argsup((«, 8) — II(a)) satisfies |ag| < d2 and, in
particular, I(8) < oo, i.e. I() is finite in some neighborhood of 0.
Next, under the above conditions on II suppose that I(3) < oo for some 5 # 0. Then

I(1+0)8) > I(B) forany ¢ > 0. (7.6)

Indeed, for any ¢ > 0 there exists ag . such that

(ape,B) —M(ag.) > I(B) —e.

Since II(ag,) > 0 we have

I((1+8)8) = (14 0)(ap.e, B) — Mlap.) > I(8) + 5(1(8) — &) — & > I(B)

provided e < §(1 + &)~ 11(B) yielding (7.6).

In the Erd6s-Rényi law type results it is important to know where a rate function 7(3)
is finite. This issue is hidden inside the functional form of Theorems 2.1 but appears
explicitly in Corollary 2.2 and in its original form (1.1). The discussion on finiteness of
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rate functions is hard to find in books on large deviations though without studying this
issue lower bounds there do not have much sense. We start with the rate functional J(v)
of the second level of large deviations for occupational measures

n—1
1
Cn = ﬁ;(sXm (7.7)

where 0,, denotes the unit mass at x (see [13]). Explicit formulas for J(v) are known when
X, is a Markov chain whose transition probability satisfies (5.1) and when X, = fFz
with f being an Axiom A diffeomorphism, expanding transformation or subshift of finite
type. In the former case (see [7]),

J(v)=— inf /1n(ﬂ)du (7.8)

u>0, continuous U

and in the latter case (see [13]),

J(v) = { — [dp — h,(f) if v is f-invariant,

. (7.9)
oo, otherwise,

where h, (f) is the Kolmogorov-Sinai entropy of f with respect to v and ¢ is the potential
of the corresponding Gibbs measure p playing the role of probability here.

Necessary and sufficient conditions for finiteness of J(v) in the Markov chain case
are given in [7] while in the above dynamical systems cases J(v) < oo for any f-invariant
measure v. If

n—1
II(a) = li_>m %lnEexp (Z(mG(Xj))), (7.10)
3=0

where X; is a stationary process as above and G # 0 is a continuous vector function with
EG(Xp) =0, then by the contraction principle (see, for instance, [5]) the rate function
1(B) given by (7.4) can be represented as

I(B) = inf{J(v) : /Gdu =g} (7.11)

where the infimum is taken over the space P(M) of probability measures on M.
Set

I' = {8 eR%: v e P(M) such that /Gdy = B and J(v) < oo}
and let Co(T") be the interior of the convex hull of I". Then
I(8) < oo for any 8 € Co(T). (7.12)

Indeed, any 8 € Co(T") can be represented as = p151 + p2/32 with 51,82 € T, p1,p2 >0
and p; + p2 = 1. Then B = [Gdiy, B2 = [ Gdv, and so [ Gdv = (3 for v = pivy + pavs.
Since J(v1), J(v2) < oo then by convexity of J we have that J(v) < p1J(v1)+p2J(v2) < oo,
and so (7.12) holds true.

When d = 1, i.e. when G is a (not vector) function we can give another description of
the domain where I(5) < oo. In this case set

By =sup{f: €T} and f_ =inf{B: 8 €T} (7.13)

Then by (7.12), I(5) < oo for any 8 € (f—,0+). It is possible to extract from [6] that
under y-mixing,

n—1 n—1

o1 R S
By = nll)nolo —esssup Z G(X;) and B_ = nh_}rr;@ -ess inf Z G(X;). (7.14)
j=0 =0
EJP 22 (2017), paper 23. http://www.imstat.org/ejp/
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