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EXIT LAWS FROM LARGE BALLS OF (AN)ISOTROPIC
RANDOM WALKS IN RANDOM ENVIRONMENT!'

BY ERICH BAUR AND ERWIN BOLTHAUSEN
Universitdit Ziirich

We study exit laws from large balls in 74 , d >3, of random walks in
an i.i.d. random environment that is a small perturbation of the environment
corresponding to simple random walk. Under a centering condition on the
measure governing the environment, we prove that the exit laws are close to
those of a symmetric random walk, which we identify as a perturbed simple
random walk. We obtain bounds on total variation distances as well as local
results comparing exit probabilities on boundary segments. As an application,
we prove transience of the random walks in random environment.

Our work includes the results on isotropic random walks in random en-
vironment of Bolthausen and Zeitouni [Probab. Theory Related Fields 138
(2007) 581-645]. Since several proofs in Bolthausen and Zeitouni (2007)
were incomplete, a somewhat different approach was given in the first au-
thor’s thesis [Long-time behavior of random walks in random environment
(2013) Ziirich Univ.]. Here, we extend this approach to certain anisotropic
walks and provide a further step towards a fully perturbative theory of ran-
dom walks in random environment.
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1. Introduction and main results.
1.1. The model and main results.

1.1.1. Our model of random walks in random environment. Consider the inte-
ger lattice Z¢ with unit vectors ¢;, whose ith component equals 1. We let P be the
set of probability distributions on {%e; :i = 1,...,d}. Given a probability mea-
sure 1 on P, we equip Q2 = P with its natural product o -field F and the product

d . .. eqeLe
measure P = u®2" . Each element w € 2 yields transition probabilities of a nearest
neighbor Markov chain on 74, the random walk in random environment (RWRE
for short), via

Po(x, x +e) = wy(e), eec{tei:i=1,...,d}.

We write P, , for the “quenched” law of the canonical Markov chain (X},),>0 with
these transition probabilities, starting at x € Z4.

We study asymptotic properties of the RWRE in dimension d > 3 when the un-
derlying environments are small perturbations of the fixed environment w, (f-¢;) =
1/(2d) corresponding to simple random walk.

e Let0 < e < 1/(2d). We say that AO(e) holds if (P.) = 1, where
Pe={qeP:lqg(Ee) —1/Q2d)| <eforalli=1,...,d}.

The perturbative behavior concerns the behavior of the RWRE when A0(e) holds
for small €. However, even for arbitrarily small e, such walks can behave in very
different manners. This motivates a further “centering” restriction on .
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e We say that A1 holds if w is invariant under reflection in the coordinate hy-
perplanes, that is, under all d reflections O; :R? — R? with O;e; = —e; and
Oiej =e;j fOI‘j ;él'.

Condition A1 is weaker than the isotropy condition introduced by Bricmont and
Kupiainen [9], which requires that p is invariant under all orthogonal transforma-
tions O : R? — R fixing the lattice Z¢. This stronger condition was also assumed
in Bolthausen and Zeitouni [8], in the first author’s thesis [1] and in a similar form
in Sznitman and Zeitouni [23], who consider isotropic diffusions. Weaker than A1
is the requirement that p is invariant under (wo(e))e|=1 —> (@wo(—€))|e|=1, Which
is used in Bolthausen, Sznitman and Zeitouni [7], (2.1).

1.1.2. Our main results. Write V; = {y € Z% :|y| < L} for the discrete ball of
radius L. Given w € 2, denote by I1; = 1} (w) the exit distribution from Vj, of
the random walk with law Py ,,, that is,

HL(xa Z) = Px,a)(XfL = Z)a

where 77, = inf{n > 0: X,, ¢ VL }. For probability measures v and v, we let ||v; —
V2|1 be the total variation distance between v; and v,. Denote by E the expectation
with respect to P, and let p,(£e;) = po(x, x £e;) = 1/(2d) be the transition kernel
of simple random walk.

PROPOSITION 1.1. Assume Al. There is g9 > 0 such that for ¢ < &g, under
AO0(e) the limit

2
. i
2poc(Grer) = lim 30 B[O, 0]
yezd
exists fori =1, ...,d. Moreover, || poo — poll1 = O as e | 0.

From now on, p is always given by the limit above. The proposition suggests
that for large radii L, the RWRE exit measure should be close to that of a symmet-
ric random walk with transition kernel poo. Write 7 ép ) (x, -) for the exit distribution
from Vi of a random walk with homogeneous nearest neighbor kernel p, started
at x € Z4. Recall that we assume d > 3.

THEOREM 1.1. Assume Al. For § > 0 small enough, there exists g = 9(5) >
0 such that if AO(g) is satisfied for some ¢ < g, then

]P’( sup ||(ITz — n£p°"))(x, I, > 8) < exp(—(logL)z).

xeVyys
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The difference in total variation of the exit laws of the RWRE and the random
walk with kernel ps, does not tend to zero as L — oo, due to localized pertur-
bations near the boundary. However, with an additional smoothing, convergence
occurs. Let p be a random variable that is independent of the environment and has
a smooth density compactly supported in (1,2). For m > 0 and y € Z¢, write

P (v, )= E[x) 0, — )]

for the averaged exit distribution from balls y 4+ V;, t € (m, 2m), of a random walk
with kernel p, where E is the expectation with respect to p.

THEOREM 1.2. Assume Al. There exists gy > 0 such that if A0(¢e) is satisfied
for some ¢ < g, then for any n > 0, we can find L, and a smoothing radius m
such that form > my,, L > Ly,

IP’( sup ||(TTz — nzp""))Zlglpw)(x, I, > n) <exp(—(logL)?).

xeVyys

REMARK 1.1. (i) As an easy consequence of the last theorem, if one increases
the smoothing scale with L, that is, if m = m 1 oo (arbitrary slowly) as L — oo,
then

sup ||(ITz — nép“))E,gf"O)(x, ;=0  P-almost surely.
xeVyys
(ii) The averaging over the radius ensures that the smoothing kernel is smooth
enough: we have, uniformly in y, y’, z and for some constant C depending only on
the dimension,

B (y,2) <Cm ™,
=) (. 2) = BV )| < Cly = ' fm =D logm:

see Lemma A.2 (there, ﬁ;p ) with Y = m takes the role of E,Sf’ )). Theorem 1.2

does still hold if E,(np <) s replaced by another probability kernel sharing these
properties. However, our particular choice of the smoothing kernel simplifies the
presentation of the proof.

Our methods enable us to compare the exit measures in a more local way. De-
note by 3V; = {y € Z¢:d(y, V1) = 1} the outer boundary of V. For positive ¢
and z € AV let Wi (z) = V;(2) N dVy, where V;(z) = z + V;. Then |W;(z)]| is of
order t¢~!. We obtain the following:

THEOREM 1.3. Assume Al. There exist g > 0 and Lo > 0 such that if A0(e)
is satisfied for some ¢ < gq, then for L > L, there exists an event Ay € F with
P(A7) <exp(—(1/2)(log L)?) such that on Ay, the following holds true. If 0 <
n<1landx e VyL,then forall z € dVy:
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(i) Fort> L/(log L), there exists C = C(n) with

ML (x, W,(2)) < CP (x, W, (2)).

(i1) There exists a homogeneous symmetric nearest neighbor kernel py such
that for t > L/(log L)®,

M (x, Wi(@) = 7;" (x, Wi(@) (14 O((log L) /?)).

Here, the constant in the O-notation depends only on d and 1.

We give one possible choice for the kernel py, in (2.8). Our results can also be
used to deduce transience of the RWRE.

COROLLARY 1.1. Assume Al. There exist gy such that if A0(¢e) is satisfied
for some ¢ < &g, then on P-almost all w € 2 the RWRE (X,,),,>0 is transient.

REMARK 1.2. Let us mention the simplest nontrivial example of a RWRE un-
der conditions A0(¢e) and A1, with no isotropy. Fix a coordinate direction, say eq,
and define two symmetric kernels ¢, ¢’ € P, by setting

1 g, fore =¢y,
qgle)=—+ 13 —¢, fore = —ey,
2d |, for e £ +ey,
1 —e&, fore =eq,
qg'(e)=—+1e¢, for e = —ey,
2d |, for e # +ey.

Then the law w on P, with u(g) = u(g’) = 1/2 satisfies A0(g) and A1. With this
choice of u, Corollary 1.1 settles the generalization of Problem 4 in Kalikow [12]
to dimensions d > 3 (for small disorder).

1.2. Discussion of this work. This paper is inspired by the work of Bolthausen
and Zeitouni [8]. There, Theorems 1.1 and 1.2 appeared in a similar form for the
case of isotropic RWRE in dimension d > 3. A corrected and extended version
of [8] forms part of the first author’s thesis [1]. Our work should in turn be un-
derstood as an extension of [1] to the case of certain anisotropic random walks in
random environment.

Here, the main difficulty stems from the fact that the kernel p, is not explicitly
computable and depends in a complicated way on w. We will not first prove the
existence of po and then deduce our results about the exit measures—in fact, it
will be a side effect of our multiscale analysis of exit laws that ps, exists and is the
right object of comparison. The idea of its construction starts with the observation
that if the statements of Theorems 1.1 and 1.2 are true for some kernel poo, then the
averaged exit distribution on a global scale will be the same as the exit distribution
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of the random walk with kernel p~,, when L — oo. Therefore, it is natural to
choose for any scale L a symmetric transition kernel py which has the property
that the covariance matrix of the averaged exit distribution from Vy, scaled down
by L2, is the covariance matrix of p; [in fact, we will choose py in a slightly
different way; see (2.8) for the precise definition]. The difficult task is then to
show that po = limy_, o pr exists. In the isotropic case, this problem is absent
since one can choose pr = p, for every L.

The thesis [1] develops a somewhat new approach to the isotropic case covered
in [8], which is, as we hope, easier to understand. Since we follow here the same
strategy, let us explain the main changes compared to [8] and point at some of the
problems which appeared there.

Our focus lies on (coarse grained) Green’s function estimates on a large class
of environments, so-called goodified environments. These concepts are developed
in Section 5. In contrast with [8], we state our core Green’s function estimates
(Lemma 5.2, often used in the version of Lemma 5.5) in terms of an appropriate
notion of domination of kernels, and also employ basic operations on kernels; see,
for example, Propositions 5.3 and 5.4. While Lemma 5.2 requires some effort to
be set up, it then yields in a relatively straight forward and systematic way controls
on both smoothed and nonsmoothed estimates, see, for example, Lemma 6.5. In
contrast, the goodified Green’s function estimates in [8], namely, (4.24) and (4.25),
are weaker than our Lemma 5.2. (We note in passing that fleshing out the missing
details in the proof of [8], (4.24), without a version of Lemma 5.2 seems challeng-
ing; see, e.g., the end of Section 4.3, page 606 there.) Likewise, the lack in [8] of
a statement like Lemma 5.2 makes the derivation of (4.46) there incomplete. The
same issue arises, for dimensions d = 3, 4, in the derivation of (4.48) and (4.49)
in [8].

With our Green’s function estimates and the concept of goodified environments,
we give proofs of the main results in our Sections 6.2 and 6.3, which differ even
in the mere isotropic case in many details from the derivation in [8]. We believe
that our proofs are more transparent. The reader who is primarily interested in the
isotropic case is, however, advised to consult the thesis [1] first.

Finally, our Appendix includes the results in [8] on simple random walk and
standard Brownian motion as special cases. We include the proofs both because
our statements are more general, and also because the proofs of different cases are
only sketched or altogether omitted in [8], for example, in the proof of Lemma 3.4
there; we also provide a lower bound on exit probabilities [Lemma 4.2(iii)] which
is implicitly used in [8], but not proved there.

For a better reading, a rough overview over this paper is given in Section 2.4.

1.3. Some relevant literature. Let us comment on some further literature
which is relevant for our study. For a detailed survey on RWRE, we refer to the
lecture notes of Sznitman [20, 22] and Zeitouni [25, 26], and also to the overview
article of Bogachev [5].
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Assuming A0(e) for small ¢ and the stronger isotropy condition that was men-
tioned at the beginning, Bricmont and Kupiainen [9] prove a (quenched) invariance
principle, showing that in dimensions d > 3, the RWRE is asymptotically Gaus-
sian, on P-almost all environments. A continuous counterpart, isotropic diffusions
in a random environment which are small perturbations of Brownian motion, has
been investigated by Sznitman and Zeitouni in [23]. They prove transience and a
full quenched invariance principle in dimensions d > 3.

Our centering condition A1 excludes so-called ballistic behavior, that is, the
regime where the limit velocity v = lim,,—, o, X, /1 is an almost sure constant vec-
tor different from zero. Ballistic behavior has been studied extensively, for exam-
ple, by Kalikow [12], Sznitman [18, 19, 21], Bolthausen and Sznitman [6], or more
recently by Berger [2] and Berger, Drewitz and Ramirez [4].

In the perturbative regime when d > 3, Sznitman [21] shows that some strength
of the mean local drift m = E[Z|e|:1 ewp(e)] is enough to deduce ballisticity.
However, as examples in Bolthausen, Sznitman and Zeitouni [7] for dimensions
d > 7 demonstrate, ballisticity can also occur with m = 0, and one can even con-
struct examples exhibiting ballistic behavior with v = —cm and ¢ > 0. Note that
our condition A1 implies m = v = 0.

The work of Bolthausen, Sznitman and Zeitouni [7] provides also examples and
results for nonballistic behavior. They consider the special class of multidimen-
sional RWRE for which the projection onto at least d; > 5 components behaves
as a standard random walk. In particular, if d; > 7 and the law of the environ-
ment is invariant under the antipodal transformation ([7], (2.1)), mentionned at the
beginning, a quenched invariance principle is proved.

Much is also known for the class of balanced RWRE when P(wgy(e;) =
wo(—e;))=1foralli =1,...,d. Employing the method of environment viewed
from the particle, Lawler proves in [15] that for P-almost all w, X|,.|/+/n con-
verges in Py ,-distribution to a nondegenerate Brownian motion with diagonal
covariance matrix, even in the nonperturbative regime. Moreover, the RWRE is
recurrent in dimension d = 2 and transient when d > 3; see [25]. Recently, within
the i.i.d. setting, diffusive behavior has been shown in the mere elliptic case by
Guo and Zeitouni [11] and in the nonelliptic case by Berger and Deuschel [3].

2. Basic notation and main techniques.

2.1. Basic notation. Our purpose here is to cover the most relevant notation
which will be used throughout this text. Further notation will be introduced later
on when needed.

2.1.1. Sets and distances. Welet N={0,1,2,3,...} and Ry ={x e R:x >
0}. For a set A, its complement is denoted by A¢. If A ¢ R? is measurable and
nondiscrete, we write |A| for its d-dimensional Lebesgue measure. Sometimes,
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|A| denotes the surface measure instead, but this will be clear from the context. If
A C Z¢, then |A| denotes its cardinality.

For x € R?, |x| is the Euclidean norm. If A, B C RY, we set d(A, B) = inf{|x —
yl:x € A,y € B} and diam(A) = sup{|x — y|:x,y € A}. Given L > 0, let V =
{x € Z%:|x| < L} and for x € Z¢, Vi (x) = x + V.. For Euclidean balls in R¢ we
write Cf, = {x e R?:|x| < L} and for x e R, Cp.(x) = x + Cy.

If V.cZ% then 8V = {x € VS N Z4:d({x}, V) = 1} is the outer boundary,
while in the case of a nondiscrete set V C R?, 3V stands for the usual topological
boundary of V and V for its closure. For x € C, we set dz (x) = L — |x]|. Finally,
for 0 <a < b < L, the “shell” is defined by

ShL(a,b):{xeVL:ade(x)<b}, Sh; (b) = Sh; (0, b).

2.1.2. Functions. 1If a,b are two real numbers, we set a A b = min{a, b},
a vV b =max{a, b}. The largest integer not greater than a is denoted by |a]. As
usual, set 1/0 = oo. For us, log is the logarithm to the base e, and log,, is then the
logarithm to the base a. For x,z € R4, the Delta function 8, (z) is defined to be
equal to one for z = x and zero otherwise.

Given two functions F,G:Z¢ x Z¢ — R, we write FG for the (matrix)
product FG(x,y) =3 ,cz7¢ F(x,u)G(u, y), provided the right-hand side is ab-
solutely summable. FX is the kth power defined in this way, and FO(x,y) =
8x(y). F can also operate on functions f:Z% — R from the left via Ff(x) =
> yezd F(x, y) f(y).

We use the symbol 1y for the indicator function of the set W. By an abuse
of notation, 1y will also denote the kernel (x, y) — 1w (x)8,(y). If f: 74 - R,
Il fll1 =2 ceza | f(x)] €10, 00] is its L'-norm. When v:Z¢ - R is a (signed)
measure, ||v||; is its total variation norm.

Let U C R? be a bounded open set, and let k € N. For a real-valued function
f with fly € CK(U), that is, f is k-times continuously differentiable in U, we
define fori =0, 1, ...k,

. 9t
D' f|,, = sup sup|——— 1|,
10/ 1l = sup sl
where the first supremum is over all multi-indices 8 = (B1, ..., Ba), Bj € N, with

1Bl = Z‘};l B;j. We also write V for the gradient of a function, and in some proofs,
A denotes the Laplace operator.

Let L >0, and put i = {x e R?: L/2 < |x| < 2L}. We denote by M the set
of functions v, whose restrictions to U, satisfy the following properties:

® Vly, :Ur — (L/10,5L),
o Yy € C*Uy) with ||D’w|uL||uL <10fori=1,2,3,4.

Functions in M will be used to define smoothing kernels with good smoothing
properties.
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2.1.3. Transition probabilities and exit distributions. Given (not necessarily
nearest neighbor) transition probabilities p = (p(x, y)) yezd, We write Py p, for

the law of the canonical Markov chain (X;),>o on ((Zd)N, G), G the o-algebra
generated by cylinder functions, with transition probabilities p and starting point
Xo = x Py p-a.s. The expectation with respect to Py , is denoted by E; ,. The
simple random walk kernel p,(x,x &£ ¢;) = 1/(2d) will play a prominent role.
Clearly, every p € P gives rise to a homogeneous nearest neighbor kernel, which
by a small abuse of notation we again denote by p.

If Vc Z4, we denote by ty = inf{n > 0: X,, ¢ V} the first exit time from V,
with inf @ = oo, whereas Ty = Ty« is the first hitting time of V. Given x, z € Vi
and p, V as above, we define

exy(x,z; p) = Px,p(er =2).

Notice that for x € V¢, exy (x, z; p) = 8+ (2).
For p € P, we write

7P (x,2) =exv (x, z; p),
and for w € 2, we set

My o(x,2) =exv(x,2; po).

We usually suppress @ from the notation and simply write [Ty. Mostly, we shall
interpret [1y as a random exit distribution. However, sometimes we work with a
fixed environment w € €2, and then we still write ITy instead of Iy ,,.

Recall the definitions of the sets P and P, from the Introduction. For 0 < k <
1/(2d), let

P ={pePe:plen=pl—e),i=1,....d},

that is, P¢ is the subset of P, which contains all symmetric probability distribu-
tions on {£e; :i =1, ..., d}. At various places, the parameter x bounds the range
of the symmetric transition kernels we work with.

2.1.4. Coarse grained transition kernels. Fix once for all a probability density
¢ € C*°(R4, R4) with compact support in (1, 2). Given a transition kernel p € P
and a strictly positive function ¥ = (my)xew, where W C R? with W N Z¢4 * 9,
we define the coarse grained transition kernels on W N Z? associated to (v, p),

~ (p) _ b ot . d
2.1 Ty (x,) = Q exy, () (x, 3 p)dt, xe WNZ".
my JR,  \my
Mostly, we will take ¥ € M, and then (2.1) yields a collection of transition ker-
nels on at least U; NZ4. Often, we consider for m > 0 the constant function v=m
(sometimes denoted 1, ), and then (2.1) gives coarse grained transition kernels on
the whole grid Z¢.
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2.1.5. Coarse graining schemes in the ball. Similarly to (2.1), we will now
introduce coarse grained transition kernels for the motion inside the ball V., for
both symmetric random walk and RWRE.

We use a particular function 1. Once for all, let

L L
S = ———= rp=——=.
b7 (logL)? L7 (log L)Bs
Our coarse graining schemes in the ball are indexed by a parameter », which can

either be a constant >100, but much smaller than r;, or, in most of the cases,
r =rr. We fix a smooth function & : R4 — Ry satisfying

_)x, forx <1/2,
h(x)_{l, for x > 2,
such that & is concave and increasing on (1/2, 2). Define hy ,: C; — R, by
1 d
2.2) hp,(x) = —max{sLh< L(x)), r}.
20 SL

Since we mostly work with r =r, we use the abbreviation h; = hy ,, . We write
Iy (=1L ) for the coarse grained RWRE transition kernel inside V;, associ-
ated to (Y = (hr,r(x))xev,s Po)>

ﬁL,r(x» ) =

t
H P dt,
hp r(x) R+(p<hL,r(x)> v, (onvy (X, )

and frzp 3 for the coarse grained kernel coming from symmetric random walk
with transition kernel p € P, where in the definition IT is replaced by P,
Most of the time we view Iy , as a random transition kernel, but we shall also
write I1 L.r if the underlying environment  is fixed. For convenience, we set
f[L,r(x, D)= frépz (x,") =8,() forx € Z4 \ VL. By the strong Markov property, the
exit measures from the ball V7 remain unchanged under these transition kernels,
that is,

23) exy,(x,Mz,)=Mr(x,) and exy, (x,57") =7 (x, ).

See Figure 1 for a visualization of the coarse graining scheme.

REMARK 2.1. (i) Later on, we will also work with slightly modified transition
kernels IT and 7 (”), which depend on the environment. We elaborate on this in
Section 5.3.

(i1) Due to the lack of the last smoothing step outside Vy, we need to zoom in
near the boundary in order to handle nonsmoothed exit distributions in Section 6.3.
The parameter r allows us to adjust the step size in the boundary region.

(iii) For every choice of r,

dz (x)/20, for x € Vp withrp <dp(x) <sr/2,

h =
Lr(x) {SL/Q(), for x € Vi, withdz (x) > 2s;.
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FI1G. 1. The coarse graining scheme in V. Inthe bulk {x € Vy, :dy (x) > 251 }, the exit distributions
are taken from balls of radii between (1/20)sy, and (1/10)sy,. When entering Shy (2s1,), the coarse
graining radii start to shrink, up to the boundary layer Shy (r), where the exit distributions are taken
from intersected balls Vi (x) NV, t € [(1/20)r, (1/10)r]. The dotted lines indicate a corresponding
random walk sample path.

2.1.6. Abbreviations. If it is clear from the context which transition kernel p

we are working with, we often drop the sub- or superscript p from notation. Then,

for example, we write wy for n‘(,p ) , P, instead of Py , or E, for E, ,. Given

transition probabilities p, coming from an environment w, we use the notation
Px,a)’ Ex,a)~

If V =V is the ball around zero of radius L, we usually write 7y instead of
my, 1, for ITy and t7, for Ty.

Many of our quantities, for example, the transition kernels I L.rs TL.r OF the
kernel I'y, , which is introduced in Section 5, are indexed by both L and r. While
we always keep the indices in the statements, we normally drop both of them in
the proofs.

Finally, we will often use the abbreviations d(y, B) for d({y}, B), T, for Tjy,
and P(A; B) for P(A N B).

2.1.7. Some words about constants, O -notation and large L behavior. All our
constants are positive. They only depend on the dimension d > 3 unless stated
otherwise. In particular, constants do not depend on L, on §, on w or on any point
x € Z4, and they are also independent of the parameter .

At some places, one might have the impression that constants depend on the
transition kernel p. However, we only work with p € P¢, and « can be chosen
(arbitrarily) small. Such kernels p are therefore small perturbations of the simple
random walk kernel p,, and since all dependencies emerge in a continuous way
(in p), we may always assume that constants are uniform in p.

We use C and ¢ for generic positive constants whose values can change in differ-
ent expressions, even in the same line. In the proofs, we often use other constants
like K, C1, c1; their values are fixed throughout the proofs. Lower-case constants
usually indicate small (positive) values.
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Given two functions f, g defined on some subset of R, we write f(t) = O(g(t))
if there exists a positive C > 0 and a real number 7o such that | f(¢)| < C|g(¢)| for
t=1.

If a statement holds for “L large (enough),” this means that there exists Ly > 0
depending only on the dimension such that the statement is true for all L > L.
This applies analogously to expressions like “6 (or €, or x) small (enough).”

One should always keep in mind that we are interested in asymptotics when
L — oo and the perturbation parameter ¢ is arbitrarily small, but fixed. Even
though some of our statements are valid only for large L and ¢ (or §, or k) suffi-
ciently small, we do not mention this every time.

2.2. Perturbation expansion for Green’s functions. Our approach of compar-
ing the RWRE exit distribution with that of an appropriate symmetric random walk
is based on a perturbation argument. Namely, the resolvent equation allows us to
express Green’s functions of the RWRE in terms of Green’s functions of homo-
geneous random walks. More generally, let p = (p(x, y)), yeze be a family of
finite range transition probabilities on Z?, and let V C Z¢ be a finite set. The cor-
responding Green’s kernel or Green’s function for V is defined by

gv(p)(x,y) =Y (lyvp)*x,y).
k=0

The connection with the exit measure is given by the fact that for z ¢ V, we have
(2.4) gv(p)(,2) =exv(, z; p).

Now write g for gy (p), and let P be another transition kernel with corresponding
Green’s function G for V. With A = 1y (P — p), we have by the resolvent equation

(2.5) G —-—g=gAG=GAg.

In order to get rid of G on the right-hand side, we iterate (2.5) and obtain
0.¢]

(2.6) G-—g=Y (gNfg,
k=1

provided the infinite series converges, which is always the case in our setting.
Writing (2.6) as

0
G=g) (Ag),
k=0

replacing the rightmost g by g(x, -) =85 (-) + 1y pg(x, -) and reordering terms, we
get

2.7) G=g Y (RQ"Y Ak
k=0

m=0
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where R =Y"2° Afp.

Two Green’s functions for the ball vV will play a particular role: the (coarse
grained) RWRE Green’s function G .- corresponding to I L.r» and the Green’s
function gy, , corresponding to 7z, ,,

o0 o

Grrx,y) =Y Ay, )y, g, Gy = Ly, 70 (x, ).
k=0 k=0

A “goodified” version of G L.» will be introduced in Section 3.

2.3. Main technical statement. We will deduce our main results from Proposi-
tion 2.1 below. The latter involves a technical condition, which we will propagate
from one level to the next. This condition depends on the deviation § (cf. Theo-
rem 1.1) and on a parameter Lo > 3 which will finally be chosen sufficiently large.

Recall the coarse graining schemes on V. Even though we use the “final” ker-
nel p in the formulation of our main theorems, we will work in the proofs with
intermediate kernels py depending on the radius of the ball. More precisely, we

assign to each L > 0 the symmetric transition kernel (i =1, ...,d)
1/(2d), for 0 < L < Ly,
N1 N 2
(2.8) pr(Exe) =1 2 Z E[HLJ(O, y)] ylz’ for L > L.
2 Iyl

Since hy, (0) = 51 /20, the definition of p; does not depend on the parameter r.
In words, for radii 0 < L < Lg, pr agrees with the simple random walk kernel p,,
while for L > Lg the kernel py is defined as an average of variances of normalized
mean exit distributions from balls of radii ¢ € [(1/20)sr, (1/10)s].

For ¢ € M; and p, g € P, define

f g = sup |[(Ty, — ”‘(/f))ﬁ,’(bq)(x, )
x€Vis

1°

Df, = sup |(Ty, — =) x. ).

xeVys
With § > 0, wesetfori =1,2,3
bi(L,p,¥.q,90)
=P({QogL) "D < py < logL) ) n{D} , <5}
and

ba(L. p.¥.q.8) =P({D} , ., > (og L) P/* u (D}  >35}).

P

Put ¢ = (log Lo)~’, and let us now formulate the following:
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2.3.1. Condition Cond. Let § > 0 and L; > Lo > 3. We say that
Cond($, Lo, L) holds if:

e Forall3 <L <2Lg,ally € My and all ¢ € P},

P({D} ,, 4. > (ogL)°}U{D} , >6}) < exp(—(log(2Ly))?).
e Forall Lo<L <Ly, L' €[L,2L],y € My and g € P?,

bi(L', pr, ¥, q.8) < Lexp(—(G+i)/4)(logL")*)  fori=1,2,3,4.

Let us summarize this condition in words.

The first point controls the total variation distance of the RWRE exit measure to
the exit measure of simple random walk on balls of radii 3 < L < 2L¢. Note that
the bound on the probability is given in terms of Lg, for all such L.

The second point concerns radii Lo < L < L; and gives control over the de-
viation of the RWRE exit measure from that of a symmetric random walk with
kernel py . It also includes a continuity property of RWRE exit measures when L’
varies (note that we use py on the left-hand side, not p; /), which will be crucial to
compare the distance between two kernels for different radii; see Lemma 3.2.

The main technical statement of this paper is the following:

PROPOSITION 2.1. Assume Al. For § > 0 small enough, there exists ey =
£0(8) > 0 with the following property: if ¢ < &9 and A0(e) holds, then:

(1) There exists Lo = Lo(8) such that for L1 > Ly,
Cond(8, Lo, L1) = Cond (8, Lo, L1(log L1)?).

(i1) There exist Lo = Lo(8) and sequences £,, m,, — oo with the following
property: if L1 > £, and L1 < L < Li(log L1)2, then for q € P} and m > m,,, with
v =m,

Cond(8, Lo, L1) = (P(D} ,, ., > 1/n) <exp(—(log L)?)).

REMARK 2.2. (i) It is important to realize that for every choice of § and Lo,
we can make sure that Cond(3, Lo, Lo) is fulfilled, simply by choosing the per-
turbation ¢ small enough. This observation provides us with the base step of the
induction in Proposition 2.1(i): once we know that Cond propagates for properly
chosen § and L, we can choose ¢ so small such that Cond(8, L, L) holds for all
L>Ly.

(ii) One should note that under Cond(8, Lo, L), if L < Ll(long)z, then
hr »(x) <sp < Li1/2, sothat Cond(§, Lo, L1) can be used to control the exit dis-
tributions of the coarse grained walks inside V7.

(iii) The number ¢ defined above the condition bounds the range of symmetric

transition kernels ¢ from which smoothing kernels 7%5,‘1) are built. In Lemma 3.2
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we will see that under Cond (6, Lo, L1), for L < L{(log L1)2, the kernels py are
elements of P;.

(iv) If Cond(8, Lo, L) is satisfied, then for any 3 < L < L and for all L’ €
[L,2L],all y € M and all g € P},

P({D?%, > (logL') "y U{D}, ,, > 8}) <exp(—(logL’)?).

7PLJ/’7‘1

For the rest of this paper, if we write “assume Cond(§, Lo, L1),” this means that
we assume Cond(§, Lo, L) for some § > 0 and some L; > Lg, where § can be
chosen arbitrarily small and L arbitrarily large.

2.4. A short reading guide. The key idea behind our proofs is to compare exit
measures by means of the expansion

2.9 My - =G, 1y, (p, — 7L )7L,

which results from (2.3), (2.4) and (2.5). Our coarse grained transition kernels are
given by exit distributions from smaller balls inside V;, and we obtain our results
by transferring inductively information on smaller scales to the scale L. The no-
tion of good and bad points, introduced in Section 3, allows us to classify the exit
behavior on smaller scales. If inside V7 all points are good, then the estimates on
smaller balls can be transferred to a (globally smoothed) estimate on the larger
ball Vi, (Lemma 6.4). But bad points can appear, and in fact we have to distin-
guish four different levels of badness (Section 3.3). When bad points are present,
it is convenient to “goodify” the environment, that is, to replace bad points by
good ones. This important concept is first explained in Section 3 and then further
developed in Section 5.

However, for the globally smoothed estimate, we only have to deal with the case
where all bad points are enclosed in a comparably small region; two or more such
regions are too unlikely (Lemma 3.3). Some special care is required for the worst
class of bad points in the interior of the ball. For environments containing such
points, we slightly modify the coarse graining scheme inside Vr, as described in
Section 5.3.

In Lemma 6.5, we prove the smoothed estimates on environments with bad
points and show that the degree of badness decreases by one from one scale to the
next.

For exit measures where no or only a local last smoothing step is added (Sec-
tion 6.3, Lemmata 6.6 and 6.7, resp.), bad points near the boundary of V; are
much more delicate to handle, since we have to take into account several possibly
bad regions. However, they do not occur too frequently (Lemma 3.4) and can be
controlled by capacity arguments.

All these estimates require precise bounds on coarse grained Green’s functions,
which are developed in Section 5. Roughly speaking, we show that on environ-
ments with no bad points, the coarse grained RWRE Green’s function for the ball
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is dominated from above by the analogous quantity coming from simple random
walk (or some symmetric perturbation).

In Section 4, we present various bounds on hitting probabilities for both sym-
metric random walk and Brownian motion, and difference estimates of smoothed
exit measures. One main difficulty is that we have to work with a whole family
(pr) of nearest neighbor transition kernels. For example, we have to control the
total variation distance of exit measures corresponding to two different kernels.
Here, the crucial statement is Lemma 4.4, which is formulated in terms of Brown-
ian motion and then transferred to random walks via coupling arguments.

The statements from Section 6 are finally used in Section 7 to prove the main
results. In the Appendix we prove the main statements from Section 4, as well as
a local central limit theorem for the coarse grained symmetric random walk.

3. Transition kernels and notion of badness. Here, we look closer at the
family of kernels defined in (2.8) and introduce the concept of “good” and “bad”
points. Furthermore, we define “goodified” transition kernels and prove two esti-
mates ensuring that we do not have to consider environments with bad points that
are widely spread out in the ball or densely packed in the boundary region.

3.1. Some properties of the kernels py. The first general statement exempli-
fies how to extract information about a symmetric kernel p € P¢, 0 <« < 1/(2d),
out of the corresponding exit measure on d V.

LEMMA 3.1. Fori=1,...,d,

1 i\ 2
pley== 3 nﬁp’(o,y)(y—) + oL
2y€3VL L

PROOF. Recall that under Py j, (X,),>0 denotes the canonical random walk
on Z4 with transition kernel p starting at the origin. Write G, = o (X1, ..., Xj)
for the filtration up to time m, and denote by X, ; the ith component of X,,. Due to
the symmetry of p, the process X,% ; —2p(ei)n, n >0, is a martingale with respect
to G,. By the optional stopping theorem,

EO,p[XgL,i] =2p(ei)Eo,plrL]

Since X2, |+ -+ X2 ,=(L+ 0(1))?, it follows that Eg p[t,] = (L + O(1))?,

Lo t.d T
and the claim is proved. [

Now let us turn to the kernel py .

LEMMA 3.2. Assume Cond(8, Lo, L1). There exists a constant C > 0 such
that:
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(i) For3<L <L(logL)?,

I ps, /20 — prlli < C(log L) ™.

In particular, if Ly is sufficiently large, we have py, € P;.
(ii) Let 3<L <Ljyand L' €[L/2,L). Then

lpr — prli < ClogL)™.

PROOF. (i) For L < L, there is nothing to show since py = p,. Now assume
Lo<L< Ll(long)z. We apply Lemma 3.1 to ¢ € [s7,/20, sz /10] in place of L.

Writing p for py, /20 and 7 for 7y ,, we then obtain for each i =1, ..., d after an
integration
G.1) 2pe) = 3 AP0, )25 + 0(s;).

= ly |

Therefore, by the definition of py,

2
2 plei) — prlen)| = 3 (7P — BIT11)(0, )L SE oL b.
y
We now use the elementary fact that for centered random variables Y, Y’, Z with
Y, Y’ independent of Z, we have E[Y?] — E[Y"?] = E[(Y + Z)*] — E[(Y'+ Z)*].
Moreover, 7 ?)(0, -) and E[I1](0, -) have support in V; . /10, where the kernel 7 (Po)
is homogeneous. We can therefore write

Z(ﬁ(ﬁ) E[l_[ (0 y) _Z ~(p) _ E[H] (Po)(o y)

Y

We next note that by definition of the coarse-grained transition kernels, we have

|BL —2P)a P09 < sup E[f(Ty, —m)2 "0, ].
t€lsy/20,51/10]
We apply condition Cond (8, Lg, L1) in order to bound the right-hand side. Clearly,
s1,/10 < L. Moreover, the function Ay, , defined in (2.2) lies in M, for each
t € [sp/20,s1/10]. Recalling the last point of Remark 2.2, we obtain under
Cond($, Lo, L1) (with 7 in place of L’ and p = Ps; /20 in place of py in this re-
mark)

E[[(Ty, —7/")7 (0, )] ,] < Cllog L)~°

for some constant C which is uniform in ¢ € [s7 /20, sz, /10]. Putting the pieces
together, we have shown that for each i, |p(e;) — pr(ei)| < C(log L)~ and the
first part of (i) follows.
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In order to see that p;, € P’, we put £1 = L, £;41 = s¢, /20 and then apply the
above bound repeatedly to the differences || pg, — pe,, 1, until €511 < Lo and
hence py,,, = po. With K = |log,(L/Lo) ], we obtain the bound

K
IpL = poll = C Y (log(27'L)) ™ = Cllog L) ™,
i=1
which implies the second part of ().
(ii) Let y = L € M. By Lemma 3.1 and the same variance additivity property
as in the proof of (i),

1 /
lpe = pelhi= 75| 2 (0 =7")0. 057 +0(L7)
yeaVy
1 , s _
=3 Z(népl)—népw)n&,p)(o,y)yiz +o0(L™h
yeZzd

< CH( (pL/) NIEPL)) (po)(o )H] + 0( )
Since under Cond (8, Lo, L),
(pr) - N 4 (Po)
|| (T[L t pL ) y (0 )“1 = C(E[Di,pLJ/l,pa] +E[Dz,]’yﬂ/ﬂpo])
< C(ogL)™,
the second claim is proved. [J
3.2. Good and bad points. We shall partition the grid points inside V; ac-
cording to their influence on the exit behavior. Recall assignment (2.8), and fix an

environment w € 2. We say that a point x € V is good (with respect to w, L,
d>0andr, 100 <r <rp)if:

e Forallt e [hy ,(x),2hL (x)], With g = pp; ,(x)»

(9)
(M, @) = 703y (e, D [y < 6.
e Ifdy(x) > 2r, then additionally

[(fer =771 0 < (oghe ()™
A point x € V which is not good is called bad. We denote by By, , = By, () the
set of all bad points inside V; and write By = By ,, for short. Furthermore, set
Bgr =By, NShr(ry) and Bz’r =Br,UBL = Bl‘ir U By. Of course, the set of
bad points depends also on §, but we do not indicate this.

REMARK 3.1. (i) For the coarse graining scheme associated to r = rr, we
have by definition 55 , = Br. When performing the nonsmoothed estimates in
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Section 6.3, we work with constant r. In this case, Bz’r can contain more points
than By .

(ii) Assume L large. If x € Vi with dz (x) > 2r, then the function Ay ,(x +-)
lies in M, for each t € [h ,(x),2hr »(x)]. Thus, for all x € V;, we can use
Cond (8, Lo, L1) to control the event {x € By, ,}, provided 2h, ,(x) < L;.

We shall replace the RWRE transition kernels at bad points by those of a sym-
metric random walk. Write p for py, 20. For all environments, we introduce the
“goodified” transition kernels as follows:

ﬁLr(X,‘), fOr.erL\BLr,

ot —
(32) HL,r(x, ) ﬁzpz(x’ .), for x € Bz’r.
We write Gg for the corresponding (random) Green’s function. Note that the
transition kernel g used in the definition of a good point x € V, does depend on the
location of x inside the ball, whereas the goodifying-procedure uses the same tran-
sition kernel p for all points [which agrees with g for x € Vr with dz (x) > 2sp,
since in this region Ay, , = (1/20)s.]. Goodified transition kernels and Green’s
functions will play a major role from Section 5 onwards.

3.3. Bad regions in the case r = rr. The next lemma shows that with high
probability, all bad points with respect to r = r, are contained in a ball of radius
4hyr(x). Let

'DL = {V4hL(x)(x):x S VL}.

We will look at the events OneBad;, = {B;, C D for some D € Dy }, see Figure 2,
and ManyBad; = (OneBady ). It is also useful to define the set of good environ-
ments, Good;, = {B;, = &} C OneBad; .

FIG. 2. On environments w € OneBady,, all bad points are enclosed in a ball Vaj, (x)(x).
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LEMMA 3.3.  Assume Cond(8, Lo, L1). Then for L1 < L < L1(log L1)?,
P(ManyBad, ) < exp(—%(log L)?).

PROOF. Let x € Vy with dz(x) > 2rz. Set g = pp, oy and A = 1y, (11, —

A0 ). Put Dy gy () = [y, = T )R (6, ) 11 Drg () = [Ty ) —

) (x, 1. Using r1/20 < hp(x) < sy < L1/2 and the second point of Re-

mark 3.1,

P(xeB) < JP’( U {Dy g1y .q(x) > (loghL(x))_g} U{Dy 4(x) > 8})
telhp(x),2hp(x)]
< Cs¢ exp(—(log(rr./20))%),
and a similar estimate holds when dz (x) < 2r;. On the event ManyBad; , there

exist x,y € By with |[x — y| > 2hy(x) + 2hz(y). But for such x, y, the events
{x € B} and {y € B} are independent, whence for L large

P(ManyBad, ) < CL* 53 [exp(—(log(rz/20))*)]*
< exp(—(19/10)(log L)?). O
The estimate is good enough for our inductive procedure, so we only have to
deal with the case where all possibly bad points are enclosed in a ball D € Dy.

However, inside D we need to look closer at the degree of badness.
We say that w € OneBady, is bad on level i, i =1, 2, 3, if the following holds:

e Forall x € V, forall ¢ € [hr(x), 2k (x)], with ¢ = pp, (x)s
(9)
[ (v, ) = 73/0)) () [y < 6.
e For all x € Vp with dz (x) > 2rr, additionally
H(ﬁLsrL - ﬁl(fiL)ﬁl(,q,zL ()C, )”l = (10g/’lL(.X))
e There exists x € By (w) with dy, (x) > 2ry such that
~ A A —949(i—1)/4
[T, = )70, () > (loghr () 70,

If @ € OneBady is neither bad on level i = 1,2, 3 nor good, we call w bad on

—9+9i/4

level 4. In this case, By (w) contains “really bad” points. We write OneBad(Li) C
OneBad;, for the subset of all those w which are bad onlevel i =1, 2, 3, 4. Observe
that we have the partition

OneBad; = Goody U (OneBad(Ll) U-.-uU OneBadf)).
On Goody,, f[‘er = lalL,rL and therefore (A}i’rL = (A}L,rL.
3.4. Bad regions when r is a constant. When estimating nonsmoothed exit

measures, we cannot stop the refinement of the coarse graining in the boundary
region Shy (r). Instead, we will choose r as a (large) constant. However, now it
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is no longer true that essentially all bad points are contained in one single region
D € Dy . For example, if x € V[, is such that d; (x) is of order log L, we only have
a bound of the form

P(x € BL,,) < exp(—c(loglog L)?),

which is clearly not enough to get an estimate as in Lemma 3.3. We therefore
choose a different strategy to handle bad points within Shy (r;). We split the
boundary region into layers of an appropriate size and use independence to show
that with high probability, bad regions are rather sparse within those layers. Then
the Green’s function estimates of Corollary 5.1 will ensure that on such environ-
ments, there is a high chance to never hit points in Bg’r before leaving the ball.

To begin with the first part, fix r with r > rg > 100, where rg = ro(d) is a
constant that will be chosen below. Let L be large enough such that » < rr, and
set J1 = Ji(L) = [logy(rp/r)| + 1. We define layers A9 = Sh.(2r) and A; =
Shyz (r27, r2/+1) for integers 1 < j < J;. Then

Shy2rp)C | J AjCShp(4ry).
0<j=<J
Let 1 < j < J;. For k € Z, consider the interval I,gj) = (kr2/, (k + Dr2/1N Z.
We divide A; into subsets by setting D]((J) =A; NIy X -+ x I,), where kK =

(k1,...,kg) € 74, cf. Figure 3. Denote by Q; , the set of those subsets which are
not empty. Setting N; , =|Q; .|, it follows that

1 L d—1 L d—1
_(__) §Nj,§C(—.> .
C\r2J ’ r2J

We say that a set D € Q; , is bad if Bgr N D # . As we want to make use

of independence, we partition Q; , into disjoint sets Q;li, e QﬁRr), such that for
each 1 <m < R, we have:

ShL(T)

FIG. 3. Thelayers Aj,0 < j < Jy,with Ao = Shy (2r). Subsets Dlij) C Aj containing bad points
are shaded.
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e d(D,D) > 4maxxeA] hy,(x)forall D # D' € Q"
Note that since hp , is proportional to dz on Aj for 1 < j < Jj, the number
R € N can be chosen to depend on the dimension only. Then the events {D is bad},

De Q;’ﬁ), are independent. Furthermore, if L < L < L;(log L1)?, it follows that
under Cond (8, Lo, L),

P(D is bad) < C(r27)* exp(—(log(r2/ /20))?)
<exp(—(ogr + j)°) = pjir,
forall r > rg and j € N, if r is big enough. Let Y , and Y (m) be the number of bad

sets in Q; , and Q( m) , respectively. For r > 5, we have pJ » < (logr+ j)73/% <

1/2. A standard large dev1at10n estimate for Bernoulli random variables yields
]P’(Y}? > (logr + j)_3/2N](.fZ)) < exp(—NJ(.’r)I((logr +)721pis),

with I (x|p) = xlog(x/p) + (1 —x)log((1 —x)/(1 — p)). By enlarging rg if nec-
essary, we get I ((logr + j)_3/2|p.,-,,) > 2R(logr + j)'/7 for r > ro, whence

P(Y;, > (logr + j)"¥?N;,)
<R max }P’(Y;’ ™ > (logr + j)~ 3/ZN(m))

m=1,...,R

< Rexp(—(logr + j)1/7Nj,r)

d—1
< Rexp —E(logr—l—]) o7

< exp(—(logr + )" (log L)*),
forrg<r <rp,0<j <Ji(L) and L large enough. In particular,
Y P(Yj, = (ogr+ ) Y2N;,) <exp(—(og L)?).
0=<j=<Ji(L)

Therefore, introducing the set of environments with plenty of bad points in the
boundary region,

BdBad,, = |J (¥, =dogr+ ) >?N;,),
0<j=<Ji(L)

we have proved the following:
LEMMA 3.4. There exists a constant ro > 0 such that if r > rg, then
Cond(3, Lo, L) implies that for L1 < L < L (long)z,
P(BdBad,. ) < exp(—(log L)*®).
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4. Some important estimates. In this section, we collect estimates on sym-
metric random walks with kernel p € P} and on d-dimensional Brownian motion
with (diagonal) covariance matrix given by

@1 Ap = (2dp(ensi )} ;-

We can safely use the same letter as for the layers defined in the foregoing sec-
tion, since it will always be clear from the context what is meant. The follow-
ing statements hold for small «, meaning that there exists 0 < kg < 1/(2d) such
that for 0 < x < kg, the statements hold true. All constants are then uniform in
peP;.

4.1. Hitting probabilities. The first two lemmata concern symmetric random
walk. The proofs are provided in the Appendix.

LEMMA 4.1. Let pe P}, andlet0<n < 1.
(1) There exists C = C(n) > 0 such that for all x € V;, z € dVp,
c'pd+! < nép)(x, 7)< CL™4+!,
(ii) There exists C = C(n) > 0 such that for all x, x" € VoL, z€0Vp,
|7T£p)(x, 7) — nzp)(x/, 7)| <Clx - x’|L_d.
A good control over hitting probabilities is given by the following:

LEMMA 4.2. Leta > 1andx,y € Z% with x ¢ V,(y). There exists a constant
C > 0 such that for p € P%,

@

a d—2
Py ,(Ty, <oo)sc( ) .
x,p » X — y|

(i1) There exists C > 0, independent of a, such that when |x — y| > 7Ta,

a2 max{a, d; (y)} max{1, d; (x)}
Px,p(TVa(y) < ‘L’L) <C LY L .

lx — y|4
(iii) There exists C > 0 such that forall x € Vi, z € 0Vy,

- d; (x) max {1, d; (x)}
|x —z|4 lx — z|4

Snz”)(x,z)ic

We need to compare exit laws of random walks with different kernels p € Pg,
and we need difference estimates on smoothed exit measures. In this direction, it
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is easier to work with Brownian motion and then transfer the results back to the
discrete setting. Let us first introduce some additional notation. Let p € P;. For

a domain U c RY with smooth boundary and x € U, denote by ng(p ) (x,dz) the
exit measure from U of a d-dimensional Brownian motion W; started at x, with
diffusion (or covariance) matrix A, defined in (4.1), that is, E[(W; — X =A P
In the case U = C, we simply write nLB(p )(x, dz). By a small abuse of notation,

we also write ng(p ) (x,z) [or nf(p ) (x, z) if U = C] for the (continuous version

of the) density with respect to surface measure on U.
In particular, ng(p °) is the exit measure from U of standard d-dimensional

Brownian motion with covariance matrix . Its density nLB(p ”)(x, 7) is given by
the Poisson kernel

L2_ |x|2
da(d)L |x —z|4 "’

where «a(d) is the volume of the unit ball. For general p € Py, there is no explicit

4.2) 7P (x,z) =

expression for the kernel nf(p ) (x, z). However, we have the following:

LEMMA 4.3. There exists C > 0 such that for p € P; and all x € Cr,
Z € 8CL,

6
d d
C—1| L(x)|d <2PP(x, 2) §C| L(x)|d‘
X —Z X —Z
(ii) Fork e N,
_1 dp(x) B dp(x)
1 k_B(p)
C 7|x_z|d+kfvx”L (x,z)§C|x_Z|d+k.

This lemma gives us immediately the statements corresponding to Lemma 4.1
for Brownian motion with covariance matrix A ,, p € P;. Clearly, also Lemma 4.2
has a direct analog. In fact, part (iii) is reformulated for Brownian motion in
the last lemma. For the results corresponding to (i) and (ii), one can follow the
proof of Lemma 4.2 in the Appendix, replacing the random walk estimates by
those for Brownian motion. These analogous results will be used in the Ap-
pendix.

The following important lemma controls the difference of two Brownian exit
densities on dCr,, when the corresponding diffusion matrices are close together.

LEMMA 4.4. There exists C > 0 such that for p,q € Py, for all x € C(23)L,
ze€dCy,

(e =7 ) x| = Cllg = pIhi L7,
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The proof involves techniques from the theory of elliptic PDEs and is given in
the Appendix, as well as the proof of the foregoing lemma. It should be pretty clear
that differences of exit probabilities of symmetric random walks can be bounded
in the same way, that is,

(2P — 7 P)(x,2)| < Cllg — plh L=V,

However, it seems more difficult to prove this, and in any case, we will only need
a weaker form, which can be readily deduced from the last lemma and a coupling
argument given in the Appendix.

LEMMA 4.5. There exists C > 0 such that for p,q € Pg, for large L, ¥ €
My, any x €Uy NZ% and any z € 7,

(7 — 7", )| < Clig — plh L™
Moreover, for x € Vi with dp(x) > (1/10)r,

|7 =2 2) (e, )]y < Cmax{hy ()4 g — plli}.

PROOF. By comparing ﬁéfp ) to the analogous Brownian quantity ﬁg(p ) de-

fined in (A.7), the first claim follows from Lemma 4.4, Lemma A.2(vii) from the
Appendix and the triangle inequality. The second statement is proved in the same
way, with the choice ¥ (x) = hr, ,(x). The restriction to x with d (x) > (1/10)r
ensures that all exit distributions are taken from balls that lie completely inside V.

g

Let us finish this part by proving the following useful estimate.

LEMMA 4.6. Leta >0, &,m > 1 and x € 7Z%. Set Ry =V, \ Vo1, a =
max{||x| — €|, a}. Then for some constant C = C(m) > 0

i gd=m+1), forl<m<d—1,
Y —————— <C{ max{log(t/a),1}, form=d -1,
yeRy (Cl + |X - yl)’" Oldf(erl)’ form >d.

PROOF. If o > ¢, then the left-hand side is bounded by
Czd—la—m < C maX{O[d_(m+1), Zd—(m+1) }.

Ifa<?,weset Ay ={y € R¢:|x —y| €[(k— Da, ka)}. Then, for all k > 1,

max —— < 2"k Mg,
yveAr (a+|x —yD™
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Since for ka < £/10, we have |Ax| < Coz(ka)d_z, the claim then follows from

5 1
ver, (@t x—yph"
d-2
1=k=le/(10m)) K

< COld_(m_H) Z kd—(m+2) + Ced—(m-%—l).
1<k<[€/(10a)] U

4.2. Smoothed exit measures. In order to obtain difference estimates for
smoothed exit distributions of a symmetric random walk, we will compare them to
the corresponding quantities of Brownian motion.

Let p,q € P}, andlet ¢ = (my) € M. The smoothed exit distribution from V;,
of the random walk (with respect to p, g, V) is defined as

DL py.q(x,2) = nip)ﬁ&f’)(x, 2)

1 t
= Y 7P, y)—f w(—)n(vj’()y)(y, 2)dr.
yeavy my JRy NIy
For Brownian motion, the smoothing step is defined analogously to (2.1), namely,
~B(g) _ 1 ' \_Bi)
T['l’ (x’dZ)_m_x/];§+¢(m_x>ncl(x)(x’dZ)dt.

The smoothed exit distribution from Cy, is then given by

B ~B
¢E,p,lp,q (-xv dZ) = nL (p)ﬂw(q)(x, dZ)

_ B(p) 1 f (’ ) B(q)
= T x,dy)— — |~ (v, dz)dt.
-/BCL L ( )’)my R+‘/) my C,(y)(y )

By ¢LB,p,¢,q(x,z) we denote the density of ¢E’p’¢’q(x,dz) with respect to
d-dimensional Lebesgue measure. For the proof of the next lemma, we refer to
the Appendix.

LEMMA 4.7.  There exists C > 0 such that for p,q € P; and y € M:
@)
Sup sup [(BL,p.y.q — PL py.q) ¥, D[ < CLTHYY,

)CEVL ZeZd
(i1)
sup | D"(/)LB’p’w’q(., Z)”CL <CL™ W@t i=0,1,2,3,
zeRd
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(ii1)
Sup Sup|¢L’p’wsq(x’Z) _¢LsP’WsCI(x,’Z)|
x,x'eViUaVy zez4d

< C(L—(d+1/4) + ’x —x,‘L_(d_H)).

The next proposition will be applied at the end of the proof of Lemma 6.4. At
this point, the symmetry condition A1 comes into play. We give a general formu-
lation in terms of a signed measure v. Let us introduce the following notation. For
x:(xl,...,xd)eZd,i: 1,...,d, put

X = (x1, . X1, = X0, X1y - Xa).
PROPOSITION 4.1. Let p,q € P} and £ > 0. Consider a measure v on V

with total mass zero satisfying v(x) = p(x @) forall x and alli =1, ...,d. Then
there is a constant C > 0 such that for y' € Vi with Vo(y') C Vi and all z € 79,

Y eMp,
Y 2
S 0 = V)b (.2 sC||v||1(L—<d+1/4>+(z) L—d).

yeve(y")

PROOF. We simply write ¢ for ¢, p 4 4 and @B for ¢E’p’w’q. Since the

proof is the same for all y' € V; with Vy(y’) C V., we can assume y’ = 0. By
Lemma 4.7(1),

Y v () =Y v(M®(y, 2)

y y

< Cllv| L™+,

Taylor’s expansion gives

Y v (y.2)

y

(4.3) => vM[e®(r.2) — $%(0,2)]
y

1
=Y v()Vip®0.2) -y + 52 vy H¢®(0,2)y + R(v,0,2),
y y

where quﬁB is the gradient, qubB the Hessian of qu with respect to the first
variable and R (v, 0, z) is the remainder term. Due to the symmetry condition on v,
the first summand on the right-hand side of (4.3) vanishes, and for the second and
third summand one can use Lemma 4.7(i). U

REMARK 4.1. 1In [8] and [1], it is assumed that p, the measure governing the
environment, is isotropic. This leads us to consider a measure v that is invariant
not only under x — x@  but also under x — x< @) where fori < J,

<(i,j) _
XD = (1, o X1 X Xi s e e X1y Xiy X1y - s Xa).
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In this case, the choice p = p, results in the sharper bound

¢ 3
S (= Y)BLpopg (- z)‘ <Cvih (L—(d“/‘” + (Z) L—d);

yeVe(y)

see Proposition 3.1 in [1]. It is then clear from the proof of Lemma 6.4 that one
can work with p; = p, for all radii L, that is, the (isotropic) RWRE exit measure
approaches that of simple random walk.

5. Green’s functions for the ball. One main task of our approach aims at de-
veloping good estimates on Green’s functions for the ball of both coarse grained
(goodified) RWRE as well as coarse grained symmetric random walk in the per-
turbative regime. The main result is Lemma 5.2. For the coarse grained symmetric
random walk, the estimates on hitting probabilities of the last section together with
Proposition 5.2 yield the right control.

On a certain class of environments, we need to modify the transition kernels
in order to ensure that bad points are not visited too often by the coarse grained
random walks. This modification will be described in Section 5.3.

We work with the same convention concerning the parameter « as in Section 4.

5.1. A local central limit theorem. Let p € P¢ and m > 1. Denote by 7y, =

z%&fn ) the coarse grained transition probabilities on Z? associated to the constant

function ¥, = m; cf. (2.1). We constantly drop p from notation. Notice that 7,
is centered, and the covariances satisfy

D i = x) (= XAy, (X, ¥) = Anii (),
yeZd

where for large m, c < )um,i/m2 < C for some C > 0. Define the matrix
.\\d
Ay = ()\m,ifsi (]))i,j:p
and let for x € Z¢

TIn(x) = |A, x|,

PROPOSITION 5.1 (Local central limit theorem). Let p € P;, and let x,y €
74. Form > 1 and all integers n > 1,

A 1 T2 (x—y) —d —d
" x, y) = Im 0 (d+2)/2y
(TTy,)" (X, y) n) 12 det A2 exp( — o >+ (m~“n )

For the corresponding Green’s function g, 74(x, y) = > 72 o(7y,,)" (x,y) we
obtain the following:
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PROPOSITION 5.2. Let peP;. Letx,y € 74, and assume m > mo > 0 large
enough.

(i) For|x —y|<3m,
820 (X, ) =8 (y) + O(m™?).

(ii) For |x — y| = 3m, there exists a constant c(d) > 0 such that

—1/2 d
. c(d)det Ay, < 1 ( |x y|> >
X,y) = + 0 lo .
8z (X ) T (x — y)d=2 lx — y|4 T

Note that the constants in the O-notation are independent of n, m and |x — y|.

In our applications, m will be a function of L. Although these results look
rather standard, we cannot directly refer to the literature because we have to keep
track of the m-dependency. We give a proof of both statements in the Appendix.
The last proposition will be used to estimate the Green’s function for the ball
Vi, 8m,v, (x,y) = Y 02o(Ly, Ty, )" (x, y). Clearly, g, v, is bounded from above
by &,,.74.

5.2. Estimates on coarse grained Green’s functions. As we will show, the per-
turbation expansion enables us to control the goodified Green’s function G  es-

sentially in terms of gg” 2, where p is the kernel corresponding to the radius sy, /20,

stemming from assignment (2.8).
The first step in controlling the Green’s function is provided by the following
lemma.

LEMMA 5.1. Assume Cond(8, Lo, L1), let L1 < L < Li(logL)?, and put
P = Ps; 20- Then for all x € Vi \ Shy (2r), with H (x) = max{Lg, hy ,(x)},

1117, = #7750,
< Cmin{log(s./H (x))(log H (x)) ", (log H(x)) ")

and
|11, — 7PN (x.)] <28

PROOF. For x € Bz’r, both left-hand sides are zero. Now let x € Vp \
(Shp(2r)U B} ) and set g = pj, ,(v)- By the triangle inequality,

”(ﬁg —aPHA WP (x, 9
= | =7 D)F D0y + [ GFP =2 D)x ]

<8 =22 D, )|, +2 sup  [@P -2 D)y,
yeVr\Sh(r)

<C((log H®)) "+ lp — qlh),
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where in the last line we used that x is good and Lemma 4.5. Now, with K =
[log,(sr/H (x))], Lemma 3.2 shows

K
—i -9
lp —qlli < CY_(log(2 "sL))
i=1

< Cmin{K (log H(x)) ", (log H(x)) *}.

This proves the claim for the smoothed difference. For the nonsmoothed differ-
ence,

[0 =27 0x o]y = |([1F =2 @)ooy + @ =7 D)

Since x is good, the first term is bounded by §, and, by what we have just seen, the
second term is bounded by § as well if we choose L (and so L) large enough. [J

REMARK 5.1. Notice that the choice of the parameter r depends on §. See
also the preliminary remarks of Section 6.3.

Recall that in the goodifying-procedure introduced in Section 3, “bad” exit dis-
tributions inside Vy, are replaced by such of a symmetric random walk with one-
step distribution p = py, /20. For this p and good points x within the boundary
region Shy (2r), we would like to use at least an estimate of the form

|1, =) (x|, < Cs.

However, exit measures at points x inside Shy, ((1/10)r) are taken from intersected
balls V;(x) N Vr. We therefore work in this (and only in this) section with slightly
modified transition kernels I1; s L rs I8 T in the enlarged ball V., taking the
exit measure in Shy (2r) from uncut balls V;(x) C Vp4r, t € [hL r(x), 2R »(X)].
Now, to make things precise, for ¢ € P, we set A ,(x) = (1/20)r for x ¢
Cr, and let rr(q) be the coarse grained symmetric random walk kernel in Vi,

associated to 1lr = (hr, (X))xevii,

1 t
~(q) (q)
T L) = , ) dr.
L) he ) R+¢)(hL,r(-x)) V0NV, (X7

For the corresponding RWRE kernel, we forget about the environment on Vp , \
V. and set

1
~ o
l_[(Lq,)r(x, y={ hrr () Jr T\ A ()

7,7 (x, ), forx € Vo4, \ VL.

)Hvt(x)(x,-)dl‘, forx e Vg,
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For p = py, /20 and all good x € V., we now have ||(I:I(Lp; — ﬁé{’;)(x, )1 <6 pro-

vided ¢ is small enough, while for x € V4, \ VL, the difference vanishes anyway.
The goodified version of lzl(Lp )r is then obtained in an analogous way to (3.2),
ﬁ(Lliz(x,-), for x ¢ Bj .,

0 ,(x,)=
’ ﬁg’r)(x, D, for x € Bz’r.

Clearly, for x € Vi, \ Shy (2r), the first statement of Lemma 5.1 holds with the
left-hand side there replaced by

= ~ (P~ (p)
I (Hi,r - nLI,jr)nLI,jr(x’ Il 1
But thanks to the modified transition kernels, we now have
= ~ (p)
|15, — 7,7 ()] <26

for all x € Vi. Indeed, one just has to notice that Lemma 5.1 can now also be
applied to points x € Shy, (2r), with the same proof.
We write G, ,, g1 and G‘E . for the Green’s functions on V1, corresponding

to IZILJ, 7r. and f[i .- Note

A

5 GrL,<GL,, 8rL.r <8L.r Gi,r <G§,
. pointwise on Vp i, X (Vi4,r \ 0VL).

Since we do not have exact expressions for g;, , or G L.r» We construct a (deter-
ministic) kernel I'z, , that bounds the Green’s functions from above. For x € V4,

set
d(x) = max<dL+2’ 2 3r>, a(x) = min(d(x), s.).
Furthermore, for x, y € Vp1,, let
L) = a(y)Z(adg))i(T; )
I () = 1

a(y)®(a(y) + |x — yD4=2
The kernel I'y, , is defined as the pointwise minimum
(5.2) Iy, =min{l}) TE )

We cannot derive pointwise estimates on the Green’s functions in terms of I', ,,
but we can use this kernel to obtain upper bounds on neighborhoods U(x) =
Va@)(x) N Vi, Call a function F:V, x Vi1, — Ry a positive kernel. Given
two positive kernels F' and G, we write F < G if forall x,y € Vi 4.,

F(x,U(y) =G(x.U(y)),
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where F (x, U) stands for ZyeUmzd F(x,y). We write F =< 1, if there is a constant
C > O such thatforall x,y € V4,

éF(x,y) <F(,)<CF(x,y) onU(x) x U(y).

We adapt this notation to positive functions of one argument: for f:Vyy, — R,
f =1 means that for some C > 0, C_lf(x) < f()<Cf(x) onany U(x) C
Vi+r. Finally, given 0 < n < 1, we say that a positive kernel A on V4, is
n-smoothing, if for all x € Vp4,, A(x,U(x)) <1, and A(x, y) = 0 whenever
y¢U(x).

Now we are in position to formulate our main statement of this section. Recall
our convention concerning constants: they only depend on the dimension unless
stated otherwise.

LEMMA 5.2. (i) There exists a constant C1 > 0 such that for all g € Py,

g0 <CiTL, and gy <CiTp,.

(ii) Assume Cond (8, Lo, L1), and let L1 < L < L1(log L1)2. There exists a con-
stant C > 0 such that for § > 0 small,

G}, =xCrp, and G}k =<CTp,.

REMARK 5.2. (i) Thanks to (5.1), it suffices to show the bounds for g ,
and Gi .- For later use, we keep track of the constant in part (i) of the lemma.

(i1) We will later apply part (i) with ¢ = pr. From Lemma 3.2 we know that we
can assume p;, € P; for every choice of k > 0, if L is large.

We first prove part (i), which will be a straightforward consequence of the esti-
mates on hitting probabilities in Section 4 and the next lemma.

LEMMA 5.3. There exists a constant C > 0 such that for all q € Py, for all
x€Viyrandy e Vp withdp(y) > 4sp,

— —(d-2
spPmax{lx —yl,s.) 9, fory #x,

=(q)
(x,y=C
BLr Y 1, fory=x.

PROOF. The underlying one-step transition kernel is always given by g € Py,
which we therefore omit from notation. For example, g = g\ ), myv, = g;(nq,)vu
P, =P, ,.

If x =y, then the claim follows from transience of simple random walk. Now
assume x # y, and always dz (y) > 4sr . Consider first the case |x — y| < sr. Recall
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that g, v, denotes the Green’s function for the ball V; associated to 7y,,, where
Y =m. With m = s, /20 we have

8, ) =&myv, (x, )+ sup  Py(Tv, »y <Tvyy,) sup  g(w,y).
veShy (2s1) w:w#y,
[w—y|<sL

Since

sup PU(TVSL(,V) < tVL+r) <1
UGShL(ZSL)

uniformly in L, it follows from Proposition 5.2 that
. N R C
gx,y)=C sup gmy, (w,y) <C sup g, 7a(w,y) <—.
w:w#y, w:w#y, St
lw—y|<sL lw—y|<sL
If |[x — y| > sz we use Lemma 4.2(i) and the first case to get
g(x,y) =Px(Ty,, () <o0) sup g(w,y) =

TN R
w:w#£y, SL|x_y|d 2
w—y|<st O

PROOF OF LEMMA 5.2(i). It suffices to prove the bound for g. First we show
that there exists a constant C > 0 such that for all y € V4,

(5.3) sup F(x, U(y) < C.
xX€Viyr
At first let dz 4, (y) < 6r. Then U(y) C Shz+,(10r). We claim that even
5.4 sup g(x,Shp4,(10r)) <C
X€VLiir

for some C > 0. Indeed, if z € Shy4,(10r), then 7 (z,-) is an (averaging) exit
distribution from balls V¢(z) N VL4,, where £ > r/20. Using Lemma 4.1(i), we
find a constant k1 = kj(d) such that starting at any z € Shy 4, (10r), Vi, is left
after k1 steps with probability > 0, uniformly in z. This together with the strong
Markov property implies (5.4). Next assume 6r < dp4,(y) < 6sy. Then U (y) C
S() = Shr4r(3dL4r (), 2dL4+(3)). We claim that

(5.5) sup g(x, S(y) =C.

xeVi4r
For z € S(y), 7 (z,-) is an averaging exit distribution from balls V;(z), where
[ >dp4+,(y)/240. By Lemma 4.1(i), we find some small 0 < ¢ < 1 and a con-
stant ko(c,d) such that after kp steps, the walk has probability > 0 to be in
ShL+r(1%ch+r(y)), uniformly in z and y. But starting in ShL+r(1%CdL+r(y)),
an iterative application of Lemma 4.1(i) shows that with probability > 0, the ball
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VL4 is left before S(y) is visited again. Therefore (5.5) and hence (5.3) hold in
this case. At last, let dz,(y) > 6sz. Then dy,(w) > 4sy, for w € U (y). Estimating

glx,w) <14+ sup g(v,w),

v vFEW
we get with part (i) that
C
sup g(x,w) <1+ —.
wel(y) SL

Summing over w € U(y), (5.3) follows. Finally, note that for any x € Vi 4,,

g(x, U(y) <Px(Tyy) <tv,,,) sup g(w,U(y)).
welU(y)

Now g < CT follows from (5.3) and the hitting estimates of Lemma 4.2. [

Let us now explain our strategy for proving part (ii). By version (2.7) of the per-
turbation expansion, we can express Gi . ina series involving g7, , and differences
of exit measures. The Green’s function gz, , is already controlled by means of I', ;.
Looking at (2.7), we thus have to understand what happens if I'; . is concatenated
with certain smoothing kernels. This will be the content of Proposition 5.3.

We start with collecting some important properties of I'z ,, which will be used
throughout this text. Define for j € N,

Lij={yeVy:j<dL(y)<j+1},

& ={yeViy,:d(y) <3jr}.
LEMMA 5.4 (Properties of I'z, ). (i) Both d and a are Lipschitz with constant

1/2. Moreover, for x,y € Vi 4,

a(y) +|x =yl <a() +31x - yl.

(i)
I'p,x<1.

(i) For0 < j <2sp,x € Vi,

d(x) 1 1
1 _
2 (max{ *a() } @) +lx— y|>d) =5

yeﬁj

(iv) For 1 < j < -1,

sup 'z r(x,&j) = Clog(j + 1),

XeVryr
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and for 0 <o <3,

sup ' -(x,Shy (s, L/(log L)*)) < C(loglog L)(log L)®~2,

X€Viir

(v) For x € V4, in the case of constant r,

'y (x,Vp) < Cmax{?(logL)Q (@ A logL)}.

In the caser =ry,
d d
Cpr,(&x, V) <C max{ %(log L)6, <ﬂ Aloglog L) }
rL

PROOF. (1) The second statement is a direct consequence of the Lipschitz
property, which in turn follows immediately from the definitions of d and a.

(i) As for y' € U(y), 3a(y) < a(y) < 3a(y) and similarly with a replaced
by d, it suffices to show that for x’ € U (x), y' € U(y),
1
clam +1x =y =a(y) + X' =y = Cla) + e = yl).
First consider the case |x — y| > 4max{a(x), a(y)}. Then

a(y) +lx =yl <2a(y’) +2(|x — y| —a@) —a) <2(a(y’) + |x" = y']).
If |x — y| <4a(y), then

(5.6)

a(y)+Ix —y| <5a(y) <5a(y) + [x" = y'| <10(a(y’) + |x" =y’

).

while for |[x — y| <4a(x), using part (i) in the first inequality,
a(y)+|x —yl <a@) + 3|x — y| <Tax) < 14(a(y’) + |x" = y']).
This proves the first inequality in (5.6). The second one follows from
a(y') + ¥ = y'| = 3a() +a@) +lx =yl < J(@() + |x = yl).
(i) If j <2s; and y € L}, then a(y) is of order j v r. By Lemma 4.6 we have

Z ! <Cmin{ ! ! }

S GVt —yhd - JVE e () — G+l
J

It remains to show that

de)yy [ 1 1 1
5.7 max{l, - }mm{ - , - }5 C- .

jvr JVroldig(x) = +r)l jvr
If a(x) < (j Vv 3r), this is clear. If a(x) > (j Vv 3r), (5.7) follows from |dg 4, (x) —
(j+r)]=dx)/2.
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(iv) We follow our convention and write I" instead of I', .. If a(y) <3jr, then
dz (y) < 6,jr. Estimating T" by 'V, we get

o L d(x) 1
reep = C;)y; a(y) @) + Ix — 3D’

Now the first assertion of (iv) follows from (iii). The second is proved similarly, so
we omit the details. B _

(v)Set B={y e Vy:d(y) <spVv2d(x)}.Fory € V; \ B,itholds that a(y) = s,
and [x — y| > a(y). Therefore,

d(x) 1 d(x)
P, Vi\B) <TP, v\ By < —~ Y 7 = C——(logL)".
SL yevay (sz + 1y
Furthermore,
L d(x) 1 1 1

Fe,B)<) >

+
d 2
iZoyer, A (@) +1x —yDT 57

2

yeVy:
sp<d(y)<2d(x)

(s + |x — y4=2"

Lemma 4.6 bounds the second term by C(El(x) /L)(log L)®. For the first term, we
use twice part (iii) and once Lemma 4.6 to get

yydo L ey L {dm% > i}
Doyer, 40 @) + e —yh? T 505

This proves (v). U

PROPOSITION 5.3. Let F, G be positive kernels with F < G.
(1) If A is n-smoothing and G < 1, then for some constant C = C(d, G) > 0,
FA<CnG.

(i) If @ is a positive function on Vi, with ® < 1, then for some C =
Ccd,®) >0,

FO<CG.

PROOF. (i) Lety € Vp4,. As a is Lipschitz with constant 1/2, we can choose
K = K (d) points y; out of the set M ={y’ € V; 4, : U(Y') N U(y) # @} such that
M is covered by the union of the U(yx),k = 1,...,K. Since A(y',U(y)) #0
implies y’ € M, we then have

FAx,.Uy)= Y F(x.y) >, A(.y")<n Z (x. U(yw))

yeM y”eU ») k=1

>~

K
<) Gx, Uw).
k=1
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Using G < 1, we get G(x,U(yr)) < ClU(y)|G(x,y). Clearly |U(yr)| <
C|U (y)|, so that

FA(x,U(y)) < CKn|U()|G(x, ).

A second application of G < 1 yields the claim.

(i1) We can find a constant K = K (d) and a covering of V., by neighborhoods
U (yx), Yk € VL+r, such that every y € V4, is contained in at most K many of the
sets U (yx). Using @ < 1, it follows that for x € Vi ,,

FO(x)= > Fx, )Py <CY F(x,U))®n)
YEVLyr k=1

< CZG(x, U(y)®(yk) < CZ Z G(x,y)®(y)
k=1 k=1yeU ()

<CK ) G nd().
YEVL4r O]

In terms of our specific kernel I'y ., we obtain the following:

PROPOSITION 5.4. Let A be n-smoothing, and let F be a positive kernel sat-
isfying F <T' ,.
(i) There exists a constant Co > 0 not depending on F such that
FA<Conl'r ;.

(i) If additionally A(x,y) =0 for x ¢ Vi and A(x, U(x)) < (loga(x))~ /2
for x € Vi \ &1, then there exists a constant C3z > 0 not depending on F such that
forallx,ze Vi,

FATL ,(x,2) < C3n'/*Tp 1 (x, 2).
PROOF. (i) This is Proposition 5.3(i) with G =T".
(ii) We set B = V. \ & and split into
(5.8) FAT = Flg AT + F1pAT.

Let x,z € Vp 4, be fixed, and consider first Flg AI'(x,z). Using T" < 1,
Al'(y,z) < Cnl'(y,z). As T'(-,z) < 1 and Flg < T'lg,, we get by Proposi-
tion 5.3(i1),

Flg AT(x,z) < Cnl'lg,T(x, 7).
Setting £l ={y e & |y —z| = |x —z]/2}, £2 = &\ EL, we split further into
F1g2F = Flgzll“ + Flggl*.
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Ifye &L then I'(y,z) < CI'(x,z). By Lemma 5.4(iv), I'(x, &) < C. Together we
obtain

I‘1521F(x, 7)) <CI'(x, 2).

Ifyegz,

( )2
Mgl 2) <CT T (2, ) < CT(x, 2).
We therefore have shown that
Flg AT (x,z) < Cnl'(x, 2).

To handle the second summand of (5.8), set o(y) = min{n, (loga(y))flS/Z},
y € V. Clearly, 13AT (y,2) < Co(y)I'(y,z) and F1p < I'ly,. Furthermore,
o(-)I'(+, z) < 1, so that by Proposition 5.3(ii)

F1gAl'(x,z) <CT'ly,0T'(x, 2).
Consider D' = {yveVr:ly—z|=|x —2z|/2}, D*=V; \ D! and split into

[ly,ol'=T1piol +T'lpol.

If ye D', then I'(y,z) < Cmax{l, jﬁy;}l"(x 2), implying I'l piol'(x, z) <

Cnl/zF(x,z) if we prove
d
(5.9) 3 max{l, ﬁ}r(x,y)a(y) <cn'l2,
erL d(x)

To this end, we treat the summation over S' = {y e Vp:dp(y) <2sr} and §2 =
Vi \ S separately. If y € S2, then a(y) = sr. Estimating I" by ' and d(y), d(x)
simply by L, we get

Z max{l, %}F(x,y)a(y)

yes?

5.10
10 (logL)W}EZV (SL+|y|)d

Cloglog L
< —.
= (log L)’

If y € S, we estimate I' again by I'" and split the summation into the lay-
ers Lj, j=0,...,2s,. On Lj, o(y) < Cmin{n, (log(j + 1))~15/2}. Thus, by
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Lemma 5.4(iii),

Z max{l, %}F(x,y)o(y)

yeS!

251, 5 . | )
=cy > max{l d(x) }mm{n, (log(j + 1))~15/2)

et Ta(y) (a(y)+|x —yD?

2. . ~15)2
SCX:mm{n,(log.(]-i-l)) /2 <cn'2,

=0 JVvr

Together with (5.10), we have proved (5.9). It remains to bound the term
I'l 20T (x, z). Butif y € D?, then

a(y) +1x =yl = a(y) + 5x —z| > a@) — 3ly —zl + 3lx — 2
> 1(a@) + Ix — z|),

whence I'(x, y) < CZ((% max{1, %}F(x, z). Using Lemma 5.4(i), we have
a(z)?
——T'(y,2) =CI'(z,y),
a(y)

sothat I'l pooI'(x,z) < Cnl/zF(x, z) again follows from (5.9). 0

Now we have collected all ingredients to finally prove part (ii) of our main
Lemma 5.2.

PROOF OF LEMMA 5.2(ii).  As already remarked, we only have to prove the
statement involving G¢. We work with the kernel p = py, /20, but suppress it from

notation, that is, 7 = 7P, g = (). The perturbation expansion (2.7) yields
B [e @] o0
GE=g ) (R" )AL,
m=0 k=0
where A = ly,, (I — 7), R = Y32, A*7. With the constants C; of
Lemma 5.2(i) and C3, C3 of Proposition 5.4 we choose

1 1
< | —=)-

T 32 (cz v cfc%)

Recall the properties of [18 and 77 mentioned after Remark 5.1. From Lemma 5.2(i)

and Proposition 5.4(i) with A = |A|, n =28 we then deduce that g|A| < (C1/2)T,
and, by iterating,

o0
Y glaft =2
k=1
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Furthermore, by part (ii) of Proposition 5.4 with A = |A7| and Lemma 5.2(i),

o0
Y glal T AR|g = (Ci/)T.
k=1

Iterating this procedure shows that for m € N,
g(IRIg)" <Ci127"T.
Finally, by a further application of Proposition 5.4(i),

o0 o
gy (RIZ)" > Ialf z4ciT.
m=0 k=0

This proves the lemma. [

5.3. Modified transitions on environments bad on level 4. We shall now de-
scribe an environment-depending second version of the coarse graining scheme,
which leads to modified transition kernels IT L.r I:Ii’r, 71 on “really bad” envi-
ronments.

We assume that Cond(§, Lo, L) holds, and take L1 < L < Li(log L1)?3, so that
Lemma 5.2 can be applied.

Assume o € OneBady, is bad on level 4, with B (w) C VL />. Then there exists
D = V4, (;)(z) € Dy, with B (w) C D, z € Vip.On D, crp <hp,(-) <Crp. By
Lemma 5.2 and the definition of I'z, ,, it follows easily that we can find a constant
K1 > 2, depending only on d, such that whenever |x — y| > K1k ,(y) for some
y € By, we have

(5.11) G} .(x,BL) <CTL,(x,D) < 7.
On such w, we let t(x) = K1hp ,(x), and define on V.,
I:IL,r(X, D)= eAXVf(X)(x)(x’ g HLJ)’ forx € By,
HL,F(X7 ')’ OthCrWise.

(q)
L,r

By replacing §| by 74 on the right-hand side, we define 7
way, for all ¢ € P;. More precisely,

(x, -) in an analogous

. 2@
ﬁ(q)(x - CXV,(X)(x)(X,',ﬂL,r), for x € By,
L’ s ) — N .
" néq}(x, 9, otherwise.

Note that quL depends on the environment. See Figure 4 for a visualization of

the modified transitions. We work again with a goodified version of I L.rs
X (x. 115 ), forx € By,

¢ (x,)=T1% (x,99% .
L. L,r Hi,r('x’ ), otherwise.



EXIT LAWS OF (AN)ISOTROPIC RWRE 2899

Shy(r)

FIG. 4. € OneBady bad on level 4, with By C Vp j3. The point x is “good,” so the coarse
graining radii do not change at x. The point y is “bad.” Therefore, at y, the exit distribution is taken
from the larger set Vy(y)(y), where t(y) = K1hp ().

For all other environments falhng not into the above class, we change nothing
and put Iy, = [1,,, 11§ = =114 > L. = 7L This defines Mz, Hi’r and
71 on all environments. We write G Lors G3 7 r» 8L, for the Green’s functions
corresponding to lzlL,,, I:I‘}i . and 777 .

5.3.1. Some properties of the new transition kernels. The following observa-
tions follow from the definition and will be tacitly used below:

e On environments which are good or bad on level at most 3, the new kernels
agree with the old ones, and so do their Green’s functions, that is, G Lr= G L.r
and éi . =G% . On Good;, with the choice r = r7, we have equality of all
four Green’s functions.

e If w is not bad on level 4 with By, C V2, then, with p = py, 20,

Ly, (ﬁL,r — ﬁir) =1y, (ﬁ]ﬂr — ﬁir) = 132,,~(ﬁ _ 7%(17)).

This will be used in Section 6.

e In contrast to 777, ,, the kernel 777, depends on the environment, too. However,
Iz ., Hi . and 77, do not change the exit measure from V, that is, for exam-
ple,

eXv (x’ g ﬁir) =Xy, (x’ B ﬁir)

e The old transition kernels are finer in the sense that the (new) Green’s functions
G, G8, g are pointwise bounded from above by G, G¢ and g, respectively. In
particular, we obtain with the same constants as in Lemma 5.2,

LEMMA 5.5. (i) Forall q € P¢,

géq), <Cil'L,.
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(i1) Assume Cond (8, Lo, L1),and let L1 < L < L, (long)z. For 6§ > 0 small,
Gf . <CTIp,.

For the new goodified Green’s function, we have

COROLLARY 5.1.  Assume Cond(8, Lo, L1), and let L1 < L < Li(log L1)?.
There exists a constant C > 0 such that:

(i) On OneBady, if By N Shy (rp) = & or for general By, in the case r =rp,
sup GL L(x,Br) <C.

xeVy

On OneBad;, lfBL 4 VL/4, then, with t =d(Bg, 0Vy),

sp A (Vv I’L)>d2

sup éi’r(x, Br) < C( 7

xeVys
(i) On (BdBady ;) , supycy,, , (”;§ J(x, B2 ) < C(logr)~1/2.
(ii1) For w € OneBady bad on level at most 3 wzth Br NShy(rp) =9, or for
bad on level 4 with By, C Vi3, putting A = le(l'IL g Hi’r)

up 3164, 16, )5, ], = C.
X€VL k—0

PROOF. (i) The set I3y is contained in a neighborhood D € Dy . As G8 <CT,
we have

(5.12) G8(x,BL) < CTr®(x, D).

From this, the first statement of (i) follows. Now let x be inside V5, and By ¢
VL /4. If the midpoint z of D can be chosen to lie inside Vy \ Sh(rr), a(-)/hp(z)
and hy(z)/a(-) are bounded on D. Then, the second statement of (i) is again a
consequence of (5.12). If z € Sh(rr), we have

2rr,
o L
G¢x, By <crV,Dy<Cy" 3 ——
j:OyeLjﬁDa(y)L

J l2rL d—1 rL d—1
<cL 'Y L <cq L(—) .
,Zo ——=ClogL)( 7

(i1) Recall the notation of Section 3.4. In order to bound G# (x, Bg,r) uniformly
in x € V1 /3, we look at the different bad sets D, € Q; , of layer A;,0 < j < Jj.

Estimating G by 'V, we have
G8(x,Dj,) < C(r2/)* L=+,
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On (BdBad; ), the number of bad sets in layer A ; is bounded by

Clogr + H) (L) (r27) """,

Therefore,
G$(x, B ,NAj)<Clogr+ j)—/2
Summing over 0 < j < Jp, this shows
Gg(x, Bz,) < C(logr)~'/2.

(iii) Assume @ € Goody, or wisbad onlevel i =1,2,3. Then 15, A = IBL(f[ —
7). Furthermore, if By, N Shy(rp) = &, we have ||ég13LA(x, Il < Cs. By
choosing & small enough, the claim follows. If w is bad on level 4 and By, C V.2,
we do not gain a factor § from |15, A(y, -)|l1. However, thanks to our modified
transition kernels, using (5.11), |15, AG$15, (y, )|l < 1/5 (recall that G¢ < G¢
pointwise), so that (ii) follows in this case, too. []

REMARK 5.3. All §p > 0 and Lo appearing in the next sections are under-
stood to be chosen in such a way that if we take é € (0, §o] and L > Ly, then the
conclusions of Lemmata 5.2, 5.5 and Corollary 5.1 are valid.

6. Exit distributions from the ball. In this part, we prove the main estimates
on exit measures that are required to propagate condition Cond(é, Lo, L1). First,
in Section 6.1 we collect some preliminary results involving the kernel p; . Then,
in Section 6.2, we estimate the total variation norm of the globally smoothed differ-
ence Dz’ LG while in Section 6.3, we prove the estimates for the nonsmoothed
quantity D7 oLt

We work with both the original kernels ﬁ, 118 , = as well as with the modified
kernels ﬁ, I8 , 7 from Section 5.3. For the goodified exit measure from Vy, we
write

¢ =exy, (v, 11f ) =exy, (x, s 11 ).

Throughout this part, for reasons of readability, we put p = py, /20.

6.1. Preliminaries. We start with a generalization of Lemma 5.1 which forms
one of the key steps in transferring condition Cond from one level to the next.

LEMMA 6.1. Assume Cond(6, Lo, L1), and let L1 < L < L(log L1)2 Then
forall x € Vi, \ Shy (2r), with H(x) =max{Lo, hp (x)},

|18, — 7P )i (x|

< Cmin{log(s./H (x))(log H (x)) ", (log H(x)) ")
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and

|(115 , = #P) (x|, < 36.

PROOF. Let A =1y, (118 — #(P)). With B = V. \ Sh;(2r),
1A =15(118 —7#P) + 15(7P — 7@PD),

Using Lemma 5.1, the first term is bounded in total variation by 25. For the
second term, Lemma 3.2 in combination with Lemma 4.5 yields the bound
C(log H (x))~°. Similarly,

IBAJ%(I’L) — 1B[(f{g _ ﬁ(p))ﬁ(p) + 7@ (7%(17) _ ﬁ(PL))
+ (7%(1’) — fT(PL))f[(PL) + ﬁg(ﬁ(m) _ 7%(1’))].

Here, the last three terms on the right are bounded in total variation by
C(logH (x))~?, and for the first one can use Lemma 5.1. O

The next lemma is useful for the globally smoothed exit distributions.

LEMMA 6.2. Assume Cond(8, Lo, L1), and let L1 < L < Li(log L1)?. Put
A = IVL(IQI‘EJL — ﬁiprLL)) Then, for some C > 0, for all y € My, q € P}, with

DL pLYg = 712”)7?15,(1) as in Section 4,

sup sup |A@r py g (X, 2)| < C(logL)~"2L~.

x€VL ze7d

PROOF. Write # for #(PL), ¢ for ¢, .4 Using Agp = A7¢ and the fact
that A7 (x, -) sums up to zero,

Ap(x.2)=]| Y ARX (.2 —d(x.2)

yeVruavy

<Az, sup  ¢(y.2) —d(x,2).
y:|AT(x,y)|>0

For x € Vp \ Shz (2r1), we have by Lemma 6.1
| A% (x, )|, < Clog(sp/hr(x))(log L)~°.

Moreover, notice that |A7(x,y)| > 0 implies |y — x| < Chr(x). Bounding
(v, z) — ¢(x,2z)| by Lemma 4.7(iii), the statement follows for those x. If
x € Shy(2rr), we simply bound ||A7(x,-)|l;1 by 2. Now we can restrict the
supremum to those y € Vy with [x — y| < 3rp, so the claim again follows from
Lemma 4.7(iii). [
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We defined the kernel py in terms of averaged variances of E[f[ L.r]. Combined

with Lemma 3.1, this shows that the covariances of JT(p L)

agree with those of
E[l'[ L,r] up to an error of order O (s, ). The same holds true with I1 L.r replaced

by 17,

LEMMA 6.3. Assume Cond(8, Lo, L1). There exists a constant C = C(d)
such that for L1 < L < Ll(long)z, we have

2
S (B[] - 2P9)0, y) | < Cog LY’ L™ foralli=1,....d.
vevs |yl
PROOF. Note that under Cond(§, Lo, L),
E[[[ (T — 11£)(0, )| ,] < 2P0 € B) < C exp(—(1/2)(log L)?).

Therefore,

2
|§l|2 (exp(—(1/2)(log L)?)).

2pr(e) =

On the other hand, as in (3.1) with p replaced by PL,

i lz (s.1),

2pL(e;) = Z 7
and the statement follows. [

6.2. Globally smoothed exits. Our objective here is to establish the estimates
for the smoothed difference D} L.pipg- 10 this section, we only work with coarse
graining schemes corresponding to the choice r = r;,. Lemma 6.4 compares the
“goodified” smoothed exit distribution from the ball of radius L with that of sym-
metric random walk with transition kernel py . In particular, it provides an estimate

*
for DL,pL,w,q on Goody. .

LEMMA 6.4. Assume Al. For every (small) constant co, there exist 69 > 0 and
Lo € N such that if § € (0, 8] and L1 > Lo, then Cond (6, Lo, L) implies that for
Ly <L < Ly(logLy)?, forall y € My and all q € P¥,

P( sup | (M8 — )7 (x, )] = collog L)™°) < exp(—(log L)7?).

xeVy,

PROOF. Clearly, the claim follows if we show that

sup sup P(|(T18 — n(pL))y%l(f)(x, 2)| = colog L) 7L™9)

)CEVL ZGZd

(6.1) 5
<exp(—(log L)*?).
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We use the abbreviations ¢ = nzp“ﬁéfq), A =1y, (I8 — 7(Pr)), g = (L) and

# = 7(PL), By the perturbation expansion [cf. (2.9)],
(T8 — jT(PL))ﬁ;/q) — GEAG.
Set S = Shy (2L /(log L)?), and write
(6.2) GSAp = G41sAd + GS15cAd.
Using G¢ < CT', Lemma 5.4(iv) (with r = rz) and Lemma 6.2 yield the estimate

|G81sAp(x,2)| < sup GE(x, S) sup |A¢(y,z)| < (og L)~ 1%L~

xeVy, yeVy
for L large. It remains to bound |ég15cA¢ (x,z)|. With B =V \ Shy (2rp),
G =315AGS + 815 AGS + 3.
By replacing successively G* in the first summand on the right-hand side,
A o0 s A
G815 Ap = (Z @lpa)ye+Y (§13A)k§IB¢-AGg) lscAg
k=0 k=0
(6.3) R
=FlgcAp+ FlpcAG81gcA¢,
where F =372, (gleA)kgr. With R = Z,fil(IBA)kfr, expansion (2.7) shows
o o0
F=§) (RO" Y (1p0).
m=0 k=0

From the proof of Lemma 5.2(ii) we learn that | F| < CI". By Lemma 5.4(iv), (v)
and again Lemma 6.2, we see that for large L, uniformly in x € V; and z € Z¢,

|Flpe AG815cAg(x,2)|
<CT(x,Shp(2ry)) sup T'(v, SN VL) sup |Ad(w,2)|

veShy (3ry) weVy
< (logL) ML,

Thus, the second summand of (6.3) is harmless. However, with the first summand
one has to be more careful. With & = g Z,fio(lBA)k 1sc A¢, we have

FlseAp=£+§ ) (RY"RE=E+ FlpARE.

m=0

Clearly, |F1gA7R(x,y)| < C(logL)_3, so it remains to estimate £(y,z), uni-
formly in y and z. Set N = N(L) = [loglog L]. For small §, the summands of
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& with k > N are readily bounded by

0 00
sup sup » [§(1pA) IseAp(y,2)| < Clog L)° 3~ 8“(log L)~ '2L™¢
YEVL z€Z4 k=N k=N
<(logL)~ 'L,

Now we look at the summands with k < N. Since the coarse grained walk cannot
bridge a gap of length L/(log L)? in less than N steps, we can drop the kernel 1.
Defining S’ = Shy (3L /(log L)?), we thus have

81N 15 AP =219 A 15 A + 81ge A¥15c A,
The first summand is bounded in the same way as G81 sA¢ from (6.2), and we can
drop the kernel 1sc in the second summand. Therefore, (6.1) follows if we show

N

Y 8lgeA P (x,2)
k=1
For j € Z, consider the interval I; = (jNsp, (j +1)Nsp 1N Z. We divide S nvy
into subsets Wj = (S“NV)N(Ij, x---x 1), where j= (ji1, ..., ja) € 74 Let J
be the set of those j for which Wj # @. Then we can find a constant K depending

sup sup IP’(

xevVy ZGZd

1
> Eco(log L)_9L_d> < exp(—(log L)S/z).

only on the dimension and a disjoint partition of J into sets Ji, ..., Jx, such that
forany 1 <f¢ <K,
(6.4) iiede,  j#) = dW; Wy) > Nsp.

For x € Vy, z € Z4, we set

N
=g, =Y > 2 Ak, 2),

yeW;j k=1

and further t =¢(d, co, L) = (1/2)co(log L)~2L~4. Assume that we can prove

6.5) Y Elgl < 2.
jeJ
Then
P( > g = t) §P< > & —E[g]| > %)
jeJ jeJ
t
<K @ZXKP( j;ﬁ & — E[&1| > ﬁ>

Due to (6.4), the random variables & — E[&j], j € J¢, are independent and centered.
Hoeffding’s inequality yields, with (5] ., = sup,cq |§j(@)],

L—2d log L —18
Z §i — E[Ej]’ z %) < 2exp<—c&)

2
jelde Zjng ”%-J”oo

(6.6) IP’(
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for some constant ¢ > 0. In order to control the sup-norm of the &;, we use the
estimates

~ CN9sd d(x, Wi 2—d
g(X,Wj)SCF(z)(x,VVj)S 5 SL 2:CNd<1+M> ,
s7(sp +d(x, Wy)d- SL

and, by Lemmata 6.1 and 6.2, for y € W;, IAk¢(y, 7)| < C(Sk_lk(log L)y~ 124,
Altogether we arrive at

d Wi 2—d
(x J)> Nd(logL)_lzL_d,

||sj||oosc(1 +
sL

uniformly in z. If we put the last display into (6.6), we get, using d > 3 in the last

line,
it

> o8-

JeJe

t (log L)%
1l=—) <2exp|— 3
2K N4 S CUoR LN | .3

log L
< Zexp<—c( 01%73) )

It follows that for L large enough uniformly in x and z,
?(|1Zs

jeJ
It remains to prove (6.5). We have

Y Egl < > 8(x,y)

jeJ yes’©

> co(logL) oL~ )fexp(—(logL)S/Z).

2 E[é A"ﬁ(yJ’)]qb(yCz) .

yevy

The sum over the Green’s function is estimated by g(x, S“) < C(log L)°. In
the innermost sum, we treat the summands with £k > 2 and k = 1 in differ-
ent ways. For each summand with £ > 2, we use Proposition 4.1 applied to
v(-) =E[Akfr(y, v+ -)]; see Remark 6.1. Recalling Lemma 6.1, we obtain by
choosing § small enough, uniformly in y € S,

Y E[A* 7 (y.)]e (. 2)

yevy

< s log L) (ksp)>L~@+2

< (co/8)(1/2)* T(log L)~ L.

For the summand v(-) = E[A7(y, y + -)] corresponding to k = 1, the proof of
Proposition 4.1 shows

Y E[A7(y.y)]e(Y.2)

yevy

d g2
%Z—z R z)Z ‘—i—C(logL)_lSL_d
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By translational invariance and Lemma 6.3 in the last step,

IS S (B[]~ #)(0. )57

Y y

Y (B[I18] — #)#(0, y)y}
y

<CL/(logL)>.

Together with Lemma 4.7(ii), this shows (6.5) and completes the proof. [

REMARK 6.1. Note that for y € S, the signed measure v fulfills the require-
ment of Proposition 4.1. Indeed, after N = [loglog L] steps away from y, the
coarse grained walks are still in the interior part of V;, where the coarse graining
radius did not start to shrink. Therefore, the symmetry condition A1 carries over to
the signed measure E[Z,ICVZI (ly, (I — #))k7 (y, ¥y + -)]. Replacing y| by I18 does
not destroy the symmetries of this measure, so that Proposition 4.1 can be applied
to v.

Next, we estimate D} pLg O environments with bad points. Again, we make
the choice r =rp.

LEMMA 6.5. In the setting of Lemma 6.4, with a possibly smaller value of &g
and a larger Lo, we have fori =1,2,3, 4,

P( sup |(TI. — nép”)fr&f])(x, I, > dog L)~ 9G=D/4. OneBad(Li))

xeVyys

<exp(—(log L)"/3).
~ (q)

PROOF.  For the ease of readability, we write 77y, for 7, and letp =7 PR,
By the triangle inequality,

(1T = 7PNy (x, ) |
(6.7)
< (= 18)y (x, )|, + (T8 =7 P) Ay (x, )

The second summand on the right can be bounded by Lemma 6.4. For the first
term we have by the perturbation expansion [see (2.9)], with A = 1y, (IT — I1¥),

(11 — [18) 7ty = G4 1, ATl
Note that since we are on OneBad , the set By is containyd in a small region. First
assume that By C Shz(L/(logL)'?). Then sup, .y, 5 G8(x, Br) < C(log L)~10
by Corollary 5.1, which bounds the first summand of (6.7). Next assume w bad

on level 4 and By, ¢ Vi, /2. Then SUPy ey, s ég(x, Br) < C(log L)—3 by the same
corollary, which is enough for this case.
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It remains to consider the cases w bad on level at most 3 with By ¢
Shy (L/(log L)'%), or w bad on level 4 with By, C VL /2. We expand

(I — &)y = (G415, ATy

o0
= Z((}ngLA)kl‘Igﬁw
k=1
o0 o
=Y (G815, A) Z G815, A) — 7P,
k=1 k=1
=F1+ F.

By Corollary 5.1,

IFi(x, 9, < Z|| G815, M) (x, >Hlsup G4(v, Br) sup |Ad(w, )|,

veVy weL

<C sup |[A¢(w, )|,

weBL

Proceeding as in Lemma 6.2, for w € By,

6.8) |Apw, )], <|AzP(w, ], sup l¢p(w’.) —pw, ).

w': |AFPL) (w,w)|>0

Lemma 4.7(iii) bounds the second factor on the right by C(log L)73. If w is bad
on level 4, we simply bound the first factor by 2. If w is bad on level at most 3, we
have on Bj, the equality A = I1— 7P With p’ = py, . (w)» the triangle inequality
gives, forevery i =1, 2, 3,

[az P, )], < |1 =2P)EPD W, ) + | GFP =2 P)w. )],

+ sup “ (f[(PL) _ ﬁ(P ))(y’ )”1
yeVL\ShL (rL)

By definition, the first summand is bounded by C(log L)~°%/4. For the second
and third summand, we use Lemma 4.5 and the fact that by Lemma 3.2, ||p’ —
pLll1 < C(oglog L)(log L)~?, and similarly for ||p — p’||;. Forall i = 1,2, 3, 4,
we arrive at || Fi(x,)||; < C(log L)~'1?*9%/4 For F,, we obtain once more with
Corollary 5.1,

| Fa(x, )||1<CSUP |8 — 2P A (v )]

yeVL

This term is again estimated by Lemma 6.4 (with ¢p small enough), which com-
pletes the proof. [
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6.3. Nonsmoothed and locally smoothed exits. Here, we aim at bounding
the total variation distance of the exit measures without additional smoothing
(Lemma 6.6), as well as in the case where the exit measures are convoluted with a
kernel of constant smoothing radius s (Lemma 6.7).

Throughout this part, we work with transition kernels coming from coarse grain-
ing schemes with constant parameter ». We always assume L large enough such
that r < rp. The right choice of r depends on the deviations § and n we are shoot-
ing for and will become clear from the proofs. In either case, we choose r > ro,
where rg is the constant from Section 3.4. The value of » will then also influence
the choice of the perturbation gy in Lemma 6.6 and the smoothing radius £ in
Lemma 6.7, respectively.

We recall the partition of bad points into the sets Br, Br ,, Bg,r, Bz’r and
the classification of environments into Goody,, OneBad; and BdBady , from Sec-
tion 3.

The bounds for ManyBad; (Lemma 3.3) and for BdBad, , (Lemma 3.4) ensure
that we may restrict ourselves to environments

® € OneBad; N (BdBady, ,)°.

For such environments, we introduce two disjoint sets QlLyr(a)), Q%,r(a)) Cc Vr as
follows:

o If Br(w) C Vi, set Q) (w) =BL(w) and Q7 ,(w) =B ().

o If B (w) & Vi 2, set Qi,r(“)) = & and Q%’r(a)) =B ().

Of course, on Goody,, we have QlL’r(a)) =@ and Q%’r(a)) = Bgr(w).
Recall that we write p for py; 20.

LEMMA 6.6. There exists 8o > 0 such that if § € (0, &¢l, there exist g9 =
£0(8) > 0and Ly = Lo(8) > 0 with the following property: if e < &g and L1 > Ly,
then AO(e), Cond(8, Lo, L) imply that for Ly < L < L (long)z,

9
]P’( sup (Mg — 2 ")(x, )|, > 8) < exp(—g(logL)2>.

xeVyys

PROOF. We choose §p > 0 according to Remark 5.3 and take § € (0, dg]. The
right choice of ¢p and Lo will be clear from the course of the proof. From Lem-
mata 3.3 and 3.4 we learn that if we take L{ > Lg for Lg large and L < L <
Li(log L1)2, then under Cond(§, Lo, L1),

P(ManyBad; U BdBad,, ,) < exp(—2(log L)?).

Therefore, the claim follows if we show that on OneBad; N (BdBady, )¢, we have
for all sufficiently small ¢ and all large L, x € Vs,

(=7 PD)(x, 0], <8.
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Let w € OneBad; N (BdBady, ,)¢. We use the partition of B’L'!r into the sets Q!,
Q2 described above. With A =1y, (IZI — 18 ), we have inside V

M= G*15 ATl + G¥1 5 ATT + I18.

By replacing successively IT in the first summand on the right-hand side, we arrive
at

oo oo
=3 (Bl A) T8 + 3 (G¥11A) G¥1 g AT
k=0 k=0
Since with A’ = 1y, (T18 — 7(PL)), T18 = 7(PL) 4 GE A/ (PL) | we obtain
o0 o0
M- =3 (G815 A) 7P + 3 (G811 A) GE1 o ATT
k=1 k=0

o0
(6.9) +3(G8 1 A) GEA TP
k=0
=F + >+ Fj.

We will now prove that each of the three parts Fiy, F>, F3 is bounded by /3. If
0! %+ &, then 0'=B; C VL2 and 0% = Bz’r. Using Corollary 5.1 in the second
and Lemma 4.1(ii) in the third inequality,

| Fi(x, )], < ZH G415, A) (x, )|, sup G8(y, Br) sup |A'w PP (z, )|,

ZEL

(6.10) <C sup |A'wPH(z, )|, <CogL)™>

ZEVL/Z
<C(logLo) > <8/3

for Lo = Lo(8) large enough, L > L. Regarding F», we have in the case Q! # &
by Corollary 5.1(i),

| Fa(x, )], =C sup G4(y,B},) < Clogr)~'/%

YeVaL3

On the other hand, if Q1 = ¢, then By is outside Vp,3, so that by Corol-
lary 5.1(1), (ii)

| Fax, )], <2G%(x, B , UBL) < C((log L)~ + (logr)~1/).
Altogether, for all L > L, by choosing » =r(8) and Lo = Lo(é, r) large enough,
(6.11) | Fa(x, )], < C(Qog Lo)™* + (logr)~/?) < 8/3.
It remains to handle F3. Once again with Corollary 5.1(iii) for some C3 > 0,

|F3(x, )], <C5 sup [GEA'm P (y, )],
YeVaL3
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We write

(6.12) GNP =Gy, 1 A PY + G811 A PP,
As in (6.10), we deduce that

(6.13) |G 1 AP < C5'8/21

for Lg large enough, L > Ly. Concerning the first term of (6.12), we note that on
Vi \ Q!, by definition,
A g(PL) — (f[g _ ﬁ(PL))ﬁ(PL)n(PL).
Forz € Vi \ (Shy(2rp) U 0", we obtain with Lemma 6.1,
| AP (7, )|, < Cloglog L)(log L) ~°.
Since G4(y, V1) < C(log L)®, it follows that

6.14)  sup [GE1y,\ orusn, arn TP (v, )] < Clog L)~ < C5'8/21
YEVLL3

for L large. Recall the definition of the layers A ; from Section 3.4. For z € A,
1 < j < Jj, we have again by Lemma 6.1,

| A7 P (2, )], < Clogr + j).

Using Lemma 5.4(iii), it follows that G¢ (v, Aj) < C for some constant C, inde-
pendent of r and j. Thus

(6.15) sup |G81 " jA’n(pL)(y, )|, < Clogr)™" < Cc518/21,

YEV2L/3 Uj=

if  is chosen large enough. For the first layer Ag, there is a constant Cp with

sup [GE1A, AP (3, )], < Co sup [ A"

YEVaL)3
Now, with p, = 1/(2d) denoting the transition kernel of simple random walk,
[a"G )l < 10T =72 o + |G = 2PD) e,

+ ”(ﬁg - f[)(z, ‘)”1-

Concerning the second summand of (6.16), recall that by Lemma 3.2, ||p, —
pril1 < (log Lo)~". Therefore, choosing Lg large enough (r is now fixed), we
can guarantee that

(6.16)

| (7P — 2 PD)(z, I =Cy C3 's/21,

uniformly in z € Ag. The third summand of (6.16) vanishes if z € Ag \ Bz’r. For
Z e BL re

|(T18 = T1)(z. )|, = |@P = T1)(z. )],
< (T =7P) 2, )|, + [FP =2 P) ()],
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The last term on the right is bounded in the same way as the second term of (6.16).

For the first summand on the right of the inequality [and also for the first summand

of (6.16)], we may simply choose gy = €¢(§, r) small enough such that for ¢ < g9,
sup [(TT— 2P (z, )|, < ;' C5'8/21.

260

Altogether we have shown that || F3(x, -)||1 <§&/3, and the claim is proved. [

REMARK 6.2. As the proof shows, we do not have to assume condi-
tion Cond(§, Lo, L) for the desired deviation §. We could instead assume
Cond(§’, Lo, L) for some arbitrary 0 < 8’ < §y. However, Ly depends on the
chosen §. This observation will be useful in the next lemma.

LEMMA 6.7. There exists 5o > O with the following property: for each n > 0,
there exist a smoothing radius £o = £o(n) and Lo = Lo(n) such that if L1 > Ly,
£ > £y and Cond(8, Lo, L1) holds for some § € (0,68], then for L1 < L <
Li(log L1)? and y = ¢, for all g € P*

9
P sup (1L — )y (x. ), = ) < exp( < Qog L),

xeVyys

PROOF. The proof is based on a modification of the computations in the fore-
going lemma. Let §o be as in Lemma 6.6. We fix an arbitrary 0 < § < §p and
assume Cond(3, Lg, L) for some L{ > Lo, where Lo = Lo(n) will be chosen
later. In the following, “good” and “bad” is always to be understood with respect
to §. Again, for L1 < L < Ll(long)z,

P(ManyBad; UBdBad,,,) < exp(—2(log L)?).

For w € OneBad; N (BdBady, )¢, we use the splitting (6.9) of IT — 7(PL) into the
parts F1, F>, F3. For the summands F; and F,, we do not need the additional

smoothing by rrl(;]), since by (6.10),
| Fi(x. )], < ClogL)™* <n/3,
and by (6.11),
| Fa(x, )|, < C(Qog L) + (logr)~"?) < n/3,

if L > Lo and r, L are chosen large enough, depending on d and n. We turn to F3.
By (6.13), (6.14) and (6.15) we have, with A’ = 1y, (I18 — 7 (P1)) as in the proof

of Lemma 6.6, writing again 7y, for 7'[1(;) ,

| £ Cx, )]

617 =C( sup [GEly\a,ATPO(y, )] + sup | ATy (2. )

YeVaL3 €A
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< C((log L) 4+ (logr) 8+ suf [ A/n(”)ﬁv, (z, ')”1)
zZeN

<n/6+ Cy sup ||A'n(pL)ﬁ¢(z, )
A

zZeN

1>

if L > Lo and r, Lo are sufficiently large. Regarding the second summand
of (6.17), set m = 3r and define for K € N

Ok (z) =min{n € N: |X} — z| > Km} € [0, 00],

where X, denotes symmetric random walk with law P, ,, . By the invariance prin-
ciple for symmetric random walk, we can clearly choose K so large such that

sup P (0k(@) <7tL) < 55—
zeVyp:dp(z)<m Zq( ) 24C1

uniformly in L > Lo and ¢ € P}, where C is the constant from (6.17). If z € Ao,
7 e Vi UaVy with A'(z,7) #0, we have dz(z') <m and |z — /| < m. Thus,
using Lemma A.2(iii) of the Appendix with ¢ = ¢,

Cy sup | A/n(”L)ﬁl/,(z, I,

z€Ng
=Crsup| Y AZ) > 7P w) (fy (w, ) — Ry (2, )
z€A0 7’eViUaVvy weaVy :
|z/—w|>Km
+ Y A2
Z/eV uavy

T A ) G~ e )|
weaVy : 1
|z/—w|<Km

n log?¢
= 3 +C(K + l)mT <n/3,

if we choose £ = £(n, r) large enough. This proves the lemma. [

7. Proofs of the main results.

PROOF OF PROPOSITION 2.1. We take § small enough and choose Lo =
Lo(8) large enough according to Remark 5.3 and the statements of Section 6.
In the course of this proof, we might enlarge L¢ further. (ii) is a consequence
of Lemma 6.7, so we have to prove (i). Let L; > Lo, and assume that condi-
tion Cond(8, Lo, L1) holds. Then the first point of Cond(§, Lo, Ll(long)z) is
trivially fulfilled. Now let L1 < L < Ll(long)z, and consider first L’ = L and
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i=1,2,3. Take ¥ € My, q € P;. For simplicity, write D} for Dz,pmﬂ,q' Then
by Lemma 3.3,

bi(L,pL,V¥,q,90)
<P(D} > (logL)—9+9(i—1)/4)
< P(ManyBad, ) +P(D} > (log L)+ =D/% OneBad,)
<exp(—13(log L)?) + P(D} > (log L) *+?¢~D/4; OneBad,)).
For the last summand, we have by Lemmata 6.4 and 6.5, under Cond (3, Lg, L),
P(D} > (log L)% =D/4: OneBady)

<P(D} > (log L)™?; Goody)

4
+ Z P(D] > (log L)~ 9Ho=D/4. OneBad(L]))
j=1

i .

<exp(—(logL)"?) + > P(D} > (log L) *+o0=D/4, OneBad(LJ))

j=1

4 .
+ > ]P’(OneBad(L]))
Jj=i+1
< 4exp(—(log L)) + CL4s¢ exp(—((3 +i + 1)/4) (log(r1 /20))?).
Therefore, for L large,

P(D} > (log L) **%U~D/%; OneBady) < § exp(—((3 +i)/4)(log L)?)

and
1 : 2
bi(L, pr.¥.q,8) < zexp(—((3+i)/4)(log L)).
For the case i = 4, notice that
ba(L, pL.¥.q.8) <P(D} > (logL)~"/*) + P(D} ,, > 9).

The first summand can be estimated as the corresponding terms in the case i =
1,2, 3, while for the last term we use Lemma 6.6.

It remains to show that for all L with L1 < L < Li(log L1)2 and all L' €
(L,2L], forall y e M andallg e P}, alli =1,2,3,4,

bi(L', pr, ¥, 4,8) < L exp(—((3+i)/4)(log L')?).

This, however, is easily deduced from the estimates above, by a slight change of
the coarse graining scheme. Indeed, defining for L’ € (L, 2L] the coarse graining
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function hy/,:Cpr — Ry as

hL/ F(x) = 10 max{sdz(dL/(x)), r},

Sr/

it follows that sz/,,(x) =hr (0)=sr/20 for x € Vi, withdy/(x) > 2s7/. With an
analogous definition of good and bad points within V;/, using the coarse grain-
ing function h 1 instead of A/, and the transition kernels corresponding to
h L'.r» clearly all the statements of Sections 4 and 5 remain true. Moreover, we
can use the kernel p; to obtain the results of Section 6 for the radius L’, notic-
ing that in the proofs at most the constants change. Arguing now exactly as
above for the choice L’ = L, we conclude that also the second point of condi-
tion Cond(3, Lo, L (long)z) holds true, provided Ly is large, L1 > Lg. U

PROOF OF PROPOSITION 1.1. According to Proposition 2.1(i), for §, ¢ > 0
small and Lo = Lo(38) large, conditions A1, AO(¢) and Cond(§, Lo, Lo) imply
Cond(8, Ly, L) for all L > Lg. By shrinking ¢ if necessary, we may further guar-
antee that Cond (8, Lo, Lo) holds true, as it was explained below the statement of
the proposition. Therefore, we can assume that Cond (8, Lo, L) is satisfied for all
L > Lg. By Lemma 3.2, the limit limy_, » pr(e;) exists foreachi =1,...,d.
Now let £ = sy /20. Using the definition of py in the first, Cond (8, Lo, L) in the
second and fourth and Lemma 3.1 in the third equality,

|yI?
2pr(e) = ZE l_IL r(0, y)]

y z

=Z“Mmﬂ%+M®u>)
y i

—Z(mmﬂ%+MmuW)
y i
2
= > E[I1,(0, y)]|§—| + O((logL)™).
y

]

From this, the first statement of the proposition follows. Moreover, p~, € P}, and
recalling that we may first choose Lg as large as we wish and then choose ¢ suffi-
ciently small, we see that || pooc — poll1 > 0ase | 0. U

PROOF OF THEOREM 1.1.  Asin the proof of Proposition 1.1, if the parameters
are appropriately chosen, Cond(5/2, Lo, L) holds true for all L > L. This implies

(7.1) P(D; ., > 8/2) <exp(—(logL)?).
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With p defined in Proposition 1.1, we obtain by the triangle inequality

D ,.. = sup [[(IT—mP))(x, I

oo XEVL/5

(7.2)
< Df p, + sup |(@P —xP)x, )],

xeVys

The claim therefore follows if we show that the second summand is bounded by

6/2 if L > Lo and Ly is large enough. To prove this bound, we move inside Vi,

according to the coarse grained transition kernels n(p L) and n(p co) , respectively,

where similarly to Section 6.3, r is a large but fixed nurnber Flrst we recall from
the proof of Proposition 1.1 that ps, = limyp_, o pr. We therefore deduce from
Lemma 3.2,

o
(7.3) Ipss — Pl < C Y (log(2¥L)) ™ < Clog L)%

k=0
This implies by Lemma 4.5 that for x € Vp with dz (x) > (1/10)r,
(7.4) | (7P — 7PN (x, )|, < Cmax{hp ,(x)"4, (log )8}

Now by the perturbation expansion, with A = 1y, (7 (PL) — 7 (P=)),

g (P) — g (PL) = 5(PL) Az (Poo)
— g(pL)IVL\ShL(ZrL)AT[(pOO) + §(pL)1ShL(2rL)A7T(p°°)-
Since P (x, V1) < CT'(x, V1) < C(log L)®, we obtain with (7.4)
sup [P 1y, \shy @) AT P (x, )|, < Cog L)% < §/4,

xevVy
if L is large enough. Moreover, as below (6.15), for x € V /5, using again (7.4),
1875 1sn, 2y AT P (x, ) |
<1871 0, A+ 171408
j=1"J
<Cr 44 ¢y sup |AGz, )],
ZEAQ

We choose r so large such that C rl4 < /8. Now that r is fixed, the difference
over the first layer Shy (2r) is also bounded by C, Is /4 if the difference between
pL and p is small enough, that is, if L is large enough. This proves that the sec-
ond summand of (7.2) is bounded by §/2, for L > L and L¢ large. Applying (7.1),
we conclude that

P(D; . >8) <P(Dj ,, >8/2) <exp(—(log L)?%). O
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Since Theorem 1.2 is proved in a similar way, using the second part of Propo-
sition 2.1, we may safely omit the details and turn now to the proof of the local
estimates.

PROOF OF THEOREM 1.3. We choose 6 > 0 small and Lo(§) large enough
according to Proposition 2.1 such that AO(¢) and A1 imply Cond($, Lg, L) for
all L > L. We let r = ry. Recall the definition of Good; from Section 3. With
A = Good;, we note that similar to Lemma 3.3, if L > L,

P(A7) < exp(—(1/2)(log L)?).

For the rest of the proof, we take w € Ay . On such environments, G equals G# by
our choice of r = r. We fix z € 9V, and simply write W; for W;(z) = V;(z) N VL.

Let us now prove part (i). We recall that ¢+ > r, and observe that W; can be
covered by K [ (¢/r)?~!| many neighborhoods V3, (y;), yi € Shy (r), as defined in
Section 5.2, where K depends on the dimension only. Applying Lemma 5.2(ii),
we deduce that

KL@/r)*]
M, W) =G8(x, W) < Y G3(x, V3 (»))
i=1
K@/ 1) N
<C Z F(x, V3r(}’i))fc<z> )
i=1
where for the last inequality we have used that I'(x, V3,(y;)) < C(r/ L)4=1 for
some constant C = C(d, n) (recall that we assume x € V,; for some 0 <n < 1).
From Lemma 4.1(i) we know that if x € V)1, then there is a constant ¢ = c(d, n)
such that

P (x,z) > LD,

Together with the preceding inequality, this shows (i).

(ii) We recall that for (ii), we assume ¢t > L/(log L)% If not explicitly mentioned
otherwise, the underlying one-step transition kernel is in the following given by pr
defined in (2.8), which we omit from notation. Set £ = (log L)13/2r and consider
the smoothing kernel 77y, with ¥ = £ € M. Let

Ug(Wy) = [y eZ%:d(y, W) <2¢).

We claim that
(7.5) I (x, W) — 7w (x, Wiger) < (IT — )7ty (x, Ue(Wy)),
(7.6) w(x, Wi—ge) — T (x, W;) < (. — I 7y (x, Ug(Wi—6e)).

Concerning the first inequality,

My (x, Ue(Wp) = Y TL(x, )iy (v, Ue(Wy)) = TL(x, Wy),
yew;
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U(Wr)

Wi Wirer

FIG. 5. On the proof of Theorem 1.3(ii). If the walk exits Vi through dVy, \ W;_ ¢, it cannot enter
U¢(Wy) in one step with iy, ¥ = L.

since 7y (y, Ug(W;)) =1 for y € W;. Also,
wity (0, UeWn)) = ) e, )ity (v, Ue(Wh) < (x, Wisee),
YEW 160

since 7y (y, Ug(W;)) =0 for y € 0V \ Wiye¢; see Figure 5. This proves (7.5),
while (7.6) is entirely similar. In the remainder of this proof, we often write
|F|(x,y) for |F(x,y)|. If we show

(7.7) |(r — TRy | (x, Ue(Wy)) < O((log L) )7 (x, Wy),
then by (7.5),
T(x, W;) < 7w (x, We6e) + O((log L) ™/ (x, Wy)
=7 (x, W) 4+ 7 (x, Weiee \ W) + O((log L) ™)z (x, W)
=7 (x, W)(1 + O(max{¢/z, (log L) /?}))
=m(x, W) (1 + 0((10gL)_5/2)),

where in the next-to-last line, we used that w(x, Wiie¢) < C(¢/t)m(x, W;) by
Lemma 4.1(i). On the other hand, by (7.6) and still assuming (7.7),

M(x, Wy) > 7 (x, Wy—e) — O((log L) /*)m (x, Wy)
=7 (x, W))(1 — O((log L)~>/?)),
so that indeed
M(x, W,) = (x, W) (1 4+ O((log L)>?)),

provided we prove (7.7). In that direction, set B = V \ Shy (5r) and write, with
A =1y, (T18 — 7PL),

(7.8) (T — H)ﬁi/, = (A;gAn'ﬁ’I/, = égIBAJTﬁ]// + GgIShL(5r)Aﬂ7%¢.
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Looking at the first summand we have
|G 1p ATy |(x, Us(Wy)) < (GS1p|AR|T) (x, Wiser).
By Lemma 6.1, we have
|1gAm(x, )|, < Coglog L)(log L)~°.
Furthermore, a slight modification of the proof of Proposition 5.4(ii) shows
G41g|AR|T(x, 2) < Clog L) /*T(x, 2).
Together with m < CI" and 7 (x, z) > c(d, n)L_(d_l) this yields the bound
G81p|AR |7 (x, Wiser) < Cog L) /T (x, Wy) < Cog L) 7 (x, Wy).

To obtain (7.7), it remains to handle the second summand of (7.8); that is, we have
to bound

|G8 s, (51 ATy | (x, Ug(Wy)).
We abbreviate S = Shy (5r) and split into
G 1sAmty (x, Ug(Wy))
=Y " GE(x,y) Y ATy, )Ry (2 Ue(Wh) — 7y (v, Ue(W))))

yes zedVy,
=3"Gy) Y An(y, ) (Fy (2, UeWy) — 7y (v, Ue(W)))
yeSs 2€Wr 60
=Y G,y) Y. Ar(. Dfy(y, Ud(W))).
yeS z€dVi\W;t6e

First note that since 77y (y, z') = 0if |y — 2'| > 2¢,

YGELy) Y Ar(y, Fy (v, Ue(W)

yeS z€dVi\Wit6r

< G¥ 1y, wns| AT (x, VL \ Wior).
For y € Uy¢(W;)N S, we apply Lemma 4.2(iii) together with Lemma 4.6 and obtain

AT |(y, dVL \ Witer) < sup 7 (y', VL \ Witer)
Y d(Qy, Uge(W)NS)<r

< C% < C(logL)~13/2,

Since G8 <T and 7w (x, z) > cL™971, G8(x, Uze(W,;) N S) < Cx(x, Wy), and thus
G4 Ly (wons| Al (x, dVL \ Wiger) < Clog L)~ 27 (x, Wy).
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It remains to bound

Y G,y Y An(y. DRy (2 Ue(Wy) — 7y (v, Ue(W))|.

yes§ 2€Wriee

Set D'(y) = {z € Witee: 1z — y| < £(log€)~*}. If D'(y) # @, then d(y, W;) <
7¢. Using Lemma A.2 for the difference of the smoothing steps and the standard
estimate on G$§,

Y G,y Y. ATy, )|y (2. UeWh)) — 7y (v, Ue(Wy))]
yES zeD(y)
td—l

= CLd—l

(log )~ < C(log L)~ ?m(x, W,).

The region Wyygp \ D! (y) we split into
Bo(y) = |z € Wyoe: 1z — vl € (£log &)™, 1]},
Bi(y)={z€ Wigee:lz—yl e (it, i+ Dt]},  i=1,2,...,[2L/t].
Moreover, let
Si={veS:Bi(y#wo}, i=0,1,...,[2L/t].

Then
(2L /1]
Y Gx,y) ), |Ar(n.)[=C ) GH(x,S) sup |Ax|(y, Bi(y)).
€S 2€Wii6e\D! () i=0 YESi
Ifi > 1 and y € §;, then by Lemma 4.2(iii),
d—1
t

|Az|(y, Bi(y)) < sup 7(y,Bi(y)=C
yly'=ylsr

’

- <(C—
(ind — " id¢

while in the case i = 0, using the same lemma and additionally Lemma 4.6,

sup  w(y,Bi(y))<Cr Y 14 y
ily'=ylsr ceav, ((1/2)tog )= + [y —z|)

4
<C r(loz;ﬁ)

< C(log L)%,

For the Green’s function, we use the estimates
R pd—1 R
G4(x,S0) = Cogmys GF (x, U S,-) <C,
i>(1/10)L/t
while fori = 1,2,..., [(1/10)L/t], it holds that | S;| < Cr(it)?~2t, whence
id—ztd—l

ég(x, S,) =< CW
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Altogether, we obtain

[2L/1]
> GH(x, Sp) sup |AT|(y, Bi(y))
i=0 yeS,'
d—1 d—1 L(1/10)L/1] d—1
—sp ! rt Iy, 7 r
= C<(10gL) Ld—l + (l‘ La’—l Z i2 + Ld—l L
i=1
~5/2 14!

This finishes the proof of part (ii). [
Let us finally show how to obtain transience of the RWRE.

PROOF OF COROLLARY 1.1. As in the proof of Theorem 1.3, we assume that
Cond(8, Lo, L) holds true for all L > Lg. Fix numbers p > 3, o € (0, (4p)~ 1) to
be specified below. With these parameters and n > 1, we put p = py,» and choose
Y = (my),cza constant in x, namely m, = ap". Define

Av= () N My — 77 )] < dogn ™).
3/2 t elap™,20p"]

[x] < p"
Under Cond(§, Lo, L), we then have
P(AS) < Ca p @07 exp(— (log(ap"))?).

Therefore, for any choice of «, p it holds that
[e.e]
Z P(AS) < oo,
n=1
whence by Borel-Cantelli,
(7.9) P(liminf4,) = 1.

We set gp.q,p = ﬁé,p ) and denote the coarse-grained RWRE transition kernel by

1 t
Qn,ot,,o(xa )= ap” ,/KL w(apn>nvt(x)(x, -)dr.

If |x| < ,0”3/2, we have on A,
-9 _
H(Qn,a,p - Qn,tx,p)Qn,a,p(xa )”1 =< (lOg(O{pn)) <C(a, p)n 9-
Now assume |x| < p" + 1. On A, for N fixed, it follows that for 1 <M < N,
(7.10) [ ((Qua)™ = @rap)")napx ) < Cla, p)Mn ™.
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For fixed w, let (§)k>0 be the Markov chain running with transition kernel
Ona.p = On.a.p(w). Clearly, (§)k>0 can be obtained by observing the basic
RWRE (Xy)k>0 at randomized stopping times. Then

PrwEnN-1€ Vp"+1+2ap")
N-—1
= (Qn,a,p) Qn,a,p(x’ Vpn+1+4ap'l)

=< ”((Qn,a,p)Nil - (Qn,a,p)Nil)Qn,cx,p(x, )”1 + (Qn,a,p)N(x’ V2Pn+1)-
Using Proposition 5.1, we can find N = N(«, p) € N, depending not on n, such
that for any x with |x| < p" 4 1, it holds that (q,,,o,,p)N(x, Voprt1) = 1/10.
With (7.10), we conclude that for such x, n > ng(a, p, N) large enough and
w€A,,

(7.11) Peow(EN—1 € Vyntiggep) = Cla, p)Nn=° +1/10 < 1/5.
On the other hand, if x is outside V ,u-1 54,

Py w(EM € Vynmi g forsome 0 < M < N — 1)

N-1

M
=< Z (Qn,a,p) qn,a,p(x’ Vp”_l+4ap”)
M=1

N-1 N
=< Z ”((Qn,a,p)M - (Qn,a,p)M)CIn,a,p(x’ )Hl + Z(QH,a,p)k(x, Vzpn—l)-
M=1 k=2
If p" — 1 < |x], then (qn,a,p)k(x, Vzpn—l) =0aslongas k <(1—-3/p)/(2x). By
first choosing p large enough, then & small enough and estimating the higher sum-
mands again with Proposition 5.1, we deduce that for such x and all large n,

0,0)
Y @nap)  (x, Vo) < 1/10.
k=1

Together with (7.10), we have for large n, w € A, and p" — 1 < |x| < p" + 1,
Py w(EM € Vyuni g forsome 0 < M < N — 1)

(7.12) Y
<C(a, p)N*n™2 +1/10 < 1/5.

Let B be the event that the walk (& )r>0 leaves Vpn+1 +2ap" before reaching
Vpn71+2apn. From (7.11) and (7.12) we deduce that P, ,(B) > 3/5, provided n
is large enough, w € A, and p" — 1 < |x| < p" + 1. But on B, the underlying basic
RWRE (X )k>0 clearly leaves Vanrl before reaching Vpnfl; see Figure 6. Hence if
w € liminf A,,, there exists my = mg(w) € N such that

Px,a)(rvpn+l < Tvpn—l) > 3/5
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FIG. 6. On a set of environments with mass 1, the RWRE started at any x with |x| > p"* — 1 leaves
the ball Van before hitting Vpnfl with probability at least 3/5. This implies transience of the
RWRE.

for all n > mg, x with |x| > p" — 1 (of course, we may now drop the constraint
|x] < p" + 1). From this property, transience easily follows. Indeed, for m, M,
k € N satisfying M >m >moand 0 <k <M + 1 —m, set

huy = sup Py o(Tv,n <v ).

xilx|zpmtk—1
Then hj; solves the difference inequality
hy(k) < Zha(k— 1)+ 2hp (k+ 1)

with boundary conditions sy (0) = 1, hyy(M + 1 — m) = 0. By either applying
a discrete maximum principle or by a direct computation, we see that iy < hy,
where /), is the solution of the difference equality

(7.13) I (k) = 2hpr(k — 1) + 2hp (k + 1)
with boundary conditions /7 (0) = 1, hp; (M + 1 —m) = 0. Solving (7.13), we get
b (k) = 1 + : (2)k
YT Tt T3 3)

Letting M — oo, we deduce that for |x| > ,om+k,

o 2\
7.14) Pro(Tyn <00) < lim ) =(3) -

Together with (7.9), this proves that for almost all w € €2, the random walk is
transient under P. ,,. 0

APPENDIX

A.l. Some difference estimates. In this section we collect some difference
estimates of (non)smoothed exit distributions which are mainly needed to prove
Lemma 4.7(i) and (iii). The first technical lemma connects the exit distributions of
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a symmetric random walk with one-step distribution p € P} to those of Brownian
motion with covariance matrix A . As always, k > 0 can be chosen arbitrarily
small.

LEMMA A.1. Let p € P}, and let B, > 0 with 3n < B < 1. For large L,
there exists a constant C > 0 such that for A C R¢, AP = {y e R¢:d(y, A) < LF}
and x € Vi with dy (x) > LP the following holds:

G) 77 (x, A) <P P (x, APY(1 + CL=B=3m) 4 [~@+D)

Gi) 7P (x, A) <7 (x, APY(1 + CL™F—3m) 4 [ ~@+D),

PROOF. (i)Set L'=L+ L", L” =L + 2L", and denote by AP the image of
{y € 9C :d(y, A) < LP/2} on 9C;/ under the map y — (L'/L)y. We write 7111?
for n?(p ), Then, denoting by PE’ the law of a d-dimensional Brownian motion W;
with covariance A ,, conditioned on Wy = x, and by 7, =inf{r > 0: W; ¢ C} the
first exit time from Cy,

w8 (v, AP) < wB(x, AP) + PB(W: , € AP, W3, ¢ AP).

Let us first assume that we have already proved

(A1) PB(W:, € AP, W, ¢ AP) < CL"Pxf(x, AD),
so that
(A.2) 72 (x, AP) > nf/(x, Afg)(l — LB,

As a consequence of [24], Theorem 2, for each k € N there exists a positive con-
stant C| = C1(k) such that for each integer n > 1, one can construct on the same
probability space a Brownian motion W; with covariance matrix ="' A p as well as
a symmetric random walk X, with one-step probability p, both starting in x and
satisfying (with Q denoting the probability measure on that space)

(A3) Q( max |Xm — Wyl > C 1ogn) <Cin*
0<m=<n

Choose k > (2/5)(d +1), and let C (k) be the corresponding constant. The follow-
ing arguments hold for sufficiently large L. By standard results on the oscillation
of Brownian paths,

A4 Q( sup Wy — Wil > (5/2)CilogL) < (1/3)L™HD.
0<t<L5/2

With
Blz{ sup |XUJ—Wt|<5C110gL}

0<t<L5/?
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we deduce from (A.3) and (A.4) that
Q(Bf) < (2/3)L~“*D,
Let Bo ={7;/ V11 < L5/2}. We claim that
(A.5) Q(BS) < (1/3)L~@+D,
By the central limit theorem, one finds a constant ¢ > 0 with
Q(rpr < (L”)z) >c for L large.

By the Markov property, we obtain Q(zy» > LY <1 - c)Ll/S. The probability
Q(t > L3/?%) decays in the same way, and (A.5) follows. Since nf is unchanged
if the Brownian motion is replaced by a Brownian motion with covariance d ' A P

we have (P, denotes the law of X;;)
P (x, APy

(A.6) > Q(X,, € A, W;,, € AP)

L/

>P,(Xs, € A)—Q(X,, € A, W;, ¢ AP By N By) — L=+,

L/

Let U = {z € Z% :d(z, (3Cy, \ AP)) <5C,log L}. Then

Q(Xr, € A, W;, ¢ AL BINBy) <Pu(Xy, € A, Ty <110).
By the strong Markov property,

Pi(X¢ € A, Ty < 117) <Py(Xy, € A)supPy(Ty < t17).
yeEA

Furthermore, there exists a constant ¢ > 0 such that for y € A and z € U, we
have |y — z| > ¢LP and d;»(z) < dp»(y) < 2L". Therefore, an application of first
Lemma 4.2(i1) and then Lemma 4.6 yields

Py(Ty <t1) <CL* Y <CL"(logL)L™# <cL=(=3",

seu 1y —z|
uniformly in y € A. Going back to (A.6), we arrive at
7B (x, AP) = wp (e, A (1 — CL-B) — @D,

Together with (A.2), this shows (i), but we still have to prove (A.1). First, by
Lemma 4.3(i) (all integrals are surface integrals)

PB(W;, € AP, W, ¢ AP)

T/

B B B
< w;(x,dy)my (y, A
/acL\Aﬂ L YL (y )

1
< Cdy (x L"/ / dzdy.
L0 senab [x—yd Jap Jy —gd o
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Fixze AP dCp and put
Dy ={yedCp\AP: |y —z| > |x —z]/2},
Dy =93CL\ (AP UDy).

Then, using dz (x) > L? and Lemma 4.6 in the last step,

/ 1 I o< C / L4 cL=#
Y= Y= .
Dy lx =y |y —z/4 lx =zl Jp; 1x — yi4 lx —z|
For the integral over D, we obtain the same bound, by using that |[x — y| >

(1/2)|x — z| for y € Dy, the fact that |y — z| > cLP if y € 3CL \ AP, z € AP
and Lemma 4.6. Altogether,

Cdy (x)L"P

B B
EA/,W” ¢A <
w ) |X—Z|d

PB(W:

Ty

Integrating over z € AP , we obtain with the lower bound of Lemma 4.3(i),

PE(W:, e AP W;, ¢ AP) <L PrB(x, AP),

T

as claimed.
(i1) One can follow the same steps, interchanging the role of Brownian motion
and the random walk. [

Again, let p € P;. We write ﬁE(p )(x, z) for the density of ﬁg(p ) (x, dz) with
respect to d-dimensional Lebesgue measure, that is, for ¢ = (m,) € My,

1 —
(A7) A (x,2) = —¢(u>n§(”) 0,z —x).
m my lz—x|

X

( ~(p)

For ease of notation, we write in the following 7%5 for 7%5 ?) and ty for .

LEMMA A.2. Let p € P;. There exists a constant C > 0 such that for large
L,y =(my) e My, x,x' €Uy NZ and any z,7 € 74:

(i) 7y(x,z) <CL™4;

(i) 7 (x,2) < cL—,
(iii) |y (x,2) — Ry (¢, 2)| < Clx —x'|L~@ Dog L;
(iv) |7y (x,2) — Ay (x,2)| < Clz — Z|L~ @+ D 1ogL;
(v) |7%,1;(X,Z) -, D) <Clx —x/|L= @+ Dog L;
(Vi) |7 (x,2) = g (x, 2)| < Clz = Z/[L"“HDlog L;
(Vi) |7ty (x,2) — A (x, 2)| < L™EHD,

COROLLARY A.l. In the situation of the preceding lemma:
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@)
[y (x, 2) = 7oy (', 2)
< Cmin{|x _ x/|L_(d+1)logL, |x _x/|L—(d+1) + L_(d+1/4)};
(ii)
|y (x,2) — 7y (x, 2)|
< Cmin{!z — Z/|L—(d+1) log L, ’Z — Z/|L—(d+1) + L—(d+1/4)}‘

PROOF. Combine (iii)—(vii). O

PROOF OF LEMMA A.2. (i) and (ii) follow from the definitions of 7, and 7}
together with part (i) of Lemma 4.1 and Lemma 4.3, respectively.

(iii) and (iv) We can restrict ourselves to the case |x — x| = 1, as otherwise we
take a shortest path connecting x with x’ inside Z/; N Z¢, and apply the result for
distance one O (|x — x’|) times. We have

Ay (x,2) — Ay (', 2)

my\ . 1 t t
= (1 — )T[w(x, ) + / ((p(—) — go(—))nvt(x)(x, z)dt
My my JR, My My
1

t
AAM g0<m—> (v, () (%, 2) — 7y, () (2, 7)) dt

x/

_l’_

niyr
=L+ L+

Using the fact that € My and part (i) for 7y (x, z), it follows that |I1]| <
CL~@+D_ Using additionally the smoothness of ¢ and, by Lemma 4.1(i),
[Ty, () (X, 2)| < CL~@=D we also have ] < CL~@+D Tt remains to handle I3.
By translation invariance of the random walk, 7y, x)(x, 2) = 7y, (0, z — x). In par-
ticular, both (iii) and (iv) will follow if we prove that

(A.8) ‘/R w(mi)(rrv,((), z—x)—my,(0,z — x/))dt’ <CL%logL
+ x

for x, x” with |[x — x’| = 1. By definition of M, my € (L/10,5L). We may there-
fore assume that L/10 < |y — z| < 10L for y = x, x. Due to the smoothness of
¢ and the fact that the integral is over an interval of length at most 2, (A.8) will
follow if we show

10L
/ (73,0, z — x) — 7y, (0, 2 —x’))dt' <cL10glL.
L/10
Weset J={r>0:z—x€dV,Jand J' ={t >0:z—x' €3V}, where

=@ =1t

(=) — (" =x)|.

|z — x|
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J is an interval of length at most 1, and J’ has the same length up to order O (L™1).
Furthermore, |(J \ J/)U(J'\ J)|is of order O(L~!), and |%t’| =14+0(L™"). Us-
ing that both 7y, (0, z — x) and 7y, (0, z — x”) are of order O(L~@=D) it therefore
suffices to prove

(A.9) ‘/;mj’(nvl(x)(x’ 7)) — th/(x’)(x/, Z)) dl“ < CL_d log L.
Write V for V;(x) and V' for V,/(x’). By a first exit decomposition,

my(x.2) Sy, D)+ Y. P Ty <ty)myv(y,2).
yeVA\V/

By Lemma 4.1(ii), we can replace my/(x,z) by my/(x’,z) + O(L™%). For y €
V \ V/ we have by Lemma 4.2(ii) 7ty (y,z) = O(|ly — z|™%) and P, (T, < tv) =
O(L~“=D) uniformlyint € JNJ'. Using |x —x’| = 1, we have with r = |z — x|

U (V\V)c Vi) \ Via(x') Cx +Sh,(3),
teJNJ’

and for any y € x + Sh,(3), it follows by a geometric consideration that

ly —z|
1 ndt <C .
fmj, evyyydi = &=

Altogether, applying Lemma 4.6 in the last step,

/ v (x, 2)dr
JnJ’

1 _
ff my(x',z)dt + O(L™¢) + cL=@=D Z _ ly - z|
n vextsn3 1Y 2l

5/ nv/(x/,z)dt—l—CL_dlogL.
JnJ’

The reverse inequality, proved in the same way, then implies (A.9).

(v) and (vi) are the analogous statements of (iii) and (iv) for Brownian motion
with covariance matrix A, and can be proved in the same way.

(vii) Fix « =2/3, B =1/3, and let 0 < n < 1/40. Set A = C1«(z) and AZ =
ANZ4 By part (iv), we have

1
(A.10) Ry (x,z) < @ﬁw(x, ALY LU= g I,
Moreover,
(A.11) Ty (x, AZ) lfloL <t> (x, AZ)dr
. Ty (x, = — — | X, .
v me S0 ® Gy )Y@
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By Lemma A.1(), it follows that for r € (L /10, 10L),
v,00 (%, AT) <70 (0 (x, AP) (1 + CLTF3D) 4 CcL=HD,

where A# = C;. 1 18(2) and the constant C is uniform in 7. If we plug the last line
into (A.11), and use parts (ii) and (vi), we arrive at

Ay (x, A7) < 7B(x, AP) (14 CL=F=30) 4 cL~@+D
< 7B, A)(1+ L) oL@ Dats
<|A|- 7} (x,2) + CL* L™+,

Notice that in our notation, |A| is the volume of A, while |A%| is the cardi-
nality of AZ. From Gauss’s circle problem we have learned that |A| = |A%| +
O (L@=D%)_ Going back to (A.10), this implies

Ay (x,2) <A (x,2) + L7EHD,

as claimed. To prove the reverse inequality, we can follow the same steps, replacing
the random walk estimates by those of Brownian motion and vice versa. [

A.2. Proof of Lemma 4.7. For simplicity, let us write ¢ for ¢, , y 4 and P
for ¢E,p,1ﬁ,q'

PROOF OF LEMMA 4.7. (i) Seta=2/3, 8 =1/3 and n =d(x, dVr). Choose
y1 € 0V, such that |[x — y{| = n. First assume n < L#. The following estimates are
valid for L large. First,

p.= Y mleprfoo+ Y 7 enad v

yeavy: yeavr:
ly—y1l<L¢ [y=yi|>L*
=L+ 1.

For I, notice that |y — y;| > L* implies |y — x| > L%/2. Using Lemmata A.2(i)
and 4.2(iii) in the first and Lemma 4.6 in the second inequality, we have

(A12) L=<cpl™ ) < oL < ),
yeaVr: | - y|
ly=y1l>L*

For I;, we first use Lemma A.2(iii) to deduce
(q)(y 7) < JT(q)(}’l )+ CL™ =900 L.
Therefore by part (vii),

I <n(q)(y1 D4+L™ (d+1/4) <7rB(q)(y1 )4 2L (d+1/4)
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A similar argument as in (A.12), using Lemma 4.3(i), yields
/ nf(p)(x,dy) <LV,
ye€dCyr : [y—yi|>L“
Using Lemma A.2(ii) in the first and (v) in the second inequality, we obtain

P00 <2 00 [ 7P (x, dy) + CLTEIY
yeaCy : |y—y1|<L

<

/ ﬂLB(p)(X, dy)ﬁg(q)(y’ Z) + CL—(d+1/4)
yedCy : [y—y1|<L®

<¢B(x,z)+CL™TIY,
Together with (A.12), we have shown that ¢ (x, z) < #B(x,2) + CL~@+1/% when
n<LP.
Now we look at the case > LP. We take a cube Uy of radius L%, centered at yy,
and set Wy = U; N9 V. Then we can find a partition of 0V \ W into disjoint sets

W, =U;NoVy,i=2,...,kr, where U; is a cube such that for some ¢y, ¢y > 0
depending only on d,

LD < |W;| < @D,

For i > 2, we fix an arbitrary y; € W;. Let Wiﬁ ={yeR?:d(y, W;) < LP}. Apply-
ing first Lemma A.2(iii) and then Lemma A.1(i) gives

kr
B2 = Y (e, W (i, 2) + L™
=1
(A.13) ’
S5 B0 (1 Bz @) s
<D P Wha (1 + LA LS,
i=1

As the Wl.’3 overlap, we refine them as follows: set Wl = W{g N dCy, and split
oCr \ Wl into a collection of disjoint measurable sets Wi C Wl-'3 NaCyr, i =
2,... kp, such that L, Wy = 0Cy and [(WF naCL) \ Wi| < C,Le@=D+F for
some C; = Cy(d). By construction we can find constants c¢3, ¢4 > 0 such that
|W;| > c3L29=D and, fori =2,... kg,

inf |x —y|>cqsup |x —yl,

yew; yew;

which implies by Lemma 4.3(i) that

sup y'rng(p)(x, y) <C inf ng(p)(x, y).
YGW;S yeW;

Fori =1, ..., k; we then have

ap P W) < )P e, Wi (1 4+ CLP=) <P (e, Wiy (14 1714,
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Plugging the last line into (A.13),

¢(x,2) <ZnL(p)(x W)n(’”(y,,z)( L™V4) 4 L@+,
i=1

A reapplication of Lemma A.2(iii), (vii) and then (i) yields

¢(.X Z) < Zf (P)(x dy) (q)(y,z)+L_(d+l/4)

<Zf B0y, dy)#® B@ (y (1 4+ L~V4) 4 L@+

=¢P(x, )+ CLTUHD,

The reverse inequalities in both the cases n < L? and > L? are obtained simi-
larly.
(ii) Let = (my) e M and z € Z4 . For y € Uy, we set

1 —
(A.14) gy, 2)= —(p('z yl) lgl(zq) 0,z—y).
my ny

Then
$B(x,2) = / PP (x, dy)g(y.2).
aC,

Choose a cutoff function x € C*®(R?) with compact support in {x € R?:1/2 <
|x| <2} such that x =1 on {x e R?:2/3 < |x| < 3/2}. Setting m, = 1 for v ¢ U,
we define

gy.2)=gLy.x(y). y.zeR%
By Brownian scaling,

. 1 |z — Lyl 1 B(q) Z—y
gy, )= <p< ) — T (0, —)x(y).
mry [d=17C lz -yl

mry lz— Ly

Notice that (-, z) € C*(RY), with g(y,z) =0 if |y| ¢ (1/2,2) or |z — Ly| ¢
(L/10, 10L). Let £ = p(e1)d?/dx? +-- -+ p(eq)d?/dx2. Then u(x, z) = ¢B(x, 2),
x = LXx, solves
{Eu(-,z) =0, in Cy,
u(-,z2) =g(,2), on aC].

By Corollary 6.5.4 of Krylov [14], u(-, z) is smooth on C;. Write

k
lu(., Z)‘k = Z“Di”(‘v z) Hcl-

i=0
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By Theorem 6.3.2 in the same book, there exists C > 0 independent of z such that
Ju(, Z){3 < Clg¢, 2,

A direct calculation shows that sup,cga [g(-, 2)|4 < CL™?. Now the claim follows
from

1D .2, =L D D),

(iii) Let x, x" € V, UdVy. Choose X € Vi next to x so that | —x|=1if x €
0V, and X = x otherwise. Similarly, choose X’ € V; next to x’. By the triangle
inequality,

[p(x,2) —¢(x'.2)|
= |¢(X, Z) - ¢(iv Z)| + |¢(i’ Z) - ¢(i/9 Z)| + |¢(i/’ Z) - ¢(X/, Z)|

(A.15)

By parts (i) and (ii) combined with the mean value theorem, we get for the middle
term

6%, 2) — (&', 2)]
<|p@F 2) — P&, 2)| + 9P (&, 2) — ¢ (¥, 2)| + 0P (¥, 2) — (¥, 2)|
< C(L™UHD |y —x/|L7@HD),

IfxedVp, thenp(x,z) = (q) (x, z), so that the first term of (A.15) can be written
as

Z n(l’)(x y) (q)(y Z) (q)(x Z))

yeadVy

Pp(x,2) — (X, 2)| =

Set A={y e dVy:|x —y| > L'/#}. Then by Lemmata 4.2(iii) and 4.6,

(P) 1/4
(xA)<CZ ldfCL /4,
yeA -y

For all y € 3V, we have by Lemma A.2() |7y (y,2) — 7" (x,2)| < CL=?. If

y € 3V, \ A, then part (iii) gives |n(Q)(y 7) — né‘”(x, )| < CL=@H3/og L.
Altogether,

p(x,2) — p(F,2)| < CL™@HID,

The third term of (A.15) is treated in exactly the same way. [



EXIT LAWS OF (AN)ISOTROPIC RWRE 2933

A.3. Proofs of Lemmata 4.1 and 4.2. We let
Vi) ={xeZ®: A2 (x — y)| <L)
and VLp = VLp (0). Note that
j2 p
(A.16) V(1+2d/<)*1/2L CVLC V(ledK)*l/zL‘
We will make use of the following:

LEMMA A.3. (i) LetO < £ < L and x € VP with £ < |A),"*x| < L. Then

p—d+2 _ |A;1/2x|_d+2 4 O(Z_d—H)
g—d+2 _ [ —d+2 ’

szP(TVLp < TVZP) ==

(ii) There exists C > 0 such that for all 6 € R? with |0| = 1 and £ > 0,
Po (X, 0> —Lforall0<n<t)<CE+ 1L

PROOF. (i) For the case of simple random walk, that is, p = p,, this is Propo-
sition 1.5.10 of [16]. For the case of general p € P;, one can use Proposition 6.3.1
of [17] for the Green’s function, and then the proof is exactly the same.

(i1) This is a version of the gambler’s ruin estimate; see, for example, [17],
Exercise 7.5. 0O

We turn to the proof of Lemma 4.1. We constantly write P, for P, ,, and 7/ for
(p)

;" , but stress that Vf is not the same set as V.
PROOF OF LEMMA 4.1. (i) wz(-,z) is p-harmonic inside Vi ; that is, for
X € VL,

mL(x,z) = Z pem(x +e,z).

ecZd: |e|=1

Applying a discrete Harnack inequality, as, for example, provided by Theo-
rem 6.3.9 in the book of Lawler and Limic [17], we obtain C !z (0,z) <
71(,z) < Crp(0,z) on V, for some C = C(d, n), and it remains to show
that 77 (0, z) has the right order of magnitude. Note that we cannot directly ap-
ply Lemma 6.3.7 in this book, since we look at the exit distribution from Vp,
not from VLp . However, by a last-exit decomposition as in Lemma 6.3.7, with

gv, (x, ) = Y520 (ly, p)k(x,y) and 74 = inf{n > 1: X, ¢ A},

7TL(O, Z) = Z gVL(Oa y)PZ(XY‘L:VL\VL/2 = }’)
YEVL)2

Using (A.16), we have for y € Vp. /2, with Lj = (1 +2di)™"/?L and Ly = (1 —
2di)~ V2L,

gyp (0.y) =8v.(0.y) = gyp (0.).
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For y € VLo N a(VL \ VL ,2) both outer Green’s functions are of order L4+ by
Proposition 6.3.5 of [17]. Now by translation invariance and Lemma A.3(ii), with
0 =—z/lzl,

Pﬁxﬁmwﬂe\Qﬂ)gpdxg.ezoﬂnaHOSngziﬂ)§CL—k
which proves that 77 (0,z) < C L=9*!_ For the lower bound, if « is small enough,
we find an ellipsoid VL‘D3 (y) with L3 > (9/10) L, centered at some y € Vr and lying
completely inside Vz such that z € BVLP3 (y) NoVyg. Also, VL1)3/5()’) CVppifkis
small. Therefore,

P,(X € Vi) > P (X €V, s).

Ty \V TP oy P
L\VL/2 Vi OV /5™

With positive probability, the random walk starting at z enters VL‘D3 (y) in the next
step and then visits a point w with dz (w) > 1, staying inside Vf3 (y). Thus

. P ; -1
PZ(XTVLp%(y)\VE%/S(}') < VL3/5(y)) = CPW(TVZ3/5(y) = o) Z el

where the last inequality follows from bounding the expression obtained in
Lemma A.3(i). With the estimate on gy, , this proves that 77 (0, z) is bounded
from below by C~'L=*! and (i) follows.

(ii) By the triangle inequality,

|7 (x,2) —mp(x', )| < Clx — x| max |7L(u, z) — 7 (v, 2)|.
u,veVyr : lu—v|<1

For u € V,, the function 7 (u + -, z) is p-harmonic inside V(;_;).. The claim
now follows from (6.19) of Theorem 6.3.8 in [17], together with (i). [

Before we start with the proof of Lemma 4.2, we prove a further auxiliary
lemma, which already includes the upper bound of part (iii).

LEMMA A.4. LetxeVy,yedVy,andsett =|x — y|.

(i)
Py (X, =y) < Cdp(x)~9F1,
(i)
max{1, dz (x)}
P, (X, = <C—mm = P (X, =v).
(X =) < ; X@g%max(q y)
(i11)

max{1,d; (x)}

P.(X;, =y)<C
x( TL }’)_ |X—y|d
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PROOF. (i) We can assume that s =d; (x) > 6. If s’ = |s/3], then 9V (x) C
Vi _s. Using Lemma A.3(ii), we compute for any y’ € V, with |y —y'|=1,0 =
_y//ly,|>

Py (Tyv, vy <71) <Po(X, -6 > —1forall0<n<ty,) <Cs™ .
By Lemma 4.2(i) it follows that uniformly in z € 9 Vi (x),
P.(T, < 1) <P.(Ty < o00) < C(s) " < 57942,
Thus, by the strong Markov property at Tyy,, (x)»
Py (Ty <71) < Cs™4TL

Since by time reversibility of symmetric random walk

Px(XrL=Y)= Z Px(XrL=y’ X‘[L—lzy,)
YevL,
ly'=yl=1
1
=27 2 Pv(Ti<m),
y'evL,
ly'=yl=1
the claim is proved.
(i) We may assume that = |x — y| > 100d and dz (x) < ¢/100. Choose a point
x" € Z¢ such that V;10(x) NV, = @ and |x — x| <d(x) +¢/10 4+ +/d. Then
|x — x’| <t/5. Furthermore, since |x’ — y| > 41/5,

(Viya(x) UaVia(x)) N Vipa(y) = 2.

We apply twice the strong Markov property and obtain

P, (X, =y) <P,(t nN<t max P.(X.;, =v).
x ( T y) < Py( Vija(x') L)ZEBV,/3(y)ﬂVL 2 ( T y)

Arguing much as in (i), Lemma A.3(ii) shows

max{1l,dz (x)}
Py(ty, yoy <) SC—

which completes the proof of part (ii).
(iii) By (ii) it suffices to prove that for some constant K and for all £ > 1,

(A.17) max  P,(X,, =y) < K¢t
z€0Ve3(MNVL

Let c; and ¢, be the constants from (i) and (ii), respectively. Define n = 3_‘105 !

and K = max{3d(d_1)cg_1, cln_d+1}. For ¢ < 39¢,, there is nothing to prove
since K£~9%!1 > 1. Thus let £ > 3%¢,, and choose £y with £ < £ < 2¢y. Assume
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that (A.17) is proved for all £’ < £(. We show that (A.17) also holds for £. For z
with d; (z) > n¥, it follows from (i) that
P.(Xy =y) <cip e dt < gt
If 1 <dp(z) < n¥, then by (ii) and the fact that £/3 < £y

max{1,d.(2)}
lz =yl ZedVip(mnv;

<c3nK(£/3)" ! < kg4t

PZ(X‘L'L =y)<0 Pz(XrL =y)

If dz (z) < 1, then again by (i)
P.(Xy, =) <307 K (e/3)" T < ket
This proves the claim. [
PROOF OF LEMMA 4.2. (i) follows from Proposition 6.4.2 of [17].

(i) We consider different cases. If |[x — y| < dp(y)/2, then dz (x) > dp(y)/2,
and thus by Lemma 4.2(i),

a )H @A ()
lx =yl lx =yl

For the rest of the proof we assume that |x — y| > dz(y)/2. Set @’ =dr(y)/5.
First we argue that for the case 1 < a < a’, we only have to prove the bound for a’.

Indeed, if dz(y)/6 < a < a’, we get an upper bound by replacing a by a’. For
1 <a <dg(y)/6, the strong Markov property together with Lemma 4.2(i) yields

Po(Ty, () < 72) < Py (Ty, (y) < 00) < C(

P (TV,, <711) < max P (Tva <t)P+(Ty ,(y) < TL)
x (60} D@V, () z (6)) * UV ()

—c ( a )H (a)"2dy () max{1, ds ()}
- a —1 lx — y|4

- Cad_ZdL()’) max{l, dL(x)}‘

x =yl
Now we prove the claim for a = d (y)/5. We take a point y’ € 3V, closest to y.
If |x —z| > |x — y|/2 for all z € V,(y’), then by Lemma A.4(iii),
1,d
max Py(X,, =2) < Csz
2eVa(y) |x =yl

As a subset of Z4, V, (y') NV, contains on the order of dL(y)"f_1 points. There-
fore, by Lemma 4.1(i), we deduce that there exists some > 0 such that

min P, (X;, € V(') > 6.
x'€Va(y)
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We conclude that
a~ T max{1, dz (x)}
Ix —y|4

> Py (Xr, € Va(y')) = cPx (X1, € Va(y'), Ty,(y) <L)

=c Y Pu(Xr,, =X Ty, <10)Pe(Xe € Va(y))
'€ Valy)

(A.18)

>cé - Px(Ty,(y) < 7L)-
On the other hand, if |x — z| < |x — y|/2 for some z € V,(y’), then
=yl <l —zl+ ]z =y [+ [y = y[=2de () + Ix — y1/2
and thus
(A.19) de(»)/2 < |x —yl =4dL(y).

If dz (x) > 4dr(y)/5, we use again Lemma 4.2(i). For dz (x) < 4dr(y)/5, we get
by Lemma A.3(ii),
max{1,dz (x)}

d.(y)

Together with (A.19), this proves the claim for a = dy (y)/5. It remains to handle
the case max{1,d; (y)/5} <a.If z € Vg,(y), we have

Px(TVa(y) < TL) = PX(TVL—4dL(y)/5 < TL) = C

lx =yl <I|x —z| +6a
and thus, using |x — y| > 7a,
lx =yl <7lx —z|.
Therefore Lemma A.4(iii) yields
max{1, dy (x)} —d max{1, d; (x)}

max Py(X; =2)<C

2€Vea () lx —z|4 lx — y|4

Again by Lemma 4.1(i), we find some é > O such that
min Py (X, € Veu(y)) = 6.
x'eVa(y)

A similar argument as in (A.18), with V, (y’) replaced by Vg, (y), finishes the proof
of (ii).

(iii) It only remains to prove the lower bound. Let ¢t = |x — z|. First assume
t > L/2. By replacing V and V;; /3 by appropriate ellipsoids as in the proof of
the lower bound of Lemma 4.1(i), we deduce with part (i) of Lemma A.3 that

dp(x)
PX(TVZL/3 < TL) >c : .
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The claim then follows from the strong Markov property at time Tv,, , and
Lemma 4.1(i). Now assume ¢t < L/2. We can restrict ourselves to the case
10vd <t < L/2.We find ¢’ € [t,t + ~/d] and x" € V;, such that Vy/(x") C Vy and
z€dVy(x). If dp (x) > t/2, a simple geometric consideration and Lemma 4.1(i)
show that there is a strictly positive probability to exit the ball V;/,>(x) within
Va1/3(x"). Since by the same lemma,

(A.20) inf  Py(rp =z)>ct™ @7,
YEVa 3(x")

we obtain the claim in this case again by applying the strong Markov property.
Finally, assume dy (x) <t/2. Once more by Lemma A.3(i),

Pe(Tv, ;5 <t1) = ch(x)
and
Pe(tp =2) 2 Px(tr =2, T3 < 1, Tvyy 5y < TL)
(A21) > Db (1) =Ty g < 70 T ey < 70)

X Py (Tvy, yxy < TelTo—i3 < TL).
By (A.20), we deduce
Pe(tp =z2|To—1y3 < 7L, Ty 50y < 1) = Pu(tr = 2| Ty, 50y < T1)
> ct~@d=D),
Finally, a geometric argument and Lemma 4.1(i) show that the probability
in (A.21) is bounded from below by some § > 0. [l
A.4. Proofs of Lemmata 4.3 and 4.4.

PROOF OF LEMMA 4.3. By Brownian scaling, we may restrict ourselves to
the case L = 1. Let

(A22) E,={yeR’:|A}?y| <1},

and fix x € C1,z€9Cy. Set 2’ = A;l/zz, x'= A;l/zx. Again by Brownian scal-

ing and the fact that det A;l/ 2
sities satisfy

=1+ O(x), the (continuous versions of the) den-

ncBl(p)(x, 7) = nEBip”)(x’, Z)(1+ O (x)).

Now (i) follows from Theorem 1 of Krantz [13] (with & = E ), and for (ii), one
can use the derivative estimates in Section 2 of the same paper. [J
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F1G. 7. The ball Cy (shaded), and the ellipsoids Ep and Eg.

PROOF OF LEMMA 4.4. We can assume L = 1. Let n = ||g — p||1. Define

E, as in (A.22), and similarly E,, see Figure 7. Let x € Cy/3, z € dCy, and put

x' = A;l/zx, x" = A;l/zx and 7/ = A;l/zz, 7" = Aq_l/zz. If k is small, both x’

and x” lie in C3/4 C C4/5 C E, N E,. For the rest of the proof, we write nEBp
instead of ngip °), and similarly ngq for nEB:p o) If y is a parametrization of the

unit sphere dCq, then A,_,l/ 25 y and Ay 2, y are parametrizations of E, and
E,, respectively. Since the coefficients of the covariance matrices satisty (A );; =
(Ag)i,i + O(n), we obtain by Brownian scaling,
B B

(A.23) |7rcl(p) (x,2) — ncl(q)(x, 2)| < C|7r§p (x', 7)) — ngq (x", "+ o).
Clearly
(A.24) }Z/—ZU| _ |(A;1/2_Aq—1/2)z| <Cn,
and also |x" — x| < Cn. By the derivative estimate of Lemma 4.3(ii),

B A B "no_n

g, (') =g, (", 2")| < Cn.
With (A.23), the claim will therefore follow if we show that
B / B "
g, (x,2') =7, (x.2")[ < Cn

uniformly in x € C3/4, 2’ € 0E, 7" € dE, with |z — Z”| < Cn. In this direction,
recall that the Green’s function on R? of standard d-dimensional Brownian motion
is given by
Cd
b N = 7 >
=

where cg =T'(d/2 — 1)/(2nd/2); cf. [17], page 241. The Green’s function of stan-
dard Brownian motion killed outside E, is given by (see, e.g., Evans [10])

D(x,y) — P (y),  x,ye€Epx#y,
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where the corrector function c1>)(f’ ) solves the Dirichlet problem (x is fixed)

(p) .
Aq) :0, E s
(A.25) o =
oY =d(x, ), on E,.

Furthermore, the density ngp (x,z') with respect to surface measure on dE), is
given by the normal derivative of the Green’s function in the direction of the inward
unit normal vector v, = v, (z') on 0E,, that is,

g, (x.2) = 0y, (®(x.2) — 2P ()
=V (06, 2) ~ 9P (). < €IE,.
With v, denoting the inward unit normal on d E,, we therefore have to show that
(A26) [0, (O(x.2) — OV () = 8y, (®(x.2") — @D ()| = O
uniformly in x € C3)4, 2/ € 9E ), 2" € dE, with |z — 2| < Cn. First, note that
8, (x.2) — 8, ®(x. ")

< Ve @(x,2) = Vord(x, )| + Vo @(x, ) - (vp (2) = vg (2"))]-

Using (A.24) and

(x —2)i

7 —
BZ;CD(x,z )=ca2—d) T

we easily obtain

|VZ/CD(x, Z/) - Vz//q)(x, ZN)| =Cn.

Moreover, with A = A(; i 2A11,/ 2, we have
-1
by (o) = D)
! A=, ()]

The coefficients of the diagonal matrix A are of order 1 + O (n), which shows
(A27)  [Vo®(x,2) - (vp(2) = vg (")) = Clvp (') — vy (") = C.
In view of (A.26), it remains to prove that

3, () — 8, ()| < Cn.
First recall that CI>,(CP ) solves the Dirichlet problem (A.25). The boundary function
®(x, -) is smooth in a tubular neighborhood of 9 E,, with bounded derivatives up

to arbitrary order. By multiplying with an appropriate smooth cutoff function equal
to 1 near the boundary, we obtain a smooth function in R¢. By Corollary 6.5.4 of



EXIT LAWS OF (AN)ISOTROPIC RWRE 2941

Krylov [14], we see that CD)(CP ) is a smooth function in Ep, and similarly CD)(CQ) is
smooth in Fq. L

Now, with A as before, we have equality of the sets AE, = E4. Fix x € C3/4 C
E,NE,, and let

u(y) =@ (Ay) - P (y),  yeE,.
With £(-) = A, (A-) and g(-) = D(x, A) — D(x, -), u solves
Au = f, in Ep,
{ u=g, ondkp.

Recalling that the coefficients of A are of order 1 + O(n), we use harmonicity
of <I>)(Cq) and boundedness of the derivatives to obtain

ID°f ], +1D' 7], <Cn.

The function g is smooth in a tubular neighborhood U of 9E,, and a similar (ex-
plicit) calculation as above gives

3
> ID'gly =Cn.
i=0
We extend g to the interior of E, such that Z?:o | D! g”F,, < Cn. Then, applying
a Schauder estimate as given by Theorem 6.3.2 of Krylov [14], we deduce that

the derivatives of u up to order 2 are uniformly bounded by Cr. But, similarly to
above (A.27),

|8, @ (&) = 8, @ (2")| < [V2 P () = Vor @@ (") + Cny
< |Vou(Z)|+ Cn
=Cn,
where in the next-to-last step we used z7” = Az’ and
V@@ (") = Vol ()| < Cn. O
A.5. Proofs of Propositions 5.1 and 5.2. By a small abuse of notation, we
will in this part write 7,, for 7Ty, . Since 7, (x, y) = 7, (0, y — x), it suffices to

look at 7, (x) = 7, (0, x) and g,, 74(x) = &, 74(0, x). Recall the definitions of
Am,i and A,, from Section 5.1.

PROOF OF PROPOSITION 5.1.  For bounded m, that is, m < mq for some my,
the result is a special case of Theorem 2.1.1 in [17]. Also, for n < ng and all m, the
statement follows from Lemma A.2(i). We therefore have to prove the proposition
only for large n and m. To this end, let

B, = [—MT[,MT[] X oo X [—Mﬂ,Mﬂ],
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and for 6 € B,, set
A=l
Pm (@)= > A IR (y).
yeZzd
The Fourier inversion formula gives

1 . —1/2
A (x) = —1/2/ e~ i¥Am O[d)m(@)]" de.
(2m)d det A, " /Bn
We decompose the integral into
Qm)?det A0 251 (x) = Io(n, m, x) + - + I3(n, m, x),

where, with 8 = \/nf,

_ —ix-Ap 2B/ /0o~ 1BI?/2
Io(n,m, x) _/Rde e dg,

Ii(n,m,x) =f e_ix'A’Zl/zﬂ/ﬁ([Qﬁm(ﬁ/«/ﬁ)]n - e—|,3\2/2) dg,

|Bl<n!/4

b, m, x) :_f eixAn B/ —IB/2 4.
’ |Bl>nl/4

.12
Ln,m,x) = nd/Z/ e~ i¥Am O[d)m (9)]n do.
n—1/4<|6|,6€B,,
By completing the square in the exponential, we get

2
Io(n,m, x) = (27'()‘1/2 exp(—@).
n

For I and | 8| < n'/*, we expand ¢,, in a series around the origin

O (B//1) =1—|B1*/2n+|B1*O(n?),

(A.28)
logu(B/~/n) = ~|B1*/2n +1BI* O (n?).
Therefore,
[ B/ =P (14 11 0 (7)),
so that

11 (n, m, x)| < O(n_l)/ e BP21p1tdap = 0(n).

|Bl<n'/4

Similarly, /5 is bounded by

oo
|L(n,m,x)| < C/]/4 r=le 2 dr = 0(n7").
n
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Concerning I3, we follow closely the proof of [8], Proposition B1, and split the
integral further into

n~2 1 (n,m, x) =/ +f +/ +f
n~1/4<|0|<a a<|f|<A A<|0|<m® m¥<|0|,0€By,

=Lo+ L1+ 12+ 133)(n,m, x),

where 0 < a < A and o € (0, 1) are constants that will be chosen in a moment,
independently of n and m. By (A.28), we can find a > 0 such that for |8| < a/n,
log ¢, (0) < —|9|2/3 (recall that B = 4/n6). Then

o0
[I3,0(n,m, x)| < C/ i pd=1e=nr*/3 qp O(n~@+212),
.

As a consequence of Lemma 4.1(i) and of our coarse graining, it follows that
for any 0 < a < A, one has for some 0 < p = p(a, A) < 1, uniformly in m (and
p€P)

sup [pn (0)] < p.
a<l|f|<A

Using this fact,
[I3,1(n,m, x)| < CAp" = O (n=+2/2),

To deal with the last two integrals is more delicate since we have to take into
account the m-dependency. First,

13201, m, )| sf b (O)]" 0.
A<|6]<m@

We bound the integrand pointwise. Since 7, (-) is invariant under the maps
e = —e;, ej — e; for j #1, it suffices to look at & with all components posi-
tive. Assume 01 = max{6y,...,04}. Set M = 2w /Ay, 1/61] and K = [Sm /M |.
Notice that 77, (x) > 0 implies |x| < 2m. By taking A large enough, we can assume
that on the domain of integration, M < m. First,

- 3, ol o)

.....

K —2m+jM—1

[ X160
X Z Z exp(\l/)%)ﬁm(x)).

j=lx1=—2m+(G—-1)M

Inside the x1-summation, we write for each j separately
ﬁm(x) = ﬁm(x) - ﬁm(x(j)) + T (x(j))7
where xU) = (=2m + (j — )M, x2, ..., x4). By Corollary A.1,

xi42m— (G —DHM|'/?
m

|7 (x) — ﬁm(x(j))| <C
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Thus
—2m+jM—1

> exp(%)(ﬁm(x) — fm(x))

x1=—2m+(G—-1)M

< CO It

and
—2m+jM—1

>y exp( T2 ) () = ()

j=lx;=—2m+(G—-1)M

< Cgl_l/zm—d-i-l.

On our domain of integration, 0 < (61 //Am.1) <C m®~! < 27 for large m. There-
fore,

2m+jM—1

(j) h Z exp( i)C]91) <CKm_d‘1—eXp(i@lM/‘/)»m,])
VAima/ |~ 1 —exp(i01/y/Am,1)

<Clo|m™,

x1:f2m+(j71)M

and altogether for sufficiently large A, m and n,

1 6] _
0 ”d9<C”/ ( + > dg = O(n=+2/2),
/A<|9|§ma|¢m( )| -1 A<|0]<m® \ /0] (n )

For I33 we again assume all components of 6 positive and as before 6; =
max{fy, ..., 0,}. Since
X1

ﬁm(x) = Z (ﬁm(y,XZ» ...,Xd) _ﬁm(y - 1,X2, "-’xd))v

y=—2m
we have
m ix16;
(@) <Cm?~| Y exp( - )
x1=—2m m, 1

X Z (ﬁm(y,XQ’---,xd)_me(y—1,X2,---,Xd))
y=—2m

2m

m Y R (X2, xa) — A (y — Loxa, . X))
y=—2m

ZZm exp( ix10q )
)Lm,l .

X1=y

X

The sum over the exponentials is estimated by Cm/|6|, so that again with Corol-
lary A.1,

¢ (0)| < Com' /210171,
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Hence, for « close to 1 and large n, m,

m*<|6|,0€ By,

For Proposition 5.2, we need additionally a large deviation estimate.

LEMMA A.5 (Large deviation estimate). Let p € P;. There exist constants
c1, c2 > 0 such that for |x| > 3m,

An —d |x |2
7T, (x) <cim™ “exp| — 5 )
conm
PROOF. Write P for Py ; and E for the expectation with respect to P, and

denote by X ﬁ the jth component of the random walk X, under P. For r > 0, since
p is symmetric,

d
Yo An) < P(X]|=d V)

yilylzr Jj=1

<2d max P(X,{Zd_l/zr).
j=1,...d

We claim that

2
j —1/2 r
P(X] >d "/*r) < exp(— 8dnm2>'
By the martingale maximal inequality for all #, A > O,
P(X} > 1) <e "™E[exp(tX])] = e~ (E[exp(tX])])".

Since X { € (—2m,2m) and x — €' is convex, it follows that

- 1em-x)) 1@2m+ X))
tXJ < _ 1 2tm - 1 2tm'
exptXy) = o e e

Therefore, using again symmetry of X J ,
E[exp(tX})] < (%G_Ztm + %eztm)n =cosh"(2tm) < e2niim?
and
P(Xj > d_l/zr) < e td™Pr2n*m?
n — — .

Putting ¢ = r/(4v/dnm?) we get

2
P(X,{l > d_l/zr) < exp(—#)
nm
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From this it follows that

T ~n— A c1 (x| = 2m)?
T (x) = Z oL l(y)nm(x —y) < — exp<——)
" y:lyl=lx|—-2m " md 8d(n — 1)m?
<4 ( |x|? )
—exp| — )
~md P conm? 0

PROOF OF PROPOSITION 5.2. (i) This follows from Proposition 5.1.
(i1) We set

12/ xP\ 72
N:N(x,m):—2 10g—2 .
m m

We split g, 74(x) into

00 LN 0
Buzd(X) =) _Ap()=) _Ap)+ Y. Am).
n=1 n=1 n=|[N]+1

For the first sum on the right, we use the large deviation estimate from Lemma A.5,
LN LN

2
Y ) <cim™ Zexp(— al 2) = 0(1x|7%).
n=1 n=1

conm

In the second sum, we replace the transition probabilities by the expressions ob-
tained in Proposition 5.1. The error terms are estimated by

- LRY
Z O(m_dn_(d+2)/2) = 0(|x|_d (log —2) )
n=|N|+1 m

Putting t, =2nJ,,; 2(x), we obtain for the main part

S 1 jn%(x)
12 SXP\ —
n=|N|+1 2rn)d/2det A, 2n
j—d+2(x) e’} B
= a2 2 el i) — )
rdedet Am” p=|N|+1
jn;d+2(x)

o0
_ —d)2 _d
= Im O =d 2 ek 11y dr + O(1x]79).
274/ det AL/? /0 ( )

This proves the statement for |x| > 3m with

c(d) = : /oot_d/zexp(—l/t)dt
27d/2 o : O
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