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THE VACANT SET OF TWO-DIMENSIONAL CRITICAL RANDOM
INTERLACEMENT IS INFINITE!

BY FRANCIS COMETS AND SERGUEI POPOV
Université Paris Diderot and University of Campinas

For the model of two-dimensional random interlacements in the critical
regime (i.e., « = 1), we prove that the vacant set is a.s. infinite, thus solving
an open problem from [Commun. Math. Phys. 343 (2016) 129-164]. Also, we
prove that the entrance measure of simple random walk on annular domains
has certain regularity properties; this result is useful when dealing with soft
local times for excursion processes.

1. Introduction and results. The model of random interlacements, recently
introduced by Sznitman [14], has proved its usefulness for studying fine properties
of traces left by simple random walks on graphs. The “classical” random interlace-
ments is a Poissonian soup of (transient) simple random walks’ trajectories in 74,
d > 3; we refer to recent books [4, 10]. Then the model of two-dimensional ran-
dom interlacements was introduced in [7]. Observe that, in two dimensions, even
a single trajectory of a simple random walk is space-filling. Therefore, to define
the process in a meaningful way, one uses the SRW’s trajectories conditioned on
never hitting the origin; see the details below. We observe also that the use of con-
ditioned trajectories to build the interlacements goes back to Sznitman [15]; see the
definition of “tilted random interlacements” there. Then it is known (Theorem 2.6
of [7]) that, for a random walk on a large torus conditioned on not hitting the ori-
gin up to some time proportional to the mean cover time, the law of the vacant set
around the origin is close to that of random interlacements at the corresponding
level. This means that, similar to the higher-dimensional case, two-dimensional
random interlacements have strong connections to random walks on discrete tori.

Now, let us recall the formal construction of (discrete) two-dimensional random
interlacements.

In the following, | - || denotes the Euclidean norm in R? or Z2, and B(x,r) =
{y:|lx — y|| <r} is the (closed) ball of radius r centered in x. We write f(n) =
O(g(n)) as n — oo when, for some constant M > 0, | f(n)] < M|g(n)| for all
large enough n; f(n) = o(g(n)) means that lim,_, Lo _ o, Also, we write

g(n) —
f(n) ~ g(n) when lim,_, g((—Z; = 1. In fact, the same symbol is also used for
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neighboring sites: for x, y € Z¢ we write x ~ y if ||x — y|| = 1, that is, x and y
are neighbors. Hopefully, this creates no confusion since the meaning of “~” will
always be clear from the context.

Let (S, n > 0) be two-dimensional simple random walk. Write [P, for the law
of the walk started from x and [E, for the corresponding expectation. Let

(1) 79(A) = inf{k > 0: S, € A},
2) 71(A) =inf{k > 1: 5, € A}

be the entrance and the hitting time of the set A by simple random walk S (we use
the convention inf @ = +o00). Define the potential kernel a by

o
3) a(x) = (Po[Sk = 0] — P[S =0]).

k=0
It can be shown that the above series indeed converges and we have a(0) = 0,
a(x) > 0forx #0,and

2 2y +1n8 _
4) a(x) = - In [|x]| + Y + O(|Ix[I72)

as x — 00, where y =0.5772156. .. is the Euler—Mascheroni constant; cf. Theo-
rem 4.4.4 of [11]. Also, the function a is harmonic outside the origin, that is,

1
5 - = for all 0.
(5 1 ZN a(y) =a(x) or all x #
Viy~x

Observe that (5) implies that a(Sgaz,(0)) is @ martingale.

The harmonic measure of a finite A C Z? is the entrance law “starting at infin-
ity,”?
©6) hmy(x) = lim Py[S;a) =x]

yll—o00

(see, e.g., Proposition 6.6.1 of [11] for the proof of the existence of the above
limit). For a finite set A containing the origin, we define its capacity by

) cap(A) = Y a(x)hmy(x);
x€eA
in particular, cap({0}) = 0 since a(0) = 0. For a set not containing the origin, its
capacity is defined as the capacity of a translate of this set that does contain the
origin. Indeed, it can be shown that the capacity does not depend on the choice of
the translation. Some alternative definitions are available; cf. Section 6.6 of [11].
Next, we define another random walk (S, n > 0) on Z2 \ {0} in the following

way: the transition probability from x £ 0 to y equals 4‘;(({3) for all x ~ y. Note

20Observe that the harmonic measure can be defined in almost the same way in higher dimensions,
one only has to condition that A is eventually hit; cf. Proposition 6.5.4 of [11].
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that (5) implies that the random walk S is indeed well defined, and, clearly, it is an
irreducible Markov chain on Z2 \ {0}. It can be easily checked that it is reversible
with the reversible measure a2(-), and transient (for a quick proof of transience,
just verify that 1 Ja(S) is a martingale outside the origin and its four neighbors,
and use, e.g., Theorem 2.5.8 of [12]).

For a finite A C Z2, define the equilibrium measure with respect to the walk S:

ea(x) =1{x € A)P,[Si ¢ A for all k > 1]a*(x),

and the harmonic measure (again, with respect to the walk S):

-1
hmy (x) I?A(x)(z ?A(y)) :
yeA
Also, note that (13) and (15) of [7] imply that €4 (x) = a(x) hmy4 (x) in the case
0 € A, that is, the harmonic measure for S is the usual harmonic measure biased
by a(-). Now, we use the general construction of random interlacements on a tran-
sient weighted graph introduced in [16]. In the following few lines, we briefly
summarize this construction. Let WV be the space of all doubly infinite nearest-
neighbor transient trajectories in 72,

W = {0 = (ei)kez : 0k ~ Ok+1 for all k;
the set {m : 0,, = y} is finite for all y € Z?}.

We say that o and o’ are equivalent if they coincide after a time shift, that is,
0 ~ ¢’ when there exists k such that ¢, +x = o), for all m. Then let W* =W/ ~
be the space of trajectories modulo time shift, and define x* to be the canonical
projection from W to W*. For a finite A C Z?, let W, be the set of trajectories
in )V that intersect A, and we write YV} for the image of V4 under x*. One then
constructs the random interlacements as Poisson point process on W* x Rt with
the intensity measure v ® du, where v is described in the following way. It is the
unique sigma-finite measure on the cylindrical sigma-field of YW* such that, for
every finite A,

Lyt -v=x"0Qua,
where the finite measure Q 4 on Wy is determined by the following equality:
Qal(ei)i=1 € F,00=x, (0-1)k=1 € G]
=2a(x)P,[S e FIP,[S € G | 71 (A) = 00].
The existence and uniqueness of v was shown in Theorem 2.1 of [16].
DEFINITION 1.1. For a configuration ), 8wt uz) of the above Poisson pro-

cess, the process of two-dimensional random interlacements at level o [which will
be referred to as RI(«)] is defined as the set of trajectories with label less than or
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equal to 7w, that is,

Z 5“);’

Auy<ma

As mentioned in [7], in the above definition it is convenient to pick the points
with the u-coordinate at most w« (instead of just «, as in the “classical” random
interlacements model), since the formulas become generally cleaner.

It can be shown (see Section 2.1 of [7], in particular, Proposition 2.2 there) that
the law of the vacant set V* (i.e., the set of all sites not touched by the trajectories)
of the two-dimensional random interlacements can be uniquely characterized by
the following equality:

(8) P[A CV*]=exp(—macap(A)), forall A C Z?* such that 0 € A.

It is important to have in mind the following “constructive” description of the
trace of RI(«) on a finite set A C Z? such that 0 € A. Namely:

e take a Poisson(ma cap(A)) number of particles; e

e place these particles on the boundary of A independently, with distribution hma;

e let the particles perform independent S-random walks (since S is transient, each
walk only leaves a finite trace on A).

In particular, note that (8) is a direct consequence of this description.
Some other basic properties of two-dimensional random interlacements are con-
tained in Theorems 2.3 and 2.5 of [7]. In particular, the following facts are known:

1. The conditional translation invariance: for all « > 0, x € Z? \ {0}, A C 72,
and any lattice isometry 1 exchanging 0 and x, we have

C)) P[A C V¥ |x € V] =P[M(A) C V¥ | x € V¥].
2. The probability that a given site is vacant is
(10) Plx e V] = exp(—m?) = Ellx ]|~ (1+ O(lIx1 7))

[also, note that (4) yields an explicit expression for the constant ¢ in (10)].
3. Clearly, (10) implies that, as r — oo,

2—a

const X r<~ for o < 2,
(11) E(|[V* NB(r)|) ~ { const x Inr fora =2,
const for o > 2.
4. For A such that O € A it holds that
) T
(12) xli)rrolo]P’[A CV* | xeV¥]= exp(—T cap(A)).

Informally speaking, if we condition that a very distant site is vacant, this decreases
the level of the interlacements around the origin by factor 4. A brief heuristic
explanation of this fact is given after (35)—(36) of [7].
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5. The relation (11) means that there is a phase transition for the expected size
of the vacant set at « = 2. However, the phase transition for the size itself occurs
at « = 1. Namely, for « > 1 it holds that V* is finite a.s., and for @ € (0, 1) we
have |[V¥| = o0 a.s.

The main contribution of this paper is the following result: the vacant set is a.s.
infinite in the critical case o = 1.

THEOREM 1.2. It holds that |V!| = 00 a.s.

The above result may seem somewhat surprising, for the following reason. As
shown in [7], the case & = 1 corresponds to the leading term in the expression for
the cover time of the two-dimensional torus. It is known (cf. [3, 9]), however, that
the cover time has a negative second-order correction, which could be an evidence
in favor of finiteness of V! (informally, the “real” all-covering regime should be
“just below” @ = 1). On the other hand, it turns out that local fluctuations of ex-
cursion counts overcome that negative correction, thus leading to the above result.

For A C Z¢, denote by dA = {x € A : there exists y ¢ A such that x ~ y} its
internal boundary. Next, for simple random walk and a finite set A C Z9, let Hy
be the corresponding Poisson kernel: for x € A, y € A,

(13) Ha(x,y) =Py [St04) =]

[i.e., Ha(x, -) is the exit measure from A starting at x]. We need the following re-
sult, which states that, if normalized by the harmonic measure, the entrance mea-
sure to a large discrete ball is “sufficiently regular.” This fact will be an important
tool for estimating large deviation probabilities for soft local times without using
union bounds with respect to sites of d A (surely, the reader understands that some-
times union bounds are just too rough). Also, we formulate it in all dimensions
d > 2 for future reference.’

PROPOSITION 1.3. Letc > 1 and ¢ € (0, 1) be constants such that c(1 —¢) >
1 + 2¢e, and abbreviate A, = (B(cn) \ B(n)) U dB(n). Then there exist posi-
tive constants B, C (depending on c, ¢, and the dimension) such that for any
x € B(c(1 —&)n) \ B((1 4+ 2¢)n) and any y, z € 0B(n) it holds that

— B
§C<”y ZII)
n

Hya,(x,y)  Ha,(x,2)
hmg(,)(y)  hmg)(z)

(14)

for all large enough n.

3This fact is also needed at least in the paper [8].
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We conjecture that the above should be true with 8 = 1, since one can directly
check that it is indeed the case for the Brownian motion (observe that the harmonic
measure on the sphere is uniform in the continuous case and see in Chapter 10
of [2] the formulas for the Poisson kernel of the Brownian motion); howeyver, it is
unclear to us how to prove that. In any case, (14) is enough for our needs.

Next, we collect several technical facts we need in Section 2, and then prove our
main results in Section 3. Also, at the end of the paper we include a brief summary
of notation, for reader’s convenience.

2. The toolbox. We collect here some facts needed for the proof of our main
results. These facts are either directly available in the literature, or can be rapidly
deduced from known results. Unless otherwise stated, we work in Z4, d > 2.

We need first to recall some basic definitions related to simple random walks
in higher dimensions. For d > 3, let G(x,y) = E, > 22, 1{Sx = y} denote the
Green’s function (i.e., the mean number of visits to y starting from x), and ab-
breviate G(y) := G(0, y). For a finite set A C Z¢ and x, y € A\ 9 A define

11(3A)—1
Ga,)=E: Y 1Si=»)
k=0
to be the mean number of visits to y starting from x before hitting dA (since A
is finite, this definition makes sense for all dimensions). For x € A, denote the
escape probability from A by Ess(x) = P,[t1(A) = oo]. The capacity of a finite
set A C Z% is defined by

cap(A) = Y Esy(x).
xeA
As for the capacity of a d-dimensional ball, observe that Proposition 6.5.2 of [11]
implies (recall that d > 3)

d-2m"? .,

d—3
Fd/2d +0(n“™).

(15) cap(B(n)) =
We also define the harmonic measure on A by hmy(-) = CE,;;‘(% .

Next, in Section 2.1 we first collect some results for simple random walks on
annuli, namely: inside/outside exit probabilities (Lemmas 2.1 and 2.2), estimates
on Green’s functions restricted to an annulus (Lemma 2.3) and on exit measures
(Lemma 2.4); also, we study escape probabilities from the inner boundary of an
annulus to the outer one in Lemma 2.5. Then we collect some facts related to
the conditioned walk S: an expression for probability of not hitting a large ball,
distant from the origin (Lemma 2.6), a formula for the (transient) capacity of such
a ball (Lemma 2.7), and a result that states that the walks S and S are almost
indistinguishable on “distant” sets (Lemma 2.8). In Section 2.2, we first review the
method of soft local times that permits us to construct sequences of excursions of
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simple random walks and random interlacements, and then prove a result on large
deviation for soft local times (Lemma 2.9), using some machinery from the theory
of empirical processes. Next, in Lemma 2.10 we state another fact related to soft
local times, and, finally, we recall a result (Lemma 2.11) that permits us to control
the number of excursions of simple random walk on torus.

2.1. Basic estimates for the random walk on the annulus. Here, we formulate
several basic facts about simple random walks on annuli.

LEMMA 2.1. (i) Forall x € Z* and R > r > 0 such that x € B(R) \ B(r), we
have

In|x|| =Inr + O~

(16) Py [Tl (3B(R)) <7 (B(r))] = InR —1Inr

asr, R — oc.
(ii) Forall x e Z4,d > 3, and R > r > 0 such that x € B(R) \ B(r), we have

P4 — x| TP oY)
(17) Py[t1(dB(R)) < 71(B(r))] = e o ,

asr, R — oo.

PROOF. Essentially, this comes out of an application of the optional stop-
ping theorem to the martingales a (S, 0)) (in two dimensions) or G (S, (0))
(in higher dimensions). See Lemma 3.1 of [7] for the part (i). As for the part (2),
apply the same kind of argument and use the expression for the Green’s function,
for example, from Theorem 4.3.1 of [11]. [

LEMMA 2.2. Letd > 2 and let ¢ > 1 be fixed. Then for all large enough n we
have for all v € (B(cn) \ B(n)) U 0B(n)

lv| —n+1 lvl| —n+1
aO—— 2

(18) <P,[71(dB(cn)) < 11(B(n))] < ¢

with c1 » depending on c.

PROOF. This follows from Lemma 2.1 together with the observation that (16)—
(17) start working when || x| — n become larger than a constant [and, if x is
too close to B(n), we just pay a constant price to force the walk out]. See also
Lemma 8.5 of [13] (for d > 3) and Lemma 6.3.4 together with Proposition 6.4.1
of [11] (ford =2). 0O

LEMMA 2.3. Letd >2. Fixc>1andé > 0 such that 1 +6 < ¢ — 8, and ab-
breviate A, = (B(cn) \ B(n)) U 0B(n). Then there exist positive constants c3, c4
(depending only on c, § and the dimension) such that for all ujy € 74 with
(14 0)n < lurz2ll < (¢ —¥8)n and |luy — uz|| = én it holds that czn~ @72 <
Ga, Ui, uz) < can==
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PROOF. Indeed, we first notice that Proposition 4.6.2 of [11] (together with
the estimates on the Green’s function and the potential kernel, Theorems 4.3.1
of [11] and (4)) imply that G 4, (v, u2) < n=@=2 for all d > 2, where §'n — 1 <
lv—usz|| <8'n,and § < § is a small enough constant. Then, use the fact that from
any u; as above, the simple random walk comes from u; to B(uy, §'n) without
touching d A,, with uniformly positive probability. [

LEMMA 2.4. Letd > 2. Let ¢, 6, A, be as in Lemma 2.3, and assume that
(14 6)n < |x|| < (c —é)n, u € dB(n). Then, for some positive constants cs, ce
(depending only on c, 8, and the dimension) we have

c3 C6
19 —— < Hy, (x,u) < —.
(19) pd—1 = 4, )—nd—l
Observe that, since P, [11(B(n)) < t1(dB(cn))] is bounded away from 0 and 1,
the above result also holds for the harmonic measure hmg,)(-) (notice that the
harmonic measure is a linear combination of conditional entrance measures).

PROOF. This can be proved essentially in the same way as in Lemma 6.3.7
of [11]. Namely, denote B = dB(n) U dB((1 + 6)n) and use Lemma 6.3.6 of [11]
together with Lemmas 2.2 and 2.3 to write [with ¢; = ¢3(§), as in Lemma 2.2]

Hp,(x,u)= Z Ga, (z, x)Pyu[Sz,(B) =2l
z€dB((1+8)n)
<cun~ @2 Z Pu[S By =7]
z€dB((1+8)n)
C
S C4n_(d_2) X _2’
n

obtaining the upper bound in (19). The lower bound is obtained in the same way
(using the lower bound on G 4, from Lemma 2.3). [

LEMMA 2.5. Letk > 1 and x € 0B(n). Then, as n — o0,

(20)
2] (1h:12()n)fg( -1 ford =2,
P [r1(0Bk +n)) <71 (Bm)]={ = ", T w n
[ 1( ) 1( )] cap(B(n)) hmpy)(x) ford >3,

-1+ 524+ 0@
We stress that the O’s in the above expressions depend only on n, not on k.

PROOF. Consider first the case d > 3. It is enough to prove it for the case k <
n?/2, since for k > n?/2 the second term in the denominator is already O (n~').



4760 F. COMETS AND S. POPOV

Now, Proposition 6.4.2 of [11] implies that, for any x € 0B(n) and m > n

d—2
Esg(n) (x) = cap(B(n)) hmg(,) (x) =P [11(dB(m)) < 71 (B(n))](l — 0<%))
SO
21) P [r1(8B(n?)) < 71(B(n))] = cap(B(n)) hmg, (x) (1 + O (n~=2)).

On the other hand, with v being the entrance measure to dB(n + k) starting
from x and conditioned on the event {71 (0B(n + k)) < 71(B(n))}, we write, us-
ing Lemma 2.1(ii),

P, [71(8B(n?)) < 71(B(n))]
=P, [11(3B(n + k)) < 71 (B(n))]P,[71(8B(n?)) < 71(B(n))]

=P,[t1(0B(n +k)) < 7 (B(n))](l - (1 + S)(db + O(n‘1)>,

and this, together with (21), implies (20) in higher dimensions.

Now, we deal with the case d = 2. Assume first that k < n?/2. Let y be such that
n3 < |||l <n>+1; also, denote A’ = (B(rn>) \ B(n)) UdB(n). For any z € 9B(n?),
we can write using Proposition 4.6.2(b) together Lemma 2.1(i) [starting from z,
the walk reaches B(n) before B(n°) with probability 2(1 + O(n~1))]

3 2 1 2 2
(22) GA/(Z, y) = (1 + O(H_l))<1 X ;1[1]’13 + Z X ;lnl’l5 — ;1[1]’13)

1
=—(1+0m"Y)nn.
—(1+0@™))Inn
Next, Lemma 6.3.6 of [11] implies that

Hy(y,x) = Z Gz, y)IP’x[STI(aB(nz)) =z, r1(aB(n2)) < 11(B(n))]
z7€dB(n?)
(23)
=P:[t1(9B(n?)) <u1(Bm)] D Galz»n@,

z€3B(n?)

where u is the entrance measure to dB(n?) starting from x, conditioned on the
event {71(3B(n?)) < 11(B(n))}.

Then, by (31) of [7] [observe that Lemma 2.1(i) implies that, starting from y,
the walk reaches B(n) before B(n>) with probability %(1 + 0(n~1))] we have

1
(24) Ha(y, ) = - hmg (1 + on™).

So, from (22), (23) and (24) we obtain that

25) P\ [11(9B(n?)) < 71 (B(m)] = 2B (1 4 o 1y).

=Inn
g
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Let v be the entrance measure to dB(n + k) starting from x, conditioned on the
event {t1(dB(n + k)) < t1(B(n))}. Using (25), we write

P, [71(8B(n 4 k)) < 71(B(1))|Pu[r1(3B(n%)) < 71(B(n))]

— P [1(98(7) < 1 (B)]

hmg () (x) _
= B0 1+ 0(n").

;lnn

Since, by Lemma 2.1(i) we have

In(1+%+0@m™")

Inn

Pyt (aB(nz)) <11(B(n))] =

this proves (20) in the case d =2 and k < n2/2.

The case k > n? /2 is easier: just repeat (22)—(25) with k on the place of n?
(so that n® becomes &3/ and n> becomes k/?). This concludes the proof of
Lemma 2.5. [

Let us now come back to the specific case of d = 2. We need some facts regard-
ing the conditional walk S.

LEMMA 2.6. Let d =2 and assume that x ¢ B(y,r) and ||y|| > 2r > 1. We
have

Py[T1(B(y,r)) < o0]

_ @+ odyl~ @y +ak) —ax —y) + 0¢")
a()(2a(y) —a(@r) + 00"+ [ylI7'r) '

(26)

PROOF. Thisis Lemma 3.7(i) of [7]. U

LEMMA 2.7. Letd =2 and assume that || y|| > 2r > 1. We have

_ @)+ 00y~ @) + 06~
G O B )= ) —at) + 0GT + [y 17)

PROOF. Thisis Lemma 3.9(i) of [7]. [

Then we show that the walks S and S are almost indistinguishable on a “distant”
(from the origin) set. For A C 72, let FX‘) be the set of all finite nearest-neighbor
trajectories that start at x € A \ {0} and end when entering d A for the first time.

For V C FX‘), write S € V if/t\here exists k such that (Sp, ..., Sx) € V (and the
same for the conditional walk S).
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LEMMA 2.8. Assume that V C FX‘) and suppose that 0 ¢ A, and denote s =
dist(0, A), r = diam(A). Then, for x € A,

(28) P.[SeV]=P,[5 e V](l+0( ! ))
slns

PROOF. This is Lemma 3.3(ii) of [7]. [

2.2. Excursions and soft local times. Let X = (X, k > 0) be a simple random
walk on the two-dimensional torus Z2 = Z2/nZ?. In this section we will develop
some tools for dealing with excursions of two-dimensional random interlacements
and random walks on tori; in particular, one of our goals is to construct a coupling
between the set of RI’s excursions and the set of excursions of the walk X on the
torus.

First, if A C A’ are (finite) subsets of Z2 or Z,%, then the excursions between 0 A
and 0A’ are pieces of nearest-neighbor trajectories that begin on dA and end
on dA’, see Figure 1, which is, hopefully, self explanatory. We refer to Section 3.4
of [7] for formal definitions. Here and in the sequel we denote by (Z @i >1) the
(complete) excursions of the walk X between dA and dA’, and by (2 @i >1)the
RI’s excursions between dA and d A’ (dependence on n, A, A’ is not indicated in
these notation when there is no risk of confusion).

Now, assume that we want to construct the excursions of Rl(«), say, be-
tween dB(yg, n) and aB(yg, cn) for some ¢ > 1 and yg € 72. Also (let us iden-
tify the torus Zﬁ , with the square of size n; centered in the origin of 7?) we

o®

0A

o®

FIG. 1. Excursions (pictured as bold pieces of trajectories) for simple random walk on the torus
(on the left), and random interlacements (on the right). Note the walk “jumping” from right side of
the square to the left one, and from the bottom one to the top one (the torus is pictured as a square).
For random interlacements, two trajectories, Ql’z, intersect the set A; the first trajectory produces
two excursions, and the second only one.
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want to construct the excursions of the simple random walk on the torus Z2 , be-
tween dB(yp, n) and 0B(yg, cn), where n; > n + 1. It turns out that one may build
both sets of excursions simultaneously on the same probability space, in such a
way that, typically, most of the excursions are present in both sets (obviously, af-
ter a translation by yg). This is done using the soft local times method; we refer to
Section 4 of [13] for the general theory (see also Figure 1 of [13] which gives some
quick insight on what is going on), and also to Section 2 of [6]. Here, we describe
the soft local times approach in a less formal way. Assume, for definiteness, that
we want to construct the simple random walk’s excursions on Zﬁl , between 0 A
and dA’, and suppose that the starting point xo of the walk X does not belong
to A.

We first describe our approach for the case of the torus. For x ¢ A and y € 0A
let us denote

(p(x, y) = IP>x[X7:|(A) = y]-

For an excursion Z, let «(Z) be the first point of this excursion, and £(Z) be the last
one; by definition, ((Z) € dA and £(Z) € dA’. Clearly, for the random walk on the
torus, the sequence ((1(Z), £(Z))), j > 1) is a Markov chain with transition
probabilities

Piy.2). .2 = (2 ¥ )Py [ Xz 0any = 2]
Now, consider a marked Poisson point process on dA x R with rate 1. The
(independent) marks are the simple random walk trajectories started from the first
coordinate of the Poisson points (i.e., started at the corresponding site of 0 A) and

run until hitting dA’. Then (see Figure 2; observe that A and A’ need not be nec-
essarily connected, as shown on the picture):

e let &) be the a.s. unique positive number such that there is only one point of the
Poisson process on the graph of £;¢(xg, -) and nothing below;

o the mark of the chosen point is the first excursion (call it Z () that we obtain;

e then let & be the a.s. unique positive number such that the graph of & ¢(xg, -) +
&Eo((Z M)y, ) contains only one point of the Poisson process, and there is noth-
ing between this graph and the previous one;

e the mark Z® of this point is our second excursion;

e and so on.

It is possible to show that the sequence of excursions obtained in this way indeed
has the same law as the simple random walk’s excursions [in particular, conditional
on £(Z*=D) the starting point of kth excursion is indeed distributed according to
ol(Z =Dy )]; moreover, the &’s are i.i.d. random variables with Exponential (1)
distribution.

So, let us denote by &1, &>, &3, ... a sequence of i.i.d. random variables with Ex-
ponential distribution with parameter 1. According to the above informal descrip-
tion, the soft local time of kth excursion is a random vector indexed by y € 0A,
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@ E (’ A

2

= u(Z2M) 9A; 9A,

—e)
= dZ) €16(w0,) + E2p(U(ZW), )

E Tz(3)
----- - x o .
y3:‘<Z(3))

100, ) + Lo (U(ZD), ) + G (U(ZD), )

FIG. 2. Construction of the first three excursions between dA and dA’ on the torus Z,zl using the
soft local times (here, A= AU Ay and A’ = A/1 U A/z).
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defined as follows:

k
(29) Li(y) = E19(x0, ) + > &90(£(2U7D), ).
j=2

For the random interlacements, the soft local times are defined analogously.
Recg}l that hm4 defines the (normalized) harmonic measure on A with respect to
the S-walk. For x ¢ A and y € dA, let

(30) P(x,y) =Py [Sz,4) =y, T1(A) < 00] 4+ P, [7i(A) = oo] hma ().

Analogously, for the random interlacements, the sequence ((¢(Z A% )y, 6(2 (y)y, j=
1) is also a Markov chain, with transition probabilities

ﬁ(y,z),(y/,z’) =9z, Y)Py ’[g?l(aA’) =7].

The process of picking the excursions for the random interlacements is quite anal-
ogous: if the last excursion was Z we use the probability distribution <p(€(Z ), )
to choose the starting point of the next excursion. Clearly, the last term in (30)
is needed for ¢ to have total mass 1; informally, if the S-walk from x does not
ever hit A, we just take the “next” trajectory of the random interlacements that
does hit A, and extract the excursion from it (see also (4.10) of [5]). Again, let
él, éz, 5-3, ... be a sequence of i.i.d. random variables with Exponential distribu-
tion with parameter 1. Then define the soft local time of random interlacement of
kth excursion as

k
(31) Li(y) =E19(x0, ) + Y _&;9(¢(ZV7D), y).
j=2

Define the following two measures on d A, one for the random walk on the torus,
and the other for random interlacements:

—1
(32) hm‘g () =Py[ri1(3A") < (A)]( Z P,[71(3A") <7 (A)]) ,

Z€0A

— A -1

(33)  hm) (y) =P,[71(34") < T1(A) (Z P, [ ) < a(A)]> .
Z€0A

Informally, these are “harmonic measures with respect to A’”; the “real” harmonic
measures would be recovered as A’ expands toward the whole space Z>. Similar
to Lemma 6.1 of [5], one can obtain the following important facts: the measure

(34) ¥ (y,2) =hm4 ()P, [Xr, a1 =2]

is invariant for the Markov chain (:(Z), £(Z/)), and the measure

(35 V.= ﬁ2,()’)193[:9\?1 oAy =121
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is invariant for the Markov chain (L(f(j)),ﬁ(f(j))). Notice also that hmﬁ/
and ﬁﬁ are the marginals of the stationary measures for the entrance points
(i.e., the first coordinate of the Markov chains). In particular, this implies that,
almost surely,

L Y
k() _hmﬁ( ),

. Li(y) A’ .

1 =h d 1
dm = A O) and i,
forany y € 9A.

The next result is needed to have a control on the large and moderate deviation

probabilities for soft local times.

LEMMA 2.9. Let y» > y| > 1 be some fixed constants, assume that n >
3(y1 — D™ U and abbreviate n| = yan. For the random walk on the torus Zn h
abbreviate A B(n) and A’ = B(yn). For the random interlacements, abbrevi-
ate B = B(yg,n) and B’ = B(yo, y1n), where yo € 77 is such that lyoll = 2y1n.
Then there exist positive constants c, c1, co such that for all k > 2 and all 0 €
(0, (Ink)~1) we have

/ k4 60k
(36) P|: sup [Li(y) — khmﬁ | = “/_74_] < clefczezk,
y€3A ni
- —B’ k+ 0k
(37) IP[ sup |Li(y) — khmy ()| > C\/_;] < ek,
yedB n

PROOF. We prove only (36); the proof of (37) is completely analogous. Due
to Lemma 2.4, it is enough to show that for some (sufficiently large) ¢/, ¢| and
(sufficiently small) ¢, > 0

L) _ dmiw)| o Qk} < %,

%) P[S P lhmaG) ~ “hma(y | =

yeEIA

We prove the above inequality in the following way:

1. Using renewals, we split the sequence of excursions into independent blocks.

2. We show that controlling that sequence of i.i.d. blocks of excursions is
enough to be able to control the original sequence.

3. Then we obtain an upper bound on the expectation of the sum of indepen-
dent blocks. For this, we estimate the bracketing entropy integral and then use an
inequality due to Pollard.

4. Finally, we control the deviation (from the expectation) probabilities, using
a suitable concentration inequality.

Step 1. Again, Lemma 2.4 implies that there exists A > 0 such that for all x €
0A’ and y € 9A we have ¢(x, y) > 2\ hmgi (y). Consider a sequence of random
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variables 711, 72,13, ..., independent of everything, and such that P[n; = 1] =
1 —P[n; =0]=A for all j. For j > 1, define pj =m iff ny +---+ 9 =j
and 1, =1 (i.e., p; is the position of jth “1” in the n-sequence). The idea is that
we force the Markov chain to have renewals at times when 7. = 1, and then try to
approximate the soft local time by a sum of independent random variables. More
precisely, assume that £(ZY~1D) = x. Then we choose the starting point ¢(Z/)) of
the jth excursion in the following way:
1 Al .
(ZD) ~ m((p(x,.)—khmAi) ifn; =0,

hm,! if ) =1.

Denote Wo(-) = L,,—1(-), and

Wi()=Lp; ,—1() = Lp;—1()
for j > 1. By construction, it holds that (W, j > 1) is a sequence of i.i.d. random
vectors. Also, it is straightforward to obtain that EW;(y) = A hmﬁi (y) for all

yedAandall j > 1.

Step 2. Now, we are going to show that, to prove (38), it is enough to prove that,

for some positive constants ¢,” ¢{, ¢},

39) IP[ sup
yedA

for all m > 2 and all 8 € (0, (Inm)~!). Observe that we can assume without loss
of generality that ¢] < %; indeed, if the above holds with some ¢{ > 0, then, by
increasing ¢ [and, possibly, decreasing c5 ; note that (¢” +h)/m+6m = " /m+
@+ %)m] we can put an arbitrarily small constant before the exponent in the

right-hand side.

noow. A "
ijl i) —A_lmhmA » > c”ﬂ—l—@m] < c/l/e—c292m
hmy (y) hmy (y)

Abbreviate
L hm?’
Ri = sup k(y)  hmy (y)
yeaalhma(y) hmy (y)
and

k /
- Wiy hm*

Ry = sup 4ZJ_1 Y — _1k7mA ) .

yeaal hma(y) hma (y)

Let us first show that (39) implies

(40) IF’[ max R; >4c"Jm + 59m] < 26/1/6—36/2’92m.

i€[m,2m]

For this, define the random variable

N =min{i € [m,2m]: R; > 4c"/m + 56m)
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(by definition, min @ := 4+00), so the left-hand side of (40) is equal to P[N €
[m, 2m]]. Note also that the right-hand side of (39) does not exceed % (recall that

we assumed that ¢ < %). Now, (39) implies (note that v/3 < 4 — /2)

03’6_36/2/92’" > P[§3m > ¢"~/3m + 36m]|

2m
> Y PN = jIP[R3m—; < ¢"'~2m +20m]
j=m
>P[N €[m,2m]] x min P[Rgm _j<cd"\J3m—j+600Cm—j)]

j€lm,2m]
1
> EP[N € [m,2m]]

for all large enough m.
Next, let us denote oy =min{j > 1: p; > k}. By (32) and Lemma 2.5, we may

1 hmA (82) Li(y)
assume that e o) = < 2, and, due to Lemma 2.4, Ama0) = < ¢ for some ¢ > 0.
So, we can wrlte
Poy
(41) Ri <Ry +207lox —k|+¢ > &.
i=k+1

Now, observe that o — 1 is a Binomial(k, A) random variable, and p,, — k is
Geometric()). Therefore, the last two terms in the right-hand side of (41) are easily
dealt with; that is, we may write for large enough ¢ > 0

(42) P2|a " oy — k| = évk + Ok] < cae™ 40k,
Poy
(43) ]P’[& > &> Ok} < e~ Mk,
i=k+1

Then, using (40) together with (42)—(43), we obtain [recall (38)]

IP’[Rk > (4c”<23’\)1/2+c>«/_+ ( )»+2>9k]

~ 2\ 172 2 2 4
< ]P’[ max R; > 4c”<?) Vk+56- §M€} + P[ok ¢ [—Ak, —Ak]]
il ]

2 4
e[5 k. 30k 3 3

Poy
+P[2]a" o — k| = ek + 6k] +IP’[ > §l>9k}

i=k+1
_ 02 _ _ 2 _
< 26'/1/6 20707k te cgrk + che c,0°k +e C5A9k’

and this shows that it is indeed enough for us to prove (39).
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Step 3. Now, the advantage of (39) is that we are dealing with i.i.d. random vec-
tors there, so it is convenient to use some machinery from the theory of empirical
processes. First, the idea is to use the Pollard inequality (cf. (1.2) of [17]) to prove
that

(44) ERy < c7vk

for some ¢7 > 0 (note that the above estimate is uniform with respect to the size of
dA). To use the language of empirical processes, we are dealing here with random

elements of the form W = % which are positive vectors indexed by sites of 9 A.
Let also Y be a generic positive vector indexed by sites of dA. For y € 94, let &,
be the evaluation functional at y: £,(Y) := Y (y). Denote by F = {£,, y € dA} the
class of functions we are interested in; then, we need to find an upper bound on the
expectation of SUp re | 21;21 f(Wj) — Ef(Wj)L Using the terminology of [17],

let || fll2:= ,/Efz(W), where W has the same law as the Wj’s above. Consider
the envelope function F defined by

F(Y) = sup £,(Y) = sup Y(y).
yeIA yedA

Due to Lemma 2.4, we have
(45) | Fll2 < cs.

Let us define the bracketing entropy integral

1
(46) (L F - 1) =/0 JUH N (s Fll2, F, | - l12) ds.

In the above expression, Nj(8, F, || - [|2) is the so-called bracketing number:
the minimal number of brackets [ f, g] = {h: f < h < g} needed to cover F of
size ||g — f|l> smaller than . We now recall (1.2) of [17]:

(47) ERy < cJpy(1, F, || - 1)1 Fll2vk;

so, to prove (44), we need to obtain an upper bound on the bracketing entropy
integral.

Let us define “arc intervals” on dA by I(y,r) ={z € dA: ||y — z|| <r}, where
yedA,r > 0. Observe that I (y,r) ={y} in case r < 1. Define

[Ty =_inf Y(2), g (Y)= sup Y(2);
zel(y,r) zel(y,r)
in order to cover JF, we are going to use brackets of the form [ f*", g””]. Notice
thatif z € I(y,r) then &, € [f¥", g”"], so a covering of F by the above brackets
corresponds to a covering of dA by “intervals™ I (-, -). Let us estimate the size of
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the bracket [ f7°", g”"]; it is here that Proposition 1.3 comes into play. We have

zel(y,r) zel(y,r)
(48) <corPllE 4+ + &2
< 209k_1rﬂ;

in the above calculation, p is a Geometric random variable with success probabil-
ity A, &’s are i.i.d. Exponential(1) random variables also independent of p, and we
use an elementary fact that & + - - - + &, is then also Exponential with mean AL

Then, recall (45), and observe that, for any § > 0 it is possible to cover F with
[0A| = O(n) brackets of size smaller than & (just cover each site separately with
brackets [ f1/2, g~1/2] of zero size). That is, for any s > 0 it holds that

(49) NG (sIF N2, Fo 1l - l12) < croni.

Next, if 5 > cnnl_’B , then we are able to use intervals of size r = O(nlsl/ ’3) to
cover dA, so we have

(50) Nii(sIFll2, Fo Il - 1) = O(ny/r) < cas™ VP,

So [recall (46)] the bracketing entropy integral can be bounded above by

1
Cllnl_ﬂ\/l + In(ciony) + s \/1 + ln(clzs_l/ﬁ) ds <ci3.

crny

Then, using (47), we obtain (44).
Step 4. Here, let us use Theorem 4 of [1] to prove that (with ¢ = 6k)

(51 P[Ry > 2ER; +1] < 0146761“2/" + c1ge 17!/ 0k,

this is enough for us since, due to the assumption 6 < (In k)~!, it holds that

—ci5t%/k —c17t/Ink —c190%k

cl4€ + c16€ <cige

To apply that theorem, we only need to estimate the v;-Orlicz norm of £, (WL see
Definition 1 of [1]. But [recall the notation just below (48)] it holds that £, (W) is
stochastically bounded above by const x Exponential(A) random variable, so the
¥1-Orlicz norm is uniformly bounded above.* The factor Ink in the last term in
the right-hand side of (51) comes from the Pisier’s inequality; cf. (13) of [1].

Finally, combining (44) and (51), we obtain (39), and, as observed before, this
is enough to conclude the proof of Lemma 2.9. [

1A straightforward calculation shows that the v -Orlicz norm of an Exponential random variable
equals its expectation.
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Next, we need a fact that one may call the consistency of soft local times. As-
sume that we need to construct excursions of some process (i.e., random walk,
random interlacements or just independent excursions) between dA and dA’;
let (Zk (), y € dA) be the soft local time of kth excursion (of random interlace-
ments, for definiteness). On the other hand, we may be interested in simultane-
ously constructing the excursions also between dA; and 9A), where A'N A} =&
and A| C A’l. Let (L} (y), y € dA) be the soft local time at the moment when kth
excursion between d A and d A" was chosen in this latter construction. We need the
following simple fact.

LEMMA 2.10. It holds that
—~ l' o~
(Le(y).y € 3A4) = (Li(y). y € 8A)
forallk > 1.
PROOF. First, due to the memoryless property of the Poisson process, it is

clearly enough to prove that Li law ET This, by its turn, can be easily obtained

from the fact that Z() law 7 D* where ZM and ZW-* are the first excursions
between dA and 0 A’ chosen in both constructions. [

Also, we need to be able to control the number of excursions N;* up to time ¢
on the torus Z,zl between dB(y1n) and 0B(y»rn), y1 < y2 < 1/2.

LEMMA 2.11. For all large enough n, all t > n* and all § > 0 we have

p[u — ) <N = (1 +8>”7t}
2n2In(ya/y1) — 1 T 2n21n(y2/y1)

6252t
Zl_clexp - 2 )
n

where c| 2 are positive constants depending on y 2.

(52)

PROOF. Note that there is a much more general result on the large deviations
of the excursion counts for the Brownian motion (the radii of the concentric disks
need not be of order n); see Proposition 8.10 of [3]. So, we give the proof of
Lemma 2.11 in a rather sketchy way. First, let us rather work with the two-sided
stationary version of the walk X = (X, j € Z) (so that X ; is uniformly distributed
on Zﬁ for any j € Z). For x € aB(yn), define the set

Jy =1k € Z: Xy =x, there exists i <k such that X; € dB(y2n)
and X,, € B(y2n) \ (B(y1n) UdB(y2n)) fori <m <k},
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and let J = Uy epp(y,n) Jx- Now, Lemma 2.5 together with the reversibility argu-
ment used in Lemma 6.1 of [5] imply that

hmB(yln) (x)
21h 22 -1y’
e In ” +0m1)

P[0 € J,] = P[Xo = x]Px[r1(3B(y2n)) < 11 (B(y1n))] =n">
so [since hmg(y, ;) (-) sums to 1]

2 —1
(53) P[0 e J]= <2i n? 4+ 0(n)> .
V4 71

Let us write J = {0}, j € Z}, where 0_1 <0, 00> 0,and 0; <o forall j € Z.
As noted just after (32)—(33), the invariant entrance measure to B(yn) for excur-
sions is v = hmggfg. Let E} be the expectation for the walk with Xo ~ v and
conditioned on O € J (that is, for the cycle-stationary version of the walk). Then,
in a standard way one obtains from (53) that

2 2
(54) E*o = E* (01 — 00) = % 1n§ +OoWm).
1

Note also that in this setup (radii of disks of order n) it is easy to control the tails
of o1 — o9 since in each interval of length O (n?) there is at least one complete
excursion with uniformly positive probability (so there is no need to apply the
Khasminskii’s lemma,’ as one usually does for proving results on large deviations
of excursion counts). To conclude the proof of Lemma 2.11, it is enough to apply
a renewal argument similar to the one used in the proof of Lemma 2.9 (and in
Section 8 of [3]). O

3. Proofs of the main results.

PROOF OF PROPOSITION 1.3. Fix some x, y,z as in the statement of the
proposition. We need the following fact.

LEMMA 3.1. We have

T1(3An)
1
(55) Ha o) =By Y, USj=x}=o5 > Ga, %)
i=l UG;)X:\MEjAn

[i.e., Ha, (x,u) equals the mean number of visits to x before hitting 0 A, starting
Sfrom u] for all u € 0B(n).

5See, for example, the argument between (8.9) and (8.10) of [3].
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PROOF. This follows from a standard reversibility argument. Indeed, write
[the sums below are over all nearest-neighbor trajectories beginning in x and end-
ing in u that do not touch 9 A, before entering u; o* stands for o reversed, |g]| is
the number of edges in o, and k(o) is the number of times o was in x]

Hp,(x,u)= _(2d)"1!
4

— Z(zd)—lQ*\
4

= ) @)l

j=lek@)=j

and observe that the jth term in the last line is equal to the probability that x is
visited at least j times (starting from u) before hitting d A,,. This implies (55). U

Note that, by Lemma 2.4 we have also

(56) < Hp (o) < —2

pd—1 pd—1°
and, as a consequence [since hmg,) () is a convex combination in x”" € 9B((1 +
2¢e)n) of Ha, (x', u)]

(57) L < hmpgy () <

2
pd—1 = pd—1

for all u € dB(n). Therefore, without restricting generality we may assume that
ly —zll < (¢/9)n, since if ||y — z|| is of order n, then (14) holds for large enough C.
So, using Lemma 3.1, we can estimate the difference between the mean numbers
of visits to one fixed site in the interior of the annulus starting from two close sites
at the boundary, instead of dealing with hitting probabilities of two close sites
starting from that fixed site.
Then, to obtain (14), we proceed in the following way.

(i) Observe that, to go from a site u € dB(n) to x, the particle needs to go first
to dB((1 + €)n); we then prove that the probability of that is “almost” pro-
portional to hmpg,)(u); see (58).

(i1) In (60), we introduce two walks conditioned on hitting dB((1 4 ¢)n) before
returning to dB(n), starting from y, z € dB(n). The idea is that they will likely
couple before reaching 0B((1 + ¢)n).

(iii) More precisely, we prove that each time the distance between the original
point on dB(n) and the current position of the (conditioned) walk is doubled,
there is a uniformly positive chance that the coupling of the two walks suc-
ceeds [see the argument just after (67)].
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(iv) To prove the above claim, we define two sequences (Uy) and (V) of subsets
of the annulus B((1 + ¢€)n) \ B(n), as shown on Figure 3. Then we prove
that the positions of the two walks on first hitting of Vj can be coupled with
uniformly positive probability, regardless of their positions on first hitting
of Vi_1. For that, we need two technical steps:

(iv.a) If one of the two conditioned walks hits Vi _; at a site which is “too
close” to dB(n) (look at the point Z;_; on Figure 3), we need to assure that
the walker can go “well inside” the set Uy with at least constant probability
[see (63)].

(iv.b) If the (conditioned) walk is already “well inside” the set Uy, then
one can apply the Harnack inequality to prove that the exit probabilities are
comparable in the sense of (67).

(v) There are O(In —2—) “steps” on the way to dB((1 + €)n), and the coupling

ly—zll
is successful on each step with uniformly positive probability. So, in the end
the coupling fails with probability polynomially small in —2—; cf. (68).

ly—zI
(vi) Then it only remains to gather the pieces together [the argument after (69)].

The last technical issue is to show that, even if the coupling does not suc-
ceed, the difference of expected hit counts cannot be too large; this follows
from (15) and Lemma 2.3.

We now pass to the detailed arguments. By Lemma 2.5, we have for any u € dB(n):

Py [t0(0B((1 + &)n)) < 71(3B(n))]

(58) .
; ma) () ford =2,
_JzIn(l+e)+0m"
- B h
cap(B(n)) hmp,) (1) ford > 3.

1—(1+e)@24tonh

0, one can already notice that the probabilities to escape to dB((1 + ¢)n) normal-
ized by the harmonic measures are roughly the same for all sites of dB(n). Define
the events

(59) Fj ={w0(3B((1 +¢&)n)) < 7;(3B(n))}

for j =0, 1. For v € B((1 4+ ¢)n) \ B(n) denote h(v) = Py[F]; clearly, A is a har-
monic function inside the annulus B((1 4 ¢)n) \ B(n), and the simple random
walk on the annulus conditioned on Fj is in fact a Markov chain (i.e., Doob’s
h-transform of the simple random walk) with transition probabilities

h(w)

(60) Py, =1{2dh(v)’
0, otherwise.

veB((1+¢&)n)\ (B(n) UIB((1+¢)n)), w ~v,
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On the first step [starting at u € dB(n)], the transition probabilities of the condi-
tioned walk are described in the following way: the walk goes to v ¢ B(n) with
probability

h(v)(v/gn):h(v/))_‘.

v'~u
Let ko = max{j : 3|y — z||2/ < en}, and let us define the sets

Uk =B(y, 3lly — zlI2*) \ (B(n) \ 9B(n)),
Vi = 08Uy \ 9B(n),

for k =1, ..., ko; see Figure 3. Also, define y; to be the closest integer point to
y+3ly—z ||2kﬁ. Clearly, it holds that
61) ko> crln 3

|y —zll

OB((1+¢)n) 0B(cn)

FI1G. 3.  On the coupling of conditioned walks in the proof of Proposition 1.3. Here, Yy _1 and Zy_
are positions of the walks started in y and z, and we want to couple their exit points on Vk’ . The y-walk
is already in U]i, but we need to force the z-walk to advance to U]i in the set W(Zp_1, ||y — z||2k_1)
(dark grey on the picture), so that the Harnack inequality would be applicable.
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Denote by SM and @ the conditioned random walks started from y and z. For
k=1,..., ko,denote Yy = Sflzvk)’ Zy = Siz(v X where 71 is the hitting time for the
§—walks, defined as in (2). The goal is to couple (Y1,..., Yy, and (Z1,..., Zy,)
in such a way that with high probability there exists k; < ko such that Y; = Z; for
all j =k, ..., ko; we denote by Y the corresponding coupling event. Clearly, this
generates a shift-coupling of SM and §@; if we managed to shift-couple them
before they reach dB((1 + €)n), then the number of visits to x will be the same.

For v € R?, let £y ={rv,r > 0} be the ray in v’s direction. Now, for any v with
n<|v| < +e)nands € (0, en) define the (discrete) set

Vv, s)={ue Z8:n < |u| <n+s,dist(u, £,) < s/2}.
Denote also by
3T W(,s)={uedW(v,s):n+s—1<|ull <n+s)}

the “external part” of the boundary of W (v, s) (on Figure 3, it is the rightmost side
of the dark-grey “almost-square”). Observe that, by Lemma 2.2, we have

- 1 — 1
n n

We need the following simple fact: if ||v|| —n < 2s,
(63) Py [S: 0wy €97V, )] = ¢7

for some positive constant c7. To see that, it is enough to observe that the prob-
ability of the corresponding event for the simple random walk § is O(M)
[roughly speaking, the part transversal to £, behaves as a (d — 1)-dimensional sim-
ple random walk, so it does not go too far from £, with constant probability, and
the probability that the projection on ¢, “exits to the right” is clearly O (”"|| L +1)
by a gambler’s ruin-type argument; or one can use prove an analogous fact for the
Brownian motion and then use the KMT-coupling]. Now [recall (60)] the weight
of an S-walk trajectory is its original weight divided by the value of /% in its initial
site, and multiplied by the value of 4 in its end. But [recall (62)], the value of the
former is O(M) and the value of the latter is O (). Gathering the pieces,
we obtain (63).

Note also the following: let A be a subset of (B((1 4+ &)n) \ B(n)) U dB(n), and
foru € A, v € A denote by HA  (u, v) = [S,l(dA) = v] the Poisson kernel with
respect to the conditioned walk S. Then it is elementary to obtain that Ha(u,v) is
proportional to i (v) Ha (u, v), that is,

-1
(64) Ha(u,v) =h(v)Ha(u, v)( > h(v)Ha(u, v)> :

v'ENA

Now, we are able to construct the coupling. Denote by V/ = {v € Vi : |v]| >
n+3y— z|I2¥=1} to be the “outer” part of Vi (depicted on Figure 3 as the arc
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with double thickness), and denote by U} = {u € Uy : dist(u, dUy) > [y —z[|2¥73)
the “inner region” of Uy. Using (62) and (64) together with the Harnack inequality
(see, e.g., Theorem 6.3.9 of [11]), we obtain that, for some cg > 0,

(65) Hy, (u, v) > cg Hy, (yi, v)

forall u € U] and v € V,. The problem is that Z;_ (or Y;_1, or both) may be “too
close” to dB(n), and so we need to “force” it into U} in order to be able to apply
the Harnack inequality. First, from an elementary geometric argument one obtains
that, for any v € Vi1 \ Uy,

(66) 3T (v, |y —zI2"Y) c Uy,

Then (63) and (66) together imply that indeed with uniformly positive probability
an S-walk started from v enters U, before going out of Uy. Using (65), we then
obtain that

(67) Hy, (u, v) > co Hy, (y, v)

for all u € Vx_1 and v € V}. Also, it is clear that 2 veV, Hy, (¥, v) is uniformly
bounded below by a constant cj9 > 0, so on each step (k — 1) — k the cou-
pling works with probability at least cgcig. Therefore, by (61), we can couple
Y1,...,Yy) and (Zy, ..., Zy,) in such a way that Y, = Z;, with probability at
least 1 — (1 — cocrp)fo =1 — cu(”y’+z||)‘5.

Now, we are able to finish the proof of Proposition 1.3. Recall that we denoted
by T the coupling event of the two walks (that start from y and z); as we just
proved

-p
68 P[Y* ( & ) .
©® D =en(=

Let vy 2 be the exit measures of the two walks on 0B((1 + ¢)n). For j = 1,2 we
have for any v € dB((1 4 ¢)n)

(69) vj () = P[Y v, (v) + P[YC]V (v),
where
30
v (0) =[S G 14epm = v T,
30) C
V() = ]P)[Sf]](aB((l+8)n) =v|Y"]

[observe that if the two walks are coupled on hitting Vi, then they are coupled on
hitting dB((1 4 &€)n), so v, is the same for the two walks]. For u € dB(n), define
the random variables (recall Lemma 3.1)

71(84,)

gu :Eu Z 1{Sj :X},

j=1
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and recall the definition of the event F| from (59). We write, using (58),

Ha,(x,y)  Ha,(x,2)
hmp(,)(y)  hmgg,)(z)

_ IE( g G )

hmg,)(y)  hmgg) (2)

_( Py[F1]
~ \hmgy(y)
. I[DZ[FI]
hmg ) (z)
Gy, )0 ")+ caP[YY)G(V]. x),  ford =2,

<{ G (w4, x)cap(B(n))O(n™ 1)

+ ci3P[YC] cap(B(1))G (v]., x). for d > 3.

(PIT]1G (v, x) + P[TC]G (v}, x))

(PIYIG (v, x) + P[TC]G (v, x)))

Note that (15) and Lemma 2.3 imply that, for any probability measure p
on dB((1 + e)n), it holds that the quantities G(u,x) (in two dimensions) and
cap(B(n))G (i, x) (in higher dimensions) are of constant order. Together with (68),
this implies that

HAn(x’ y) HAn(x’ Z) —1 n _/3
- <cun " +cis .
hmg,)(y)  hmp)(2) Iy —zll

Since y and z can be interchanged, this concludes the proof of Proposition 1.3. [

PROOF OF THEOREM 1.2. Consider the sequence by = exp(exp(3k)), and let
vr = bre; € R2. Let us fix some y € (1,4/m/2). Denote By = B(vk,b,l(/z) and
B;, = B(v, yb,l/ 2). Observe that Lemma 2.7 together with (4) imply

(70) cap(By U {0}) = %(1 + 0((In~ " by)) Inby.

Let N be the number of excursions between 9 By, and BB,/( in RI(1). Lemma 2.6
implies that for any x € 8 By, it holds that

2Iny
31In by

so the number of excursions of one particle has “approximately Geometric” distri-

bution with parameter 32 111111 Zk (14 0((In"! by)). Observe that if X is a Geometric(p)

random variable and Y is Exponential(In(1 — p)~!) random variable, then Y <
X <Y + 1, where“<” means stochastic domination. So, the number of excursions
of one particle dominates an Exponential 32111?11/]( (14 O(In~! by))) and is dominated

by Exponential($517-(1+ O (In~" b)) plus 1.

(71) P.[?(Br) <oo]=1— (1+ 0((In"" b)),
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Now, let us argue that

Iny 2
(72) _— (Nk — —1In bk) 2% standard Normal.
V61n3/? by, 14

Indeed, for the (approximately) compound Poisson random variable Ny the previ-
ous discussion yields

¢ §’
(73) Z (ny +1n"1by),
= k=1

where ¢ and ¢’ are both Poisson with parameter 3 214+ o(n~ b)) Inby [the dif-
ference is in the O(-)], and n’s are i.i.d. Exponential random variables with rate
21%(1 + O(ln_1 by)). Since the central limit theorem is clearly valid for Z v—1 Nk
(the expected number of terms in the sum goes to infinity, while the number of
summands remains the same) one obtains (72) after some easy calculaﬁons.6
Next, observe that 7 2 > 5 by our choice of y. Choose some g € (0, ) in such

a way that 8 + 472 > 1 and deﬁne gp > 0 to be such that

a8 1

2
——e 2 ax = B.
—00 A/ 2w IB

Define also the sequence of events

2 V61n%2 by
(74) @k={Nk§1—1n2bk—Qﬁl—}.

ny ny
Now, the goal is to prove that

1 n

(75) 1;1@0% d 1P} >B  as.

j=l1

Observe that (72) clearly implies that P[®;] — B as k — oo, but this fact alone
is not enough, since the above events are not independent. To obtain (75), it is
sufficient to prove that

(76) lim P[®y | Dy—1]1=8 a.s.,
k— 00
where D; is the partition generated by the events ®;,...,®;. In order to
prove (76), we need to prove (by induction) that for some « > 0 we have
X)) kK <P[®y | Dr—1]1 <1 —k forall k > 1.

SIndeed, if Y, = ZQK 1 Z;j is a compound Poisson random variable, where Q, is Poisson with
mean A and Z’s are i.i. d Exponentlals with parameter 1, then a straightforward computation shows
that the moment generating function of (2)»)71/ 2(Y % — A) is equal to exp(ﬁj/n))), which con-

2
verges to ¢’ /% as A — oo.
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Take a small enough ¥« < $, and let us try to do the induction step. Let D be
any event from Dy_1; (77) implies that P[D] > k%=1 The following is a standard
argument in random interlacements; see, for example, the proof of Lemma 4.5
of [4] (or Claim 8.1 of [10]). Abbreviate B = BiU-..-UBj_1, and let

L= {trajectories of RI(1) that first intersect B and then Bk},
Lr1 = {trajectories that first intersect By and then B 1,
L7y = {trajectories that intersect By and do not intersect B 1.

Also, let le and Ezl be independent copies of L1 and L31. Then let N,Eij )

and I\N/,gij ) represent the numbers of excursions between 9 By and E)B,/( generated
by the trajectories from £;; and L;;, correspondingly.

By construction, we have Ny = N, ,512) +N 1521) + N 1522) ; also, the random variable

I\~/k = ﬁ,ﬁlz) + 1\7,521) + N}gzz) is independent of D and has the same law as Ng.
Observe also that, by our choice of b;’s, we have Inby, = In3 bi_1. Define the event

Wi = (max[NO2, NCD.FO2) FODY 5 101712,

Observe that, by Lemma 2.6(i) and Lemma 2.7(i), the cardinalities of £, and L7
have Poisson distribution with mean O(Inb;_1) = O(lnl/ 3 by) [for the upper
bound, one can use that BC B(2br—_1)]. So, the expected value of all N’s in the
above display is of order In'/3 by x Inby = In'%12 by [recall that each trajectory
generates O (Inby) excursions between d By and 8B,’€]. Using a suitable bound on
the tails of the compound Poisson random variable (see, e.g., (56) of [7]), we obtain

P[Wi] < c1exp(—c2 In!/12 by), so for any D € Dy_ (recall that In by = e3k),

P[Wi] _ k
(78) P(Wi | D)< o < c1(1/1) L exp(—cae® /1?).
This implies that (note that Ni = Ni — N,flz) — 1521) + ﬁ,ﬁlz) + ]V,EZI))
i 2 61n%/% b
P[®y | D] =P| N < —lnzbk —qlgu D]
L Iny Iny
i 2 61n3/% b
<P Wi Ni = - —In by _ g YOI b D} +P[W, | D]
L ny Iny
M 2 61n/%b
<P| N < mlnzbk _Qﬁ%yk +21n”/12bk} + P[Wy | D]

— B as k — oo

since 17/12 < 3/2 and by (78) [together with an analogous lower bound, this takes
care of the induction step in (77) as well]. So, we have

(79) limsupP[® | Dx—1] < B a.s.,

k—o00
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and, analogously, it can be shown that

(80) liminfP[®y | Dr_1] > B a.s.
k— o0

We have just proved (76) and hence (75).

Now, let (Z(j)’k, Jj > 1) be the RI’s excursions between By and B, k > 1,
constructed as in Section 2.2. Also, for k € [A, Az] (to be specified later)
let (ZW)k, j=1 l?e sequences of i.i.d. excursions, with starting points chosen

. —B : .
accordingly to hm B’;. We assume that all the above excursions are constructed si-

multaneously forall k € [A1, A] .7 Next, let us define the sequence of independent
events

Jk = {there exists x € By such that x ¢ ZWk for all
(1)
2
j < —In?b —In"/? bk},
Iny
that is, Jx is the event that the set By is not completely covered by the first
2 p2 by — In!1/9 by independent excursions.

Iny
Next, fix 89 > O such that g + 4”7 > 1 4 &p. Let us prove the following fact.

LEMMA 3.2. For all large enough k, it holds that

T
(82) P[Jk] > —5 — do.
4y2

PROOF. We first outline the proof in the following way:

e consider a simple random walk on a torus of slightly bigger size [specifically,
(y + sl)b,i/z], so that the set B; would “completely fit” there;

e we recall a known result that, up to time #; (defined just below), the torus is not
completely covered with high probability;

e using soft local times, we couple the i.i.d. excursions between By and B; with
the simple random walk’s excursions between the corresponding sets on the
torus (denoted later as A and A’);

e using Lemma 2.9, we conclude in (87) that the set of simple random walk’s
excursions is likely to contain the set of i.i.d. excursions;

¢ finally, we note that the simple random walk’s excursions will not completely
cover the set A with at least constant probability, and this implies (82).

TWe have chosen to work with finite range of k’s because constructing excursions with soft local
times on an infinite collection of disjoint sets requires some additional formal treatment.
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Note that Theorem 1.2 of [9] implies that there exists (large enough) ¢ such that

the torus an is not completely covered by time %mz In®m — ém? Inm Inlnm with
probability converging to 1 as m — oo. Let €1 be a small constant chosen in such

a way that 4(;/1751)2 > 4”7 — 80. Abbreviate
4 1/2
k= ;(V +e1)2 b In((y + Sl)bk/ )

— &y + )b In((y 4+ )b *) Inn((y + £1)b,?);

due to the above observation, the probability that Zi el is covered by time f;
YTED

goesto0ask — oco.Let Z O 4 (Ng) be the simple random walk’s excursions
on the torus Z? el between BB(bi/z) and BB(yb}c/z). Assume also that the
YTEby

torus is mapped on Z? in such a way that its image is centered in y;. Denote

my = 2z In by — (Inlnby)? In by.
Iny

Then we take 8§ = O((Inbg) ! (Inlnby)?) in Lemma 2.11, and obtain that
(83) P[N; > mi] > 1 —ciexp(—ca(Inlnby)?).

Next, abbreviate [recall (81)]

2
mj = ——1In>by — ' py.
Iny
172, 1/2 ’ 2
Also, denote A =B(b,'"), A" =B(yb,'"), A, A" C Z( el Observe that,

YTE1)b;

due to Lemma 3.2,

' B, —B; —-1/2
(84) hm? (y) = hmy! (y) = hm‘ (0)(1 + 0 (b, /7).

We then couEle the random walk’s excursions (Z ), J = 1) with the independent
excursions (Z/)-%, j > 1) using the soft local times. Using Lemma 2.9 [with 6 =
O (In~3/%b)] and (84), we obtain

/ 2
P[Lmk (y) > hm§; (y)<E In? by — In'%/° bk> forall y € aBk]

(85)
> 1—c3exp(—ca In?/? by).

Let L i) = (.§1 + -+ § i) Hr\ng’; (y) be the soft local times for the independent
excursions [as before, §’s are i.i.d. Exponential(1) random variables]. Using usual
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large deviation bounds for sums of i.i.d. random variables together with (84), we
obtain that

~ / 2
P[Lm;( () < hmﬁg (y)(H In? by — In'%° bk) forall y € aBk]

. .2
(86) _ P[gl B < a2y — 09 bk]
k™ Iny

>1—cs exp(—c6 In*/? bk).
So, (85)—(86) imply that
@87  P{ZVF j<m)c{zY),j <N} =1 —crexp(—csIn*?by).

Then we use the translation invariance of the torus to obtain the following: If
PP[Z2, is not completely covered] > ¢, and A C Z2, is such that |A| > gm?, then
P[A is not completely covered] > gc. So, since

/2y _ 2
|B(bk )|_ +0(1)>|Z(7+81)b,i/2

’

( T
4(y +e1)?
Lemma 3.2 now follows from (83) and (87). O

Now, abbreviate [recall (74) and (75)]
my =—1In
Y Iny

and, being L™ the soft local time of the excursions of random interlacements
between 0 By and 8B,’<, define the events

(88) M, ={L®) ) < ZS:Z(y) forall y € 3By ).

g

Note that on My it holds that {Z()-k, j < my} C (ZWkj < my}.
Then we need to prove that

(89) PMi]>1—c9 In® by exp(—clo In?/3 bk).

Indeed, first, analogously to (86) we obtain (note that % < % < %)

- / 2
P[Lm; ) = hmgg (y)(m In? by — In*/? bk) forall y € aBk}
(90)
> 1 —cpyexp(—cian?3 by).

Then we use Lemma 2.9 with 6 = O(ln_l/ 2 by) to obtain that

~ / 2
P[ng(y) < hmgi (y)(l— In? by — In*/? bk> forally € aBk:|
ny

oD
> 1 —cizexp(—cialnby),

and (90)-(91) imply (89).
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Now it remains to observe that on the event ®; N J; N M, the set By contains at

least one vacant site. By (75), (82) and (89), one can choose large enough A| < A»
such that, with probability arbitrarily close to 1, there is kg € [A1, A3] such that
Dy, NIk N My, occurs. This concludes the proof of Theorem 1.2. [

Summary of notation. For the reader’s convenience, we include here a brief

summary of notation used in this paper:

B(y, r): the ball centered in y and of radius r, with respect to the Euclidean
norm;
S = (S, n > 0): the two-dimensional simple random walk;
70(A) and t1(A): entrance and hitting times of set A [cf. (1) and (2)];
a(-): the potential kernel of the two-dimensional simple random walk [cf. (3)];
hm4 (-) and cap(A): harmonic measure and capacity of set A with respect to
the simple random walk in dimension d > 2 [see (6) and (7) for d = 2 and the
begmnmg of Section 2 for higher dimensions];

= (S,,n > 0): Doob’s h-transform of S, with respect to a (informally, two-
dlmenswnal simple random walk conditioned on not hitting the origin);

e 7p(A) and 7} (A) entrance and hitting times of set A of the walk S
e ¢4(-) and hm A(+): equilibrium and harmonic measures on A with respect to S

see formulas below (7);

e V*: the vacant set of two-dimensional random interlacements on level «;
e Hy(x,y): the Poisson kernel of simple random walk [cf. (13)];
e G(x,y)and G4(x, y): the Green’s function of the simple random walk in d > 3,

and the Green’s function restricted on a finite set A, d > 2;
Es4(x): escape probability from A, starting at x (see the beginning of Sec-
tion 2);

° Zz the two-dimensional torus, Zz 7% /n7?;

= (Xg, k > 0): simple random walk on the two-dimensional torus;

. Lk(-) and Zk(-): soft local times (at kth excursion) of the excursion processes

with respect to simple random walk on the torus and random interlacements
[cf. (29) and (31)]

hm4 4 ( ) and hm A ( ): harmonic measures on A C A" with respect to A’, for
simple random walk on the torus and random interlacements [cf. (32) and (33)];
¥(-,-) and 1/#\ (-, -): invariant measures for the process of first/last sites of excur-
sions [cf. (34) and (35)];

° S conditioned random walk on the annulus B((l + &)n) \ B(n) [cf. (60)];
o H A(u, v): the Poisson kernel with respect to S [cf. (64)].

Acknowledgments. We thank Greg Lawler for very valuable advice on the

proof of Proposition 1.3. We also thank Diego de Bernardini, Christophe Gallesco,
and the referee for careful reading of the manuscript and valuable comments and
suggestions.



(1]
(2]
(3]
(4]

(5]

(6]

(7]
(8]

(9]
(10]

(1]

(12]

(13]

(14]

[15]

[16]

VACANT SET OF CRITICAL RANDOM INTERLACEMENT IS INFINITE 4785

REFERENCES

ADAMCZAK, R. (2008). A tail inequality for suprema of unbounded empirical processes with
applications to Markov chains. Electron. J. Probab. 13 1000-1034. MR2424985

AXLER, S., BOURDON, P. and RAMEY, W. (2001). Harmonic Function Theory, 2nd ed. Grad-
uate Texts in Mathematics 137. Springer, New York. MR1805196

BELIUS, D. and KISTLER, N. (2017). The subleading order of two dimensional cover times.
Probab. Theory Related Fields 167 461-552. MR3602852

CERNY, J. and TEIXEIRA, A. Q. (2012). From Random Walk Trajectories to Random In-
terlacements. Ensaios Matemdticos [Mathematical Surveys] 23. Sociedade Brasileira de
Matematica, Rio de Janeiro. MR3014964

éERNY, J. and TEIXEIRA, A. (2016). Random walks on torus and random interlace-
ments: Macroscopic coupling and phase transition. Ann. Appl. Probab. 26 2883-2914.
MR3563197

COMETS, F., GALLESCO, C., POPov, S. and VACHKOVSKAIA, M. (2013). On large de-
viations for the cover time of two-dimensional torus. Electron. J. Probab. 18 no. 96.
MR3126579

COMETS, F., PorpovV, S. and VACHKOVSKAIA, M. (2016). Two-dimensional random interlace-
ments and late points for random walks. Comm. Math. Phys. 343 129-164. MR3475663

DE BERNARDINI, D., GALLESCO, C. and Porov, S. (2016). An improved decoupling in-
equality for random interlacements. Work in progress.

DING, J. (2012). On cover times for 2D lattices. Electron. J. Probab. 17 1-18.

DREWITZ, A., RATH, B. and SAPOZHNIKOV, A. (2014). An Introduction to Random Inter-
lacements. Springer, Berlin.

LAWLER, G. and L1MIC, V. (2010). Random Walk: A Modern Introduction. Cambridge Studies
in Advanced Mathematics 123. Cambridge Univ. Press, Cambridge.

MENSHIKOV, M., Popov, S. and WADE, A. (2017). Non-homogeneous Random Walks—
Lyapunov Function Methods for Near-Critical Stochastic Systems. Cambridge Univ.
Press, Cambridge.

Poprov, S. and TEIXEIRA, A. (2015). Soft local times and decoupling of random interlace-
ments. J. Eur. Math. Soc. (JEMS) 17 2545-2593. MR3420516

SZNITMAN, A.-S. (2010). Vacant set of random interlacements and percolation. Ann. of Math.
(2) 171 2039-2087. MR2680403
Zurich Lect. Adv. Math., European Mathematical Society, Ziirich.

SZNITMAN, A.-S. (2017). Disconnection, random walks, and random interlacements. Probab.
Theory Related Fields 167 1-44. MR3602841

TEIXEIRA, A. (2009). Interlacement percolation on transient weighted graphs. Electron. J.
Probab. 14 1604-1628. MR2525105

[17] VAN DER VAART, A. and WELLNER, J. A. (2011). A local maximal inequality under uniform
entropy. Electron. J. Stat. 5§ 192-203. MR2792551

UNIVERSITE PARIS DIDEROT—PARIS 7 DEPARTMENT OF STATISTICS, IMECC

MATHEMATIQUES, CASE 7012 UNIVERSITY OF CAMPINAS—UNICAMP

F-75205 PARI1s CEDEX 13 RUA SERGIO BUARQUE DE HOLANDA 651

FRANCE 13083-859, CAMPINAS SP

E-MAIL: comets @math.univ-paris-diderot.fr BRAZIL


http://www.ams.org/mathscinet-getitem?mr=2424985
http://www.ams.org/mathscinet-getitem?mr=1805196
http://www.ams.org/mathscinet-getitem?mr=3602852
http://www.ams.org/mathscinet-getitem?mr=3014964
http://www.ams.org/mathscinet-getitem?mr=3563197
http://www.ams.org/mathscinet-getitem?mr=3126579
http://www.ams.org/mathscinet-getitem?mr=3475663
http://www.ams.org/mathscinet-getitem?mr=3420516
http://www.ams.org/mathscinet-getitem?mr=2680403
http://www.ams.org/mathscinet-getitem?mr=3602841
http://www.ams.org/mathscinet-getitem?mr=2525105
http://www.ams.org/mathscinet-getitem?mr=2792551
mailto:comets@math.univ-paris-diderot.fr

	Introduction and results
	The toolbox
	Basic estimates for the random walk on the annulus
	Excursions and soft local times

	Proofs of the main results
	Summary of notation
	Acknowledgments
	References
	Author's Addresses

