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EQUILIBRIUM FLUCTUATION OF THE ATLAS MODEL

BY AMIR DEMBO! AND LI-CHENG TSAI?

Stanford University and Columbia University

We study the fluctuation of the Atlas model, where a unit drift is assigned
to the lowest ranked particle among a semi-infinite (Z4-indexed) system of
otherwise independent Brownian particles, initiated according to a Poisson
point process on R . In this context, we show that the joint law of ranked

particles, after being centered and scaled by 1_%, converges as t — o0 to the
Gaussian field corresponding to the solution of the Additive Stochastic Heat
Equation (ASHE) on R4 with the Neumann boundary condition at zero. This
allows us to express the asymptotic fluctuation of the lowest ranked parti-
cle in terms of a fractional Brownian Motion (fBM). In particular, we prove
a conjecture of Pal and Pitman [Ann. Appl. Probab. 18 (2008) 2179-2207]
about the asymptotic Gaussian fluctuation of the ranked particles.

1. Introduction. In this paper, we study the infinite particles Atlas model.
That is, we consider the R%Z+-valued process {X;(f)}iez,, €each coordinate per-
forming an independent Brownian motion except for the lowest ranked particle
receiving a drift of strength y > 0. For suitable initial conditions, this process is
given by the unique weak solution of

(1.1) dXi(t) =ylix;t)=x ) dt +dBi(1), i€ly.

Hereafter, B;(t), i € Z, denote independent standard Brownian motions and
Xi)(t),1 € Z, denote the ranked particles, that is, X ) (t) < X(1)(t) <---. More
precisely, recall that (x;) € RZ+ is rankable if there exists a bijection 7 : Z; — Z
(i.e., permutation) such that x; ;) < xz(;) forall i < j € Z, .. Such ranking permu-
tation is unique up to ties, which we break in lexicographic order. The equation
(1.1) is then well defined if (X;(7));cz, 1s rankable at all 7 > O with a measurable
ranking permutation.

The Atlas model (1.1) is a special case of diffusions with rank dependent drifts.
In finite dimensions, such systems are studied in [2], motivated by questions in
filtering theory, and in [8, 9], in the context of stochastic portfolio theory. See
also [4, 5, 11-13], for their ergodicity and sample path properties, and [6, 19]

Received March 2015; revised April 2016.
1Supported in part by the NSF through Grant #DMS-1106627.
2Supported in part by the NSF through Grant #DMS-0709248.
MSC2010 subject classifications. Primary 60K35; secondary 60H15, 82C22.
Key words and phrases. Equilibrium fluctuation, fractional Brownian motion, interacting parti-
cles, reflected Brownian motion, stochastic heat equation.

4529


http://www.imstat.org/aop/
https://doi.org/10.1214/16-AOP1171
http://www.imstat.org
http://www.ams.org/mathscinet/msc/msc2010.html

4530 A.DEMBO AND L.-C. TSAI

for their large deviations properties as the dimension tends to infinity. The Atlas
model is a simple special case [where the drift vector is specialized to (y, 0, ..., 0)]
that allows more detailed analysis. In particular, Pal and Pitman [18] consider the
infinite dimensional Atlas model (1.1), establishing the well-posedness and the
existence of an explicit invariant measure; see also [12, 22].

In this paper, we study the long-time behavior of the ranked particles, in particu-
lar the lowest ranked particle. This amounts to understanding competition between
the drift y and the push-back from the bulk of particles (due to ranking). These two
effects act against each other, and balance exactly at the critical density 2y . More
precisely, recall from [18] that, starting from {X;)(0)} ~ PPP_(2y), the Poisson
Point Process with density 2y on Ry := [0, 00), (1.1) admits a unique weak so-
lution (which is rankable) such that {X ;) () — X (0)(?)};ez. retains the PPP, (2y)
law for all r > 0. At this critical density, we show that, for large ¢ and for all i,
X (i)(¢) fluctuates at O(I%), and the joint law of the fluctuations of the particles
scales to a Gaussian field characterized by ASHE.

Hereafter, we fix {X;(#)}icz, to be the unique weak solution of (I.1) starting
from PPP_ (2y). With Y;(?) := X+1)(t) — X(;)(#) denoting the ith gap, such ini-
tial condition are equivalent to X 9)(0) =0 and {Y;(0)}iez, ~ Qjcz n Exp(2y).
We consider the process

(12)  X(x) =3 (ie(x) — 2y Xoap(e 1), iex) = (2ye2) lx,

defined for all x € %ZJF, and linearly interpolated in x so that X¢(-) € C (Ri).
Recall that the relevant solution of the ASHE, (1.5), is invariant under the scal-
ing X (x) — a%/'\,’, Ja(x /a%), which suggests the scaling of (1.2). Alternatively,
this scaling can be understood as choosing the diffusive scaling of (¢, x) to re-
spect B;(-), and choosing the e7 factor to capture the Gaussian fluctuation of
PPP.(2ye™2).

Let p;(x) = =
ing scaled error function ®;(x) := f(fo p:(y)dy. We use p}\l(y, x)=p(y—x)+
p:(y + x) for the Neumann heat kernel and

e‘xz/ 2 denote the standard heat kernel, with the correspond-

(13) Wy, x) =2 — B, (y —x) — Dy(y +x) =f PN 0 dz.
y

Hereafter, we endow the space C (]R%L) the topology of uniform convergence on
compact sets, and use = to denote weak convergence of probability measures.
Our main result is as follows.



FLUCTUATION OF THE ATLAS MODEL 4531

THEOREM 1.1. Let X.(-) denote the C (Ri)-valued centered Gaussian pro-
cess with covariance

E (X, (x) X (x"))

(1.4) =2y</0 Wi (y, X)Wy (v, x')dy

At poo N N )
+/0 /(; Pf_s(yax)p,r_s(y,x )dyds).

Then X¢(-) = X.(+),as ¢ — 0.

REMARK 1.2. The limiting process X.(-) can be equivalently characterized
by the solution of the ASHE (see, e.g., [23]) on R,

(15) (at _ %axx)mx) — Qe x>0,

with the initial condition Xj(x) = /2y B(x) and a suitable boundary condition
at x = 0. Here, B(x) denotes a standard Brownian motion and & denotes a 2-
dimensional white noise, independent of B(-). In the course of proving Theo-
rem 1.1, extracting the boundary condition requires a special choice of the test
function [see (1.13)]. From this, we end up with the Neumann boundary condi-
tion. That is, we declare the semigroup of (1.5) to be py (y, x), whereby obtaining

(1.6) X (x) = Wi (x) + M (x)

for

D wwi= [ e onmdy =2y [ woxdse),

t o0
18 M =2y [ [T PN gndn s,

where d# (s, y) := &(s, y)ds dy. The former and latter, measurable with respect
to B and &, respectively, are independent. From (1.7) and (1.8), one then concludes
the covariance as given in (1.4).

In retrospect, the Neumann boundary condition represents the conservation of
particles at x = 0. It is shown in [3] that at the equilibrium density we consider

here, Supse[o,;]{8%|X(O) (e~ '1)|} = 0 almost surely. That is, at the scale 8_% of
space, the lowest rank particle stays very close to x = 0. Consequently, the flux at
x = 0 should be zero, which amounts to the Neumann boundary condition.

REMARK 1.3. The limiting process X (¢, x) is the solution to (1.5) with

Xo(x) = /2y B(x), which is invariant in the sense that X (z,) — X (r,0) ‘="
2y B(+), Vt € R4. More generally, if one starts the Atlas model off equilibrium
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with {s%X ()(0)}iez, converging in a suitable sense to a nonequilibrium limiting
initial condition X{j(-), one should obtain the convergence of X*(, x) to the so-
lution X’(z, x) to (1.5) with the initial condition X{j(x). A natural special case of
such is the equally spaced initial condition X;y(0) =i/(2y), where X(;(-) =0,
and hence X’(t,x) = M(t, x). This, however, is not directly comparable with
convergence of finite dimensional distributions of the gaps. Further, our proof of
Theorem 1.1 requires the stationarity of {X;)(-) — X(0)(+)}iez, to obtain a priori
estimates, and hence does not apply to off-equilibrium initial conditions.

An important consequence of Theorem 1.1 is the following.

COROLLARY 1.4.

(a) Let BH) () denote the fractional Brownian motion with Hurst parameter H.
As e — 0, e~TX 0) (714, the scaled fluctuation of the lowest ranked particle,
weakly converges to (2/1) 7 y_% B(%) ().

(b) As ¢ — 0, sﬁ(X(is(x))(sfl) — X(i,(x))(0)) weakly converges to a centered
Gaussian with variance o2%(x), satisfying o(0) = (2/ n)%y_% and

limy— 00 0 (x) = (27) 572

Indeed, it is not difficult to deduce from (1.4) the covariance of the center Gaus-
sian process K.(x) := (Zy)_l(X.(x) — Xo(x)) for the special case of x =0 and
X — 00, and to arrive at

(1.9) E(K, (0K, (0) = y 1 2/n) 1B(BD (1) BH (1)),
(110)  lim E(K, (0K, () =y~ @m) ZE(BP 1) B9 (1),

From (1.9)—(1.10), Corollary 1.4(a) immediately follows, and part (b) follows by
setting = ¢ =1 in (1.9)—(1.10).

Theorem 1.1 is the first result of asymptotic fluctuations of (1.1), with Corol-
lary 1.4(b) resolving the conjecture of Pal and Pitman [18], Conjecture 3. Further,
Theorem 1.1 establishes the previously undiscovered connection of (1.1) to ASHE.

REMARK 1.5. In [3], the hydrodynamic limits of the Atlas model (1.1) is
studied. For out-of-equilibrium initial conditions, it is shown that S%X (0) (e~ 1Y)
converges to a deterministic limit described by the one-sided Stefan’s problem. For
the symmetric simple exclusion process on Z, [16] shows that the hydrodynamic
limit of a driven tagged particle is described by the two-sided Stefan’s problem. For
the same model, [17] shows that the fluctuation scales to a generalized Ornstein—
Uhlenbeck process related to ASHE.
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REMARK 1.6. Harris [10] introduces a closely related model of i.i.d. Z-
indexed Brownian particles B;(¢), which can be regarded as the bulk version of
(1.1). Using an explicit formula for the law of Bg)(¢), he shows that at equilib-
rium with density 2y, im0 =4 (B(o)(t) — B(0y(0)) = (27) "4y~ 2 B(1). This
result is further extended by [7] to the functional convergence szl’l(B(o) (e 1y —
Boy)(0)) = @m) iy 2B (),

Intuitively, we expect the Atlas model to behave similarly to the Harris model

once we match the equilibrium density. This is indeed confirmed in (1.10). That
is, at the bulk (x — oc0) the asymptotic fluctuation of the two systems are approx-

imately equal, to (27[)_% y_% Bi (+). Somewhat unexpectedly, as shown in Corol-
lary 1.4(a), the }L—fBM fluctuation also appears at x = 0, but with a different pref-
actor.

REMARK 1.7. Applying our technique to the Harris model, one may rederive
the results of [7, 10]. This provides an explanation of the scaling and the %—fBM
limit as the fluctuation of ASHE at x = 0. Specifically, the scaling limit of the
Harris model should be ASHE on R with no boundary condition. Since no drift
presents in the Harris model, the latter scaling limit could be deduced directly
from the time evolution equation.

REMARK 1.8. The Harris model is generalized in [21] by replacing the order-
ing with nearest neighbor repulsion through a potential. The authors show that the
equilibrium fluctuation converges to an Ornstein—Uhlenbeck process. For the sym-
metric simple exclusion (without drift) on Z, which is a discrete analog of Harris
model, [1] proves a central limit theorem of the fluctuation of a tagged particle at
equilibrium. This result is generalized in [14] to include off-equilibrium initial con-
ditions, where the limiting fluctuation is characterized by an Ornstein—Uhlenbeck
process.

Our strategy of proving Theorem 1.1 is to characterize, via the empirical mea-
sure, the asymptotic behaviors of ranked particles by the ASHE. While this strat-
egy has been widely used for interacting particle systems, in the context of Atlas
model (or more generally diffusions with rank-dependent drifts), this is a new ap-
proach of characterizing asymptotic behaviors of ranked particles, that has only
been used here and in [3]. Further, by focusing on the empirical, we completely
bypass the need of local times, which is a major a challenge when analyzing dif-
fusions with rank-dependent drifts.

To define the empirical measure, we consider w(y) :=e > A 1, |¢p|o =

supyer [p(M/w(y), and 2 := {¢p € L2[R):]¢p(y)l2 <oo}. Let Xi(1) :=
E%X,' (e~ 1), Xfi)(t) = 8%X(,")(8_ll‘) and, for any ¢ € 2, we define the empiri-
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cal measure Qf, together with its centered, scaled version Qf , by

(1.11) (0. 0):=2 o(X{ 1),
i=0
(1.12) (0:.0)=e (10500~ 2767 [T pndy),

which are well defined (see Lemma 3.1). As we are at stationarity, Qf is a
PPP+(2)/8_%) translated by X fo) (1), so Qf captures the Gaussian fluctuation of
PPP, (2~ 2) around 2ye 21y, (y)dy.

Under this framework, the main challenge of proving Theorem 1.1 is to choose
the test function F,"“(x) that (i) identifies the relevant boundary condition; and
(ii) relates itself to the process X (x). With
(1.13) Fot(x) :=(05, Wea (-, x)),

establishing (ii) amounts to approximating the displacement of a ranked particle
by the net flux of particles, which we achieve by using stationarity. In Sections 4
and 5, we prove Propositions 1.9 and 1.10, respectively, from which Theorem 1.1
follows immediately.

PROPOSITION 1.9. Fix any a € (%,1) and b € (0,%). As ¢ — 0,
Fo(+ &Py = X.(+), where X,(x) given as in Theorem 1.1.

PROPOSITION 1.10. Fix any a € (3,1) and b € (0,1). As ¢ — 0,
Fea(teby —xe() =0.

2. Outline of the proof of Propositions 1.9 and 1.10. Without loss of gen-
erality, we scale the drift y > 0 to unity by X;(r) — y X, (y ~?t). Hereafter, we fix
y ;=1 and use C(a, b, ...) to denote generic positive finite (deterministic) con-
stant that depends only on the designated variables.

We proceed to describe the time evolution of Q‘f . To this end, let

97 =Y, (x) € C*([0, T] x R) : || 2, < 00},

[Wl2r == sup (19:¥ilo + |0c¥il o + il 2 + Y] 2).
tel0,T]

We decompose Q¢ = A% + W¢, where
¢ _1 (Xo®
@ (a5 ¢):=—274 [ 9y

records the fluctuation of the lowest ranked particle, and

(15 )-23 [~ 0ay)

X*‘(’O) 3)

-

(2.2) (We,p):=¢
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accounts for the fluctuations of the bulk of particles. For any ¢ € 27 and 1y €
[0, T1], let

LA
(2.3) M,%’,(l//, k) :=¢e1 Z/f 8y1/fs(Xf(s)) dBf(s),
i=0""0

which is a C([tg, T], R)-valued martingale in 7, where B;(-) := 82B (e~ 1) °= distr.

B; ().

PROPOSITION 2.1. Forany T € Ry, 1ty € [0, T] and € 27, there exists a
C([tg, T1, R)-valued martingale Mfo_(w, o0) such that, for all g € [1, 00),

2.4) | 3P [Mi (010 = My )|, 0.

Furthermore, almost surely

(OF, ) — (6. Yo
s e [ mins

forallt €[0,T].

REMARK 2.2. Proposition 2.1 is established in Section 3, where we derive
(2.5) via Itd calculus. In this derivation, the underlying Brownian motions B;(¢),
i € Z4, collectively contribute

(sf‘%Qf, (0 +27 0w =267 | asws@)dy) dt +d M, (1, )

whereas the drift y =1 at the lowest ranked particle contributes
o0

e =30, (X5, (1) dit = (_g—i /X

&

(0)

y 3yy¢s(y) dy) dt
These, when combined together, give the expression (2.5).

Based on Proposition 2.1, in Section 3 we establish the following a priori esti-
mate of X fo)(-).

PROPOSITION 2.3. Fixing any q € (1, 00), b € [0, %) and T € Ry, we let
=inf{r >0: |X(O) )| = eb}. There exists C = C(T, b, q) < oo such that, for
all ¢ € (0, 29)7%],

(2.6) P(rf < T) < CelaDa1,
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REMARK 2.4. Proposition 2.3 implies, for any T € R4 and b € (0, }‘), we
have P(sup, (0.7 |X(50) ()| < &P) — 1. This is almost optimal, since we know a
posteriori from Theorem 1.1 that e_%X fo) (t) = X (0) converges weakly.

The idea of proving Proposition 2.3 is to utilize the stationarity. This is done by
inserting a suitable time-independent test function v, (x) = ¥ (x) with ¥(0) > 0
into (2.5), and expressing the result as the sum of (A?, ) and other terms whose
moments are bounded by using {X(#) — X(0)(t)}iez, ~ PPP1(2). This then
yields E[(A, ¥)|9 < C(q) < 00, Yq < oo, which, with A defined as in (2.1)
and with ¥ (0) > 0, implies (2.6).

Turning to the proof of Proposition 1.9, for each a € (%, 1),b € (0, %) andz,x €
R, we apply Proposition 2.1 for ¥ (y) := W, _s1ea(y, x + &) € 2;. With ¥ (y)
solving the backward heat equation (3; + 27! dyy) s = 0, one easily obtains that

FE(x 4 %) = WE(x) + ME (1) + AL (x),
where
Q27) WEQx) = Waea(y,x +€%), prE(x) = pRga (v, x +b),
28)  Wi(x) :={0f, ¥ (- x)),

1 & [t
(2.9  Mjx) =M, (Y7 (-, x),00) =¢? Z/O py_’i(Xf(s), x)dB; (s),
i=0

t
(2.10)  AS(x) ::/0 (A%, 9,WE_ (-, x))ds.

Since W (x) and M (x), consisting respectively of the contribution of {X}(0)}
and {B; (-)}, are independent, Proposition 1.9 is an immediate consequence of the
following.

PROPOSITION 2.5. Fixanya € (3, 1) and b € (0, }):
(a) Ase — 0, A%(-) = 0.

(b) As e — 0, WE(-) = W.(-), where W.(+) is defined as in (1.7) with y = 1.
(c) As e —> 0, M2(-) = M.(-), where M.(-) is defined as in (1.8) with y = 1.

REMARK 2.6. Our special choice of 1(y) is what makes Proposition 2.5(a)
valid. To see this, note that Xfo) (1) = O(e?) for all b € (0, %) (by Proposition 2.3)
and that A7 (x) = fé (A5, @s) ds for ¢s(y) = 05 Wiqea—s(y, x). With ¢5(0) =0, by
(2.1) we can approximate (Af, ¢,) by 8_% o(X 50) (5))?), which indeed tends to
zero. Further, we expect Proposition 2.5(b) and (c) to hold by comparing (1.7)
with (2.8), and (1.8) with (2.9), since Qg approximates V2d By(+), and 8% Q7 ap-
proximates 21 (x) dx, respectively.
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The proof of Proposition 1.10 requires the following notation:

(2.11) GF(x) 1= (0°, 1—oox)) = £3(0F, 1(oox]) — 26 %x,
(2.12) If (x) :==inf{i € Zy : X{;)(1) > x} = (0F L~ o0.x)).
(2.13) B () 1= o4 (I§ () = 2X (g oy (671)).

Up to a centering and scaling, G; (x) counts the total number of particles to the
left of x, and X (x) records the trajectory of X(1¢ (x)) (+), Where X(Slg(x))(O) the

first particle to the right of x at time 0. Proposition 1.10 is then an immediate
consequence of the following.

PROPOSITION 2.7. Leta € (%,1) and b € (0, }):

(a) Ase — 0, Fo(-+ ") — Go(-+ &P) = 0.
(b) Ase—0,G5(-+&b) — Xe(-+eP) = 0.
(©) Ase — 0, X(-+ &) — X8(-) = 0.

Recall that Y; (¢) := X +1)(t) — X(;)(#) denotes the ith gap. Letting

1 1
(2.14) P () = Xy (£711) — 7 2x = 672 (XE e ) (1) — x),
215)  D(j.j" 1) =) = = 2X((e7 1) = X (e7'1)
(2.16) =sign(j — j') Z (1—2Y;(s7 1)),

ielj’, Hulj. i)
in Section 5, we establish Proposition 2.7 relying on the following exact relations:
(2.17) pE(x) € (0, Ypery—1(e ")) Vax such that x > X§ (1),

(2.18) GF (x) — X (x) = e3D° (IF (x), IE (x), 1) + 265 p° (x),
1

~ 2
(219) & (x+e) = AF ) = D (I + e iet0r)  vxe Sz

Indeed, (2.17) holds since p; (x) represents the gap between 8_%)6 and the first
particle to its right, (2.18) follows by combining (2.11)—(2.12) and (2.14), and
(2.19) follows by comparing the expressions (1.2) and (2.13).

The starting point of proving Proposition 2.7 is as follows. We establish part (a)
based on using W.a(y, x + ehy ~ 1(_oov_x_£b](y) + 1 oo x4t (0, for b € (0, }‘)
to ensure that (Qf, 1_oo,—x—eb7) = 0. As for parts (b) and (c), by shifting each x

by €”, we use (2.17) to ensure that & 3 pL(x + ¢P) ~ 0, and by using stationarity, we

have Dé(j, j',t) = O(]j — /| %). Consequently, we reduce showing parts (b) and
(c) to showing
1

8%|If(x)—1(§(x)|%%0, 8%|]g(x+8b)—i8(x)|§%()_
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The former should hold since, by (2.11)—(2.12), we have I/ (x) — Ij(x) =
e_%t(gf x) — G (x) = 0(8_%), and we expect the latter to be true since
IE (x +£b) ~ Pois(2e ™2 (x + %)) and iy (x) = 26~ 2x = 2672 (x +£b) + O (72 1?).

The rest of this paper is organized as follows. Section 3 is primarily devoted
to the proof of Propositions 2.1 and 2.3. In Sections 4 and 5, we prove Proposi-
tions 2.5 and 2.7, respectively.

3. A priori estimates: Proof of Propositions 2.1 and 2.3. Let Xf’e(t) =
X;(0) + Bf (1), and X5 (1) := X5 (6) + €7 21, with X5/ (1) and X7 (1) denoting
the corresponding ranked processes. We have from (1.1) (for y = 1) that, almost
surely, forall i € Z; and t > 0,

3.1) XP0 =X =X,
from which it easily follows that
(3.2) X0 () < Xy (1) < XG) (1),

Based on (3.1)—(3.2), we next establish bounds on the mass of the empirical
measure on intervals of the form (—oo, x].

LEMMA 3.1. Fixanya >0, g €[1,00), t e Ry and j € Z,. There exists
C=C(a,q,t) < oo such that, for all ¢ € (0, (aq)_z]

(3.3) Z

o0

1
13
sup exp ( aXf(s))H < Cg2¢778%4/4
5€[0,1] 4

1
sup exp(—aXf,-)(s))H < Cemremietald,
l:jse[O,t]

(3.4)

PROOF. Fixt€Ry,q €[l,00),a>0and j, € Zy. Let X7'"(s) := X, (5)
be the ith (unranked) particle among {Xj’g}jzj*. Let Ff := supsc(o., €xp(—a x
X£(s)), F§) = sup,eqo g exp(—aX{; (s)), and similarly let F7°, F(', F{*“* and
F(gi’)g’* be the corresponding random variables for Xf’z, Xfi’f , Xf’g’*, Xfl.’)e *, re-
spectively.

By (3.1), Ff < F{"*, hence Y02 ||Ff g < X502, 1F7 g Let r o= 2-lage?
and Ef (#) 1= supseqo.1] | B (s)|. With Xf’e(t) defined as in the preceding, we have

35)  E(FY! < (Be2N0O) E(4Bi 0) = (1 4 )7 E(e4Bi 0),
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Further, by the reflection principle, E[exp(—aqFf(I))] < 2E[exp(ag B} (t))] <
C(a, g, t). Consequently,

0 e (1+r)~U-D/a
(3.6) Z | F; éﬂq = (H_FT
i=j

With r € (0, 1], it is easy to show that (1 +r)1/7 > 1 + 7; and (1 + r)~ie <
exp(—jr/(2q)). Using these in (3 6) yields (3.3).

We next show (3.4). Since X (s) is the ith rank particle among {X (S)}jzj*
and X(l+_] )
have X(:) () < X5

e,0,%
Firjy = Fo) Fivj <
> (slf o YR FRE = Py F&Y. From this and (3.3) we conclude
(3B.4). O

(s) is the i+ ]*)th rank particle among {Xj (S)}]ez+, we must

(s). Combining this with X (el’i i )(s) < (s) yields

8
(l+J ) Xlit s
. Summing both sides over i, we further obtain > 72,

Based on (3.1), we next establish the continuity of the process X?¢ i ()-

LEMMA 3.2. There exists C < 0o such that for any [t, 2] C [0, 00), j € Z4+
and ¢ € (0, 1],

G P sup [XE () — X{j )] 2 ) < Cexp(—ae™2 +267 (1 — 1)),

teln,n]

PROOF. It clearly suffices to show that

1

(38) Elexp(s72 Ju X650 = X0 )]) ] < Coxp (267" (2 = 1).
1

Since {Y;(+)}icz, 1 at stationarity, we have

distr.

(XG (- +1) = X)) ez, = (X(H () = X)) ez, -

so without loss of generality we assume that r; = 0. Let

(3.9) Ué’(t,i,j):= s&p]{exp[s 2(X“(s)— flg(O))]}
se|,t

(3.10) USL(t.i, j) = SE)p]{exp[ e (X0 - XESO)]).
sel0,1

Similar to (3.5) we have
il
E(Ug’r(t,i,j)) < (E(e—YO(O)))J_’E(es 2B, (t)+e lt)

<@/3) e vi<j,

(3.11)
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. 1,
E(U(t.i. ) < (B(e™ @) E(e *F0)
<@B3)-ice " Vix].
By (.. exple 2|X{, (1) — X0 < exple 2(X{(0) — X{HO)] +
exp[—s_%(X(j)(t) — fjf(O))]. For all ¢ € [0, 1;], the last two terms are bounded

by >i<; U (12,0, j) and ;> ; U&(t2, i, j), respectively. Combining this with
(3.11)—(3.12), we conclude (3.8). [

(3.12)

Based on Lemma 3.1, we establish the following useful bounds on the empirical
measure.
LEMMA 3.3. Fix T e Ry, g € [1,00) and a € (0,00). Let Jf = [8_%j,

8_%(1' +1))NZ and f;, i € Z4, be Ry-valued random variables. There exits
C=C(T,q,a) <oosuchthat forallt € [0,T] and ¢ € (0, (aq)_z]

<Ce 4Ze—f“/4(2 ||fz||2q> .

lEJE

(3.13) ‘“an(’)

PROOF. For each j € Z, by the Cauchy—Schwarz inequality we have
1

Z fl.e_“X(gi)(f) < H Z e—ZaX(gi)(t) 2
q i€J; 9

ier‘.9
On the right-hand side, replacing || Y ;e e (f)%ll; with Yicse I(fi)lly =
J J
. —2aX& . —2aX¢
Yies; 115, and replacing || ey e X0y with |32y e 0,

which, by (3.4), is bounded by Ce_% exp(—ja/2), we conclude (3.13). O

Now we establish a decomposition of W¢ into W, and R? as follows. As we
show latter in (3.17), R? becomes negligible as ¢ — 0, so W ~ W,/*.

LEMMA 3.4. FixteRy,e€(0,1] and ¢ € 2 such that d¢ € 2, and let

(3.14) (W, ¢):= Z¢> X5 ) (1 =2Yi(e7 1)),

— 7 (1+1)(t) d¢
(3.15) =¢ Z/f,)(t) X(y @) —) ydy.
Then

(3.16) (W7, o) =(W(™, ¢)— 2R}, ).
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PROOF. Since the gaps are at stationarity, (l)(t) (0)(t) is the sum of

the i.i.d. EXp(ZS_%) random variables, so by the law of large numbers we have
limg 00 X fk) (t) = 00, hence

i+ ®
Z( (X5 () 28—5/;(” ¢<y>dy).

i=0 X(i) t

With f;f‘ﬁ()’) dy = (x3 — x1)¢(x1) + f (x2 —y) dd’ dy, we obtain the desired
decomposition. [

Based on Lemma 3.3, we next establish bounds on (R7, ¢) and (W™, ¢). We
note here that, while these bounds fall short of proving Proposition 2.5, they suffice
for justifying the use of Itd calculus in Proposition 2.1.

Hereafter, when the context is clear, we sometimes use ¢?, Y and X (i) Tespec-

tively, to denote qﬁ(X(l)(t)), Yi(¢71t) and X(i)(t).

LEMMA 3.5. Fix T < o0, g €[1,00) and ¢ € 2 such that i—i’ € 2. There
exists C = C(T, q) < oo such that, for all t € [0, T] and ¢ € (0, (2q)*2],

(3.17) I(RE, &) <Cs4 |4
) o, dy
3.18 W, C—
(318) lwe. o, =<5

PROOF. Fixing T e Ry, 1 €[0,T], g €[1,00), ¢ € (0, (29)2] and w €9,
we let C = C(T, q) < oo. To show (3.17), in (3.15), weuseX G+~ Y <82Y and

¢
sup '—ff’()’)‘ = ‘d_ CXP(_XE))
YEIXGy X e

to obtain |(Rf, )| < &34 ¢|J2030(Y )2 exp(— Xg)) Combining this with
(3.13) for f; = (Y;)2, we arrive at

1 |d 2
50l = [, Lo sl 1)

Further using ||(Yi)2||2q < C and |J;| < g2 + 1, we conclude (3.17) upon sum-
ming j.

Turning to showing (3.18), we assume without loss of generality ¢ € Z4 N
[1,00). Letting Zj := Zf.‘:O(l —2Y;), with ¢ € 2, using summation by parts in
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(3.14), we obtain

(3.19) (WE™, ¢) =64 Y (¢ — 65,1)Z

i =0

To bound this expression, we combine

dd) /Xfurl) _ ‘dd)
< e Vdy <|—
|¢l+1 } X‘E. y— dy Q

1
e2Yfexp(—X{;)
dy : i @

(where the second inequality is obtained by using e < e~X®) and (3.13) for
fi =YiZ; to obtain

&% 1|d
(200 (WL gl < Ce} d‘;’

Z (X ||ZY||2q) .

94
j=0 zng

With ||Y;|l4g < C and || Z;|l4g < (i + 1)2C we have ||Y; Z; ||% < (@ + 1)C. Plug-
ging this into (3.20), we further obtain

1|de
Wi gl = et |

o0

U2l G D) e

Jj=0

With |Jf| < 8_% + 1, upon summing over j we conclude (3.18). [

Based on Lemma 3.3, we now establish a bound on M;fm(w, j) [as in (2.3)].
Hereafter, we adopt the convention that M 0.6 (W, —1) =0.

LEMMA 3.6. Leto € [0, oo] be an arbitrary stopping time (with respect to the
underlying filtration). Fix T < oo and q € (1, 00). There exists C = C(T, q) < o0
such that, for all v € 27,10 €[0,T], j,j > —1and ¢ € (0, 1],

H Sup | 10, t/\cr(w’ D= Mtf),t/\rr (w’ ]/)
(3.21) telt,T

< Cly 1%, exp(—( A J)e?/2).

PROOF. Fixing such T, q, 19, j, j', &, ¥ and o, we let C = C(T, q) < 0o. We
assume without loss of generality j > j’. Applying Doob’s L4-inequality and the
Burkholder—Davis—Gundy (BDG) inequality (e.g., [20], Theorem II.1.7 and Theo-
rem IV.4.1) to the C([to, T], R)-valued martingale ¢ = M;"" := M; ., (¥, j) —
(¥, j'), we obtain

t() tAO

| s e <

telty, T

£2f Z (0,95 (X5 (5))) > d

i=j'+1

q/2
(3.22)
J

Z |3y W5 (X2 (s)))* 245

=j'+

NI'—‘



FLUCTUATION OF THE ATLAS MODEL 4543

In the last expression, replacing (ayxps(y))2 with W@Te_zy and replacing
j with oo, and then applying (3.3) for a = 2, we further obtain the bound

C|1,0|39T exp(—je%/Z), thereby concluding (3.21). 0

PROOF OF PROPOSITION 2.1. Fix ¢ € 27. The bound (3.21) implies that
{M; (¥, j)}; is Cauchy in the complete space LI(C([t9, T],R), %, P), so (2.4)
follows Further, for all ¢ > 1,

(3.23) ”res[?p Mig (0 OO)'” = ILHQOHZES[“P | My, (), J)}H
<C(T, Y2,

where the last inequality follows by (3.21) for j/ = —1.
To derive (2.5), we apply Itd’s formula to

(Qi,s’ w _84<Zv/9 Xs(s) 28 2/ W€(y)dy>

i=0
to obtain

~ o TN 1
(Qi,s’ WS>|§=E): /0 <83‘Qk,s’ (8S + any)ws>ds
— 2" 4/ f dsVs(y)dyds

_1 [t d
+ Mg,t(w’ k)+e 4 /0 (aywS)(XfO) (s)) Z 1{X(i)(S)=X(0)(S)} ds.
i=0

Clearly, almost surely for all s € [0,T], (Qis,qﬁ) (0%, ¢) and

s’
Zl 0 LX) )=X()(s)} = 1 as k — oo. As for Mgt(ljr k), from (2.4) (for large
enough ¢g) we deduce that, almost surely for all 1 e [0, T], Mgt(l// k) —
MO,t(w o0). Hence, letting k — oo we arrive at

~ o= IR 1
(05, ws)|s=€) = _/(; <84Qs» (as + any>WS>dS

Lt opoo
—28—1/ / 85 () dy ds
0 JO

(3.24)

_1 !
(3.25) +¢ 4/0 (Byx/fs)(XfO)(s))ds +M§’t(1//, Q).
With A7 and W/ defined as in (2.1)—(2.2), the right-hand side of (3.24) equals

/()(Wf,(as+2—layy)ws)ds+f0 (A%, B5v)ds

(3.26)
+ e 4/ /F OyyVsdyds.
(())(S)
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The last term in (3.26) cancels the first term in (3.25), so (2.5) follows. [

COROLLARY 3.7. For any T € Ry and q € (1,00), there exists C =
C(T, q) < oo such that forall g > 1, ¢ € (0, (Zq)_z] andt €0, T],

1
<Cegs,

Xio®
(3.27) H / sech(y)dy
0 q

PROOF. Applying Proposition 2.1 for the time-independent test function
Vs (y) =¥ (y) :=sech(y) € 27, we obtain

(A% + WE, sech)|i= =2~ / < e sech>ds + M , (sech, 00),

or equivalently

d2
(A7, sech) = (W — W/, sech)+ 2~ /<WS —sech>ds+M8,(sech, 0).
dy? :

Recall from (3.16) we have (W?, ¢) = (WS™*, ¢) — 2(R{, d¢) As ¥ € C*®(R)

and dk sech € 2 for all k € Z, further applying (3.17)—(3.18) and (3.23), we
conclude 3.27). O

PROOF OF PROPOSITION 2.3. Fix T € Ry, b €0, 7) and ¢ > 1. Applying
Chebyshev’s inequality in (3.27), we obtain that, for all r € [0, T], g > 1 and ¢ €
0, 29)~21,

A —q
(3.28) P(|X{o ()| = 2) <e9*C(T. q) (/O sech(y) dy)

Indeed, letting t,f := ¢k, we have

gb
w=ric U ({xow=5]
k<e 1T
(3.29) B

&b
U{ sup |Xf0)(t)—Xf0)(t,f)|Z?}).

relif i ]

From (3.28) and (3.7), we deduce

(3.30) P(| X5 (i) = €"/2) < Csliba,
_1
(3-31) P( sup | X{o) (1) — X(g) (1) | = 8b/2) <ce 7,

& +&
tElt iyl

In (3.29) applying the union bound using (3.30)—(3.31), we conclude (2.6). [
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Recall Q7 is defined as in (1.11). We next derive bounds on Qf = s% ;. To
this end, we let

(3.32) (0@, ¢):= (05, (- + Xy (1)),
(333) Sg(f) = l{supse[(),t] |X?0)(S)|§8h}.

LEMMA 3.8. Fixanyae(3,1),b€(0,1),5 € (¢%,00),1 €[0,00),x,)' € R
and g € [1, 00). There exists C = C(a, q) < oo such that, for all ¢ € (0, 1],

(3.34) IS5@(0;F, pY (- =¥, %)), < (Ilogs| + 1)C,
(3.35) 105, P »), < C.

PROOF. With py(y, x) 1= ps(y — x) + ps(y +x) and S} (¢) decreasing in b,
it clearly suffices to prove, for any fixed x” € R,

(3.36) IS5(05, ps(- — )], < (Ilogs| + 1)C,
(3.37) 10§, ps(- =2, = C.

Since p(z) decreases in |z|, we have p;(z) < s_% Z?o:o p(j)l[j’j_l,_l)(lle_%). Us-
ing this, we obtain

(3.38) S5[0F. ps(-— ') = S51e2(QF, po(-— X)) < 3 SO FE . 5)p().
j=0

(339 (05 p(-—x)) =€2(05, ps(- —¥)) < 3. GEs)p()),
=0
where

1 1 |
Ff(t, ) :=s5"2e2(Q% 11 j+1) (|- — x'|s72)),

11 _1
G5(s) :=s"262(Q0, 1), j+1) (| — x'[s72)).
As Qf ~ PPP;(2677), we have (0§, 11;+1)(- = ¥'ls™2) ~ Pois(2e~2s2).
From this, with £~2s2 > @ D/2 _5 50 we obtain IG%1l4 < C(q). Combining
this with (3.39), using Z‘J?‘;O p(j) < oo, we conclude (3.37). As for (3.34), letting
_1 _1
HE(t,s) = sup {s72(Q7 . 1110y (|- — '|s2))},

lx’|=<1

since Qf and Q" differ only by the shift of X¢) (s), with S§(r) as in (3.33), we

have S§() F (1, 5) < HE(z, 5). With 05 ~ PPP, (2677), (3.36) now follows in

a way similar to (3.37). The only difference is the maximum over {x’: |x'| < 1},
which results in the extra | logs| factor. [l
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4. Proof of Proposition 2.5.

4.1. Proof of part (a). Fixingb € (0,1),b € (§,7)N[b,00) and T € R, we
show

4.1) lim ¢, (7)( sup sup | Af(x)]) =
e—0 1€[0,T] xR,

The desired result A?(-) = 0 then follows since S¢,(T) e 1 (by Proposition 2.3).
Turning to proving (4.1), fixing # € [0, T'], by (2.1) and (2.10) we have

e € . X0 ®
SpIA 0] =2e7s,@ [ [ (0o ox + ] dyds,

where o := % and 1 := . Since here supse[O’T]{|Xf0) QI e, we may inte-

b/
grate over f_T; : ffeb, instead. After exchanging the order of integrations, we inte-
grate over s € (—o, T + 1) using the readily verified identity |0V (y, x + )| =
—sign(y)d; W (y, x + n) to obtain
b/

1 &
@2 SO <2e78 [ [Wrano (x4 = Soly.x + )] dy.
—&

Let f(y) == VY74140(y,x +1n) — 1. Since Yo(y,x +n) =1, for all x > 0 and
Iyl < &” <n, wehave [Wr 116 (y, x+n) —Wo(y, x+n)| = | f(y)]. Further, since
fO)=0and f'(y) = —PI}IJFGH(y,x + 1), we further deduce |f(y)| < C|y| x

(T + 1+ cr)_% < C|y|. Plugging this into (4.2), we obtain S, (T)|A;(x)| <
Cg_zl‘t”b/, thereby, with " > 1/8, concluding (4.1).

4.2. Proof of part (b). Recall the definitions of W/ (y, x) and p?]’g(y, x) from
(2.7). By Lemma 3.4, we have W (x) = Wy (x) — 2R} (x), for

o0

43) W)= gi (1 — 2%, (0) W (X5, (0), %),

_1 X1y © )
44 R =eh / S (X © = ) 0 dy.
@)

We first show that Rf(-) = 0, or more explicitly, for any fixed 7', L < oo,

4.5) E( sup  sup |Rf(x)\> §C8%|10g8|,
t€l0,T]x€[0,L]

where C = C(T, L) < oo and ¢ € (0, §].

PROOF OF (4.5). Fixing T, L < oo, we let C = C(T, L) < oo to simplify no-
tation. To bound R (x), in (4.4) we use (X7, G+1) 0)—y) < 8% Y;(0), and then divide
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the sum into the sums over i < ¢! and overi > £~ !. For the former replacing each
Y; (0) with Y= sup; -1 ¥i(0), we obtain

(4.6) sup sup |RY(x)|<R]+R5,
t€l0,T]xe€[0,L]

R{ —8‘]‘?8/ a1 Ne(y, x)dy<2€‘117'S
)
o0
4.7) Ri:=¢i ¥ ¥;(0) sup sup N (v, x) dy.
ise—l te[0,T]x€[0,L] (,)(O)

With {Y;(0)} ~ @;ez, Exp(2), we have E(R}) < C83T|10g8|. As for Rj, from
(1.3), we have

(48) 0<Wi(x,y)<C(T.L)(e>Al) Vie[0,T],xe[0,L],ycR,.

Plugging this into (4.7), we obtain RS < Cet Yise1Yi exp(—Xfi)(O)). Further
applying (3.13) for f; =Y;1;_,-1,, we conclude

_1 _i _1 _
E(R5) <Ce™4 Ze 1/4<Z 1{i>£1}||Yi”%) <Ceg™ 1 exp(—zg )

H— : &
j=0 zer

D=

Combining the preceding bounds on E(R{) and E(R) with (4.6), we conclude
4.5). O

Recall that W, (x) is defined as in (1.7). With (4.1), it then suffices to show the
following.

LEMMA 4.1. We have that {W?¢}, C C (R ) and the processes are tight in
C(RY).

LEMMA 4.2. As e — 0, WE(-) converges in finite dimensional distribution to
W.().

For a convex compact X C R? and B1, B2 > 0, defining the C P2 (C)-norm

|f(t,x)— f(&',xD)]
| flerbagey = sup | f(t, x)|+ sup ,
) (t,x)eIC| | £ ek |t —11PT 4+ |x —x/|P2

we recall the the following mixed Kolmogorov-type estimate.

LEMMA 4.3 ([15], Theorem 1.4.1). Let I :=[0,T] x [0, L] be a bounded
square in R2, and let K(t,x) be a C([0, T] x R)-valued process. If, for some
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1.

Y1,Y2, Y, Cl < 00 with L + =Y < 1 such that

24BN A7
(4.9) |K©,0], <Ci,
(4.10) |K@t,x) =K@, x)], < Ci(je =" + [x = x"?),

vt,t" € [0,T], x,x" € [0,L], then, for any (B1,B2) € (0,y1(1 — yp)) X
0, y2(1 = y0)), there exists C2(Cy, T, L, y1, y2, ¥, B1, B2) < 00 such that

(4'11) |||K|C51v52(1)”y <.

REMARK 4.4. Recall that ||F|, := (E|F|")/Y, so for the special case
¥1 = 2, the condition (4.10) reduces to the conventional form

E|K(t,x) — K(',x)|[" <Ci(|t — 1|+ |x — x'|)",

for some yy; :=«a > 2, and, with yp = % (4.11) holds for B; = B> € (0, “7—2).
Here, we refer to the generalized form as in Lemma 4.3 as it suits our purpose.

REMARK 4.5. Although the dependence of C; is not explicitly designated in
[15], Theorem 1.4.1, under the present setting, it is clear from the proof of [15],
Lemma 1.4.2, Lemma 1.4.3, that C, = C>(Cy, T, L, y1, 2, ¥, B1, B2).-

PROOF OF LEMMA 4.1. Foreachi € Z, (t,x) — (1-2Y; (0))\I!f(Xfi)(O), x)
is continuous. The series (4.3) defining W?#(-) converges absolutely, so W?(-) €
C(R3).

Fixing T, L < 00, y € (1,00), x,x’ €[0,L] and r < ¢’ € [0, T], letting C =
C(T,L,y) < oo, our goal is to show (4.9)—(4.10) for K (¢, x) = W, (x). To this
end, consider the discrete time martingale

k
(4.12) k— mi(t,x) := e Z(l -2Y; (0))IIJf(X‘(9i)(O), x).
i=0
With Wf (x) = m& (¢, x), showing (4.9)—(4.10) amounts to bounding the quadratic
variation of m? (¢, x), which we do by using Qg ~ PPP. (28_%).

Let (ég’k, f):= g2 Zi’c:o f(X ‘fi)(O)) be the kth approximation of éf . The mar-
tingale mj (¢, x) has quadratic variation (ég’k, WE (., x)2). Consequently, by the
BDG inequality and Fatou’s lemma, letting k — oo we have

2 = 2
@.13) WOy = C]{Q0, (¥5( )7, 2
2 ~
@14 Wi =W (), < GG (97 ¢ = ¥ () )] o

(@15 W () = Wi} = CI@E. (¥ (- x') = Wi () o
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épplying Yi(y,0) < Ce™ [by (4.8)] to (4.13) and then using
1{Qg, exp(—2+))ll4/2 < C [by (3.4) for j = 0], we obtain (4.9). Turning to showing
(4.10), since 0 < ¥/ (y, x) < 2, we have
& & INY: ¥ & v N,e
@16) (W0 =¥ ) =2 [ e nldz=2 [ P 0.0dz
X X

Using this in (4.14), we bound the right-hand side of (4.14) by

Cf;, ||(Q8,p;\1’8(-, 2))llg/2dz. This, by (3.35), is bounded by C|x — x'|, from
which it follows

@.17) [Wf @) = Wi ()5, < Clx —x').
Next, letting \Tlit,(y) =W (y,x") — Wi (y,x'), similar to (4.16) we have

(T2 ,(n) <2 / |9, WE (y, 1) ds

t/
_ /t (s +0) 7 +x + 0 Pssoy +x+1)

+ (v —x — ) Ppsro(y —x —n)|ds,

where o := ¢ and 1) := £®. Further using s ~!|z| ps (z) < Cs_%pzs (z) to bound the
right-hand side, and combining the result with (4.15), we arrive at

2 PP
Wi @) = Wi =€ [ 5735 P Cox o
Using the bound (3.35) and integrating over s on the right-hand side, we conclude
2 1
W7 @ = Wi ()l = Cle =]

Combining this with (4.17) using triangle inequality, we thus obtain (4.10) for
1, v2) = (}1, %), that is,

1 1
Wi ) = Wi ()|, =C(jt = 1']* + |x —x[2).

With (y1,y2) = (i, %), we now choose large enough y € (1,00) to en-
sures that # + # := a9 < 1. With this, we apply Lemma 4.3 to obtain that
V] 1.2y Iy for some suitable By, B2 > 0, where [ := [0, T] x [0, L]. It hence
follows that {W¥¢}, is tight in C (Ri). O

PROOF OF LEMMA 4.2. Instead of showing W?(-) converges to WW.(+) in finite
dimensional distribution, we consider the following approximation of Wy (x):

(4.18) WE () =ed 3 (1= 2% (0)WE (xf, x),

i<e—l
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where each X (l)(O) is replaced by its expected value x! := E(X (l)(O)) = 8%2_11',
and the infinite sum is truncated at i = ¢~ !. As k > Zf'{:o (1 =2Y;(0)W; (xf, x)
is a discrete time LZ-martingale, following the argument in the proof of
Lemma 4.1, we have that

PV =W ], = CEJet Y (4 (X 00 ) = ¥ (.0)|

o1

(4.19) =
1

+CEle2 Y W/ (X(0),x)|.

i>e—!

With {X )(O)},eZJr PPP+(28_%) and V;(y,x) < Ce™Y [by (4.8)] we clearly
have that the right-hand side of (4.19) converges to zero. As this holds for each
(t,x) € R2, it suffices to show WE'(+) converges to W.(-) in finite dimensional
distributions.

Fixing arbitrary (%, xx) € Ri, k=1,...,¢£, welet

W= W ) W (), W= W (e W (x0).

Our goal is to show W¢' = W. With W;(x) as in (1.7), we have that W ~
N(0, ), where Tj; =2 5" Wy (v, x )Wy (v, xi) dy. As (W&}, is tight (by
Lemma 4.1), it suffices to show v - W& = v . W ~ N(0, oy) for any fixed unit
vector v € RY, where oy := v - (Zv). To this end, we express v - W&/ as

~

VWS = N UG, Uli):=¢ Z (1 -2Y:(0) 7 (x7, x)).

i<e~! j=1

. o . _1 . . .
The random variables U, (i), i < ¢~ 2, are independent, with mean zero and vari-
ance:

£
1
02(i) == ) sfvjvklllfj(xf,xj)\llti(xf,xk).
=1

It is easy to show that };_ 0*82(1') — oy and that |[U°()|, < E%C(q) < 00,
for any g € [1, 0co). With this and oy = 2f0°°(2§~:1 v\ (y,xj)dy)2 > 0, Lya-
punov’s condition (for central limit theorem)

3 E(U) ) < c)e it 0

i<e~!

(Li<et 02(1))”‘S

holds for any & € (2, c0). From this, we conclude the desired result v - W& =
N (0, oy) using Lyapunov central limit theorem. [
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4.3. Proof of part (c). Let B/(t) := fé Z?O:o 1ix;(5)=X (s} d B (s) denote the
driving Brownian motion of the ith ranked particle. It is known (e.g., [18]) that
B/(t), i € Z, are independent standard Brownian motions. With this we express
M (x) in terms of ranked particles as

(4.20) M%x)—eAZ f PR (XE (5), x) B (5).

Recall that M, (x) is defined as in (1.8) and that x} := E(Xfi) 0)) = ie22=1 . To the
end of showing M?(-) = M.(-), for each ¢ > 0 we couple the processes M?(-)

and M.(-) by setting B;*(t) := V2e~i Il f o d¥ (y,s), whereby

t poo o
4.21) .memﬁﬁﬁ P (X (s, y), x)dH (3, 9),

where X, (s, y) := >0 l[x v +1)(y)X(l)(s). Further, recall from Proposition 2.3
that we have P(ry;3 < T) — 1, for any fixed T < 00, so without loss of gen-
erality we consider the localized processes J\/’f (x) =M (x) and NV;(x) :=
Mty 5(x), and show NE(-) — N.(+) = 0 instead.

We begin by showing that {N*¢}, is tight in C(R%_). To this end, we fix
arbitrary T,L < oo, y € (1,00), y1 € (0, %) and y, € (0, %), and estimate
NG (x") = NP (x)ll, for t <t €[0,T] and x,x" € [0, L]. Recalling the defi-
nition of Sy (s) from (3.33), we use the expression (4.21) of M (x) to express

S = NFf(x) = V2(Ff + F3), where

t/\‘rl/g

Fy ._/ f Si 8(S)P;/ (Xe(s, ), x)dW (y,9),

Ff = /O /0 S5 (6) (P, (Xe(s, 1), %) = pros(Xe(s, ), x)) d# (3, 5).

Let C=C(T,L,y,y1,y2,8) < oo to simplify notation hereafter. Applying the
BDG inequality [in the same way as we derive (3.22)] yields

ds,
v/2

t/
4.22) HFﬂiscﬁ‘

S o N,e (v n2
1/8(S) 0 pt/_s(Xg(s,y),x) dy

@23  |F5|’ ds,

P [ ey y

where feé(s,y) = pt/ * (Xe(s,y),x") — p, S(X (s, ), x). The kernel functions
pt/ * (X¢(s,v),x") and fé(s,y) appear in quadratic power in (4.22)—(4.23). We
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apply the elementary inequalities

— C
pyfs(xg(yas)9x/)§ t/ s»

ot () ()

to one copy of the kernel functions in (4.22)—(4.23), respectively, to obtain

0 N.¢ v~ N2 1
/ PNE (Rels, ), x') 2 dy < (1 — )7 285 ()
4.24)

o N,e (v /
X A pt,is(Xg(s,y),x)dy,

/0 (f(s, ) dy < (t —S)_%_ylzsf/s(s)
(4.25)

o0 N.,e /v /
X A Py (Xe(s, ), x)dy,
where y12 := 2y1) V 12 € (0, %). Recall that §§ = 8% Q3. Using
o0 N, (v / _ 1 ~e N,¢e /
(4.26) P (Xe(s.y).x) dy = 3{05, ppZ (-, X))

and [§°1£(s, ) dy < 308, ppf.(- X)) + 3(08, prt(-, ) in (4.24)-(4.25),
taking the L?/2-norm of the results, and integrating s over the relevant regions,
we arrive at

2 s _1 ~c N,
IF71 =€ [ =) 28t )85 PN s

2 2
[E51, = C(e =1 + e = x717)

t 1 - N
x [ =R (ISE 5685 YN
185D P )] ) .

Further apply (3.35) to tllle terms involving Qf With yj2 < %, integrating over s
yields | Fi[|3 < Clt' — ]2 < Cl¢/ —t[*"", and | F2||3 < C(|t — /"' + |x — x/|"2)?,
)

NG () = NE ], = C (e =17 + [x = x']7).

With this and N(f (0) = 0, we apply Lemma 4.3 for K (r,x) = Nf(x) [and for

some large enough y € (1,00) such that # + ﬁ = ap < 1] to conclude
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I |N8|Cﬂlv/32(]) ll,,, for some suitable B, B> > 0, where 7 := [0, T'] x [0, L]. It hence
follows that {\/*}, is tight in C(R?).

With {N¢}, being tight, it now suffices to prove, for each fixed (¢, x) € RZ,
Nf(x) — N;(x) = 0. To this end, we use the expressions (1.8) and (4.21) for
M;(x) and M (x) to express

Ng(t’x) —N(I,X)
4.27)

—f// 85 ) (PVE (Xe (5, 1), x) = N, (0, ) dH (v, 5),

and apply the BDG inequality to obtain
t o)
(4.28) |V, x) = N2, 0) |5 < c/ f E|H® (s, y)|dyds.

where Hé(s,y) := 8¢ /8(5)(19: (Xe(s,y),x) — p}\l_s(y,x))z. Our goal is to show

the right-hand side of (4.28) converges to zero utilizing the fact that X:(y,5) ap-
proximates y. More precisely, with X (y,s) = X fl.*)(s) —y, where i, € Z is such
that y € [xi,xf+1), we have
[Xe(y,8) =y < [X{o) )]+ XG,) (8) = Xy () = x7 | + |xf 4 — x7 .

1

Further, using 51/3(5)|X(0) )< 83 {X(l)(s) fo) (s)}iez, ~PPP(2¢672) and
Ixf o —xf = £22- 1 itis easy to show that Sl/s(s)lye(y, s) — | s 0,VY(s,y) e
R.. Consequently,

(4.29) H(s.y) >0 V(s.y)e R?.

Furthermore, { H¢}, is uniformly integrable with respect to fé OOO E(-)dyds. To
see this, fixing arbitrary é € (0, %), with H®(s, y) defined as in the the preceding,
we write |H® (s, y)['* < CS§ () pjos (Xe(s, ), )22 + pN (v, )2+, Ap-

plying fot JoE(-)dyds to both sides using py_’i(y,x)lﬂé‘ <C(t - s)—%—a and
(4.26), we obtain

/ / E(|H® (s, y)|1+5)dyds
<C /0 (t—5)727 /0 E[S{ () 0F_,. pros (- x))| dy ds

t | 00
+C =973 [T pN uvdyds.
0 0

With § < %, f0°° p}\Ls(y,x) dy < 2 and the bound (3.34), we clearly have
that the right-hand side is uniformly (in &) bounded. Consequently, {H?®}. is
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uniformly integrable. Combining this with (4.28), we conclude that
](; o E|H®(s, y)|dyds — 0. This together with (4.27) yields the desired result
Nf(x) = Ni(x) = 0.

5. Proof of Proposition 2.7. Throughout this section we fix a € (%, 1),
b € (%, %), and assume without loss of generality (by Proposition 2.3)
sup, <7 [ X(0)(1)] =< g’ for any given T < oo. A basic tool will be to take union
bounds over polynomially many (in e~!) points (7, x) € R%r. When doing so, we
say that events {.4°} happen up to Super-Polynomially Decay (SPD) if, for each
n < 0o, P((A%))e™" is uniformly bounded. Recall that #; := e:lk. We begin by
establishing the following continuity estimates (in ¢) of G; (x), X7 (x) and X (x).

LEMMA 5.1. Forany fixed T, L < oo,

Fie (T, L) i=sup {|&7 (x) = X ()] :k < Te™' 1 € [1. 1,4]. x € [0, L1}
(5.1)

— 0,
P

F%.(T. L) :=sup {| X (x) — ~%(x)| k<Te ' tetf,tf,].x€l0, L1}
(5.2)

— 0,
P

Fge(T, L) :=sup{|G; (x) — Gy (0)| 1k < Te™ ' 1 €[, 1] x € [0, L1}
(5.3)

— 0.
P

REMARK 5.2. In the sequel, we use (5.3), (5.2)—(5.3) and (5.1)—(5.2) in prov-
ing parts (a), (b) and (c) of Proposition 2.7, respectively, and we omit the depen-
dence of F5:(T, L), F%,(T, L) and Fég(T, L) on ¢ to simplify notation.

PROOF OF LEMMA 5.1.  With Xf(x) defined as in (1.2), we have X/ (x) —

1 1 .. .

Xt% (x) =264 (X (i, (xy) (€711) — X1y (€7 12f)), for all x € %87Z+. Fixing arbi-
trary 6 > 0, from (3.7) we deduce that

(5.4) sup {s%|X(,-)(£_lt) — X)) <8 up to SPD.

€ 4+&€
teln iyl

By taking the union bound of this over k < Te~! and over i < Ls_% + 1, we
conclude that

2
(5.5) {|Xf(x) —XE)| =a ke Tre[if 1] x e (%Z+> n o, L]}
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holds up to SPD. As X?(x) is defined on x € R via linear interpolation, the
desired result (5.1) follows. N 5
Turning to showing (5.2), with X7 (x) defined as in (2.13), we have X (x) —

S 1 _ _ .
X (x) = 267 (X g (e ') — Xy (e'tf)). Further, with {X{; (0)} ~
PPP (2e™ : ), we have

1

(5.6) If(x) <AL+ e 2 up to SPD,

so (5.2) follows by taking union bound of (5.4) as done in the preceding.
Proceeding to show (5.1), we note that, by stationarity, |gf it x+X fo) () —

distr.

gf]f(x + Xfo)(t,f))| ="1G; (x) — G5 (x)|. With this and |Xfo)(t,f)| <eb <1, it suf-
fices to show, for some § > 0,

57 {sup s |GF(x) =G50 <&’} holds up to SPD.
tel0,e]xe[—1,L+1]

With G; (x) defined as in (2.11), we clearly have

(5.8) Gi(x) —Gi(x) = _gd (net flux of X} -particles across x within [0, 7]).
To bound the right-hand side of (5.8), we note that, since {X}(0)}icz, ~
PPP, (28_%), by Lemma 3.2 (with [#1, 2] = [0, €]) we clearly have

(5.9) { inf XG0 > L+ 1,90 > ™'} holds up to SPD,
1e|0,e

so without loss of generality we ignore particles X fi) with i > ¢~ 1. Next, we apply

(3.7) for [t1, 2] = [0, &] and @ = 8%, and take union of the result over i <&~ ! to
conclude that

5.10) | sup X6, (1) = X{, O) <ef.Vi<e'} holds up to SPD.
tel0,e

Under the events of (5.9)—(5.10), we have

1
(5.11) sup |GE(x) — G5 ()| <e3(Qf. 1yer))  Vae[—1,L+1],
tel0,¢]

where J¢(x) := [x — &3, x + &7 ]. With Qf ~ PPP, (267 2), the desired result (5.7)
[with § € (O, }1)] follows by taking the supremum over x € [—1, L + 1] on both
sides of (5.11). [

PROOF OF PROPOSITION 2.7(a). Fixing L, T < oo, our goal is to show

sup  sup |F;(x) — G (x)| = 0.
xeleb,L]1€[0,T] P
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To this end, we fix x € [sb, L],te[0,T]andlet C=C(L,T,a,b) < oo denote a
generic finite constant.
With F;“(x) and G? (x) defined as in (1.13) and (2.11), we have

Fohx) — GE(x) = (08, £ x))
— el f,f%))—zﬁfo Forx)dx,

where f®(y) := Wea(y, x) — 1(—c0.x](y). Recall the explanation at the end of Sec-
tion 2. The idea is to bound the last two terms in (5.12) separately, using the fact
that f®(y) is approximately zero on (—x, 0c0). More precisely, writing

(5.13) [ =1—=@ea(y +x) + L(x,00) (y) — Pea(y — x),

lz|

by the elementary inequality |1(0,00)(z) — W;(2)| < C exp(— ﬁ) we have

(5.12)

| 75(y)| < Cexp(—& 2|y + x])

+ Cexp(—s_% ly — x|)
(5.14) o
<Cexp(—e""2 —¢72y)

b

+Cexp(—8_%|y—x|) Vy > —&” > —x,

where we use x > &’ in the second inequality.

By (5.14), we clearly have g7 I IfE(y,x)ldy < Ca_%e_gbi% +
Cemits 0. Turning to bounding the term eélT(Qf, fE(2), we fix a’ € (%,a)
and let Jo(x) := (x — & x + 8"/]. The expression exp(—s_% |y — x]|) is small
expect for y € Jz(x). More precisely,

—a/2 g_a/z — 1
exp(—s Iy—xl) SCXP(—T) exp(—|y — x|)

< Cexp(—e~ 1 )exp(—ly —x|) ¥y ¢ Je(x).

Using this and exp(—|y — x|) < Cexp(—y) (since x < L) in (5.14), with b < % <
a’, we obtain
b

[FE0)| < Coxp(=e"3) exp(=y) + Cly () Yy = —&”.
Using this and sup, -7 | X (0)(1)| < &’ to bound (07, f8(+)), we arrive at

!

le4(QF, ££ ()| < CFE(t) + CFS (2, x),

where Ff(t) := exp(}1 — ea/_%)(Qf,exp (=), and Fj(t,x) := si(Qf, 17,.0)-
For Ff (t), the bound (3.4) implies sup, (o 77 F} (£) — 0 in L', and hence in proba-
bility. Turning to bounding F5 (¢, x), we recall the definition of Qf’(o) from (3.32).
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Since Q7 differs from Q,’S’(O) only by the shift Xfo)(t), with |X*(90) N <eb <1, we
have
(5.15) sup |F5 (t,x)| < el sup{(Qf’«)), 1,,09):x" €[-1, L +1]}.

lx|<L

As Qf’(o) ~ PPP+(28_%) and | J;| = 26, fixing a” € (0,a’ — %), we have that
,(0 /

[l 1,0 <)

holds up to SPD, for any fixed (¢, x") € [0, T] x R.

4

(5.16)

Taking union bound of (5.16) over x" € (8“’Z+) N[—1, L + 1], and combining the
result with (5.15), we arrive at

(5.17) { sup |Fs (¢, x)| < 28“//} holds up to SPD, for any fixed t < T.

lx|<L
The desired convergence F;(:,+) = 0 now follows by writing F5(t,x) =

gi(x + 8“/) —Gi(x — s“/) - 28_%—“1/, and combining the continuity estimate (5.3)
with (5.17). O

Recall the definition of D?(j, j’,7) from (2.15). The following elementary
bound on D?(j, j', t) is useful as we progress to proving Proposition 2.7(b)—(c).

LEMMA 5.3. Letting

ST, L)y :={(j,j k) eZ3 :
(5.18) 1
JoJ S4L+De |- se T k<Te ),

for any fixed T, L < oo and u € (0, %), we have

sup S%IDs(j,j/,t,fH—)O.
(j.J' )€ I (T, L) P

PROOF. By the exact relation (2.16), D?(j, j’, t) is the sum of i.i.d. random
variables 1 —2Y; (¢~ '¢),i € [j, j/). With thisand | j — j'| <&, u < %, we clearly
have

(5.19) {e3D°(j.j'.1) <&’} holds up to SPD,
for any fixed ¢ < oo, and 6 € (0, % - }1). The desired result now follows by taking
union bound of (5.19) over (j, j', k) € Z,(T,L). O

PROOF OF PROPOSITION 2.7(b). Fixing L, T < oo, by the exact relation
(2.18) and the continuity estimates (5.2)—(5.3), it suffices to show

1 1
sup  sup |e2D(15(x), [§(x), t;) — 2e4 pix (x)| = 0,
k<Te—!xeleb,L] k k P
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as ¢ — 0. We do this by bounding the terms G| and G5 separately, where

1
Gi= sup  sup [ehof(),
k<Te 1l xeleb,L]

Ggi= sup sup {e5[D°(15(x), I§(), )]},
k<Te 1lxeleb,L]
More precisely, we next show (i) G§ ;) 0; and (ii) G§ ? 0, following the reason-
ing explained already at the end of Section 2.

(i) As sup, =1 |X{,(1)] < &, by (2.17) we have pf; (x) = giy,%(x)_l(z). The
desired result G§ ? 0 follows if I/ (x) were deterministic. With this in mind, we
proceed to establish a bound on the range of If]f (x) and bound Ylfalf x)—1(1) by
taking the maximum of Y;_;(¢) over such range. To this end, we use (2.12) and
(3:32) to express 5 (x) as I(x) = (Qf Loo1)) = (Qflf’(o), 1 oo X5 (1)
With [X£, (1) < & < 1, we obtain I5(L) < <Qf]§(0>, 1(_co.L+1])- Combining this

with Qf;f SN PPP, (2¢™ %), we thus conclude
1

(520)  {I£(L)=4(L+1)e"2,Yk<Te"'}  holds up to SPD.

Consequently,

(5.21) G{ < sup sup {s% Yi(t;)}  holds up to SPD.
k<Tel . _1
- [/1=4(L+De 2
As Y;(t)), i € Zy, are i.i.d., the right-hand side of (5.21) clearly converges to zero
in probability.

(i) Fix pu € (}1, %), and recall the definition of ., (T, L) from (5.18). With
Lemma 5.3, it suffices to show (If]f (x), I§(x), k) € (T, L), Vx € [0, L],
k < ¢~'T holds with high probability. By Proposition 1.9 and Proposition 2.7(a),
the process (1, x) — (G; (x) — G§ () 1ep o) (x) converges weakly. The latter, by
(2.11)—(2.12), is equal to 8% U (x)—1§ (¥))1[gh o) (x). From this we conclude that

lim P( sup sup |I7(x) —I§(x)| < g‘“) =1.
e>0 Yef0,T] xe[eb, L]
Combining this with (5.20) yields the desired result:

lim P((Z5 (x), I§ (x), k) € £, (T, L),Vx € [0, L],k < s_lT) =1. 0
e—0 k
PROOF OF PROPOSITION 2.7(c). Fixing L, T < oo, by the exact relation
(2.19) and the continuity estimates (5.1)—(5.2), it suffices to show

sup  sup |8%ID8(16:(X+8b),l.g(x),l‘1§)|—>0, as e — 0.
k<Te~1 x€[0,L] P
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Since X (x) is defined for x € R by linear interpolation from x € %€%Z+, and
since X?(-) = X¥(-) [by Proposition 2.7(a)—(b) and Proposition 1.9], without loss
of generality we consider only x € %8%Z+, and prove

1
2
sup{gﬁlth(Ig(x +8b), ie(x),17) k< Te ! xel0,L]N (%Z)} rs 0,

as ¢ — 0. This, as shown in the proof of Proposition 2.7(b), follows once we prove

(5.22) lim P(| 15 (x + e’) —is(x)| <e*,Vx €[0,L]) =1,

for some 1 € (0, %). With [ (x") defined as in (2.12) and Qg ~ PPP+(28_%), the
process x > (I5(x) —ig(x)) is an Lz—martingale. Applying Doob’s L? maximal
inequality to this martingale yields

E(sup |15 (x + 8b) — ig()c)D2 <CVar(I§(L + sb)) + Cie(x + sb) — ig(x))z.

x<L

The right-hand side is clearly bounded by Ce~1+%”, so by Markov’s inequality we
conclude (5.22) for u € (0,b). O
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