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Abstract

We establish a weighted maximal L!-inequality for differentially subordinate mar-
tingales taking values in R”, v > 1, under the assumption that the weight satisfies
Muckenhoupt’s condition A;. An optimal dependence of the constant on the A; char-
acteristics is identified.
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1 Introduction

Let (92, F,P) be a complete probability space, equipped with a continuous-time
filtration (F;):>0 such that F, contains all the events of probability 0. Suppose that X, ¥’
are adapted local martingales taking values in R” (for some v > 1), whose trajectories are
right-continuous and have limits from the left. We will use the notation X* = sup,~¢ | X|
and X; = supy,<; | X,| for the maximal and the truncated maximal function of X. Let
[X], [Y] denote the quadratic variation processes (square brackets) of X and Y; see
Dellacherie and Meyer [5] for details when v = 1, and extend the definition to the
higher-dimensional setting by [X] = Y. _,[X"], where X" denotes the n-th coordinate
of X. Following Bafiuelos and Wang [3] and Wang [17], the process Y is differentially
subordinate to X, if, with probability 1, the difference [X] — [Y] = ([X] — [Y]¢)i>0 is
nonnegative and nondecreasing as a function of {. This notion arises naturally in the
context of stochastic integration. Suppose that X is a local martingale, H is a predictable
process and let Y = H - X be the stochastic integral of H with respect to X:

t
y;=H0X0+/ H,dX,, t>0.
0

If H takes values in [—1,1], then Y is differentially subordinate to X; this follows at once
from the identity

X le= [ (-, to

Differential subordination of Y to X implies many interesting inequalities between
the processes (e.g., moment, weak-type, exponential, etc.), which can be applied in many
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areas of mathematics. See e.g. the monograph [13] by the author and the papers [1],
[2], [3], [6], [16], [17] for an overview of the results in this direction. In this paper, our
particular emphasis will be put on maximal inequalities. In [4], Burkholder introduced
a general method of proving such estimates in the context of stochastic integrals and
exploited it to establish the following result.

Theorem 1.1. Let X be a real-valued martingale andY = H-X, where H is a predictable
process with values in {—1,1}. Then we have

Y[l < nll X1,

where n = 2.536. .. is the unique solution of the equation

n—3=—exp (?77)

The constant is the best possible.

If the martingales X and Y are assumed to have continuous trajectories, the constant
changes. Here is the result of [12], under the less restrictive assumption of differential
subordination and in the wider context of vector-valued processes.

Theorem 1.2. If X, Y are continuous-path local martingales taking values in R” such
that Y is differentially subordinate to X, then

1Y]]1 < V2| X7 (1.1)

The constant v/2 is optimal.

See also [10], [11] and [15] for related results and extensions. We will be interested
in the following weighted version of (1.1):

Yl owy < CIX™ | wy- (1.2)

Here W is a weight, i.e., a uniformly integrable, positive, mean-one and continuous-path
martingale W = (W;);>0, and we have used the standard notation

HYHLI(W) = il>110)E|th|WOO and ||X*HL1(W) = ]EX*WOO

for the weighted L' norms of Y and X*. It is not difficult to see that the above bound
cannot hold with some finite C' for all processes W. A natural assumption on the weight
(in the context of the above L' estimate) is that it belongs to the class A;. This class was
originally introduced by Muckenhoupt [9] in the analytic setting, and its probabilistic
counterpart is due to Izumisawa and Kazamaki. Following [7] and [8], W satisfies the A;
condition if there is a finite constant ¢ such that P(W; < ¢W; for all ¢ > 0) = 1. The least
¢ with this property is denoted by [W]4, and called the A; characteristics of .

We will show that if W belongs to the class A4, then (1.2) holds for all martingales
X, Y satisfying the differential subordination. Actually, we will additionally study the
following aspect of the weighted bound. Namely, there is a very interesting question of
extracting the sharp dependence of the constant C' on the characteristics [W]4,. More
precisely: what is the least exponent  for which there exists an absolute constant C
such that

Y| wy < CIWTR XLy ooy

for all W and all X, Y satisfying the differential subordination?
The main result of this paper gives a full answer to this question.
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Theorem 1.3. Let X, Y be continuous-path martingales such that Y is differentially
subordinate to X. Then for any A, weight W we have

Y[Lrowy < CIW]a, IX |y wys (1.3)

where C =5+ 21In(3/2) = 5.81093.... The dependence on the A, characteristics of the
weight is optimal in the sense that for any x < 1 and any K > 0, there is a weight W, a
real-valued martingale X and a predictable sequence H with values in {—1,1} such that
the stochastic integral Y = H - X satisfies

Y [Lrowy > K[W1A X2y ow)-

We should emphasize here that the constant C' we obtain above is not sharp, however,
we believe that it is not far from the optimal one.

There is a well-known method of proving maximal inequalities for stochastic integrals
and differentially subordinate martingales. This method, invented by Burkholder in
[4] and modified by the author in [12, 13], allows to deduce a given estimate from
the existence of a certain special function, enjoying appropriate majorization and con-
cavity. However, we should stress here that all the works in which the method has
been successfully implemented, concerned the unweighted setting. To the best of our
knowledge, this paper contains the first example in which Burkholder’s method has
been successfully applied to yield a nontrivial weighted maximal bound for differentially
subordinate martingales.

The inequality (1.3) is proved in the next section. The optimality of the exponent 1 is
studied in Section 3. In the final part of the paper we sketch some ideas leading to the
special function U on which the proof of (1.3) rests.

2 Proof of the maximal inequality
Let ¢ > 1 be a fixed parameter and consider the set
D = {(z,y,z,w,v) € R” x R x (0,00)% : || < 2, ¢+ <w/v < 1}.

As we have mentioned in the introduction, a crucial role in the proof of (1.3) is played by
a special function. Let U = U(® : D — R be given by
~yPoln (V2 tw/v 41— ¢72) — Azl

U(C)(‘T’yaszav) - — YRV, (21)
z

where v = 2 + In(3/2). Let us study some crucial properties of the special function.
Recall that C' is the constant appearing in (1.3).
Lemma 2.1. (i) For any z, y € R" satisfying |y| < |z| and any w, v > 0 with ¢c™! < w/v <
1, we have

U(zx,y,|z|,w,v) <0 (2.2)

(11) For any (.’,U, Y, z,w, ’U) S D/ we have
U(z,y,z,w,v) > |ylw — Cezw. (2.3)

(iii) For any z € R” \ {0} and y € R” and any w, v > 0 satisfying c=* < w/v < 1, we
have
U.(z,y, |z, w,v) <0. (2.4)

(iv) For any =, y € R”, z > 0 (satisfying z > |z|) and w > 0, we have

Uy(x,y,z,w,w) <0. (2.5)
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(v) For any (z,y, z,w,v) € D, the (v + 1) x (v + 1) matrix

(Uilﬂ +Uyy)('r7yazaw7v) Uyw(x,y7zaw7v)
Uwy(x7yaz7wav) wa(%ya%wﬂ))

My, 2, w,0) — [

is nonpositive-definite. (Here U, + U,, denotes the matrix [Um]. + U z.yjhgi_jgy, and
Uyw, Uyy stand for column and vector with entries Uy, ,, Uy,w, - .-, Uy, «, respectively).

Proof. The proof of (2.2) is very simple: since In(1 + s) < s for any positive s, we may
write

In (\/icflw/v +1-— 072) < \/icflw/v <V2e 1< ~
and hence

U(z,y,z,w,v <0.

2 .2

) < b = oy
z

To show (2.3), note that In(1 + s) > s/(1 + s) for all s > 0, which implies

\/ic’lw/v —c2
In (ﬂcflw v+1-— 072) > .
/ T 1HV2c lw/v — 2

But ¢=2 < ¢ 'w/v and
1+V2e ' w/v—c2<14+V2e =72 <3/2, (2.6)

so the preceding estimate gives
21 —1 —1
In (\/ic_lw/v +1-— c_2> > W > CT%
Therefore, the majorization (2.3) will be established if we manage to show that

clw 2 9 9 5
W = lylew + Cez®w 2 5(J2f” + 2%)v.

But observe that

4
> (C = 1)ez?w = 2ye2®w > 2v2%v > ~(|z]? + 22)v.

clw, o,
1l

— |ylzw + Cezw = ¢ (Jy| — 2¢2)* + (Cec — ¢) 22w

The inequality (2.4) is evident once one computes the partial derivative with respect to
z:
ly[2vIn(v2c¢ w/v + 1 — ¢?)
_ > )
z

UZ (x7 y’ |x|? w? /U) =
To show (2.5), we derive that
V2e !
V2e141—c

and hence we will be done if we show that the expression in the square brackets is
nonpositive. This is elementary: substitute a = ¢! € [0, 1] and consider the function

V2a
V2a+1—a?

2

zUv(x,y,z,w,w) = ‘y|2 111(\/56_1 +1- 6_2) 2l 7|$|2 -z

¢(a) =In(v2a + 1 — a?)

It suffices to note that £(0) = 0 and

;o 2d%(—2v2+a)
§'(a) = (V2o 11— a2 <
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provided a € (0,1). This yields (2.5). Finally, we turn our attention to the property (v).
We easily check that M (z,y, z,w,v) equals

20(In(v2c 'w/v+1—c2) — ) 1d 2v/2yc!
Py ——
2/2yc ! _ 2¢ 2 y[? ’
2(vV2c twjv 41— c2) 20(v2e 1w/v+ 1 — c2)2

where Id denotes the identity matrix of dimension v x v. Since In(v2¢™! +1 — ¢72) <
V2¢™' < 4, it is enough to prove that (—1)"*!det M(z,y,2,w,v) > 0, by virtue of
Sylvester’s criterion. Most of the entries of the matrix are zero, and it is not difficult to
compute the determinant. If we substitute A = (2v(In(v2c¢  w/v + 1 —¢72) —7))/z <0,
and use cofactor expansion along the last row, we see that

(=1)" Tt det M(z,y, z,w,v)
Oly[2¢—2 2.,-2
_ (_1)V+1 _AY. |y| c _ Au—l . 8|y‘ c
20(v2e lw/v+ 1 — c=2)2 22(2c tw/v 41— c¢2)2
AlyfPe (A" ! -1 -2
= —In(vV2c 'w/v+1—c"2) = 2|.
22(V2c lw/v + 1 — ¢=2)2 7 ( / )

Thus, we must prove that the expression in the square brackets is nonnegative. But this
is immediate when one recalls the definition of v and notes that by (2.6), ln(\/icflw v+
1—c72) <1In(3/2).

The proof is complete. O

Proof of (1.3). Fix an arbitrary ¢ > 0 and pick martingales X, Y, W as in the statement.
Let ¢ = [W]4,. We will apply It6’s formula to the composition of U() and the process
P = (X4, Y3, X Ve, Wy, W), t > 0. For any t > 0 we have X; Ve > 0and W} < cW,,
by the very definition of [W]4,. Hence the process P takes values in the domain of U
and the composition U(P) makes sense. Furthermore, U has the necessary regularity:
actually, the formula (2.1) can be used for all (z,y, z, w,v) € R” x R” x (0, 00)® and defines
a C* function there, so the use of It6’s formula is permitted. As the result, we obtain

UP)=1v+ 1+ 12+ I3/2,
where

Iy =U(R),

I = /U dX+/U dY+/U

12_/0 Uz(PS)d(X:VE)+/O UU( s)dW:a

h= [ UaPodx) + [ UYL+ [ OPaw,

n z/t Uy (P,)d[Y, W],.
0

Here fot U« (Ps)d[X]; is the shortened notation for ), fot Uz,e, (Ps)d[X", X7], and sim-

ilarly for fot Uyy(Ps)d[Y],s and fot Uyw(Ps)d]Y, W],. Note that the remaining second-order
terms are equal to 0, either due to vanishing of the corresponding partial derivatives,
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or to the fact that the processes X* V ¢, W* are nondecreasing (and hence of finite
variation). Let us analyze the terms Iy through I3 separately. First, observe that

Iy = U(Xo, Y, | Xo| Ve, Wy, Wy) <0,

due to (2.2). The term I, is a local martingale, by the properties of stochastic integrals.
To handle I, note that by the continuity of paths, the times at which the process
X* Ve increases are contained in the set {s: |X;| = X*}; however, for such s we have
U.(Ps) <0, by virtue of (2.4), so the first integral in I, is nonpositive. An analogous
reasoning exploiting (2.5) shows that the second integral also has this property and
hence I < 0. To deal with I3, observe that U,, = [U,,,]1<i,j<» is a negative multiple of
the identity matrix and hence, by the differential subordination of Y to X,

/ U (PAX], < / U, (P)aIY],.
0 0

Furthermore, by Lemma 2.1 (v), we have

[P+ UYL+ [ Vi)W, 52 [ Op(Paly W, <0,
0 0 0

which implies I3 < 0. Putting all the above facts together, if (7,,),,>1 denotes the localizing
sequence for the local martingale 1, then

EU(P. n) <0, n=12....

By (2.3), this yields E|Y; r¢|Wrae < CcEXY Wy A for all n. But W is uniformly
integrable, so

E|Yr atlWoo = EIY at|[Wrne < CcEXS \We ne = CcEXY [\ ;Woo < CcEX "W,

Letting n — oo and applying Fatou’s lemma, we get E|Y;|W < C[W]4, EX*W.. Since t
was arbitrary, the claim follows. O

3 On the optimality of the exponent

Let ¢ > 1 be a fixed parameter, take a large positive integer N and set § = ¢/N. Let
B be a standard, one-dimensional Brownian motion starting from 1. Consider the family
(7)), of stopping times given by 7y = 0 and

Ton=if{t: B, <c'(1+0)" torB,=(1+6)"}, n=12...,N.

Let W = (B-yat)t>0 and let X, Y be martingales starting from 0, satisfying

B (_1)77.71
dX; = (-1)"'dY; = ——~——dW,
t=(-1) t T t
fort € [Th—1,m),n=1,2,..., N. Finally, put X; = X,,_ and V; =Y, _ fort > 7y.

Let us gain some intuition about the processes introduced above. Let us first look
at W. Clearly, this process is a weight and it behavior is as follows. It starts from 1,
and, on the time interval [rp,71), it evolves until it reaches ¢=! or 1 + §. If the first
possibility occurs, the process W stops; otherwise, it continues its evolution on [r, 72)
until it reaches ¢ (1 + §) or (1 + 6)2. In the first case the process terminates, while in
the second it continues its movement on |2, 73) until it reaches ¢! (1 + §)? or (1 + §)3,
and so on, until N steps of this type are conducted. The above description immediately
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implies that [W]a, < ¢(1+6). Indeed, we have Wy = W and, foranyn =1, 2, ..., N, if
t € (Tn_1,7n), then W; > ¢ (1 +6)"~ ! and Wy < (1 +6)".

Now, let us look at the pair (X,Y). It starts from (0, 0) and, for t € |1, 1), we have
dX; = dY; = dW, or, equivalently, X; = Y; = W, — 1. So, the pair (X,Y’) moves along the
line of slope 1 until it reaches one of the points (¢c7! — 1,¢7! — 1), (§,9). If it visits the
first of these points (which means that W,, = ¢~!), then the pair stops, since so does W.
However, if (X,,,Y,,) = (4,9), then the time interval |7, 7o) is nonempty: for ¢ belonging
to this interval we have dX; = —dY; = —dW;/(1 + ), or

W, — W,

X:—i Y:
¢ =90 116 =0+

Wy — W,
146

Therefore, on [11,72), (X,Y) evolves along the line of slope —1 until it visits (§ + 1 —
c 1,6 —1+c 1) or (0,20). If the first possibility occurs, the pair terminates; but if
(X, Yr,) = (0,20), the movement is continued. In general, if n is an odd integer,
then on [7,-1,7,) the process (X,Y) moves along a line segment of slope 1 joining
(c? =1, =1+ (n —1)6) and (6,nd); it is killed when hitting the first point, and
continues otherwise. If n is even, then for ¢ € [7,_1, 7,,) the pair (X,Y") evolves along a
line segment of slope —1, with endpoints (1 — ¢~ 46, (n—1)6 — 1 +c71), (0,n0) (the first
of which is absorbing, while the second is not). Directly from this description, we see
that X* <1 —c¢ ! + 6, and hence X* < 1 provided N is sufficiently large. This implies
X" L) < EWeo =

Now, take a look at the event A = {W,, = (1 + §)"V}. It follows from the above
analysis that on this set we have W, = (1+ )" foralln =1, 2, ..., N. Consequently,

We, = (L+0)"Wr,_, = (1+8)""")

N
II_V[1+5711 (1+6)n7171_ 17071 N
L (Ao = (14 0)m S \l-c1+496

Next, the above discussion concerning the behavior of (X,Y’) implies that on the set A
we have Y, =ndforalln=1,2,..., N, which implies

1—c? N
Y > EYo o Woola=Ns(1+)Y [ ———— ) .
¥l = a= N0 ({25
Now recall that we have put § = ¢/N. Therefore, if N is sufficiently large, the latter
expression can be made arbitrarily close to cexp(—(1 — ¢~!)7!). Therefore, for any
exponent x < 1, we have

Wllzrgry o aoe exp(=(1—cH)7T)
X Lrowy W15, — 2 ’

for huge N. But the right-hand side explodes as ¢ — oo; this proves that the exponent 1
in (1.3) is indeed the best possible.

4 On the search of a suitable function

The purpose of this section is to present some informal reasoning which has led
us to the discovery of the special function U = U(®) satisfying the properties listed in
Lemma 2.1. We would like to stress here that we have not tried to optimize the choice
of various parameters that will arise below (which might lead to a slight improvement
of the constant C in the statement of our main theorem). Instead, we rather focused
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on obtaining a relatively simple formula, for which the calculations will be not too
complicated. It is convenient to split the search into several steps.

Step 1. It suffices to consider the case v = 1. The passage to higher dimensions
will just require some minor and natural changes (one has to replace z2, ? by |z|? and

ly|?, respectively). As a starting point, one looks at the appropriate function from the
unweighted setting: as proved in [12], it is given by
2 2
xz
U(z,y,2) = vy _r -z,
z z

up to a multiplicative constant. It seems natural to expect that the function U we search
for has a somewhat similar formula. A little thought and a look at (2.3) suggest that if we
want to pass to the weighted setting, then each summand above should be multiplied a
nonnegative expression depending on w and v, which is homogeneous of order 1: that is,

2U xzv
Ule,y,2w,0) = T=p1(w/v) - = a(w/v) - zvps(w/v),

for some ¢; : [c71,1] — R to be found, i = 1, 2, 3.

Step 2. Let us try to guess the functions ;. The first idea is to consider constant
functions, but then the property (v) of Lemma 2.1 is not satisfied. The second thought is
to assume that exactly two of ¢;’s are constant, and it turns out that the choice s = 3,
3 = v will do the job. Plugging this above and applying (2.4), we get

2
v
—yZ—Qgpl(w/v) + Bv —yv <0.

The left-hand side is the largest when y = 0, and then the inequality is equivalent to
B < ~. Let us assume that we actually have equality here, and let us write ¢ instead of
1. Then the formula for U becomes

2y vz

Ule,y,2w,0) = *=p(w/v) -

— yzv.

Step 3. The next step is to find the formula for . An application of (2.5) enforces the
condition

Y e(1) = ¢ (1)) < ya? + 727,

to be valid for all z, y € R and positive z > |z|. Taking y = 1, x = z and letting z — 0
yields the inequality

(1) < ¢'(1). (4.1)

Now, let us look at the condition (v). The matrix M becomes

_ 1 2w 2vp(w/v)  2y¢ (w/v)
M(xvya 2, W, U) = 2y<p’(w/v) y2v_1<p”(w/v)

To check whether this matrix is nonpositive-definite, we apply Sylvester’s criterion. After
some easy calculations, we see that (v) will hold if

¢"(s) <0 and (= + ()" (s) > 2(¢(s))? (4.2)

forall s € (c‘l, 1). Which function ¢ satisfies (4.1) and (4.2)? After some attempts, the
author guessed that ¢(s) = log(as + b) was a good choice, for some constants a = a(c),
b = b(c) to be found.

Step 4. Let us try to find the parameters «a, b and ~, working with (4.1), (4.2) and the
majorization condition (2.3). By the latter inequality, we have that ¢ > 0 on [c‘l, 1] (take
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x = z — 0 and y = 1 in the majorization). Thus in particular we see that ¢(1) > 0, which
gives a + b > 1, and p(c~!) > 0, which is equivalent to
act+b> 1. (4.3)

Next, (4.1) yields

log(a +b) — <0, (4.4)

a+b ™~

which combined with a + b > 1 implies that a is positive. Let us further exploit the two
inequalities above: they yield some crucial information on a and b. First, (4.4) implies
that b < 1: indeed, for b = 1 the inequality does not hold, and the left-hand side is an
increasing function of b. Thus, we have b = 1 — ¢ for some ¢ = ¢(c¢) > 0; then (4.3) gives
a > ce, and since the left-hand side of (4.4) is an increasing function of a, we get that

ce

log(1+4 (¢ —1)e) < T De

Let us try to extract some information on the size of € from this estimate. We must have
e = o(c™!) as ¢ — oo, since otherwise letting ¢ — oo above gives a contradiction. Now,
transform the latter bound into the equivalent form

log(1+ (¢c—1)e) — (c—1)e 1

s .(1+(c—1)5)§m—1.

Letting ¢ — oo, we see that the left-hand side converges to —1/2 and therefore we have
limsup,_, . (c — 1)%¢ < 2. This suggests to take ¢ = ¢~ and, in the light of (4.3), a = ac™!
for some o« = a(c) > 1. We assume that « is a constant function and come back to (4.4),
obtaining that o must satisfy

ac™!

log(ac ™' +1—¢72%) — v i g <0 fore>1,
ac —c

or, if we substitute a = ¢=! € [0, 1], then

o 9 aa
&(a) :=log(aa+1—a”) — P <0
(a similar function, also denoted by &, has already appeared in Section 2). Since £(0) =0,
we see that the above inequality enforces ¢’(a) < 0 for a sufficiently close to 0. However,
since
(a? — 2 — daa + 2a?)
(aa+1—-a2)2

o) ="

the latter requirement will hold if & < v/2. This leads us to the choice a = v/2.

Finally, it remains to choose . The second inequality in (4.2) can be transformed
into v — log(as + b) > 2, and this requirement is most restrictive when s = 1: v >
2 + log(v/2¢™! + 1 — ¢72). One easily checks that the function ¢ +— 2c¢™' +1 — ¢72,
¢ € [1,00), attains its maximal value 3/2 for ¢ = /2. This leads to our final choice
v =2+ log(3/2), which produces the function U used in Section 2.
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