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Large deviations for homozygosity*
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Abstract

For any m > 2, the homozygosity of order m of a population is the probability
that a sample of size m from the population consists of the same type individuals.
Assume that the type proportions follow Kingman’s Poisson-Dirichlet distribution
with parameter 6. In this paper we establish the large deviation principle for the
naturally scaled homozygosity as 6 tends to infinity. The key step in the proof is a new
representation of the homozygosity. This settles an open problem raised in [1]. The
result is then generalized to the two-parameter Poisson-Dirichlet distribution.
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1 Introduction

Let v(t) denote the gamma subordinator with Lévy measure
Adz)=2"te ™ dz, > 0.

For any 6 > 0, let J1(0) > J2(0) > --- denote the jump sizes of (t) over the interval [0, 6]
in descending order. If we set P;(0) = J;(0)/v(0),i > 1, then the law of

P9) = (P1(6), P2(6),...)
is Kingman'’s Poisson-Dirichlet distribution PD(#)(cf.[10]). It is a probability on the
infinite-dimensional simplex

Voo ={P=(p1,p2,...) ipr Zp2 >+ >0,> p; <1},
i=1

For any integer m > 2, the function

oo

H(pim)=> p}"

i=1
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Large deviations for homozygosity

is loosely called the homozygosity of order m. The name is taken from population genetics
where the homozygosity corresponds to m = 2. The function is closely associated with
the Shannon entropy in communication, the Herfindahl-Hirschman index in economics,
and the Gini-Simpson index in ecology. It can be used to measure the population diversity
in terms of the number of different types and the evenness in the distribution among
those types. The value of H(p;m) decreases when the number of types increases and
the distribution among those types becomes more even.

In this paper we are interested in the behaviour of the random variable H(P(8);m)
when 6 tends to infinity. When a random sample of size m is selected from a population
whose individual types have distribution PD(#), the probability that all samples are
of the same type is given by H(P(#);m). Since H(P(#);m) < P"~'(9), it follows that
H(P(#);m) converges to zero as # approaches infinity. In [7] and [9] it is shown that

H(P(#); m) goes to zero at a magnitude of %, and

9m—1

e

HP®O);m) —1| = Zn, (1.1)

where = denotes convergence in distribution and Z,, is a normal random variable with
mean zero and variance

It is natural to investigate more refined structures associated with the limits
H(P(¢);m) =0, 0 — o0

and
em—l

I'(m)

H(P();m)—1, § — oco.

In [1], a full large deviation principle is established for H(P(6);m) describing the

6777,—1

L'(m)

to zero in probability as 6 tends to infinity. Large deviations associated with this limit
m—1

are called the moderate deviation principle for {fﬂ(—m)H(P(G);m) : 6 > 0}. In [5], the

moderate deviation principles are shown to hold for / in (24, 1

principle corresponding to [ = 0 remains an open problem.

deviations from zero. For [ in (0,1/2), the quantity ¢’ ( H(P(0);m) — 1) converges

). The large deviation

In this paper we will solve this open problem, namely, the large deviation principle
for %H (P(6); m) describing deviations from 1. The two-parameter generalization is

also obtained. The key in the proof is a new representation of the homozygosity.

2 Large deviations

Let m is any integer that is greater than or equal to 2. The objective of this section is
to establish the large deviation principle for

We begin with the case that ¢ takes integer values. For any 1 < k < 6, let JF,i =
1,2,... denote all the jump sizes of y(¢) over [k — 1, k]. Since the subordinator ~(¢) will
not jump att =0, 1, ..., 0 with probability one, it follows that
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L
Y™0)
1

0) £

where Wy, ..., W, are independent copies of (1), and independently, Hy,..
independent copies of H(P(1);m). Set

oo k m
NCRTEUDS (coems) @V

W,;n H,

HM% HM%

., Hy are

0
Lo(P(O)im) = s S Wiy,
k=1

Then we have

= WLO(P(H)W”)-

Theorem 2.1. A large deviation principle holds for L(P(6);
on space R with rate §'/™ and good rate function

_ [ Tm)(@—-1))/™, x>1,
I(z) = { +00, otherwise.

m) as 0 converges to infinity

Proof: By Ewens sampling formula and direct calculation we have

E[W["H,] = T(m).
Let
)\Wi’”Hl
J(y) = sup {Ay —logE[fe” Tt | A € IE{} )

AWt
Since E[e” Ttm | = oo for A > 0, it follows that
N
J(y) = sup {)\y — log B[e* o ]: A< 0}.
By Cramér’s theorem (cf. Theorem 2.2.3 in [2]), we have that for any =

limsup 6~ log P{Lo(P(0);m) < x} < — inf J(y). (2.2)

6— o0 y<z

Rewrite J(y) as
sup {1ogeky - 1ogE[eA%} A< o}
o {-vun 3 (58] 1<)
= —inf {logE {exp {)\ (ng}gl - y) H TA< 0}
= loginf{IE {exp {)\ (ijgl - y) H A o} .

Let F()) = E[exp{\(*fry*

IN

y)}]- Then we have

F()=F Kmf(nngl - y> exp {A (%ﬁl B y) H
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(76 =) = 3 ()} o

If y <1, then F(0) =1, F’(0) =1 — y > 0. Thus there exists A < 0 such that F(A) < 1
which implies that J(y) > 0 for y < 1. This combined with (2.2) and the fact that J(-) is
non-increasing implies that for any z < 1

and

F'(\) =E

lim sup 0~/ ™ log P{ Lo (P(6); m) < 2}

60— 00

= lieminf 0~/ log P{Lo(P(0);m) < x} = —00 (2.3)
—00
and thus

lim lim sup /" log P{| Lo (P(6);m) — x| < &}

=0 9500

= lim lim inf §~Y/™ log P{| Lo (P (6); m) — x| < &} (2.4)
§—0 0—oc0
= —0Q.

Now consider the case x > 1. Since
IP{WlmHl > F(m):v} < P{Wl > [F(m)l‘}l/m} — e_[F(m)”:]l/m
it follows from Theorem 3 in [11] that

lim sup /™ log P{Lo(P(#); m) > z} < —[[(m)(z — 1)]/™. (2.5)

60— o0

On the other hand, foranye >0and 0 < < 1
P{Ly(P(0);m) > x}

oS )2 e ) -

0 m
>P{H, > §}P{W" > s 'T(m)[1 4 0(z — 1 + €)]}P {; Z (Wk Hy, 1) > —e}

= P{H, > 6} =\ T(m) =
o {;é (V‘Ij,;(’;gk B 1) 2 —6} exp{ - (5—1r(m)[1 Oz —1+ E)}>”m}

Since {3} Zfﬂ(v‘;’zg’“ — 1) > —¢} converges to one as 6 tends to infinity, it follows that

lieminf O~/ log P{Lo(P(0);m) > x} > —[07'T(m)(z — 1 + €)]¥/™.
— 00
Letting € go to zero followed by § going to one, we obtain
nemmfe*l/m log P{Lo(P(6);m) > z} > —[[(m)(z — 1)]*/™
—00

which combined with (2.5) implies that
Jim 0~Y/™log P{Lo(P(0); m) > x} (2.6)
—00

= Jlim 0=Y/™log P{Lo(P(0); m) > x}
= —[[(m)(z — )]/
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Since I(x) is strictly increasing in « for > 1 and for any ¢ > 0 such that z — 0 > 1
P{Lo(P(0);m) >z — 0} = P{|Lo(P(0);m) — x| < 6} + P{Lo(P(0);m) > + 6},
it follows from (2.6) that

lim lim 0" log P{|Lo(P(0); m) — x| < 6}

6—060—00

= lim lim 6~Y™logP{|Lo(P(0);m) — z| < 8§} (2.7)

6—060—00

= —[[(m)(a — 1)]V/™.

Putting together (2.3) and (2.6) we obtain that for any M > 0andc=1+ %

lim sup /™ log P{Lo(P(#);m) & [—¢, ]} < —M, (2.8)

60— 00

which combined with (2.4), (2.7) and Theorem (P) in [13] implies the large deviation
principle for Lo(P(6);m) with speed #'/™ and good rate function I(-).
By direct calculation

lim 6~'/™log P {‘ <’Y(9)> - 1‘ > 5} =—00 (2.9)

0— 00 0

By Lemma 2.1 in [5], the large deviation principle for L(P(f);m) is the same as
Lo(P(0); m).

Finally for general 6 > 1, let [f] denote the integer part of §. By direct calculation we
have that

DN g < (WA DY .
(7(9)> L(P([0]);m) < L(P(8); )S( @) ) LP([0] + 1);m). (2.10)
Forany 0 <4 < 1,

{8 ) = el
e

S T@re-ps 1)

where the second equality follows from the fact that v([f])/v(0) follows a Beta([6],0 — [])
distribution. This implies that forany 0 < r < 1

1 (D \"
lim — logIP -1 = —00. 2.11
i g oee{| (35 ST N
Similarly we can prove that
L1 y([0] + D\ _
Applying Lemma 2.1 in [5] again, we conclude that the large deviations at scales of
0" of <7'y(([z]))) L(P([A]); m) and <W> L(P([f] + 1);m) are the same as the corre-
sponding large deviations of L(P([#]);m) and L(P([0] + 1);m). 0
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Remark 2.2. Considering Kingman’s coalescent and the time 7,, when n ancestors are
found. Large deviation estimates were obtained in [3] for the scaled probability of two
randomly selected individuals at time zero having the same ancestor at time 7},. In our
notation this probability has the form

2 n
n 1
— ] = W7,

() 22
This is the same as Lqo(P(n);2) except Hj is replaced by 1. Our result shows that the
corresponding work in [3] can be generalized to any m > 2.
Remark 2.3. (Connections to the result in [1]). The large deviation principle for
H(P(6); m) obtained in [1] has speed # and rate function

_ [ —log(t—ytm), yelo,1]
Sly) = { 0, otherwise
Since H(P(0);m) and H(P(0);m) — gﬁf’f} are exponentially equivalent, the same large

deviation principle holds for H(P(6);m) — ;EZ?{ . Since

om—l

m {H(p(g);m) - ng +1,

one has that for L(P(#);m) =z >1land y = er,s;’fi (x—1)

L(P(0);m) =

“1)/m 1
exp{—0S(y)} = exp{—&l/me(m D/m 1og o) }
~ exp{—0Y"I(x)}.

3 Two-parameter generalization

For any 0 < @ < 1 and 6 > 0, let p(¢) denote the subordinator with Lévy measure
aCax*(Ha)e*md:v, x>0

where C, > 0. Set

T(a, 0) = CJF(Z%’ Oap = p(1(,0))

and let
P(a,0) = (Pi(«,0), Po(c,0),...)

denote the descending order statistics of the normalized jump sizes of p(t) over the ran-
dom interval [0, 7(c, 0)]. By Proposition 21 in [12], the law of P(«, ) is the two-parameter
Poisson-Dirichlet distribution, o, ¢ is a gamma random variable with parameters (¢,1)
and is independent of P(«, ). The case a = 0,0 > 0 can be recovered by choosing C,
such that lim,_,o aC,, = 1.

The two-parameter homozygosity of order m is defined as

H(P(a,0);m) =Y P"(a,0).
i=1

Set om—1T(1
L(P(a,0); m) = WMP(aﬁ);m)-
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It is known ([8], [4]) that

VOIL(P(a,0);m) —1] = Z2, m — oo (3.1)
where Z is a normal random variable with mean zero and variance
Il —-a)T(2m — «a) 9
T2(m — a) +a—m”.

As in the one-parameter case, the moderate deviation principles hold for the two-
parameter Poisson-Dirichlet distribution ([6]), i.e., for any [/ in (gfn 11, 2) large deviation
principles hold for

O'[L(P(a,0);m) — 1].
Our next result establishes the large deviation principle for L(P(«a,8);m).

Theorem 3.1. A large deviation principle holds for L(P(«,0);m) as 6 converges to
infinity on space R with rate '/™ and good rate function

1/m
L(m—a)(z=1)
Ia(x) = |: I'(l-a) i| o>l

00, otherwise.

Proof: It suffices to consider the case that 6 is an integer. Let &1,...,&p be i.i.d.
copies of (C,I'(1 — a))v(1/a) and set

k k—1
i=1 i=1

It is clear from the definition that Wy*,..., W are independent. For any A > 0, the
Laplace transform of W has the form

Ele i = E[e 7]
= Elexp{—y(1/a)[(A+1)* = 1]}]
= (1+N)
Hence W, ..., W' areii.d. exponential with parameter one. In other words, Wp*,..., W
and Wy,..., Wy in the previous section are equal in distribution.

For each 1 < k < 0, let {JF(a,0) : j > 1} denote all the jump sizes of p(-) in the
interval Y217} &, Y"1, &] and set

JE(e,0)\ "

H,,= AR

(Y
J

By Proposition 21 in [12], H,  is independent of W*. It is not difficult to see that

Hya,...,Hyp are ii.d. with the same distribution as H(P(a, 1);m).
The two-parameter homozygosity can now be written as

m 0
) > (W)™ He k- (3.2)

k=1

H(P(a,0)m) = (

Oa,0

which has the same structure as (2.1) with H, ; in place of Hy. Set

0
)1
L(X(P(oz,ﬂ);m) 52 Wk m ak
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and write
0

Oa,0

L(P(a.0m) =

the conclusion now follows from similar arguments used in the proof of Theorem 2.1. O

) La(P(a05m),

Remark 3.2. The subordinator representation for the two-parameter Poisson-Dirichlet
distribution is a special case of subordination of a subordinator. The representations
(2.1) and (3.2) can be generalized to these models. But the independency between the
total jump size and the normalized individual jump sizes may no longer hold. It is not
clear whether our result can be generalized to these situations.

Remark 3.3. For 0 < o < 1,2 > 1, we have I,(z) < I(z). Thus L(P(«,0); m) is more
spread out from 1 than L(P(#); m) and « can then be used to describe the diversity of
the population in terms of large deviations.

Acknowledgments. We wish to thank the referee for the careful review of the paper
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