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Abstract

We investigate the component sizes of the critical configuration model, as well as
the related problem of critical percolation on a supercritical configuration model.
We show that, at criticality, the finite third moment assumption on the asymptotic
degree distribution is enough to guarantee that the sizes of the largest connected
components are of the order n?/® and the re-scaled component sizes (ordered in a
decreasing manner) converge to the ordered excursion lengths of an inhomogeneous
Brownian Motion with a parabolic drift. We use percolation to study the evolution
of these component sizes while passing through the critical window and show that
the vector of percolation cluster-sizes, considered as a process in the critical window,
converge to the multiplicative coalescent process in the sense of finite dimensional
distributions. This behavior was first observed for Erd6s-Rényi random graphs by
Aldous (1997) and our results provide support for the empirical evidences that the
nature of the phase transition for a wide array of random-graph models are universal
in nature. Further, we show that the re-scaled component sizes and surplus edges
converge jointly under a strong topology, at each fixed location of the scaling window.
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1 Introduction

Random graphs are the main vehicles to study complex networks that go through a
radical change in their connectivity, often called the phase-transition. A large body of
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literature aims at understanding the properties of random graphs that experience this
phase-transition in the sizes of the large connected components for various models. The
behavior is well understood for the Erdés-Rényi random graphs, thanks to a plethora
of results [2, 19, 26, 31]. However, these graphs are often inadequate for modeling
real-world networks [11, 14, 28, 29] since the real-world network data often show a
power-law behavior of the asymptotic degrees whereas the degree distribution of the
Erd6s-Rényi random graphs has exponentially decaying tails. Therefore, many alternative
models have been proposed to capture this power-law tail behavior. An interesting fact,
however, is that the behavior, in most of these models, is quite universal in the sense
that there is a critical value where the graphs experience a phase-transition and the
nature of this phase-transition is insensitive to the microscopic descriptions of the model
[4, 8, 12, 20, 26, 27, 321].

In this work, we focus on the configuration model, the canonical model for generating
a random multi-graph with a prescribed degree sequence. This model was introduced by
Bollobas [10] to choose a uniform simple d-regular graph on n vertices, when dn is even.
The idea was later generalized for general degree sequences d by Molloy and Reed [24]
and others. We denote by CM,,(d) the multi-graph generated by the configuration model
on the vertex set [n] = {1,2...,n} with the degree sequence d. The configuration model,
conditioned on simplicity, yields a uniform simple graph with the same degree sequence.
Various features related to the emergence of the giant component phenomenon for this
model have been studied recently [15, 16, 18, 20, 24, 27]. We give a brief overview
of the relevant literature in Section 4.1. Our aim is to obtain precise asymptotics for
the component sizes of CM,,(d) in the critical window of phase transition under the
optimal assumptions on the degree sequence involving a finite third-moment condition.
The re-scaled vector of component sizes (ordered in a decreasing manner) is shown to
converge to the ordered excursion lengths of certain reflected inhomogeneous Brownian
motions with a parabolic drift. This shows that the component sizes of CM,,(d) in the
critical regime, for a large collection of possible d, lies in the same universality class as
the Erd6s-Rényi random graph [2] and the inhomogeneous random graph [8]. We use
percolation on a super-critical configuration model to show the joint convergence of the
scaled vectors of component sizes at multiple locations of the percolation scaling window.
We also obtain the asymptotic distribution of the number of surplus edges in each
component and show that the sequence of vectors consisting of the re-scaled component
sizes and surplus converges to a suitable limit under a strong topology as discussed
in [6]. These results give very strong evidence in favor of the structural similarity of the
component sizes of CM,,(d) and Erdés-Rényi random graphs at criticality.

Our contribution

The main contribution of this paper is that we derive the strongest results in the
literature under the finite third-moment assumption on the degrees. This finite third-
moment assumption is also necessary for Erdés-Rényi type scaling limits, since, amongst
other reasons, the third moment appears in the scaling limit. In a recent work [13],
we consider the infinite third-moment case with power-law degrees and show that the
scaling limit of the cluster sizes is quite different. Also, we prove the joint convergence
of the component sizes and the surplus edges under a strong topology, which improves
the previous known results involving the surplus edges [27]. We also study percolation
on the configuration model to gain insight about the evolution of the configuration model
over the critical scaling window. This is achieved by studying a dynamic process that
generates the percolated graphs with different values of the percolation parameter, a
problem that is interesting in its own right.
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Before stating our main results, we need to introduce some notation and concepts.

2 Definitions and notation

We will use the standard notation B), £, to denote convergence in probability and
in distribution or law, respectively. We often use the Bachmann Landau notation O(-),
o(-) for large n asymptotics of real numbers. The topology needed for the distributional
convergence will always be specified unless it is clear from the context. A sequence of
events (&,)n>1 is said to occur with high probability (whp) with respect to probability
measures (IP,,),>1 if P, (€,) — 1. Denote f, = Ow(gn) if (|f1nl/|gnl)n>1 is tight; f, =
op(gn) if (|fnl/|gn|)n>1 converges in probability to zero; f, = Op(gn) if fr = Op(gn)
and g, = Og(f,). For a triangular array of random variables (fi )i n>1, We write
phrases like fj , = Op(n®) (respectively op(n®)), uniformly over k < n® to mean that
SUPp<po | fin] = Op(n®) (respectively op(n®)). We also write f,, = Og(ay) (respectively
fn = 05(ay)) to denote that sup,,, E [a;! f.] < co (respectively lim, o E [a;; ! f,] = 0).
Denote by -

ff = {x = (z1,22,23,...) 1 X1 > To > x3 > ... and Zx? < oo}, (2.1)
i=1

the subspace of non-negative, non-increasing sequences of real numbers with square
norm metric d(x,y) = (Yo, (z; — ¥;)?)'/? and let (¢2)* denote the k-fold product space
of £2. With (2 x N*°, we denote the product topology of ¢ and N>, where N> denotes
the collection of sequences on IN, endowed with the product topology. Define also

U, o= {((w5,5:))2, € 2 x N> szyl < oo and y; = 0 whenever z; =0, Vi}  (2.2)
i=1

with the metric

00 1/2 [eS)
du((x1,¥1), (x2,¥2)) == (Z(l’u - Izi)2> + 3 |wiyn — w202 - (2.3)
i=1 i=1
Further, we introduce U° C U, as
U2 = {((zi,9:))2, € U, : if 2p, = Tpn, k < m, then yx > yp }- (2.4)

We usually use the boldface notation X for a time-dependent stochastic process (X (s))s>o0,
unless stated otherwise, C|0, {] denotes the set of all continuous functions from [0, ¢] to R
equipped with the topology induced by sup-norm || - ||;. Similarly, D[0,¢] (resp. D[0, c0))
denotes the set of all cadlag functions from [0, ¢] (resp. [0,0)) to R equipped with the
Skorohod J; topology. Bl’\w denotes an inhomogeneous Brownian motion with a parabolic
drift, given by ,
S
B}, (s) = %B(s) s — 72773 (2.5)
where B = (B(s))s>0 is a standard Brownian motion, and ¢ > 0, 7 > 0 and A € R are
constants. Define the reflected version of Bl’)m as

Aoy — BA o pA

W?(s) = B, (s) — Jnin B (1) (2.6)
For a function f € C|[0, o), an interval v = (I, r) is called an excursion above past minima
or simply an excursion of f if f(I) = f(r) = min,<, f(u) and f(z) > f(r) foralll < z < r.
|v| = 7(v) — () will denote the length of the excursion ~.
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Also, define the counting process of marks N* = (N*(s));>0 to be a unit-jump process
with intensity SW*(s) at time s conditional on (W*(u)),<s so that

N*(s) — /BW’\(u)du (2.7)
0

is a martingale (see [2]). For an excursion v, let N(v) denote the number of marks in the
interval [I(v), (7))

Remark 2.1. By [2, Lemma 25], the excursion lengths of Bﬁ_’n can be rearranged in
decreasing order of length and the ordered excursion lengths can be considered as
a vector in (2, almost surely. Let y* = (|7J/\|) j>1 be the ordered excursion lengths of
B, ,- Then, (]7}],N(7}));>1 can be ordered as an element of U? almost surely by [6,
Theorem 3.1 (iii)]. We denote this element of U? by Z(\) = ((Y;}, N}'));>1 obtained from
(7], N ()=

Finally, we define a Markov process X := (X(s))_oo<s<oe 00 D((—00, 00), £2), called
the multiplicative coalescent process. Think of X(s) as a collection of masses of some
particles (possibly infinite) in a system at time s. Thus the i'" particle has mass X;(s) at
time s. The evolution of the system takes place according to the following rule at time
s: At rate X;(s)X;(s), particles ¢ and j merge into a new particle of mass X;(s) + X;(s).
This process has been extensively studied in [2, 3]. In particular, Aldous [2, Proposition
5] showed that this is a Feller process.

3 Main results

Consider n vertices labeled by [n] := {1,2,...,n} and a sequence of degrees d =
(di)icn) such that ¢,, = Zie[n] d; is even. For convenience we suppress the dependence
of the degree sequence on n in the notation. The configuration model on n vertices with
degree sequence d is constructed as follows:

Equip vertex j with d; stubs, or half-edges. Two half-edges create an edge once
they are paired. Therefore, initially we have ¢,, = Zie[n] d; half-edges. We pick any
one half-edge and pair it with a uniformly chosen half-edge from the remaining
unpaired half-edges and keep repeating the above procedure until we exhaust all
the unpaired half-edges.

Note that the graph constructed by the above procedure may contain self-loops or
multiple edges. It can be shown [30, Proposition 7.15] that, conditionally on CM,,(d)
being simple, the law of such graphs is uniform over all possible simple graphs with
degree sequence d.

In this section, we discuss the main results in this paper. As discussed in the
introduction, our results are twofold and concern (i) general CM,,(d) at criticality, and
(ii) critical percolation on a super-critical configuration model, both under a finite third
moment assumption.

3.1 Configuration model results
We consider a sequence of configuration models (CM,,(d)),>1 satisfying the following:
Assumption 3.1. Let D,, denote the degree of a vertex chosen uniformly at random
independently of the graph. Then,
(i) (Weak convergence of D,,)
D, 5D (3.1)

for some random variable D such that E[D?] < oo.
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(i) (Uniform integrability of D3)

E[Di]:é%}:cﬁ—+EﬂDﬂ. (3.2)

1€[n]

(iiil) (Critical window)

odi(di — 1 , ,
%::Z*W ( ):1+An*“+om*“% (3.3)
ZzE[n] di

for some A € R.
(ivy P(D=1)>0.

Suppose that C,,, C,),... are the connected components of CM,,(d) in decreasing
order of size. In case of a tie, order the components according to the values of the
minimal indices of vertices in those components. For a connected graph G, let SP(G):=
(number of edges in G) — (|G| — 1) denote the number of surplus edges. Intuitively, this
measures the deviation of G from a tree-like structure. Let o, = IE [D"] and consider the
reflected Brownian motion, the excursions, and the counting process N* as defined in
Section 2 with parameters

pi=o01, ni=osp—o05, B:=1/p (3.4)

A

Let v* denote the vector of excursion lengths of the process B D

increasing order. Our main results are as follows:

arranged in non-

Theorem 3.2. Fix any A € R. Under Assumption 3.1,

n23(C 1) oy S (3.5)

)jzl

with respect to the Ef topology.

Recall the definition of Z(\) from Remark 2.1. Order the vector component sizes and
surplus edges (n=%/3|C, |, SP(Cy;)),», as an element of U? and denote it by Z,()).

Theorem 3.3. Fix any A € R. Under Assumption 3.1,
Z,(\) = Z(N) (3.6)

with respect to the IU? topology.

In words, Theorem 3.2 gives the precise asymptotic distribution of the component
sizes re-scaled by n?/3 and Theorem 3.3 gives the asymptotic number of surplus edges
in each component jointly with their sizes.

Remark 3.4. The strength of Theorems 3.2 and 3.3 lies in Assumption 3.1. Clearly,
Assumption 3.1 is satisfied when the distribution of D satisfies an asymptotic power-law
relation with finite third moment, i.e., P(D > z) ~ 2~ ("=Y(1 4+ o(1)) for some 7 > 4. Also,
if one has a random degree-sequence that satisfies Assumption 3.1 with high probability,
then Theorems 3.2 and 3.3 hold conditionally on the degrees. In particular, when the
degree sequence consists of an i.i.d sample from a distribution with IE[D3] < oo [20],
then Assumption 3.1 is satisfied almost surely. We will later see that degree sequences
in the percolation scaling window also satisfy Assumption 3.1.
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3.2 Percolation results

Bond percolation on a graph G refers to deleting edges of G independently with
equal probability p. In the case G is a random graph, the deletion of edges are also
independent of G. Consider bond percolation on CM,,(d) with probability p,, yielding
CM,,(d, p,). We assume the following:

Assumption 3.5. (i) Assumption 3.1 (i) and (ii) hold for the degree sequence and the
CM,,(d) is super-critical, i.e.

e dildi —1) E[D(D - 1))
= Sy=— s (3.7)
’ e di YT ED]

(ii) (Critical window for percolation) For some \ € R,

1 A
Pn = Dn(A) == — (1 + W) (3.8)

Vn

Note that p,()\), as defined in Assumption 3.5 (ii), is always non-negative for n
sufficiently large. Now, suppose d; ~ Bin(d;, \/pn), ny := Dicm(di — d;)and 7 =n +n.
Consider the degree sequence d consisting of d; for i [n] and n, additional vertices of
degree 1, i.e. d; = 1 for i € [1] \ [n]. We will show later that the degree D,, of a random
vertex from this degree sequence satisfies Assumption 3.1 (i), (ii) almost surely for some
random variable D with E[D?] < co. Moreover, 71/n — 1+ u(1 — v~/2) = ¢ almost surely.
Now, using the notation in Section 2, define 4% = ¢*/35}, where 7} is the j'* largest
excursion of the inhomogeneous Brownian motion Bﬁ,n with the parameters

p=E[D], n=E[DED]-E D, B=1/E[D] (3.9)

Define the process N as in (2.7) with the parameter values given by (3.9). Denote the
j'" largest cluster of CM,,(d, p,()\)) by C” ()). Also, let Z2()\) denote the vector in U°
obtained by rearranging critical percolation clusters (re-scaled by n?/?) and their surplus
edges and Z()) denote the vector in U? obtained by rearranging ((v/7|7}[, N(3})));>1-

Theorem 3.6. Under Assumption 3.5,
ZP(\) S Z(\) (3.10)

with respect to the IU? topology.

Next we consider the percolation clusters for multiple values of A\. There is a very
natural way to couple (CM,,(d, p,(A))rcr described as follows: Suppose that each edge
(i) of CM,(d) has an associated i.i.d uniform random variable U;;, and the U;;’s are
also independent of CM,,(d). Now, delete edge (ij) if U;; > p,()). The obtained graph is
distributed as CM,(d, p,()\)). Moreover, if we fix the set of uniform random variables
and change ), this produces a coupling between the graphs (CM,,(d, p,(A\))rer- The
next theorem shows that the convergence of the component sizes holds jointly in finitely
many locations within the critical window, under the above described coupling:

Theorem 3.7. Suppose that Assumption 3.5 holds. Let C,,(\) = (n=2/3|C?,(\)|)j>1. For
anyk>1and —oc0o < Ag < A\; < -+ < A < 00,

(Ca(20), CalM), - Cali1)) S V(Y AN, AN (3.11)

with respect to the (Ef)k topology.

EJP 22 (2017), paper 16. http://www.imstat.org/ejp/
Page 6/33


http://dx.doi.org/10.1214/17-EJP29
http://www.imstat.org/ejp/

Critical window for the configuration model: finite third moment degrees

Remark 3.8. The coupling for the limiting process in Theorem 3.7 is given by the
multiplicative coalescent process described in Section 2. This will become more clear
when we describe the ideas of the proof. To understand this intuitively, notice that
the component C/)(\) consists of some paired half-edges which form the edges of the
percolated graph, and some open half-edges which were deleted due to percolation.
Denote by O¥()), the total number of open half-edges of C¥)(\). One can think of 0¥ as
the mass of C/). Now, as we change the value of the percolation parameter from p,,(\)
to p, (A + d)), exactly one edge is added to the graph and the two endpoints are chosen
proportional to the number of open half-edges of the components of CM,,(d, p,(A)). By
the above heuristics, C/) and C/, merge at rate proportional to O;O} and creates a
component of mass OF + Og-’ — 2. Later, we will show that the mass of a component
is approximately proportional to the component size. Therefore, the component sizes
merge approximately like the multiplicative coalescent over the critical scaling window.

Remark 3.9. Janson [16] studied the phase transition of the maximum component
size for percolation on a super-critical configuration model. The critical value was
shown to be p = 1/v. This is precisely the reason behind taking p,, of the form given
by Assumption 3.5 (ii). The width of the scaling window is intimately related to the
asymptotics of the susceptibility function Y, |C;|?/n. In fact, if }, |C,)|* ~ n' T, then
the width of the critical window turns out to be n" and the largest component sizes are
of the order n(!*")/2, This has been universally observed in the random graph literature
[2, 8,12, 20, 25, 27], even when the scaling limit is not in the same universality class as
Erdo6s-Rényi random graphs [9, 13] and the same turns out to be the case in this paper.

Remark 3.10. Theorem 3.2 and Theorem 3.3 also hold for configuration models con-
ditioned on simplicity. We do not give a proof here. The arguments in [20, Section 7]
can be followed verbatim to obtain a proof of this fact. As a result, Theorem 3.6 and
Theorem 3.7 also hold, conditioned on simplicity.

The rest of the paper is organized as follows: In Section 4.1, we give a brief overview
of the relevant literature. This will enable the reader to understand better the relation
of this work to the large body of literature already present. Also, it will become clear
why the choices of the parameters in Assumption 3.1 (iii) and Assumption 3.5 (ii) should
correspond to the critical scaling window. We prove Theorems 3.2 and 3.3 in Section 5.
In Section 6 we find the asymptotic degree distribution in each component. This is used
along with Theorem 3.3 to establish Theorem 3.6 in Section 7. In Section 8, we analyze
the evolution of the component sizes over the percolation critical window and prove
Theorem 3.7.

4 Discussion

4.1 Literature overview

Erdos-Rényi type behavior. We first explain what ‘Erdés-Rényi type behavior’ means.
The study of critical window for random graphs started with the seminal paper [2] on
the Erdés-Rényi random graphs with p = n~!(1 4+ An~'/3). Aldous showed in this regime
that the largest components are of asymptotic size n?/3 and the ordered component
sizes (scaled by n?/3) asymptotically have the same distribution as the ordered excursion
lengths of a Brownian motion with a negative parabolic drift. Aldous also considered a
natural coupling of the re-scaled vectors of component sizes as A varies, and viewed it
as a dynamic Kf-valued stochastic process. It was shown that the dynamic process can
be described by a process called the standard multiplicative coalescent, which has the
Feller property. This implies the convergence of the component sizes jointly for different
A values. In Theorem 3.7, we show that similar results hold for the configuration model
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under a very general set of assumptions. Of course, for general configuration models,
there is no obvious way to couple the graphs such that the location parameter in the
scaling window varies and percolation seems to be the most natural way to achieve this.
By [15, 16], percolation on a configuration model can be viewed as a configuration model
with a random degree sequence and this is precisely the reason for studying percolation
in this paper.

Universality and optimal assumptions. In [8] it was shown that, inside the critical
scaling window, the ordered component sizes (scaled by n2/3) of an inhomogeneous
random graph with

-1
—(L+An /3)w¢wj> 4.1)
Zke[n] Wk
converge to the ordered excursion lengths of an inhomogeneous Brownian motion with
a parabolic drift under only finite third-moment assumption on the weight distribution.
We establish a counterpart of this for the configuration model in Theorem 3.2. Later
Nachmias and Peres [25] studied the case of percolation scaling window on the random
regular graph; for percolation on the configuration model similar results were obtained
by Riordan [27] for bounded maximum degrees. Joseph [20] obtained the same scaling
limits as Theorem 3.2 for the component sizes when the degrees are i.i.d samples from a
distribution having finite third moment. Theorem 3.3 and Theorem 3.6 prove stronger
versions of all these existing results for the configuration model under the optimal
assumptions. Further, in Theorem 3.7, we give a dynamic picture for percolation cluster
sizes in the critical window and show that this dynamics can be approximated by the
multiplicative coalescent.

pijzl_exp<

Comparison to branching processes. In [18, 24] the phase transition for the compo-
nent sizes of CM,,(d) was identified in terms of the parameter v = E[D(D — 1)]/E[D].
Janson and Luczak [18] showed that the local neighborhoods of the configuration model
can be approximated by a branching process X which has v as its expected progeny
and thus, when v > 1, CM,,(d) has a component C,,,x of approximate size pn, where p is
the survival probability of X'. Further, the progeny distribution of X has finite variance
when E[D?] < co. Now, for a branching process with mean ~ 1 + ¢ and finite variance o2,
the survival probability is approximately 20 ~2¢ for small ¢ > 0. This seems to suggest
that the largest component size under Assumption 3.1 should be of the order n?/3 since
€ = ©(n~1/3). Theorem 3.2 mirrors this intuition and shows that in fact all the largest
component sizes are of the order n?/3.

4.2 Proof ideas

The proof of Theorem 3.2 uses standard functional central limit theorem argument.
Indeed we associate a suitable semi-martingale with the graph obtained from an explo-
ration algorithm used to explore the connected components of CM,,(d). The martingale
part is then shown to converge to an inhomogeneous Brownian motion, and the drift part
is shown to converge to a parabola. The fact that the component sizes can be expressed
in terms of the hitting times of the semi-martingale implies the finite-dimensional con-
vergence of the component sizes. The convergence with respect to Kf is then concluded
using size-biased point process arguments formulated by Aldous [2]. Theorem 3.3
requires a careful estimate of the tail probability of the distribution of surplus edges
when the component size is small and we obtain this using martingale estimates in
Lemma 5.18. Theorem 3.6 is proved by showing that the percolated degree sequence
satisfies Assumption 3.1 almost surely. Finally, we prove Theorem 3.7 in Section 8. The
key challenges here are that, for each fixed n, the components do not merge according
to their component sizes, and that the components do not merge exactly like a multi-
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plicative coalescent over the scaling window. Thus the main theme of the proof lies in
approximating the evolution of the component sizes over the percolation scaling window
with a suitable dynamic process that is an exact multiplicative coalescent.

4.3 Open problems

(i) Theorem 3.7 proves the joint convergence at finitely many locations in the scaling
window. However, the convergence of (C,,(\))xer as a process in D((—oo, 00), £2)
should also hold provided that one can verify a suitable tightness criterion.

(ii) A reason for studying percolation in this paper is to understand the minimal
spanning tree of the giant component. For a super-critical configuration model
with i.i.d edge weights, it should be the case that the minimal spanning tree can be
described by the critically percolated graph at a very high location of the scaling
window. Such results were obtained in [1] for the minimal spanning tree on a
complete graph. The study of minimal spanning trees is still an open question,
even for random regular graphs.

5 Proofs of Theorems 3.2 and 3.3

5.1 The exploration process

Let us explore the graph sequentially using a natural approach outlined in [27]. At
step k, divide the set of half-edges into three groups; sleeping half-edges Si, active
half-edges Ax, and dead half-edges D;. The depth-first exploration process can be
summarized in the following algorithm:

Algorithm 1 (DFS exploration). At k£ = 0, Sy contains all the half-edges and A, Dy are
empty. While (S, # @ or Ay, # @) we do the following at stage k + 1:

S1 If Ay # @, then take the smallest half-edge a from Ay.

S2 Take the half-edge b from Sy that is paired to a. Suppose b is attached to a
vertex w (which is necessarily not discovered yet). Declare w to be discovered,
let r = dy, — 1 and b1, bys2, . . . by be the half-edges of w other than b. Declare
bwi, bw2s..., by, b to be smaller than all other half-edges in A;. Also order the
half-edges of w among themselves as b1 > by > -+ > by > b. Now identify
By, C Ak U {bw1,bw2,...,by-} as the collection of all half-edges in A, paired to one
of the b,,;’s and the corresponding b,,;’s. Similarly identify Cx, C {bw1,bw2, .-, bwr}
which is the collection of self-loops incident to w. Finally, declare A1 = Ap U
{bwh bwo, ..., bwr} \ (Bk U Ck), Diy1 =Dy U {a, b} U B UCk and Sg4+1 = Sk \ ({b} U
{bw1,bw2, ..., bur}). Go to stage k + 2.

S3 If A, = @ for some k, then take out one half-edge a from S; uniformly at random
and identify the vertex v incident to it. Declare v to be discovered. Let r =d, — 1
and assume that a1, a,9,..., a,, are the half-edges of v other than a and identify the
collection of half-edges involved in self-loops Cj, as in Step 2. Order the half-edges of
VaSs Gyl > Aya > 0 > Gy > a. Set Agr1 = {a, a1, ap2,-ee, Gpr} \ Ciy Dip1 = Di UCk,
and Sk11 = Sk \ {a, a1, ay2, ..., ayr }. Go to stage k + 2.

In words, we explore a new vertex at each stage and throw away all the half-edges
involved in a loop/multiple edge/cycle with the vertex set already discovered before
proceeding to the next stage. The ordering of the half-edges is such that the connected
components of CM,,(d) are explored in the depth-first way. We call the half-edges of
B UCy cycle half-edges because they create loops, cycles or multiple edges in the graph.

EJP 22 (2017), paper 16. http://www.imstat.org/ejp/
Page 9/33


http://dx.doi.org/10.1214/17-EJP29
http://www.imstat.org/ejp/

Critical window for the configuration model: finite third moment degrees

Let
A = |.Ak|, Clk+1) = (|Bk| + ‘Ck|)/2, U, = |Sk| (5.1)

Let d;, be the degree of the j* explored vertex and define the following process:

Su(0) =0, Sn(i) = (dy) —2— 2c). (5.2)

Jj=1

The process S,, = (Sn(i))ie[n] “encodes the component sizes as lengths of path
segments above past minima” as discussed in [2]. Suppose C; is the i** connected
component explored by the above exploration process. Define

7 = inf {i : S, (i) = —2k}. (5.3)
Then Cy, is discovered between the times 7,_; + 1 and 74 and |Cy| = 7 — Tp—1.

5.2 Size-biased exploration

The vertices are explored in a size-biased manner with sizes proportional to their
degrees, i.e., if we denote by v;, the i'" explored vertex in Algorithm 1 and by d,,, the
degree of v;), then

dj . dj
Zkg"i/i,l dy. Zke[n] dy, — ;g;ll d(k)

IP(U(i) = jl’l)(l)7’l)(2>, "'?U(i—l)) = s Vj eV,_1, (5.4)

where V; denotes the first i vertices to be discovered in the above exploration process.
The following lemma will be used crucially in the proof of Theorem 3.2:

Lemma 5.1. Suppose that Assumption 3.1 holds and denote o, = E[D"]| and u = E[D].
Then for allt > 0, as n — oo,

[n®/3u]
-2/3 o2u
su d, — — O, (5.5)
uSIi Z ()
and
[n?/3u)
—2/3 0'3U
sup |n d? — 0. (5.6)
sup Z o —

The proof of this lemma follows from the two lemmas stated below:

Lemma 5.2 ([7, Lemma 8.2]). Consider a weight sequence (w;);c|,) and let m = m(n) <
n be increasing with n. Let {v(i)};c[n) be the size-biased reordering of indices [n], where

the size of index i is d;/{,,. Define y, = >_,c, widi/ln and Y (1) = (mAyn) 1 Z}mfj Wy (i)
Further, let dp.x = max;e|pn] d;, and Wypax = maX;e[,) w;. Assume that

lim mdmax/ln =0, and lim (m7y,) "wmax = 0. (5.7)
n—oo

n— oo

Then, for anyt > 0, asn — 00, sup, <, |Y (t) — | 0.

Lemma 5.3. Assumption 3.1 implies

lim lim — Z Lig,>ipd; =0, r=1,2,3. (5.8)

k—oon—oo N
For r = 3, in particular, this implies d3 . = o(n).
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5.3 Estimate of cycle half-edges

The following lemma gives an estimate of the number of cycle half-edges created up
to time t. This result is proved in [27] for bounded degrees. In our case, it follows from
Lemma 5.1 as we show below:

Lemma 5.4. For Algorithm 1, if A, = | Ax|, By := |Bi|, and Cy, := |Ck|, then
24, s
E[BilFi] = (1+ 00 (1) 7= + Op (n72/%) (5.9)
and
E[Ck|Fi] = Op(n™") (5.10)

uniformly for k < tn?/3 and any t > 0, where F}, is the sigma-field generated by the
information revealed up to stage k. Further, all the Op and oy terms in (5.9) and (5.10)

can be replaced by O and oy.

Proof. Suppose Uy, := |S|. First note that by (5.5)

k

U, 1 1

7’“:% E:dj_EE d;) = E[D] + op(1) (5.11)
j€[n] Jj=1

uniformly over k < tn?/3. Let a be the half-edge that is being explored at stage k+1. Now,
each of the (A — 1) half-edges of A \ {a} is equally likely to be paired with a half-edge
of v,1,), thus creating two elements of 5. Also, given F; and v,,,, the probability that
a half-edge of Ay, \ {a} is paired to one of the half-edges of v, ,,, is (d1) — 1)/(Ux — 1).

Therefore,

d(k+1) -1 Ak _ 2d(k+1) -1

]E[Bk||:]€7v(k+1):| :2(Ak—1) Uk—l :2(d(k+1)—1) Uk—l Uk—l (512)
Hence, [ }
Ag Eld iy — 1Fy
E|B,|FL| =2E|d —1|F -2 . 5.13
[ k‘ k] [ (k+1) | k} U, —1 U — 1 ( )
Now, using (5.5) and (5.6),
. di(d; —1) S d?
E[dw, — 1|F] = Zogn =) _ 2iem G Yop(l)=1+0p(1).  (5.14)
Zje% d; Zje[n] d;
uniformly over k < tn?/3, where the last step follows from Assumption 3.1 (iii). Further,

using the fact P(D = 1) > 0, U > c¢on for some constant ¢y > 0 uniformly over k < tn2/3.

Thus, (5.13) gives (5.9). The fact that all the Oy, o can be replaced by O, o follows
from Y5, @5 — ke <300y, df <3050 45 for r = 1,2, together with dyax = o(n!/?).

To prove (5.10), note that

d -1
E[CtlFr, vasn ] = 2(dsn) — 2)%. (5.15)
By Assumption 3.1 and (5.5)
Y &2 e &
Eld? | |Fi] = =2£5% 7 < = L = 0p(1), (5.16)
e Yiendi T Diem it op(n?/3) ’

uniformly for k& < ¢tn?/3. Therefore,

E[Ck|Fk] = Op(n™") (5.17)

2/3

uniformly over k < tn“/°. Again, O, term can be replaced by Oy, as argued before. O
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5.4 Key ingredients
For any D[0, co)-valued process X,, define X,,(u) := n~Y/3X,,(|n*3u)) and X,, :=
(Xn(u))u>0. The following result is the main ingredient for proving Theorem 3.2. Recall

the definition of Bl)‘w from (2.5) with parameters given in (3.4).

Theorem 5.5 (Convergence of the exploration process). Under Assumption 3.1, as
n — oo,
Sn = B, (5.18)
with respect to the Skorohod J; topology.
As in [20], we will prove this by approximating S,, by a simpler process defined as
$0(0) =0, sn(i) = (d;) — 2). (5.19)
j=1

Note that the difference between the processes S,, and s,, is due to the cycles, loops,
and multiple-edges encountered during the exploration. Following the approach of [20],
it will be enough to prove the following:

Proposition 5.6. Under Assumption 3.1, as n — oo,
_ L A
s, — B, (5.20)

with respect to the Skorohod .J; topology.

Remark 5.7. It will be shown that the distributions of S,, and §,, are very close as n — oo,
and therefore, Proposition 5.6 implies Theorem 5.5. This is achieved by proving that we
will not see too many cycle half-edges up to the time Ln2/ 3u| for any fixed u > 0.

From here onwards we will look at the continuous versions of the processes S,, and
S, by linearly interpolating between the values at the jump points and write it using
the same notation. It is easy to see that these continuous versions differ from their
cadlag versions by at most n~'/3d,,.x = o(1) uniformly on [0, T, for any 7' > 0. Therefore,
the convergence in law of the continuous versions implies the convergence in law of
the cadlag versions and vice versa. Before proceeding to show that Theorem 5.5 is
a consequences of Proposition 5.6, we will need to bound the difference of these two
processes in a suitable way. We need the following lemma. Recall the definition of
Ciesny = (Bg + Ck)/2 from (5.1).

Lemma 5.8. Fix t > 0 and M > 0 (large). Define E,(t,M) = {max,</{5.(s) —
miny<, 5,(u)} < M}. Then

lim sup Z E[CWJIE”@’M)} < 00. (5.21)
n—o00 kgtn2/3

Proof. Lemma 5.8 is similar to [20, Lemma 6.1]. We add a brief proof here. Note that,
for all large n, A;, < Mn'/? on E,(t, M), because

A = Sn(k) — rjnglgsn@) = sn(k) — 2ZC<J‘) - Ijnglil Sn(j) < sn(k) — rjnglilsn(])a (5.22)

where the last step follows by noting that minj<j s,(j) < minj< S, (j) + 2 Z?zl ¢ By
Lemma 5.4,

Mn1/3

M
Elcuw g, @) < +o(n"%?) = In”/3 + o(n~%/3) (5.23)

uniformly for & < tn?/3. Summing over 1 < k < tn?/? and taking the lim sup completes
the proof. O
EJP 22 (2017), paper 16. http://www.imstat.org/ejp/
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The proof of the fact that Theorem 5.5 follows from Proposition 5.6 and Lemma 5.8
is standard (see [20, Section 6.2]) and we skip the proof for the sake of brevity. From
here onward the main focus of this section will be to prove Proposition 5.6. We use the
martingale functional central limit theorem in a similar manner as [2].

Proof of Proposition 5.6. Let {F,},>1 be the natural filtration defined in Lemma 5.4.
Recall the definition of s,, (i) from (5.19). By the Doob-Meyer decomposition [21, Theorem
4.10] we can write

sn(i) = My (i) + An(i), s5(i) = Hn(i) + Bn(i), (5.24)
where _
M, (i) = Z (d(j) - E[d(j)“:j—l])» (5.25a)
j=1
An(i) =) Eld, - 2|F;1], (5.25b)
j=1
By(i) =Y (B[d} |F;j_1] — E*[d,|F;-1]). (5.25¢)
j=1

Recall that for a discrete time stochastic process (X,,(i));>1, we denote X, (t) =
n~13X,(|tn?/3]). Our result follows from the martingale functional central limit theorem
[33, Theorem 2.1] if we can prove the following four conditions: For any u > 0,

2
_ ns P
S An - A 0, 526
:1;13 | (s) s+ o | — ( a)
n_l/?’Bn(u) L, %u, (5.26h)
W
E[sgp | M, (s) — M, (s—)|*] = o0, (5.26¢)
and
n~3E[sup |Bn(s) — Ba(s—)|] — 0. (5.26d)
s<u

Indeed (5.26a) gives rise to the quadratic drift term of the limiting distribution.
Conditions (5.26b), (5.26¢), (5.26d) are the same as [33, Theorem 2.1, Condition (ii)].
The facts that the jumps of both the martingale and the quadratic-variation process go to
zero and that the quadratic variation process is converging to the quadratic variation of
an inhomogeneous Brownian Motion, together imply the convergence of the martingale
term. The validation of these conditions are given separately in the subsequent part of
this section. O

Lemma 5.9. The conditions (5.26b), (5.26c¢), and (5.26d) hold.
Proof. Denote by o,(n) = £ 3,y di, 7 = 2,3 and p(n) = 1, 3., di- To prove (5.26b),
it is enough to prove that
)
n=23 B, (|lun*?) L, %u. (5.27)
Recall that E[d,

Fiil =2 ,¢ . d}/ >4, , d;- Further, uniformly over i < un?/3,

¢V Jeln]
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Assume that, without loss of generality, j — d; is non-increasing. Then, uniformly over
1 < un?/ 3,
n2/3

Z ds. (5.29)

Z d3 —nos(n

IV
For each fixed £,
) n2/3 n2/3
3 -1 3 3
- Z Z ]l{d <k}d + — Z ]l{d >k}d < k°un / Z ]l{dj>k}dj =o(1),
J=1 J=1 JE[“] je["]

(5.30)
where we first let n — oo and then £ — oo and use Lemma 5.3. Therefore, the right-hand

side of (5.29) is o(n) and we conclude that, uniformly over i < un?®/3,
o
E[d? |Fi_1] = — + 0p(1). (5.31)
L
A similar argument gives
g
E[d|Fi-1] = ;2 + 0p(1), (5.32)

and (5.26b) follows by noting that the error term is o, (1), uniformly over i < un?/3. The
proofs of (5.26c¢) and (5.26d) are rather short and we present them below. For (5.26¢),
we bound

E[Sup |Mn(8) - ‘Z\Zn(s_)‘2 = n_2/3]E _ sSup |Mn<k) - Mn(k - 1)|2:|
s<u - k<un?2/3

_ [ 2
=n"?PE| sup |y — Eld o |[Fr-1]| }
- k<un?2/3

<n 23E sup d(k)}—kn*Q/?’]E[ sup ]EQ[d(k)“:k_l]]
'k<un2/3 kgun2/3

< 2n~23q? (5.33)

max*

Similarly, (5.26d) gives

VOB [sup | Bu(s) — Ba(s—)2] =n 2PE[ sup [Bu(k) — Bu(k - 1)]

s<u k<un?2/3
= n*Z/SE[ sup var(d(k)\lzk_l)} (5.34)
k<un?2/3
and Conditions (5.26c) and (5.26d) follow from Lemma 5.3 using dyax = o(n'/?). O

Next, we prove Condition (5.26a) which requires some more work. Note that

dievi, di(d; —2)

E[d, —2|F;—1] =

2igvi. 4
_ Zjem %ildi —2) djev di(d; —2) N Yjevi i(di —2) Y ey, | dj
2jetn) 4 2jen) 4 Djgtis b Djerm 4
A Yiena®  Yigrn G v b

— - T -1 + o(nY/3), (5.35)
e Yiem® X, b e b
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where the last step follows from Assumption 3.1 (iii). Therefore,

k
An(k) = ZE[du) - 2“:2‘*1]
2 . ) (5.36)
_ Z JG“V 1 J Zj%%‘fl dj Zj€%71 dj + o(kn_1/3).
n1/3 ZJE [n] J i=1 ZJ%”’G—I d] Zje[n] d]
The following lemma estimates the sums on the right-hand side of (5.36):
Lemma 5.10. Forallu > 0, asn — oo,
Lsn®/3] i—1
1/3 (a) 033 P
su — — 0 (5.37)
w2 2
and
Lsn BJ i—1 d 0_28 P
. -1/3 &)
su — 0. (5.38)
w2 2
Consequently,
Lsn?/?] L d>2 ) d. 2.2
Sup n*l/g Z Z]¢ Vi—l J Z]G%—l J _ 0—283 3 O. (5.39)
s<u = Yigna b emd 2
Proof. Notice that
\_sn2/3jz 1 O’S k i— 1 0k2
—~1/3 m o 3 —-1/3 3 ‘
S S
w2 2 T
< sw n—l/sz:(zdm ml=l)]
en k<un?2/3 1 1
< =1 =
n ‘ + kzg?’ Koy ‘ (5.40)
su _— su - .
kgurg/l" 2.U€nn /3 k<urg/3 2/1€nnl/3 2U2n4/3
I o3l ozn~ 31 L9 43
Sg e Zdw i AR T R
u

( —-2/3 Z d(:) 038)‘ o(1).

and (5.37) follows from (5.6) in Lemma 5.1. The proof of (5.38) is similar and it follows
from (5.5). We now show (5.39). Recall that o5(n) = %Z df and observe

Z d? = o3(n) — = Z d? = o3(n) + 0x(1) (5.41)

JQV 1 ]67/ 1

< —su
= it o(l) aen

uniformly over i < un?/? where we use Lemma 5.1 to conclude the uniformity. Similarly,
(5.28) implies that ngm/v,l dj = €, + op(n) uniformly over i < un?/3. Therefore,

k
n—1/3 Zyev 1d Z]ey 4 noa(n )+01p 71/32 jE”f/ d; 5.42)

i=1 ZJ¢7/ . 4 Z]G[n] Ly +op(n
and Assumption 3.1, combined with (5.38), complete the proof. 0

Lemma 5.11. Condition (5.26a) holds.

Proof. The proof follows by using Lemma 5.10 in (5.36). O
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5.5 Finite dimensional convergence of the ordered component sizes

Note that the convergence of the exploration process in Theorem 5.5 implies that, for
any large T > 0, the k-largest components explored up to time 7n%/3 converge to the
k-largest excursions above past minima of B;}J7 up to time 7. Therefore, we can conclude
the finite dimensional convergence of the ordered components sizes in the whole graph
if we can show that the large components are explored early by the exploration process.
The following lemma formalizes the above statement:

Lemma 5.12. Let C:L denote the largest component which is started exploring after
time Tn?/3 in Algorithm 1. Then, for any 6 > 0,

lim lim sup P (\C >7 | 5n2/3) —0. (5.43)

max
T—00 nooo

Let us first state the two main ingredients to complete the proof of Lemma 5.12:

Lemma 5.13 ([17, Lemma 5.2]). Consider CM,,(d) with v,, < 1 and let C (V,,) denote the
component containing the vertex V,,, where V,, is a vertex chosen uniformly at random
independently of the graph CM,,(d). Then,

E[Dn]

1—v,

EfC(Vo) <1+ (5.44)

Lemma 5.14. Define, vn; = Y 4y, dj(dj —1)/ 3,4y, | d;. There exists some constant
Co > 0 such that for any T > 0,

Vp Tn2/3 = Vn — CoTn /3 + O]P(n_l/g). (5.45)

Proof. Using a similar split up as in (5.35), we have

Yjeri (di = 1) gy di(di—1) Y ey, d;
Un,i = Vn + - . (546)
Ly ln Ejgzvq,l dj

Now, (5.5) and (5.6) give that, uniformly over i < Tn?/3,

Yiev o di(di=1) Y e dildy — 1) + 0p(n?/?) 13
: = : 73 =1+4+o0p(n ), (5.47a)
ngvfi,l d; Zje[n] dj + op(n?/?)

S did;-2) = (ﬁ - 2) (i — 1) + op (n?/3). (5.47b)
i€V a

Further, note that o5 — 2 = E[D(D—1)(D—2)|+E[D(D—2)] > 0, by Assumption 3.1 (iii),
and (iv). Therefore, (5.46) gives (5.45). O

Proof of Lemma 5.12. Let i, = inf{i > Tn?? : S, (i) = inf;<; S,,(j)}. Thus, i, denotes
the first time we finish exploring a component after time 7n%/3. Note that, conditional
on the explored vertices up to time i, the remaining graph G is still a configuration
model. Let 7, = Y_,.5 di(d; — 1)/ Y, d; be the criticality parameter of G. Then, using
(5.45), we can conclude that

Un < v — CoTn ™3 4+ 0p(n™1/3). (5.48)

Take T > 0 such that A\ — CyT < 0. Thus, with high probability, 7, < 1. Denote the
component corresponding to a randomly chosen vertex from G by C27(V,,), and the i*"
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largest component of G by Cf)T. Also, let P denote the probability measure conditioned

on F;,, and let [E denote the corresponding expectation. Now, for any § > 0,
_ 1 _
2 2.4/3 2
P(E CET1? > 6%n® ) < 52,478 > E(CaP)
izl izl (5.49)
1 = 1
< E(|C="(V,)]) < ,
= §2pl/3 (| ( )D T 02(= A+ CoT + 0p(1))

where the second step follows from the Markov inequality and the last step follows by
combining Lemma 5.13 and (5.48). Noting that #;,, < 1 with high probability, we get

C
liﬂsoliplP (|szgx\ > 5n2/3> < 527 (5.50)
for some constant C' > 0 and large 7" > 0 and the proof follows. O

Theorem 5.15. The convergence in Theorem 3.2 holds with respect to the product
topology.

Proof. The proof follows from Theorem 5.5 and Lemma 5.12. O

5.6 Proof of Theorem 3.2

The proof of Theorem 3.2 follows using similar argument as [2, Section 3.3]. However,
the proof is a bit tricky since the components are explored in a size-biased manner
with sizes being the total degree in the components (not the component sizes as in
[2]). For a sequence of random variables Y = (Y;);>; satisfying >, Yf < 0o almost
surely, define £ := (&;);>1 such that &|Y ~ Exp(Y;) and the coordinates of £ are in-
dependent conditional on Y. Fora > 0, let S(a) := . ., Yi. Then the size biased
point process is defined to be the random collection of points = := {(S (&;),Y:) }i>1 (see
[2, Section 3.3]). We will use Lemma 8, Lemma 14 and Proposition 15 from [2]. Let
¢ := {C : C is a component of CM,,(d)}. Consider the collection £ := (£{(C))gce such
that conditional on (}_, . dk, |C|)¢ce, £(C) has an exponential distribution with rate
n=2/3 > _rew dr independently over C. Then the order in which Algorithm 1 explores the
components can be obtained by ordering the components according to their £-value.
Recall that C; denotes the i*"* explored component by Algorithm 1 and let D; := > kes, dp,.
Define the size biased point process

5, = (n*2/3ZDi, n*2/3Di) % (5.51)
1>1
j=1 -

Also define the point processes

1

=" —2/3 ) —-2/3 | = . . ; A

B, = (n / JZ:; IC;|, n=% |CZ|)1_21, Eoe = {(I(7),]7]) : ~ an excursion of B, 1,
(5.52)

where we recall that /(v) are the left endpoints of the excursions of B}, and |y| is the

length of the excursion ~ (see (2.6)). Note that =/ is not a size biased point process.

However, applying [2, Lemma 8] and Theorem 5.5, we get E'n =N =s. We claim that

=, 505, (5.53)

To verify the claim, note that (5.5) and Assumption 3.1 (iii) together imply, for any ¢ > 0,

|_un2/3j LunQ/BJ
_ o _ P
sup |n 2/3 Z diy — —2u| =sup |n 2/3 Z dey — 2u| — 0, (5.54)
ust i=1 H u<t i=1
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since 05/ = E[D?]/E[D] = 2. Thus, (5.53) follows using (5.54). Now, the point process
25 satisfies all the conditions of [2, Proposition 15] as shown by Aldous. Thus, [2,
Lemma 14] gives

{D(i)}i>1 is tight in ¢2. (5.55)

This implies that (n=2/3|C, |). ., is tight in ¢2 by simply observing that [C;| < Y, .. dk+1.
Therefore, the proof of Theorem 3.2 is complete using Theorem 5.15. O

5.7 Proof of Theorem 3.3

The proof of Theorem 3.3 is completed in two separate lemmas. In Lemma 5.16 we
first show that the convergence in Theorem 3.3 holds with respect to the Ef x IN*° topology.
The tightness of (Z,,),,>1 with respect to the U? topology is ensured in Lemma 5.17.

Lemma 5.16. Let N;L\(k) be the number of surplus edges discovered up to time k and
N} u) = N} (|un?/3]). Then, as n — oo,

N)\

£ N, (5.56)
where N* is defined in (2.7).

Proof. Recall the definitions of a, b, A, Bk, Ci, S from Section 5.1. Recall also that
Ak = ’.Ak ) Bk = ‘Bk , Ck = |Ck ) Uk = ‘S}c , C(k+1) = (‘Bk’ + ’Ck|)/2 from Section 5.1.
Notice that Ay = S, (k) —min;j<x S,(j). From Lemma 5.4, we can conclude that, uniformly
over k < un?/3,

Ay,
un
The counting process N\ has conditional intensity (conditioned on F;,_;) given by (5.57).

Writing the conditional intensity in (5.57) in terms of S,,, we get that the conditional
intensity of the re-scaled process N,AL is given by

Ecain|Fr] = = + Op(n™"). (5.57)

[Sn(u) — min S,, ()] + 0p (1), (5.58)

a<u

=l

Denote by W,,(u) :=
rem 3.2,

»(u) — ming<, S, (%) which is the reflected version S,,. By Theo-

W, & W, (5.59)

where W is defined in (2.6). Therefore, we can assume that there exists a probability
space such that W,, — W? almost surely. Using [22, Theorem 1; Chapter 5.3], and the
continuity of the sample paths of W*, we conclude the proof. O

Lemma 5.17. The vector (Z,,),>1 is tight with respect to the IU? topology.

The proof of Lemma 5.17 makes use of the following crucial estimate of the probability
that a component with small size has very large number of surplus edges:

Lemma 5.18. Assume that \ < 0. Let V,, denote a vertex chosen uniformly at random,
independent of the graph CM,,(d) and let C (V},) denote the component containing V;,.
Let 6, = 6k~ %12, Then, for 6 > 0 (small),

CVs
P (sp(c (V) = K, |C(V,)| € (6xn?/3, 26Kn2/3)) < e (5.60)
where C' is a fixed constant independent of n, d, K.
EJP 22 (2017), paper 16. http://www.imstat.org/ejp/
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Proof of Lemma 5.17. To simplify the notation, we write Y;* = n=%/3|C,)| and N} =#
{surplus edges in C;,}. Let Y;, N; denote the distributional limits of ¥;* and N* respec-
tively. Recall from Remark 2.1 that Z(\) is almost surely U?-valued. Using Lemma 5.16
and the definition of dy from (2.3), the proof of Lemma 5.17 is complete if we can show
that, for any n > 0

gﬂllﬁsolipﬂ’<yfz<€}/; N;* > 77) =0. (5.61)

First, consider the case A < 0. For every n,¢ > 0 sufficiently small

1 > n—2/3 >
1P< > YN > n) < UE[ZYTN?E{YT&}} = E{ZI%

Nf]l{mi)gnw%}

Y <e Py 2
nl/3

= TIE [SP(C (Vi) L{jg(vi)|<en2/2}]
nt/3 &

n2/3 n2/3
—TEY Y p(seemi) ke € (e g | )

T k=1 i10g, (1/(k0-122))

C3 1 1/
ﬁZW 3 9=(1/2)i <

k=1"" i>log,(1/(ko12c))

IN

=1Q

> k\l/_oi = 0(Ve), (5.62)
k=1

where we have used Lemma 5.18. Therefore, (5.61) holds when A\ < 0. Now consider the
case A > 0. For T' > 0 (large), let

Kn:={i:Y" <e, C, is explored before Tn?/3}. (5.63)

Then, by applying the Cauchy-Schwarz inequality,

S ovenr < (D) (3 o)

€K, ISy o i€y

1/2

1/2 (5.64)
< ( Z (l@")2) x (# surplus edges explored before Tn?/?)
i€k,

For the case A > 0, we can use similar ideas as the proof of Lemma 5.12, i.e., we can
run the exploration process till 7n2/? and the unexplored graph becomes a configuration
model with negative criticality parameter for large 7' > 0, by (5.45). Thus, the proof
can be completed using (5.64), the éf convergence of the component sizes given by
Theorem 3.2 and Lemma 5.16, and the proof for the case A < 0. O

Proof of Lemma 5.18. To complete the proof of Lemma 5.18, we will use martingale
techniques coupled with Lemma 5.13. Fix § > 0 (small). First we describe another way
of exploring C (V},) which turns out to be convenient to work with.

Algorithm 2 (Exploring C (V},)). Consider the following exploration of C (V,,):

(S0) Initialize all half-edges to be alive. Choose a vertex from [n] uniformly at random
and declare all its half-edges active.

(S1) In the next step, take any active half-edge and pair it uniformly with another alive
half-edge. Kill these paired half-edges. Declare all the half-edges corresponding to
the new vertex (if any) active. Keep repeating (S1) until the set of active half-edges
is empty.

EJP 22 (2017), paper 16. http://www.imstat.org/ejp/
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Unlike Algorithm 1, we need not see a new vertex at each stage and we explore
only two half-edges at each stage. In this proof, F; denotes the sigma-field containing
information revealed up to stage [ by Algorithm 2 and V; denotes the vertex set discovered
up to time /. Recall that we denote by D, the degree of V,,. Define the exploration
process s, by,

$,,(0) = Dy, s, (1) = Y d;Z}(1) — 2L, (5.65)
i€[n]

where Z7'(I) = 1y;ev,;. Therefore, s, (I) counts the number of active half-edges at time I,
until C (V,,) is explored. Note that C(V},) is explored when s/, hits zero and the hitting
time to zero gives the number of edges in C (V},), since exactly one edge is being explored
at each time step. We will use a generic constant C to denote a positive constant that
can be different in different equations. For H > 0, let

y:=inf{l > 1: s/ (I) > H or s, (I) = 0} A 26n?/3. (5.66)
Note that

E(s,(1+1) = s, (1)|F] = Z d;P (i € Vi1 |F, (1) = 0) — 2

i€[n]
2 2
_ g, e d (5.67)
b, —20—1 by —20—1

2+ 1 Yiemd _ 0

_ A ~1/3
=g e ) gy S

ni/3
uniformly over [ < 26n2/3 for all small § > 0 and large n, where the last step follows from
2)¢
the fact that A < 0. Therefore, {s/,(1)}?°" “isa super-martingale. The optional stopping
theorem now implies

E[Dy] 2 Bls,(7)] =2 HP (s,,(v) = H). (5.68)

Thus,
E [Dy]
T

We put H = n'/3K'1/\/5. To simplify the notation, we write s/,[0,¢] € A to denote that
sh(l) € A, foralll € [0, t]. Notice that, for K > 1,

P (s, (v) 2 H) <

n

(5.69)

P (SP(C(V,)) = K, [C (Va)| € (dxn®/*, 28kn*/*))
(5.70)
<P (s,(v) = H) + P (SP(C(Va) = K, 5,[0,20kn%/%] < H, 5,0, 6x0%] > 0).

Here we have used the fact that if there is at least one surplus edge in C (V,,), the number
of edges in C (V) is at least C (V;,). Therefore, |C (V},)| > dxn?/3 implies s/, [0, 5xn?/3] > 0.
Let us denote the event that surplus edges appear at times [1,.. ., g, s, [0, 20xn?/3] < H,
and s/,[0,5,n?/%] > 0 by SPB(ly,...,lx). Now,

P (sp(c (V) > K, 5,[0,205n?/3) < H, [0, 6503 > o)
< > P (SPB(l4,...,lx))

1<l <<l <28 n2/3 (571)
- Z E [1{0<S;[O,lx71]<H,SP(lK71):K71}Y] )
1< <<l <25 g m2/3
EJP 22 (2017), paper 16. http://www.imstat.org/ejp/

Page 20/33


http://dx.doi.org/10.1214/17-EJP29
http://www.imstat.org/ejp/

Critical window for the configuration model: finite third moment degrees

where
Y =P (Kth surplus occurs at time I, s, [I5c, 20xn?/3] < H, s\ [lxc, ] > 0 | FZK,l)
g CKVInl/3 COKL1

< < . (5.72)
gn\/g n2/3\/5
Therefore, using induction,
@MC()pﬁrsm%wﬂﬂ<H¢mﬁmﬂﬂ>®
S N L
C( ) 12K > P(C(Va) > 1) (5.73)
\/on2/3 0.12( ) | =
6K/2
< CK1.1n2/3E [IC(Va)ll,

where we have used the fact that #{1 <y < --- <[ < 26n?/3} < (26n2/3)K-1/(K —1)!
and have used the Stirling approximation for (K — 1)! in the last step. Since A < 0, we
can use Lemma 5.13 to conclude that for all sufficiently large n

E[|C(V,)[] < Cn'/?, (5.74)

for some constant C' > 0 and we get the desired bound for (5.70). The proof of
Lemma 5.18 is now complete by applying (5.69) and (5.73) in (5.70). O

6 Vertices of degree k&

In this section, we compute the number of vertices of degree k in each connected com-
ponent at criticality. This will be useful in Section 7 and 8. Such an estimate was proved
in [18, Theorem 2.4] for supercritical graphs under stronger moment assumptions.

Lemma 6.1. Denote by Ni(t) the number of vertices of degree k discovered up to time
t. For any t > 0, uniformly over k,

sup [n”~ 23 Ny (un®3) — %u‘ = O ((kn/3)71). (6.1)
u<t n

Proof. By setting w; = 114,—¢) in Lemma 5.2 we can directly conclude that

kng | p
7u|

sup n_Q/BNk(unQ/g) — — 0. (6.2)

u<t
However, one can repeat the same arguments leading to the proof of Lemma 5.2 and
obtain that

r k37
_ 3(’“352 @ T/ SED

kﬁﬁ)— A >+MU-(6$

e,

n_2/3Nk(un2/3) _ ;

IP(sup

u<t

u’ >
Now, we can use the finite third-moment assumption to conclude that the numerator in
the right hand side can be taken to be uniform over k. Thus, the proof follows. O

Define v, (G) := the number of vertices of degree k in the connected graph G. As a
corollary to Lemma 6.1 and (5.43), we can deduce that

k
w(Cy) = T’“ |cm|+0 ((k~'n'/3)). (6.4)

Moreover, the following also holds: Let ord(«) denote the vector with elements of x
ordered in a non-increasing manner.
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Lemma 6.2. For each k > 1 denote by VI := (n=2/3v;(C;));>1. Then, {ord(V})},>1 is
tight in (3.

Proof. Note that for any j > 1, vx(C;,) < |C;,| uniformly over k. The proof now follows
from (6.4) and 63 tightness of the component sizes given in Theorem 3.2. O

Remark 6.3. Define V" := (n=2/3v,(C;))k,j>1. Then {ord(V™)},>1 is also tight in ¢2.

7 Critical percolation

7.1 Percolation on configuration model

Let p = p, € (0,1) be the percolation parameter. Recall the notation CM,,(d,p)
for the random graph obtained after deleting edges of CM,,(d) independently with
probability 1 — p. Suppose, d’ is the random degree sequence obtained after percolation.
Fountoulakis [15] showed that, given d’, the law of CM,,(d,p) is same as the law of
CM,,(d’). We will use the following construction of CM,,(d, p) due to Janson [16]:

Algorithm 3. (S1) For each half-edge ¢, let v, be the vertex to which e is attached. With
probability 1 —/p, one detaches e from v. and associates e to a new vertex v’. Color
the new vertex red. This is done independently for every existing half-edge. Let
ny be the number of red vertices created and n = n 4+ ny. Suppose, d= (Ji)ie[ﬁ] is
the new degree sequence obtained by the above procedure, i.e. d; ~ Bin(d;, /p)
fori € [n] and d; = 1 fori € [a] \ [n].

(S2) Construct CMy(d), independently of (S1).

(S3) Delete all the red vertices.

Remark 7.1. It was argued in [16] that the obtained multigraph also has the same
distribution as CM,,(d, p) if we replace (S3) by

(S3’) Instead of deleting red vertices, choose any n degree one vertices uniformly at
random, independently of (S1) and (S2), and delete them.

Remark 7.2. The construction of CM;L(J) in Algorithm 3 consists of two stages of
randomization, the first one is described by (S1), and the second one by (52). We will
consider the following probability space to describe the randomization arising from
Algorithm 3 (S1): Suppose we have a sequence of degree sequences (d),>1. Let Py
denote the probability measure induced on IN*° by Algorithm 3 (S1). Denote the product
measure of (P})),>1 by IP,. Thus (S1) is performed independently on d = d(n) as n varies.
All the almost sure statements in this section will be with respect to the probability
measure IP,,.

Remark 7.3. The idea of the proof of Theorem 3.6 is as follows. We show that d, under
Assumption 3.5, satisfies Assumption 3.1 IP,, almost surely and then estimate the number
of vertices to be deleted from each component using Lemma 6.1. Since deleting a
degree one vertex does not break up any component, we can just subtract this from
the component sizes of CMj;(d) to get the component sizes of CM,,(d, p,,())). Since the
degree one vertices do not get involved in surplus edges, deleting degree one vertices

does not change the number of surplus edges.

7.2 Proof of Theorem 3.6

We now consider the critical window corresponding to percolation. The goal is to
prove Theorem 3.6. Let n; and 7i; be the number of vertices of degree j before and after

EJP 22 (2017), paper 16. http://www.imstat.org/ejp/
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performing Algorithm 3 (S1) respectively. Further let

e di(di — 1
7, = Zze[n] ( i ) (7.1)
Zie[ﬁ] d;

For convenience we write r; = P(D = j). Denote by 7;;, the number of vertices that
had degree [ before and have degree j after performing Algorithm 3 (S1). Therefore,
Aji ~ Bin(ns, bi;(\/Pn)), where by; (y/pn) = (5)(y/Pn)? (1= /Pn)' 7. Using the strong law of
large numbers for triangular arrays, note that IP, almost surely, 72;; = n;by;(\/pn)+o0(n;) =
nriby; (\/Pn) + o(ny). Now, >, |ny/n — | — 0 and therefore, for all j > 2, IP, almost
surely

T _ i anzj +o(1). (7.2)

n

Also, ny = 37,c( (di — J,;) ~ Bin(¢,,1 — /pn). Therefore, using the similar arguments
as (7.2) again, I, almost surely,

n
% =E(D)(1 - /pn) +o(1), (7.3)
Ml el My ) ) (1), (7.4)
n n n
and
n ny
=1t = 1+ E(D)(1 - /pn) + o(1). (7.5)
Denote 7, = P(D D = 1) = limy, o0 7y /7. Let D,, denote the degree of a uniformly chosen

vertex from [n1], independently of the graph CMj;(d ) Thus, (7.2) and (7.5) imply that
D,, < D. The following lemma verifies the rest of the conditions for din Assumption 3.1:

Lemma 7.4. The statements below are true IP,, almost surely:
(1) Under Assumption 3.5 (i) and forr = 1,2, 3,

1 ~ 1 i~ =300
— dl = = E[D" 7.6
R SIEE 7o

(2) Under Assumption 3.5,
U =14+ An"13 4 o(n=1/3). (7.7)

Proof. We will make use of [19, Corollary 2.27]. Suppose 71, Z,, ..., Zn are independent
random variables with Z; taking values in A; and f : Hf\; 1 Ai — R satisfies the following:
If two vectors z,2’ € Hfil A; differ only in the i*" coordinate, then |f(z) — f(2')| < ¢

for some constant ¢;. Then, for any ¢ > 0, the random variable X = f(Z,Z,...,Zn)
satisfies
t2
IP(X—]EX >t)§2<exp(—7). (7.8)

Now let I;; denote the indicator of the jt" half-edge corresponding to vertex i to be kept
after Algorithm 3 (S1). Then I;; ~ Ber(,/p,) independently for j € [d;], i € [n]. Let

I:=(;j) e icr and fi(1):= Y di(d; —1). (7.9)
1€[n]
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Note that fi(I) = > ;5 d;(d; — 1) since the degree one vertices do not contribute to
the sum. One can check that, by changing the status of one half-edge corresponding to
vertex k, we can change fi(-) by at most 2(dy + 1). Therefore, (7.8) yields

P, (

By setting ¢t = n'/?*¢ for some suitably small ¢ > 0, using the finite third moment
conditions and the Borel-Cantelli lemma we conclude that IP,, almost surely,

t2

Jdi(d; + 1)2)'

(7.10)

i€[n]

Ji(Ji—l n dd—l) >t) <2 (
'Lez:[n] - Z ’ ) P 821’6[71

> di(di —1) =pn Y _ di(d; — 1) + O(n'/?*), (7.11)
i i€[n]
and in particular,
S di(di—1) =Y di(di —1) =pn > di(d; — 1) + o(n*/?). (7.12)
i€[n] i€[n] i€[n]

Similarly, take f2(I) =3 ;1 d;(d; — 1)(d; — 2) and note that changing the status of one
bond changes f(+) by at most [2(dy, + 1)]2. Thus, (7.8) gives

Pp(‘fz(I) —pi/? Z di(d; —1)(d; — 2)‘ > t)

i€[n]

t2
<9 -
S 2€xp < 32 Zie[n] di(di + 1)4) (7.13)

t2
< —
< exp ( 32dmax (dmax + 1) 2 e (di + 1)3>,

which implies that, IP,, almost surely,

> di(d; — 1)(d; - 2) Zd di = 1)(d; —2) = p}/* > di(d; — 1)(d; — 2) + o(n), (7.14)

i€[n) i€[n]

since d2 . Picm(di + 1)? = o(n®/3). Now, to prove Lemma 7.4 (1), note that the case

r = 1 follows by 51mply observing that Zlen = > ic[n di- The cases r = 2, 3 follow from
(7.12) and (7.14). Finally, to see Lemma 7.4 (2), note that

Vi dildi =1)  pn Eicy di(di — 1) + 0(n??)

- . -
_d; icinl di
Zzzemd L 2uieln) (7.15)
_ Pn 2iigpp) %il%i — ~1/3 A ~1/3
B Zie[n] d; ol J=1+ nl/3 Toln )
by (7.12) and this completes the proof of Lemma 7.4. O

We will denote by C(n, the ;' largest component of CM; (d ) To conclude Theorem 3.6
we also need to estimate the number of deleted vertices from each component. Recall
from Remark 7.1 that CM,,(d, p,(A)) can be obtained from CM;(d ) by deleting relevant
number of degree one vertices uniformly at random. Let vl(Cm) be the number of
degree one vertices of C,,, that are deleted while creating CM,, (d, p,())) from CM;(d).
Since the vertices are to be chosen uniformly from all degree one vertices, the number of
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vertices to be deleted from C~<_j) is asymptotically the total number of degree one vertices
in C;, times the proportion of degree one vertices to be deleted. Therefore,

- n - n n1 - .
v{(Cy,)) = ivl(Cm) +0p(n?/?) = immuﬂ +0p (n*/?)
ne - E[D)(1-5,) | (7.16)
= ﬁ’C(j)| + 0]}’(”2/3) = W‘Cu)’ + 0]p(n2/3)

(1 - \/an) ’C?j)| +op (n2/3)7
where the third equality follows from (6.4). The proof of Theorem 3.6 is now complete
by using the Ef convergence in Lemma 6.2, (7.16) and Remark 7.3.

8 Joint convergence at multiple locations in the critical window

We will prove Theorem 3.7 in this section. In Section 8.1, we give a construction
of the joint distribution of the percolated graphs for different percolation parameters
that are coupled in a way described in Theorem 3.7. In Section 8.2, we compare the
process of percolated graphs with a different graph process that turns out to be easier
to work with. As discussed in Remark 3.8, let the mass of a component be the number
of open half-edges (re-scaled by n?/%). The alternatively constructed graph process
can be modified in such a way that the vector of masses evolves according to an exact
multiplicative coalescent as discussed in Section 8.3. Thus the joint convergence result
at multiple locations of the scaling window can be deduced for the modified process
using the Feller property of the multiplicative coalescent. Further, the modified process
remains close to the dynamic construction. In Section 8.4, the vector of masses are
shown to be asymptotically proportional to the component sizes and we combine all the
above observations in Section 8.5 to complete the proof of Theorem 3.7.

8.1 Construction of the percolated graph process

We start by explaining a way to construct the graph process (CM,,(d, pn())))ae[r, 2+
for any —oo < A\, < \* < oco. Fix any p; < p2 < -+ < py, and consider (CM,,(d, p;))ie[m]-
Recall that each edge e of CM,,(d) has an independent uniform [0, 1] random variable U,
associated to it and CM,,(d, p;) is obtained from CM,(d) by keeping only those edges e
with U, < p;. This couples the graphs (CM,,(d, p;))ic[m). Moreover, under this coupling,
CM,,(d, p;) is distributed as the graph obtained from edge percolation on CM,,(d, p;+1)
with probability p;/p;+1 for all i« < m. The following two lemmas are modifications of [15,
Lemmas 3.1, 3.2] that lead to the construction Algorithm 4 below. For a graph G, let
E(G) denote the set of edges of G. For a sub-graph G of CM,,(d), let H(G) denote the
set of half-edges that are part of some edge in G and H = H(CM,(d)).

Lemma 8.1. For k; < --- < k,,,, conditionally on {|E(CM,(d,p;))| = ki : i < m},
the half-edges in CM,,(d,p;) can be generated sequentially as follows: Let kg = 0,
H(CM,,(d,po)) = @. For each i < m, declare H(CM,,(d,p;)) = H(CM,,(d,p;—1)) U H,;,
where H; is uniformly chosen among all the subsets of size 2k; — 2k;_1 of H \ U;<;H,;.
Lemma 8.2. Let di(i,i + 1) be the number of half-edges attached to vertex k in the
graph CM,(d,p;+1) that are not in CM,,(d,p;). For any i > 1, conditionally on the
event {d(j,j+1) =do(j,j+1):j <m} and H(CM,,(d,p;—1)), the perfect matching of
H(CM,(d,p;)) \ H(CM,(d,p;—1)) constituting the edges E(CM,(d,p;) \ CM,,(d, pi—1)) is
a uniform perfect matching, where we have assumed that p, = 0.

Algorithm 4. Let (U;);>; be a finite collection of i.i.d uniform [0, 1] random variables.
Construct a collection of graphs (G, (\)) er using the following two steps:

(S0) Construct the process E,, = (E,(\))xcr, where E,(\) = #{i : U; < p,(N)}.
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(S1) Initially, G,,(—0) is a graph only consisting of isolated vertices with no paired
half-edges. At each time point A where E,()\) has a jump, choose two unpaired
half-edges uniformly at random and pair them. The graph G, ()\) is obtained by
adding this edge to G,,(A—).

Algorithm 4 (S0) can be regarded as the birth of edges and Algorithm 4 (S1) ensures
that the edges of the graph G,,()\) are obtained from a uniform perfect matching of the
corresponding half-edges. Using Lemmas 8.1 and 8.2, the graph processes (G,,(A\))xer
and (CM,(d, pn(N)))rer have the same finite-dimensional distributions. Therefore, for
each fixed n, it follows that (G,,(\))rer and (CM,,(d, p,(N)))rcr have the exact same
distribution. We complete this section by adding proofs of Lemmas 8.1, and 8.2 which
are in the same spirit as the arguments of [15, Lemmas 3.1, 3.2].

Proof of Lemma 8.1. Assume that k = 2 for the sake of simplicity. Observe that the total
number of perfect matchings of 2k objects is given by 2k!/(k!2¥) = (2k — 1)!!. Let Hy, H>
be two disjoint subsets of H with |H;| = 2ky, |Ha| = 2ks — 2k;. Let & denote the event
that a uniform perfect matching of all the half-edges contains also perfect matchings of
the half-edges in H; and H,. Then,

(2, — 1)1(2ky — 2k — D)L, — 2k — D!

P(&)= (6, — )

(8.1)
Also, for percolation on any (random) graph, conditional on the set of edges of the graph
and the fact that k£ edges have been retained by percolation, the choice of the retained

edges is uniformly distributed among all subsets of size k of the set of edges. Let &
denote the event that |H(CM,,(d, p1))| = 2k1, and |H(CM,,(d, p2))| = 2ks. It follows that

1

P (H(CM,(d,p2)) = HHUHy | £1,&) = ‘(gn/g)’
k2

(8.2)

and

P (H(CM,(d,p1)) = Hy | 1,2, H(CM,,(d,p2)) = Hi U Hy) = (8.3)

1
(i)

Thus, conditional on &, the probability that #(CM,(d,p1)) = H; and H(CM,(d,p2)) \
H(CM,,(d,p1)) = H is given by

(2k1 — DN(2ke — 2k — DNy, — 2ky — D)!! 1 B 1 (8.4)
_ Lo k2\ (o[ ln—2k1 )’ .
(n — N ( k£2) (k?) (21@1)(2@721:1)
which does not depend on H; or Hs, and the proof follows. O

Proof of Lemma 8.2. Fix two disjoint subsets H;, Hy of H such that |H| = 2k, |Hz| =
2ko—2k1. As in the proof of Lemma 8.1, let & denote the event that |H(CM,(d, p1))| = 2k1,
and |H(CM,,(d,p2))| = 2k2. An identical argument as the proof of (8.4) now gives, condi-
tionally on &, the probability that % (CM,,(d, p1)) = H1, H(CM,,(d, p2)) \H(CM,,(d, p1)) =
H,, and given perfect matchings on H(CM,,(d, p1)), H(CM,,(d, p2)) \ H(CM,,(d, p;)) have
been observed, is given by

1 by, — 2ky — D!
(2,,,/2) (kz) (b, — DIt (8.5)

ko k1

Let D(H) denote the degree sequence induced by the set of half-edges H, and S denote
the collection of disjoint pairs (Hy, Hz2) such that |H;| = 2ky, |Hz| = 2ke — 2k, D(Hy) =
dy(0,1), and D(Hs) = dy(1,2). Then, conditionally on &, the probability that d(0,1) =
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dp(0,1), d(1,2) = dy(1,2), and given particular perfect matchings have been observed
on H(CMy,(d,p1)) and H(CM,(d,p2)) \ H(CMn(d, p1)), is

5 1 (b — 2Ky — 1N S| (6n — 2ky — 1)1

- ~ (8.6)
(Hy1,Hz)€S (/32 (=D (/3 (k=) (o — DN

Moreover, by Lemma 8.1, the probability that d(0,1) = dy(0,1), d(1,2) = dy(1,2), condi-
tionally on &, is given by
5|
O\ (ln—2k1 "
(a5 2ty —2r)

Now, (8.6) and (8.7) together yield that the probability that two particular perfect match-
ings are observed on H(CM,,(d,p1)) and H(CM,,(d, p2)) \ H(CM,,(d, p1)), conditional on
d(0,1) = dy(0,1), d(1,2) = dy(1,2) is given by

(8.7)

1 (b, —2kos — D) (4, bn —2k1\ 1 8.8)
(fn/Q) (kz) (¢, — ! 2k ) \2ko —2k1 ) (2ky — 1)(2kg — 2k — 1)V '
kg kl
and the proof is complete. O

8.2 The dynamic construction

Let us now describe a dynamic construction of CM,,(d) that turns out to be easier to
work with. This dynamic construction was introduced in [5] to study the metric-space
limits of the large components of the percolated configuration model. It will be shown
that the graphs generated by this dynamic construction at a suitable range of time
approximates the process (CM,,(d, p,(A\)))rer-

Algorithm 5. At time ¢ = 0, assume that there are d; open half-edges associated with
vertex 4, for all 7 € [n]. Associate i.i.d unit rate exponential clocks to each of the open
half-edges. Each time an exponential clock rings, the corresponding half-edge selects
another open half-edge uniformly at random and gets paired to it. The two paired
half-edges are declared to be closed and the associated exponential clocks are removed.
The process continues until the open half-edges are exhausted.

Let G, (t) denote the graph generated upto time ¢. Notice that G, (co) is distributed
as CM,,(d) since each half-edge chooses to pair with another uniformly chosen open half-
edge. Denote the total number of open-half-edges remaining at time ¢ while implementing
Algorithm 5 by s;(t). The graph process, given by Algorithm 5, can also be constructed
as follows:

Algorithm 6. Let =,, be an inhomogeneous Poisson process with rate s;(¢) at time ¢. Let
e1 < ey < ... be the event times of =,,.

(S1) At each event time, choose two unpaired half-edges uniformly at random and pair
them. The graph G, (t) is obtained by adding this edge to G, (t—).

Notice the similarity between Algorithm 4 (S1) and Algorithm 6 (S1). Now, the idea
is to compare the number of half-edges that have been paired by Algorithms 4 and 6.
For that, we need the following lemma that describes the evolution of the count of the
total number of open half-edges in Algorithm 6:

Lemma 8.3 ([5, Lemma 8.2]). Let s1(t) denote the total number of open half-edges at
time t. Suppose that Assumption 3.5 holds. Then, for any T' > 0 and some 1/3 < v < 1/2,

sup isl(t) —e 2| = op(n77). (8.9)
t<1 1 lp,
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Notice that the proof of [5, Lemma 8.2] is stated only under some more stringent
assumptions, however the identical argument can be carried out under Assumption 3.5.
The next proposition ensures that the graphs generated by percolation in Algorithm 4
and the dynamic construction in Algorithm 5 are uniformly close in the critical window.
Define

1 Vp, 1 A
th(A) ==1 . 8.10
() QOg(Un_1)+2(Vn_1)nl/3 (8.10)
Proposition 8.4. Fix —co < A\, < A\* < co. There exists a coupling such that with high
probability
Gn(tn(A) —en) C CM,(d, prn(N) C Gn(tn(A) +en), YA € [As, XY (8.11)

where ¢, = ¢cn™", for some 1/3 < 79 < 1/2 and the constant ¢ does not depend on \.

Proof. Notice the similarity between Algorithm 4 (S1) and Algorithm 6 (S1). Let #E(G)
denote the number of edges in a graph GG. Suppose that we can show, as n — oo,

P (#E(Gn(tn (V) — £0)) < #E(CM,(d, pa(N))) < #EGn(ta(N) +20)), YA € A M) — 1.

(8.12)
On the event {#E(CM,,(d,pn(A))) < #E(Gn(tn(X) 4+ €n)), VA € [As, A*]}, the choice of
the uniform pair of half-edges at the k' pairing in Algorithm 4 (S1) can be taken to
be exactly same as the k" pairing in Algorithm 6 (S1). Under the above coupling
CM,,(d,pn(A)) C Gn(tn(As) + €n). Moreover, since #E(CM,,(d,p,(N))) is dominated
by #E(Gp (tn(A\) + €5,)), uniformly over A € [, A*], the above coupling also yields that
CM,,(d,prn(N) C Gpn(tn(A) +&p) for all A € [\, A*]. Further, on the event {#E(G,, (t,(\) —
en)) < #E(CM,(d,pn(N))), YA € [A, A*]}, under the same coupling, G, (t,(A) —¢e,) C
CM,,(d,pr(N)) for all A € [As, \*]. Thus, it remains to show (8.12). An application of
Lemma 8.3 along with (8.10) yields, for some 1/3 < vy < v < 1/2, with high probability,

b Mu mea(m D]
Y < Y 1. ]
QVn 21/nn1/3 T Uy, ) ‘ =N ) )\ S [)\*7 )\ ] (8 13)

#5000 -
Notice that the total number of half-edges in CM,,(d, p,(\)) follows a binomial distribu-

tion with parameters ¢,,/2 and p, (\). Thus, with high probability,

L
v, 2u,nl/3

'#E(CMn(dmn(A))) - ( )‘ <ntTY X e A A (8.14)

The fact that the error can be chosen to be uniform over A € [A,, A*] follows from the
DKW inequality [23]. Thus, (8.13) and (8.14) together show that, with high probability,

HE(CM,, (d, pr(\))) < #E(Gn(ta(X) + 1)), YA € [Ar, M. (8.15)
The other part follow similarly and the proof is now complete. O

Remark 8.5. Notice that the proof of Proposition 8.4 can be directly modified to show
that there exists a coupling such that, with high probability,

CM,,(d, pn(A) — ) C Gn(tn(X)) C CM,(d,pn(A) +€1), VA € [As, A (8.16)

where ¢, = en™ 7, for some 1/3 < 79 < 1/2 and the constant ¢ does not depend on .
Therefore, the scaling limits of different functionals like re-scaled component-sizes,
surplus edges for G, (t,()\)) and CM,,(d, p,(A)) are the same.
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8.3 The modified process

From here onward, we often augment ) to a predefined notation to emphasize the
dependence on \. We write C,()\) for the i*" largest component of G,, (¢, ()\)) and define

O;()\) = # open half-edges in C;,()). (8.17)

Think of O;()\) as the mass of the component C,,(\). Let C,(\) = (n~2/3|C,,(\)|)i>1,
and 0,(\) = (n72/30;(\))i>1. Let £2(\) = > ,»,0i()\). By Lemma 8.3 and (8.10),
?°(\) =~ nu(v — 1)/v. Now, observe that, during the evolution of the graph process
generated by Algorithm 5, between time [t,,(\),t,, (A + d))], the i** and j** (i > j) largest
components, merge at rate

1 1 1%

- 1)2(

QOl(A)O](A) X K%()\) -1 X 2(V7L _ 1)n1/3 ~

n=230;(\) (n"*30;())), (8.18)

and creates a component with open half-edges O;(\) + O;(\) — 2. Thus (O,,(\))rer does
not evolve as a multiplicative coalescent, but it is close. The fact that two half-edges are
killed after pairing, makes the masses (the number of open half-edges) of the components
and the system to deplete. If there were no such depletion of mass, then the vector of
open half-edges would in fact merge as multiplicative coalescent. Let us formalize this
idea below:

Algorithm 7. Initialize G, (¢, (\.)) = Gn(t.(\.)). Let O denote the set of open half-edges
in the graph G, (t,()\:)), 51 = |O| and =,, denote a Poisson process with rate 3;. At each
event time of the Poisson process =, select two half-edges from O and create an edge
between the corresponding vertices. However, the selected half-edges are kept alive, so
that they can be selected again.

Remark 8.6. The only difference between Algorithm 6 and Algorithm 7, is that the paired
half-edges are not discarded and thus more edges are created by Algorithm 7. Thus,
there is a natural coupling between the graphs generated by Algorithms 6 and 7 such
that G, (t,(\)) C Gn(tn(N)) for all A € [\, A\*], with probability one. In the subsequent
part of this section, we always work under this coupling. The extra edges that are
created by Algorithm 7 will be called bad edges.

Remark 8.7. In the subsequent part of this paper, we shall augment a predefined
notation with a bar to denote the corresponding quantity for G,(¢,()\)). Denote 3, =
(51(vn — 1)n'/3)1/2 and O/, ()\) denote the vector ord((3; ' O;()\))i>1). By the description
in Algorithm 7, (O}, (\))a>x, evolves as a standard multiplicative coalescent. Further,
note that there exists a constant ¢ > 0 such that 3,, = cn?/3(1 + 0, (1)) which enables us

to deduce the scaling limit results for (O,,(A))a>a, from (O}, (A))x>x, -

Multiplicative coalescent with mass and weight

The Feller property of the multiplicative coalescent [2, Proposition 5] ensures the joint
convergence of the number of open half-edges in each component of G, (¢,())) at multiple
values of A\ as we shall see below. To deduce the scaling limits involving the components
sizes let us consider a dynamic process that is further augmented by a certain weight.
Initially, the system consists of particles (possibly infinitely many) where particle i has
mass x;, and weight z;. Let (X;(¢), Z;(t));>1 denote the vector of masses, and weights at
time ¢t. The dynamics of the system is described as follows:

At time ¢, particles ¢ and j coalesce at rate X;(¢)X;(t) and create a particle with
mass X;(t) + X;(t), and weight Z,(t) + Z;(¢).

Denote by MCs(x, z, t) the vector (X;(t), Z;(t));>1 with initial mass x, and weight z. We
shall need the following theorem:
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Theorem 8.8. Suppose that (x,,,2,) — (x,x) in (¢(2)2. Then, for any t > 0

MCa(xyp, Zn, t) £, MCa(x,x,t). (8.19)

Proof. For x,, = (27");>1 and z,, = (2");>1, let w;i = ord(a? Vv zI*), w,, = ord(z} A 2["),
where ord denotes the decreasing ordering of the elements. Notice that w;™ — x, and
w, — Xxin €f. Using the Feller property of the multiplicative coalescent [2, Proposition

5], it follows that

MCo(wh, w,, ) 5 MCy(x,%x,¢), and MCy(w,,w,,t) = MCa(x,x,1), (8.20)

with respect to the (¢3)? topology. Suppose that MC,(w;}, w;',t) and MCsy(w,,, w,, ,t) are
coupled through the subgraph coupling (see [2, Page 838]). For (x,z) € (£2)2, denote
1(%,2)[l22 = (Xj51 27)'/? 4+ (3,51 27)"/2. Under the subgraph coupling, (8.20) yields

IMCa(wit, wit, B)]|2, — [IMCa(w,, w;y , )][%, 25 0. (8.21)

n’

Moreover,
IMCa(w,, , w,, ,1)[12, < [IMCa(xn, 2n, t)[[3, < [[MCa(w;F, Wi, 1)|12,. (8.22)
Hence, using [2, Corollary 18 (a)], under the subgraph coupling,

IMCa (Wi, Wi, 1) = MCa(xn, 2, 1|2, < [MCa(wyh, wit, )12, = [MCa (i, 25, 1) |2, = 0,
(8.23)
and the proof follows. O

8.4 Asymptotics for the open half-edges

In this section, we show that the open half-edges in the components of G, (t,(\))
are approximately proportional to the component sizes. This will enable us to apply
Theorem 8.8 for deducing the scaling limits of the required quantities for the graph

Gn(tn(N)-

Lemma 8.9. There exists a constant x > 0 such that, forany A ¢ R andi > 1,

Oi(A) = £[Ciy (A)| + 0p (bn)- (8.24)

Further; (O,,()))n>1 is tight in €7 and consequently n=*/3 3, (0;(A) — K[|C(, (N)])? 2.

Proof. Let (d})xe[n denote the degree sequence of CM,,(d, p,(A)) and define

O'(N) = Y (di—di)= Y du—2(ICHMN|~1+SP(CEA) (8.25)

KT, (N) KEEL,) (N)

Using Remark 8.5 and the fact that the surplus edges in the large components is tight,
it is enough to prove the lemma by replacing O;(\) by O} ()) and C,,(\) by Cf)()). For
a component C of CM;, (d ) the corresponding component C? in the percolated graph
is obtained by cleaning up R(C ) red degree-one vertices, see Algorithm 3. Thus, the
number of open half-edges in C?is given by

Z dy — Z di + R(C (8.26)
keénn] keén[n)

Now, all the three terms appearing in the right hand side of (8.26) can be estimated
using Lemma 5.2. Indeed, we can consider weights w;; = d;, w;2 = d;, and w;3 = the
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number of red neighbors of vertex ¢ in CMj(d). The conditions in (5.7) are satisfied by
Lemma 7.4, and observing that

max{max w;, max w;z, Max w;3} < dmax = o(nl/?’). (8.27)
1 K2 K3

Note that, using an argument identical to Lemma 7.4, (1/n) 3¢ wixd; converges P,
almost surely, for all £ = 1,2, 3. Now, (8.24) is a consequence of Lemma 5.12. Denote

Di = Z dk, Di = Z Jk, Dn = OI‘d((Di)i21), and f)n = Ord((bi)i21).
k€€1N[n) k€% yN[n]

(8.28)
Using (5.55), (D,,),>1 is tight in 2. Further w;3 < d; for all i. Thus, for the ¢? tightness
of (0,,(\))n>1, it is enough to show the ¢? tightness of (D,,),,>1. Denote the conditional
probability, conditioned on the uniform perfect matching in Algorithm 3 (S2), by 115()
Notice that, since Algorithm 3 (S1), and (S2) are carried out independently, Di ~
Bin(D;, \/pn) under P. Using standard concentration inequalities [19, (2.9)], it follows
that

P(D; < Diy/pa(1 — /b)) < 2070013, (8.29)

and thus for 7 = {k : Dy > n°}, the union bound yields
P(JieI:D;>aD;)— 0, (8.30)

for some constant a > 0. Let &,, denote the corresponding event in (8.30). Thus, for any
n >0,

IP(n—4/3 Z Di > 77) < P(n—4/3 Z D? > Z) +P(&,) — 0, (8.31)

k>K,keT k>K

if we first take first take limit as n — oo, and then K — oo, and use the Ef tightness of
(Dy)n>1. Further, 3, .7 Di < n'*2¢ = o(n*/?), if ¢ < 1/6. This completes the proof of the
2 tightness of (D,,),,>1 and consequently that of (O, (A))n>1. O

8.5 Proof of Theorem 3.7

We will consider the case k£ = 2 only, since the case for general k£ can be proved
inductively. Fix —oo < A\g < A1 < oo. Suppose that the modified Algorithm 7 starts at time
A« = Ag. By Lemma 8.9 and Theorem 3.6, (O,,(A\g), kC,(A\o)) converges in distribution to
nﬁ(f?’\oﬁ/\o). Now, from Remark 8.7, an application of Theorem 8.8 gives

(Cu(M0), Cu(M1)) S V(3 37). (8.32)

The fact that the limiting distribution corresponding to C, ()\;) is equal to v/z4™ follows
from the Feller property of multiplicative coalescent, [3, Theorem 2], and Theorem 8.8.
Forx,y € /2, denote x < y if x is the vector in decreasing order of elements {yij 4,5 > 1}
such that > i Yii S Vi for all : > 1. Thus if y is obtained by coalescing elements of x, then
x = y. Under the coupling in Remark 8.6, it follows that C, ()\) < C,,(\) almost surely,
for each A > ). Using [2, Corollary 18 (a)], it follows that

ICn (M) = Ca(MIE < [ICa(MIE — ICh (M2, (8.33)
where || - ||, denote the /2-norm. The final ingredient is the following straightforward
lemma:
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Lemma 8.10. Suppose X,,, Y,, are non-negative random variables such that X, <Y,
a.s. and X, £> X, Y, £> X. Then,

Y, — X, 0. (8.34)

Proof. Note that ((X,,,Y,,))n>1 is tight in R?. Thus, for any (n});>; there exists a subse-
quence (n;);>1 C (n})i>1 such that (X,,,Y,,) = (Z1, Z;). Using the marginal distribu-
tional limits we get Z; = X, Z» = X. Also the joint distribution of (Z1, Z5) is concentrated
on the line y =  in the xy plane. Thus, (X,,,Y,,) = (X, X). This limiting distribution
does not depend on the subsequence (n;);>1. Thus the tightness of ((X,,Y,)),>1 implies
(X, Y,) = (X, X). The proof is now complete. O

Now, observe that ||C,(\1)[|? < [|Cn(M1)]|? and ||C,(\1)]|2, and ||C,(A\1)|? have the
same distributional limit by Theorem 3.3, and (8.32). Thus, Lemma 8.10 implies that
1CL(A)]12 = [|Cn(A)]2 2 0, and (8.32), (8.33) yield

(Cr(X0), Cu(M1)) S VU(F,3M). (8.35)

Finally, the proof of Theorem 3.7 is complete by applying Proposition 8.4. O
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