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ERGODIC CONTROL OF MULTI-CLASS M/M/N + M QUEUES
IN THE HALFIN-WHITT REGIME

BY ARI ARAPOSTATHIS® !, ANUP BISWAS*2 AND GUODONG PANG -3
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We study a dynamic scheduling problem for a multi-class queueing net-
work with a large pool of statistically identical servers. The arrival processes
are Poisson, and service times and patience times are assumed to be expo-
nentially distributed and class dependent. The optimization criterion is the
expected long time average (ergodic) of a general (nonlinear) running cost
function of the queue lengths. We consider this control problem in the Halfin—
Whitt (QED) regime, that is, the number of servers n and the total offered
load r scale like n ~ r + p4/r for some constant /. This problem was pro-
posed in [Ann. Appl. Probab. 14 (2004) 1084—1134, Section 5.2].

The optimal solution of this control problem can be approximated by that
of the corresponding ergodic diffusion control problem in the limit. We in-
troduce a broad class of ergodic control problems for controlled diffusions,
which includes a large class of queueing models in the diffusion approxi-
mation, and establish a complete characterization of optimality via the study
of the associated HIB equation. We also prove the asymptotic convergence
of the values for the multi-class queueing control problem to the value of
the associated ergodic diffusion control problem. The proof relies on an ap-
proximation method by spatial truncation for the ergodic control of diffusion
processes, where the Markov policies follow a fixed priority policy outside a
fixed compact set.
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1. Introduction. One of the classical problems in queueing theory is to sched-
ule the customers/jobs in a network in an optimal way. These problems are known
as the scheduling problems which arise in a wide variety of applications, in par-
ticular, whenever there are different customer classes present in the network and
competing for the same resources. The optimal scheduling problem has a long his-
tory in the literature. One of the appealing scheduling rules is the well-known cp
rule. This is a static priority policy in which it is assumed that each class-i cus-
tomer has a marginal delay cost ¢; and an average service time 1/u;, and the
classes are prioritized in the decreasing order of c; ;. This static priority rule has
proven asymptotically optimal in many settings [4, 28, 32]. In [11], a single-server
Markov modulated queueing network is considered and an averaged cpu-rule is
shown asymptotically optimal for the discounted control problem.

An important aspect of queueing networks is abandonment/reneging, that is,
customers/jobs may choose to leave the system while being in the queue before
their service. Therefore, it is important to include customer abandonment in mod-
eling queueing systems. In [5, 6], Atar et al. considered a multi-class M/M /N + M
queueing network with customer abandonment and proved that a modified priority
policy, referred to as cu /6 rule, is asymptotically optimal for the long run aver-
age cost in the fluid scale. Dai and Tezcan [13] showed the asymptotic optimality
of a static priority policy on a finite time interval for a parallel server model un-
der the assumed conditions on the ordering of the abandonment rates and running
costs. Although static priority policies are easy to implement, it may not be op-
timal for control problems of many multi-server queueing systems. For the same
multi-class M/M /N + M queueing network, discounted cost control problems are
studied in [3, 7, 22], and asymptotically optimal controls for these problems are
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constructed from the minimizer of a Hamilton—Jacobi-Bellman (HJB) equation
associated with the controlled diffusions in the Halfin—Whitt regime.

In this article, we are interested in an ergodic control problem for a multi-class
M /M /N + M queueing network in the Halfin—Whitt regime. The network consists
of a single pool of n statistically identical servers and a buffer of infinite capac-
ity. There are d customer classes and arrivals of jobs/customers are d independent
Poisson processes with parameters A, i =1, ...,d. The service rate for class-i
customers is u!, i =1, ..., d. Customers may renege from the queue if they have
not started to receive service before their patience times. Class-i customers re-
nege from the queue at rates y;' > 0, i =1,...,d. The scheduling policies are
work-conserving, that is, no server stays idle if any of the queues is nonempty. We
assume the system operates in the Halfin—Whitt regime, where the arrival rates and
the number of servers are scaled appropriately in a manner that the traffic intensity
of the system satisfies

i R
i=1 14

In this regime, the system operations achieve both high quality (high server levels)

and high efficiency (high servers’ utilization), and hence it is also referred to as the

Quality-and-Efficiency-Driven (QED) regime; see, for example, [7, 16, 17, 19, 21]

on the many-server regimes. We consider an ergodic cost function given by

1 r .
lim sup —E[/ r(Q"(s)) ds],
Tooo I 0

where the running cost r is a nonnegative, convex function with polynomial growth
and 0" = (0", ..., QZ)T is the diffusion-scaled queue length process. It is worth
mentioning that in addition to the running cost above which is based on the queue-
length, we can add an idle-server cost provided that it has at most polynomial
growth. For such, a running cost structure the same analysis goes through. The
control is the allocation of servers to different classes of customers at the service
completion times. The value function is defined to be the infimum of the above
cost over all admissible controls (among all work-conserving scheduling policies).
In this article, we are interested in the existence and uniqueness of asymptotically
optimal stable stationary Markov controls for the ergodic control problem, and the
asymptotic behavior of the value functions as » tends to infinity. In [7], Section 5.2,
it is stated that analysis of this type of problems is important for modeling call
centers.

1.1. Contributions and comparisons. The usual methodology for studying
these problems is to consider the associated continuum model, which is the con-
trolled diffusion limit in a heavy-traffic regime, and to study the ergodic control
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problem for the controlled diffusion. Ergodic control problems governed by con-
trolled diffusions have been well studied in literature [1, 9] for models that fall in
these two categories: (a) the running cost is near-monotone, which is defined by
the requirement that its value outside a compact set exceeds the optimal average
cost, thus penalizing unstable behavior (see Assumption 3.4.2 in [1] for details),
or (b) the controlled diffusion is uniformly stable, that is, every stationary Markov
control is stable and the collection of invariant probability measures corresponding
to the stationary Markov controls is tight. However, the ergodic control problem
at hand does not fall under any of these frameworks. First, the running cost we
consider here is not near-monotone because the total queue length can be 0 when
the total number of customers in the system are O(n). On the other hand, it is not
at all clear that the controlled diffusion is uniformly stable (unless one imposes
nontrivial hypotheses on the parameters), and this remains an open problem. One
of our main contributions in this article is that we solve the ergodic control prob-
lem for a broad class of nondegenerate controlled diffusions, that in a certain way
can be viewed as a mixture of the two categories mentioned above. As we show in
Section 3, stability of the diffusion under any optimal stationary Markov control
occurs due to certain interplay between the drift and the running cost. The model
studied in Section 3 is far more general than the queueing problem described,
and thus it is of separate interest for ergodic control. We present a comprehensive
study of this broad class of ergodic control problems that includes existence of a
solution to the ergodic HIB equation, its stochastic representation and verification
of optimality (Theorem 3.4), uniqueness of the solution in a certain class (Theo-
rem 3.5), and convergence of the vanishing discount method (Theorem 3.6). These
results extend the well-known results for near-monotone running costs. The as-
sumptions in these theorems are verified for the multi-class queueing model and
the corresponding characterization of optimality is obtained (Corollary 3.1), which
includes growth estimates for the solution of the HIB.

We also introduce a new approximation technique, spatial truncation, for the
controlled diffusion processes; see Section 4. It is shown that if we freeze the
Markov controls to a fixed stable Markov control outside a compact set, then we
can still obtain nearly optimal controls in this class of Markov controls for large
compact sets. We should keep in mind that this property is not true in general.
This method can also be thought of as an approximation by a class of controlled
diffusions that are uniformly stable.

We remark that for a fixed control, the controlled diffusions for the queueing
model can be regarded as a special case of the piecewise linear diffusions con-
sidered in [14]. It is shown in [14] that these diffusions are stable under constant
Markov controls. The proof is via a suitable Lyapunov function. We conjecture that
uniform stability holds for the controlled diffusions associated with the queueing
model. For the same multi-class Markovian model, Gamarnik and Stolyar show
that the stationary distributions of the queue lengths are tight under any work-
conserving policy [15], Theorem 2. We also wish to remark here that we allow p
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to be negative, assuming abandonment rates are strictly positive, while in [15],
0 > 0 and abandonment rates can be zero.

Another important contribution of this work is the convergence of the value
functions associated with the sequence of multi-class queueing models to the value
of the ergodic control problem, say g, corresponding to the controlled diffusion
model. It is not obvious that one can have asymptotic optimality from the existence
of optimal stable controls for the HIB equations of controlled diffusions. This fact
is relatively straightforward when the cost under consideration is discounted. In
that situation, the tightness of paths on a finite time horizon is sufficient to prove
asymptotic optimality [7]. But we are in a situation where any finite time behavior
of the stochastic process plays no role in the cost. In particular, we need to establish
the convergence of the controlled steady states. Although uniform stability of sta-
tionary distributions for this multi-class queueing model in the case where p > 0
and abandonment rates can be zero is established in [15], it is not obvious that
the stochastic model considered here has the property of uniform stability. There-
fore, we use a different method to establish the asymptotic optimality. First, we
show that the value functions are asymptotically bounded below by g.. To study
the upper bound, we construct a sequence of Markov scheduling policies that are
uniformly stable (see Lemma 5.1). The key idea used in establishing such stability
results is a spatial truncation technique, under which the Markov policies follow a
fixed priority policy outside a given compact set. We believe these techniques can
also be used to study ergodic control problems for other many-server queueing
models.

The scheduling policies we consider in this paper allow preemption, that is, a
customer in service can be interrupted for the server to serve a customer of a dif-
ferent class and her service will be resumed later. In fact, the asymptotic optimal-
ity is shown within the class of the work-conserving preemptive policies. In [7],
both preemptive and nonpreemptive policies are studied, where a nonpreemptive
scheduling control policy is constructed from the HIB equation associated with
preemptive policies and thus is shown to be asymptotically optimal. However, as
far as we know, the optimal nonpreemptive scheduling problem under the ergodic
cost remains open.

For a similar line of work in uncontrolled settings, we refer the reader to [16,
19]. Admission control of the single class M/M /N + M model with an ergodic
cost criterion in the Halfin—Whitt regime is studied in [26]. For controlled prob-
lems and for finite server models, asymptotic optimality is obtained in [12] in
the conventional heavy-traffic regime. The main advantage in [12] is the uniform
exponential stability of the stochastic processes, which is obtained by using prop-
erties of the Skorohod reflection map. A recent work studying ergodic control of a
multi-class single-server queueing network is [25].

To summarize our main contributions in this paper:

— We introduce a new class of ergodic control problems and a framework to solve
them.
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— We establish an approximation technique by spatial truncation.

— We provide, to the best of our knowledge, the first treatment of ergodic control
problems at the diffusion scale for many server models.

— We establish asymptotic optimality results.

1.2. Organization. In Section 1.3, we summarize the notation used in the pa-
per. In Section 2, we introduce the multi-class many server queueing model and
describe the Halfin—Whitt regime. The ergodic control problem under the heavy-
traffic setting is introduced in Section 2.2, and the main results on asymptotic
convergence are stated as Theorems 2.1 and 2.2. Section 3 introduces a class of
controlled diffusions and associated ergodic control problems, which contains the
queueing models in the diffusion scale. The key structural assumptions are in Sec-
tion 3.2 and these are verified for a generic class of queueing models in Section 3.3,
which are characterized by piecewise linear controlled diffusions. Section 3.4 con-
cerns the existence of optimal controls under the general hypotheses, while Sec-
tion 3.5 contains a comprehensive study of the HJIB equation. Section 3.6 is de-
voted to the proofs of the results in Section 3.5. The spatial truncation technique
is introduced and studied in Section 4. Finally, in Section 5 we prove the results of
asymptotic optimality.

1.3. Notation. The standard Euclidean norm in R is denoted by | - |. The set
of nonnegative real numbers is denoted by R, N stands for the set of natural
numbers, and I denotes the indicator function. By Zi we denote the set of d-
vectors of nonnegative integers. The closure, the boundary and the complement of
aset A C R are denoted by A, dA and A€, respectively. The open ball of radius
R around O is denoted by Br. Given two real numbers a and b, the minimum
(maximum) is denoted by a A b (a V b), respectively. Define a™ :=a v 0 and
a” := —(a A 0). The integer part of a real number a is denoted by |a]. We use the
notation e¢;, i =1, ..., d, to denote the vector with ith entry equal to 1 and all other
entries equal to 0. We also let ¢ :== (1, ..., 1)T. Given any two vectors x, y € R¢
the inner product is denoted by x - y. By §,, we denote the Dirac mass at x. For any
function f:R? — R and domain D C R we define the oscillation of f on D as
follows:

ose(f) = sup{ £ (x) = f():x.y € D},

For a nonnegative function g € C (R?), we let O (g) denote the space of functions

f € C(RY) satisfying SUp, cRd 1‘ _{Eg’al) < 0o. This is a Banach space under the norm
Lf (ol
1fllg:= sup ———

xeRd 1+g(x).
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We also let o(g) denote the subspace of O(g) consisting of those functions f
satisfying

I |f (0l
imsup ———— =
|x|—00 I+ g(x)
By a slight abuse of notation, we also denote by O(g) and 0(g) a generic member
of these spaces. For two nonnegative functions f and g, we use the notation f ~ g
to indicate that f € O(g) and g € O(f).
We denote by sz)c (]Rd ), p > 1, the set of real-valued functions that are locally

p-integrable and by W{{Of (R?) the set of functions in Llpoc(]Rd ) whose ith weak

derivatives, i =1, ..., k, are in Lf;c (Rd ). The set of all bounded continuous func-

tions is denoted by Cp (R9). By Cﬁ)g (R?) we denote the set of functions that are
k-times continuously differentiable and whose kth derivatives are locally Holder
continuous with exponent «. We define C’lj (Rd ), k > 0, as the set of functions
whose ith derivatives, i = 1, ..., k, are continuous and bounded in R and denote
by Cf (R?) the subset of C’g (R?) with compact support. For any path X (-), we use
the notation AX (¢) to denote the jump at time #. Given any Polish space X, we
denote by P(X) the set of probability measures on X and we endow P(X) with
the Prokhorov metric. For v € P(X’) and a Borel measurable map f: X — R, we
often use the abbreviated notation

v(f) ::/;dev.

The quadratic variation of a square integrable martingale is denoted by (-, -) and
the optional quadratic variation by [-, -]. For presentation purposes we use the time
variable as the subscript for the diffusion processes. Also k1, k2, ...and Cy, Cy, ...
are used as generic constants whose values might vary from place to place.

2. The controlled system in the Halfin—-Whitt regime.

2.1. The multi-class Markovian many-server model. Let (2, §, P) be a given
complete probability space and all the stochastic variables introduced below are
defined on it. The expectation w.r.t. P is denoted by [E. We consider a multi-class
Markovian many-server queueing system which consists of d customer classes and
n parallel servers capable of serving all customers (see Figure 1).

The system buffer is assumed to have infinite capacity. Customers of class
i €{l,...,d} arrive according to a Poisson process with rate A} > 0. Customers
enter the queue of their respective classes upon arrival if not being processed. Cus-
tomers of each class are served in the first-come-first-serve (FCFS) service dis-
cipline. While waiting in queue, customers can abandon the system. The service
times and patience times of customers are class-dependent and both are assumed
to be exponentially distributed, that is, class i customers are served at rate ' and
renege at rate y;'. We assume that customer arrivals, service and abandonment of
all classes are mutually independent.



3518 A. ARAPOSTATHIS, A. BISWAS AND G. PANG
w| 27w 27 M| Y

=----E
.

Hd

FIG. 1. A schematic model of the system.

The Halfin—Whitt regime. We study this queueing model in the Halfin—Whitt
regime [or the Quality-and-Efficiency-Driven (QED) regime]. Consider a sequence
of such systems indexed by n, in which the arrival rates A] and the number
of servers n both increase appropriately. Let r} := A7/ be the mean offered
load of class i customers. The traffic intensity of the nth system is given by
pt=n"1 Zl 1 /. In the Halfin—-Whitt regime, the parameters are assumed to sat-
isfy the followmg as n — 00,

n

)‘i n n
—+ > x>0, wi — i >0, vi' = vi >0,
n

A?—l’l)»i ~ n N
2.1 79)% V(i = i) = i,
r! )\i d
-+ = pii=— <, =1
y = > pi

This implies that

A

Aj

d
«/ﬁ(l— /3:2 l:u“l_

The above scaling is common in multi-class multi-server models [7, 22]. Note that
we do not make any assumption on the sign of p.

State descriptors. Let X}' ={X] (¢):t > 0} be the total number of class i cus-
tomers in the system, Q¥ = {Q%(¢):¢t > 0} the number of class i customers in
the queue and Z! = {Z!(¢):t > 0} the number of class i customers in service.



ERGODIC CONTROL IN THE HALFIN-WHITT REGIME 3519
The following basic relationships hold for these processes: for each ¢ > 0 and
i=1,...,d,
X{ () =0} 1)+ Z] (1),
Q7 (1) >0, Z!(t)>0 and e-Z"(t) <n.

We can describe these processes using a collection {A7, S", R, i =1,...,d} of
independent rate-1 Poisson processes. Define

AT(t) := AT (AMe),

Sh(r) = S" (M;? fot Z(s) ds),

(2.2)

- t

R}!(t):=R! (yi” /0 Q7 (s) ds).
Then the dynamics take the form
23) X'(t)=X!0)+ At - S') - RI'(t), t>0,i=1,....d.

Scheduling control. Following [7, 22], we only consider work-conserving

policies that are nonanticipative and allow preemption. When a server becomes
free and there are no customers waiting in any queue, the server stays idle, but if
there are customers of multiple classes waiting in the queue, the server has to make
a decision on the customer class to serve. Service preemption is allowed, that is,
service of a customer class can be interrupted at any time to serve some other class
of customers and the original service is resumed at a later time. A scheduling con-

trol policy determines the processes Z", which must satisfy the constraints in (2.2)
and the work-conserving constraint, that is,

e-Z"(t)=(e-X"(1)) An, t>0.
Define the action set A" (x) as
A'(x):={a eZi:afx ande-a=(e-x) An}.

Thus, we can write Z"(t) € A"(X"(¢)) for each ¢t > 0. We also assume that all
controls are nonanticipative. Define the o -fields

Fli=o[X"(0), A%(t), S'(t), RM(t):i=1,...,d,0<s <t} VN
and
Gl =0 |8A%(t, 1), 88 (t,r), R (t,r):i=1,...,d,r >0},
where
SANt,r) = ANt +7) — Al D),

- t -
§Si(t,r):= S[’(,uf‘/(; Z}!(s)ds +M?r) — S (1),

- t -
SR} (t,r) =R} (yl-”/o Q7 (s)ds + yl-”r) — R (1),
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and ) is the collection of all P-null sets. The filtration {F/',t > 0} represents the
information available up to time ¢ while G;' contains the information about future
increments of the processes.

We say that a working-conserving control policy is admissible if:

(1) Z"(¢) is adapted to F}*,
(ii) F}' is independent of G;' at each time ¢ > 0,
(iii) foreach i =1,...,d, and ¢ > 0, the process (SS'i”(t, -) agrees in law with
S (-, and the process 815{‘ (¢, ) agrees in law with R} (y/"-).

We denote the set of all admissible control policies (Z", F", G") by U".

2.2. The ergodic control problem in the Halfin—Whitt regime. Define the
diffusion-scaled processes

X = (X0, X, 0"=(0".....00" and Z"=(2!.....2%)",
by

v 1 n
X)) = W(Xi (1) — pint),
A 1
(2.4) Q7 (1) = EQ?(I)’
7)== ! Z(t nt
l()_ﬁ( ,-()—p,n)

for t > 0. By (2.3), we can express )A(l” as

N N r . r
Xf’(t):X;’(O)—I—Z?t—u;’/O Z?(s)ds—yi”/o Q7 (s)ds

(2'5) rn rn rn
+ M (1) — Mg ; (1) — My ; (1),
where £" = (€7, ...,EZ)T is defined as
1
¢ = ﬁ(kf — Wi pin),
and
N 1
My (@) = W(A?('\?f) —Aft),
rn 1 n n ! n n ! n

M} (1) = %(R;? (y,." /Ot Q;?(s)ds) — fot Qf’(s)ds)

are square integrable martingales w.r.t. the filtration {F}'}.



ERGODIC CONTROL IN THE HALFIN-WHITT REGIME 3521

Note that

1 (i — pifti)
6 = —=( = xin) = pi/n(u] — pi) — b=

vn i

Define
S::{ueRi:au:l}.
For Z" € $I" we define, for ¢ > 0 and for adapted on (1) eS8,
0" (1) := (e X" (1)) U™,

2.7) ] A s
Z"t):=X"(t) — (e- X" (1)) U"(1).

If Q” (t) =0, we define U”(z‘) :=eq=1(0,...,0,)T. Thus, Ui” represents the
fraction of class-i customers in the queue when the total queue size is positive. As
we show later, it is convenient to view U”" (¢) as the control. Note that the controls

are nonanticipative and preemption is allowed.

2.2.1. The cost minimization problem. We next introduce the running cost
function for the control problem. Let r : R‘i — R be a given function satisfying

(2.8) cilx|™ <r(x) <ca(l + [x|™) for some m > 1,

and some positive constants ¢;, i = 1, 2. We also assume that r is locally Lipschitz.
This assumption includes linear and convex running cost functions. For example,
if we let h; be the holding cost rate for class i customers, then some of the typical
running cost functions are the following:

d
r(x):Zhixim, m> 1.
i=1

These running cost functions evidently satisfy the condition in (2.8).
Given the initial state X" (0) and a work-conserving scheduling policy Z" € 1",
we define the diffusion-scaled cost function as

o SNy . 1: l 4 An
(2.9) J(X™(0), Z )._thLs;lopTE[‘/(; (0 (s))ds],

where the running cost function r satisfies (2.8). Note that the running cost is
defined using the scaled version of Z". Then the associated cost minimization
problem becomes

(2.10) V(X™(0)) := Jinf, J(X"(0), Z").

We refer to V" (X"(0)) as the diffusion-scaled value function given the initial
state X" (0) in the nth system.
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From (2.7), it is easy to see that by redefining r as r(x,u) =r((e - x)Tu) we
can rewrite the control problem as

V(X" (0)) = inf J (X" (0), U"),
where

A A T A A
(2.11) J(X"(0), U™) :=limsup %E[/ r(X"(s), U"(s)) ds},
0

T—o00

and the infimum is taken over all admissible pairs ()A( n U ) satisfying (2.7).
For simplicity, we assume that the initial condition X" (0) is deterministic and
X"(0) — x as n — oo for some x € RY.

2.2.2. The limiting controlled diffusion process. As in [7, 22], one formally
deduces that, provided Xn (0) — x, there exists a limit X for X" on every finite
time interval, and the limit process X is a d-dimensional diffusion process with
independent components, that is,

(2.12) dX; =b(X;,Uy)dt + X dW,,

with initial condition X¢ = x. In (2.12), the drift b(x, u) :R? x S — R takes the
form

(2.13) b(x,u) =€ — R(x — (e-x)Yu) — (e-x)TTu,
with

=y, .. L),

R :=diag(u1, ..., na),

[ :=diag(y1, ..., Vd)-

The control U, lives in S and is nonanticipative, W (¢) is a d-dimensional standard
Wiener process independent of the initial condition Xy = x, and the covariance
matrix is given by

2T =diag(2hq, ..., 210).

A formal derivation of the drift in (2.13) can be obtained from (2.5) and (2.7).
A detailed description of equation (2.12) and related results are given in Section 3.
Let 4 be the set of all admissible controls for the diffusion model (for a definition
see Section 3).
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2.2.3. The ergodic control problem in the diffusion scale. Define 7 :Ri X
Rﬁ — R4 by

Flx,u):=r((e-x)"u),

where r is the same function as in (2.9). In analogy with (2.11) we define the
ergodic cost associated with the controlled diffusion process X and the running
cost function 7 (x, u) as

1 T
J(x,U)::limsup—Efj[/ F(XI,U,)dt}, U el
T—o0 T 0

We consider the ergodic control problem

(2.14) Q*(x):zi]‘égj(x’m‘

We call p.(x) the optimal value at the initial state x for the controlled diffusion
process X. Itis shown later that o, (x) is independent of x. A detailed treatment and
related results corresponding to the ergodic control problem are given in Section 3.

We next state the main results of this section, the proof of which can be found
in Section 5.

THEOREM 2.1. Let )A(”(O) — x € R? as n — oo. Also assume that (2.1)
and (2.8) hold. Then
. . An An
liminf V" (X"(0)) = 0« (x),
where 04 (x) is given by (2.14).
THEOREM 2.2. Suppose the assumptions of Theorem 2.1 hold. In addition,

assume that r in (2.9) is convex. Then

limsup V" (X™(0)) < 04 (x).

n—oo

Thus, we conclude that for any convex running cost function r, Theorems 2.1
and 2.2 establish the asymptotic convergence of the ergodic control problem for
the queueing model.

3. A broad class of ergodic control problems for diffusions.

3.1. The controlled diffusion model. The dynamics are modeled by a con-
trolled diffusion process X = {X;, t > 0} taking values in the d-dimensional Eu-
clidean space R?, and governed by the Itd stochastic differential equation

(31) dXt:b(X[,Ut)dt+O'(Xt)dW[
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All random processes in (3.1) live in a complete probability space (€2, §, P). The
process W is a d-dimensional standard Wiener process independent of the initial
condition Xg. The control process U takes values in a compact, metrizable set U,
and U, (w) is jointly measurable in (z, ) € [0, 00) x Q. Moreover, it is nonantici-
pative: for s <t, Wy — W; is independent of

S5 := the completion of o {Xq, U, W, r < s} relative to (g, P).

Such a process U is called an admissible control, and we let 41 denote the set of all
admissible controls.

We impose the following standard assumptions on the drift b and the diffusion
matrix o to guarantee existence and uniqueness of solutions to equation (3.1).

(A1) Local Lipschitz continuity: The functions
b= [bl, ...,bd]T:]Rd xU—R?Y and o= [aij]:]Rd — R9xd

are locally Lipschitz in x with a Lipschitz constant Cg > 0 depending on R > 0.
In other words, forall x, y € Bg andu € U,

b(x,u) = b(y, )| + o (x) —o ()| < Crlx —yI.

We also assume that b is continuous in (x, u).
(A2) Affine growth condition: b and o satisfy a global growth condition of the
form

b, )+ o) > <Ci(1+x1?)  V(x,u)eRYx U,

where ||o'||? := trace(oo ).
(A3) Local nondegeneracy: For each R > 0, it holds that

d
Y. alEE = CRlIEP Vx e Bg,
i,j=1
forall £ = (£1,...,&)" € R?, where a := oo .

In integral form, (3.1) is written as

t t
(3.2) X,=Xo+/0 b(XS,US)dS—I-/O o (Xy)dWs.

The third term on the right-hand side of (3.2) is an It6 stochastic integral. We say
that a process X = {X;(w)} is a solution of (3.1), if it is F;-adapted, continuous
in ¢, defined for all w € 2 and ¢ € [0, c0), and satisfies (3.2) for all ¢ € [0, 00) a.s.
It is well known that under (A1)-(A3), for any admissible control there exists a
unique solution of (3.1) [1], Theorem 2.2.4.

We define the family of operators L* : C2(R¢) — C(R?), where u € U plays the
role of a parameter, by

(3.3) L" f(x) := a7 (x)d;; £ (x) + b’ (x, 0)d; f (x), uel.
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We refer to L” as the controlled extended generator of the diffusion. In (3.3) and

. . . 2
elsewhere in this paper, we have adopted the notation 0; := 387[ and 0;; := ax,a—ax,
We also use the standard summation rule that repeated subscripts and superscripts
are summed from 1 through d. In other words, the right-hand side of (3.3) stands

for

— Z lj(x) f (x)—i—Zbl(x u)—f(x)
l ,j=1
Of fundamental importance in the study of functionals of X is Itd’s formula. For
f €C*(RY) and with L" as defined in (3.3), it holds that

t
(3.4) FX) = f(Xo) + /0 LUs f(Xy)ds + My, as.,

where

t
M, = /0 (V£ (Xy). 0 (Xs)dW,)

is a local martingale. Krylov’s extension of Itd’s formula [27], page 122, ex-

tends (3.4) to functions f in the local Sobolev space \/\710C (Rd ), p=>d.

Recall that a control is called Markov if U; = v(t, X;) for a measurable map
v:Ry x RY — U, and it is called stationary Markov if v does not depend on ¢,
that is, v: R? — U. Correspondingly, (3.1) is said to have a strong solution if given
a Wiener process (W;, §;) on a complete probability space (€2, §, IP), there exists
a process X on (2, F,P), with Xg =xp € R4, which is continuous, §r-adapted,
and satisfies (3.2) for all ¢ a.s. A strong solution is called unique, if any two such
solutions X and X’ agree P-a.s., when viewed as elements of C([0, c0), RY). It is
well known that under assumptions (A1)—(A3), for any Markov control v, (3.1)
has a unique strong solution [20].

Let LUgnm denote the set of stationary Markov controls. Under v € gy, the pro-
cess X is strong Markov, and we denote its transition function by P! (x, -). It also
follows from the work of [8, 31] that under v € gy, the transition probabilities of
X have densities which are locally Holder continuous. Thus, LV defined by

LY f(x) := 3a" (x)3;; f (x) + b (x, v(x))d; f (x), v € Usm,

for f € C2(RY), is the generator of a strongly-continuous semi-group on Cp(R%),
which is strong Feller. We let P} denote the probability measure and E? the expec-
tation operator on the canonical space of the process under the control v € gy,
conditioned on the process X starting from x € R? at  =0.

We need the following definition.

DEFINITION 3.1. A function #:R? x U — R is called inf-compact on a set
A C R? if the set A N {x:min,cyh(x, u) < B} is compact (or empty) in R? for
all B € R. When this property holds for A = R?, then we simply say that & is
inf-compact.
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Recall that control v € Ugy is called stable if the associated diffusion is positive
recurrent. We denote the set of such controls by $Assm, and let p,, denote the unique
invariant probability measure on R4 for the diffusion under the control v € Uggm.
We also let M := {u, : v € Ussm}. Recall that v € $Usgy if and only if there exists
an inf-compact function V € Cz(Rd), a bounded domain D C R9, and a constant
€ > 0 satisfying

L’V(x) < —¢ Vx € D°.

We denote by 7(A) the first exit time of a process {X;,t € Ry} fromaset A C R?,
defined by

T(A) :=inf{r > 0: X, ¢ A}

The open ball of radius R in R4, centered at the origin, is denoted by Bg, and we
let T :=1(Bg), and Tg := T(BY}).

We assume that the running cost function r(x, #) is nonnegative, continuous
and locally Lipschitz in its first argument uniformly in u € U. Without loss of
generality, we let kg be a Lipschitz constant of (-, u) over Bg. In summary, we
assume that

(A4) r:R? x U— R, is continuous and satisfies, for some constant Cg > 0
|r(x,u)—r(y,u)}§CR|x—y| Vx,y € Bg,Vu e U,
and all R > 0.

In general, U may not be a convex set. It is therefore often useful to enlarge
the control set to P(U). For any v(du) € P(U) we can redefine the drift and the
running cost as

3.5 b(x,v) ::/Ub(x,u)v(du) and F(x,v)::Ar(x,u)v(du).

It is easy to see that the drift and running cost defined in (3.5) satisfy all the afore-
mentioned conditions (A1)-(A4). In what follows, we assume that all the controls
take values in P(U). These controls are generally referred to as relaxed controls.
We endow the set of relaxed stationary Markov controls with the following topol-
ogy: v, — v in Lgy if and only if

10 [ stmv@iode — [ 7o [ gtemvulnds

forall f € LY (R?) N L2(RY) and g€ Cp(R? x U). Then gy is a compact metric
space under this topology [1], Section 2.4. We refer to this topology as the topology
of Markov controls. A control is said to be precise if it takes value in U. It is easy
to see that any precise control U, can also be understood as a relaxed control by
U;(du) = 8y,. Abusing the notation, we denote the drift and running cost by b
and r, respectively, and the action of a relaxed control on them is understood as
in (3.5).
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3.2. Structural assumptions. Assumptions 3.1 and 3.2, described below, are
in effect throughout the analysis, unless otherwise stated.

ASSUMPTION 3.1. For some open set K C R¢, the following hold:

(i) The running cost r is inf-compact on K.
(ii) There exist inf-compact functions V € C2(RY) and h € C(R? x U), such
that

L"V(x) <1—h(x,u) Y(x,u) e K x U,
(3.6)
L"V(x) <1+4+r(x,u) Y(x,u) e K xU.

Without loss of generality, we assume that V and % are nonnegative.

REMARK 3.1. In the statement of Assumption 3.1, we refrain from using any
constants in the interest of notational economy. There is no loss of generality in do-
ing so, since the functions V' and % can always be scaled to eliminate unnecessary
constants.

The next assumption is not a structural one, but rather the necessary requirement
that the value of the ergodic control problem is finite. Otherwise, the problem is
vacuous. For U € U, define

L ol (!
(3.7) oy (x) :=limsup ?IEX [/0 r(Xs, Us)ds].

T—o00

ASSUMPTION 3.2. There exists U € i such that gy (x) < oo for some
xeR4,

Assumption 3.2 alone does not imply that g, < oo for some v € LUgsp. How-
ever, when combined with Assumption 3.1, this is the case as the following lemma
asserts.

LEMMA 3.1. Let Assumptions 3.1 and 3.2 hold. Then there exists ugy € $ssm
such that 0,,, < 00. Moreover, there exists a nonnegative inf-compact function V; €
C>(RY), and a positive constant n such that

(3.8) L"Vy(x) <n—r(x,up(x))  VxeR9,
Conversely, if (3.8) holds, then Assumption 3.2 holds.
PROOF. The first part of the result follows from Theorem 3.1(e) and (3.23)

whereas the converse part follows from Lemma 3.2. These proofs are stated later
in the paper. [J
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REMARK 3.2. There is no loss of generality in using only the constant 5 in
Assumption 3.2, since V) can always be scaled to achieve this.

We also observe that for K = R“ the problem reduces to an ergodic control
problem with near-monotone cost, and for X = @ we obtain an ergodic control
problem under a uniformly stable controlled diffusion.

3.3. Piecewise linear controlled diffusions. The controlled diffusion process
in (2.12) belongs to a large class of controlled diffusion processes, called piecewise
linear controlled diffusions [14]. We describe this class of controlled diffusions and
show that it satisfies the assumptions in Section 3.2.

DEFINITION 3.2. A square matrix R is said to be an M-matrix if it can be
written as R = s/ — N for some s > 0 and nonnegative matrix N with property
that p(N) < s, where p(N) denotes the spectral radius of N.

Let ' = [y¥] be a given matrix whose diagonal elements are positive,
yid =0fori=1,...,d — 1, and the remaining elements are in R. (Note that
for the queueing model, I" is a positive diagonal matrix. Our results below hold for
the more general I'.) Let £ € R¢ and R be a nonsingular M-matrix. Define

(3.9) b(x,u):=€—R(x — (e-x)Tu) — (e-x)"Tu,
withu e S:={u e Rﬂl_:e -u = 1}. Assume that
e'R > 0.
We consider the following controlled diffusion in R?:
(3.10) dX; =b(X;, Uy dt + X dW;,

where X is a constant matrix such that © =7 is invertible. It is easy to see that (3.10)
satisfies conditions (A1)—(A3).

Analysis of these types of diffusion approximations is an established tradition
in queueing systems. It is often easy to deal with the limiting object and it also
helps to obtain information on the behavior of the actual queueing model.

We next introduce the running cost function. Let 7 : R? x S — [0, co) be locally
Lipschitz with polynomial growth and

(3.11) cifte- )" <r(x,u) <c2(1+[(e-x)T]"),

for some m > 1 and positive constants c; and ¢, that do not depend on u. Some
typical examples of such running costs are

r(x,u)= (e x)+ Zhu withm > 1,

for some positive vector (hy, ..., ha)'.
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REMARK 3.3. The controlled dynamics in (3.9) and running cost in (3.11) are
clearly more general than the model described in Section 2.2. In (3.10), X denotes
the diffusion approximation for the number customers in the system in the Halfin—
Whitt regime and its ith component X’ denotes the diffusion approximation of
the number of class i customers. Therefore, (e - X) denotes the total number
of customers in the queue. For R and I" diagonal as in (2.13), the diagonal entries
of R and I denote the service and abandonment rates, respectively, of the customer
classes. The ith coordinate of U denotes the fraction of class-i customers waiting
in the queue. Therefore, the vector-valued process X; — (e - X;)* U, denotes the
diffusion approximation of the numbers of customers in service from different
customer classes.

PROPOSITION 3.1. Let b and r be given by (3.9) and (3.11), respectively.
Then (3.10) satisfies Assumptions 3.1 and 3.2, with h(x) = co|x|" and

(3.12) K:={x:8lx| < (e-x)T}

for appropriate positive constants co and 8.

PROOF. We recall that if R is a nonsingular M-matrix, then there exists a
positive definite matrix Q such that QR + RTQ is strictly positive definite [14].
Therefore, for some positive constant kg it holds that

koly? <yT[QR+RTQly <wg Iy ¥yeR?
The set I in (3.12), where § > 0 is chosen later, is an open convex cone, and
the running cost function r is inf-compact on K. Let V be a nonnegative function
in C2(RY) such that V(x) = [x' Qx]’"/2 for |x| > 1, where the constant m is as
in (3.11).
Let |[x] > 1and u € S. Then
m[xTQx]m/Z—l

VV(x) - b(x,u) =€ VV(x) — fxT[QR + RTQ]x

1"*'Qx - (R=T)(e-x)"u

+m[x" QOx
<£-VV(x) —m[xTQx]"*" (%mz —Clx|(e- x)+>
for some positive constant C. If we choose § = f—g, then on SN {|x| > 1} we have
the estimate
(3.13) VV(x) - b(x,u) < £- VV(x) — ?[XTQX]m/Z_l 2.

Note that £ - V is globally bounded for m = 1. For any m € (1, 00), it follows
by (3.13) that

VV(x) - b(x,u) < m(lZTQx)[xTQx]m/z_1 — ?[)CTQ)c]m/Z_llxl2

_mITQIEQ) koGO
=T Q) O

(3.14)
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for x € K¢ N {|x] > 1}, where A(Q) and A(Q) are the smallest and largest eigen-
values of Q, respectively. We use Young’s inequality
m
—1
jabl < 5 P D=0,
m

in (3.14) to obtain the bound

(3.15) V() - b(x,u) < Ky — ———— (A(Q))™?|x|™

mK
8L (Q)
for some constant k1 > 0. A similar calculation shows for some constant x» > 0 it
holds that

(3.16)  VV(x)-b(x,u) <k2(l+[(e-)]")  VxeKn{lx|>1}.

Also note that we can select 3 > 0 large enough such that

(3.17) —|trace(z 2TVV())| < k3 + (L(Q))"*|x™.

16A(Q)
Hence, by (3.13)—(3.17) there exists k4 > 0 such that

(M) x| Txce (x) + K2[ (e - ) F] " Tk (x)

" __mKg
(3.18) L"V(x) <k4 16%(0)

for all x € RY. It is evident that we can scale V, by multiplying it with a constant,
so that (3.18) takes the form

(3.19) L"V(x) <1 —colx|"Ie(x) + c1[(e - x)T]" T (x) Vx € RY.
By (3.11), the running cost r is inf-compact on K. It then follows from (3.11)
and (3.19) that (3.6) is satisfied with i (x) := co|x|™.
We next show that (3.10) satisfies Assumption 3.2. Let
up()=eq=(0,...,0,DT.
Then we can write (3.10) as
(3.20)  dX;= (£ —R(X; — (e- X)) uo) — (e-x)*Tup)dr + T dW,.

It is shown in [14] that the solution X, in (3.20) is positive recurrent and, therefore,
ug is a stable Markov control. This is done by finding a suitable Lyapunov function.
In particular, in [14], Theorem 3, it is shown that there exists a positive definite
matrix Q such that if we define

(3.21) Y (x) = (e-x)2 +&[x —eqp(e-x)] O[x — eadp(e - x)].
for some suitably chosen constant & and a function ¢ € C2(R), given by
Y, if y >0,
p(y) =110 ify <3,
smooth, if —§ < y <0,
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where § > 0 is a suitable constant and 0 < ¢/(y) < 1, then it holds that
(3.22) LUy (x) < =iy x|,

for |x| large enough and positive constant k1. We define Vj := eV where a is to
be determined later. Note that |V (x)| < k(1 + |x|) for some constant Ky > 0.
Hence, a straightforward calculation shows that if we choose a small enough, then
for some constant k3 > 0 it holds that

LV (x) < (—=k1a)x]? + 2| 2122 (1 + x])*) Vo (x)
< —&3|x[*Vo(x),

for all |x| large enough. Since Vy(x) > [(e - x)T]", m > 1, for all large enough
|x| we see that V) satisfies (3.8) with control u¢. Hence, Assumption 3.2 holds by
Lemma 3.1. [

3.4. Existence of optimal controls.

DEFINITION 3.3. Recall the definition of gy in (3.7). For 8 > 0, we define
Upf = {U e th: oy (x) < B for some x € Rd}.
We also let ilgM = P N Usm, and
0. :=inf{B > 0:4° # &7},
0x =inf{g > 0:45, # &},
0x :=inf{r(r):m € G},

where

G:= {n e P(RY x U) ;/Rd G L @m(dx,di) =0V f eCS"(R")},

X
and L* f (x) is given by (3.3). It is well known that G is the set of ergodic occupa-
tion measures of the controlled process in (3.1), and that G is a closed and convex
subset of P(R¢ x U) [1], Lemmas 3.2.2 and 3.2.3. We use the notation 7, when
we want to indicate the ergodic occupation measure associated with the control
v € Ussm. In other words,

7y (dx, du) := py (dx)v(du|x).

LEMMA 3.2. If (3.8) holds for some Vy and ug, then we have m,,(r) < n.
Therefore, 04 < 00.
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PROOF. Let (X;,uo(X;)) be the solution of (3.1). Recall that t¢ is the first
exit time from Bg for R > 0. Then by It6’s formula

T ATR
EYDVo(X7aze)] = Vo(x) <nT — E° [/o r(Xs, uo(Xs)) dS]-

Therefore, letting R — oo and using Fatou’s lemma, we obtain the bound

T
20| [ r (e o) ds | <07 + Voo — minv,
0
and thus

. 1 r
lim sup ?E;O [_/(; r(Xs, uo(Xy)) ds} <n. 0

T—o00

In the analysis, we use a function 4 € C(R? x U) which, roughly speaking, is of
the same order as r in JC x U and lies between r and a multiple of » 4+ /4 on K¢ x U,
with I as in Assumption 3.1. The existence of such a function is guaranteed by
Assumption 3.1 as the following lemma shows.

LEMMA 3.3. Define
H=(K xU)U|{(x,u) eR! x U:r(x,u) > hix,u))},

where K is the open set in Assumption 3.1. Then there exists an inf-compact func-
tion h € C(RY x U) which is locally Lipschitz in its first argument uniformly w.r.t.
its second argument, and satisfies

(3.23) r(x,u) < fz(x, u) < k2—0(1 + h(x, u)ye (x, u) + r(x, u)ly(x, u))

forall (x,u) € RY x U, and for some positive constant kg > 2. Moreover,
(3.24) L"V(x) <1 —h(x, u)lye(x,u) +rx, u)ly(x, u)

forall (x,u) € R? x U, where V is the function in Assumption 3.1.

PROOF. If f(x, u) denotes the right-hand side of (3.23), with kg = 4, then
f e u) —r(e,u) > h(x, u)lye(x, u) +r(x, u)ly(x, u)
> h(x, w)lice (x) +r(x, w)lk(x),

since r(x,u) > h(x,u) on H \ (K x U). Therefore, by Assumption 3.1, the set
{(x,u): f(x,u) — r(x,u) <n} is bounded in R x U for every n € N. Hence,
there exists an increasing sequence of open balls D,, n = 1,2, ..., centered at 0
in R? such that f(x,u) — r(x,u) > n for all (x,u) € D x U. Let g:RY — R be
any nonnegative smooth function such that n — 1 < g(x) <n for x € D, \ Dy,
n=1,2,...,and g(x) =0 on Dy. Clearly, h=r+ g is continuous, inf-compact,
locally Lipschitz in its first argument, and satisfies (3.23). That (3.24) holds is clear
from (3.6) and the fact that H D K x U. [
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REMARK 3.4. It is clear from the proof of Lemma 3.3 that we could fix the
value of the constant kg in (3.23), say ko = 4. However, we keep the variable kg
because this provides some flexibility in the choice of h, and also in order to be
able to trace it along the different calculations.

_ REMARK 3.5. Note that if 7 > r and r is inf-compact, then H = K x U and
h :=r satisfies (3.23). Note also, that in view of (3.11) and Proposition 3.1, for the
multi-class queueing model we have

r(x,u) <c(l+[(e-x)*]")

Czdmfl
1+ m
< 1/\00( + (1 Aco)x|™)
dam-1 1
<2 (1+co|x|’"11;o<x>+ [(e-x)*]" H;c(x))
crd™m1 1
< (1 + h (e (x) + r(x, u)]I;g()())
1 Acg c16™m
Czdm_l
— (1 + h(x)Ie I
< 1/\60/\618’"( + RO Tce (x) + 7 (x, )i (x))
Czdm_l

= m(l + R () e (e, u) + r(x, )y (x, w)).

Therefore, hi(x, u) := c3 + c2d™ 1 |x|™ satisfies (3.23).
REMARK 3.6. We often use the fact that if g € C (R? x U) is bounded below,
then the map P(R? x U) 3 v > v(g) is lower semi-continuous. This easily follows

from two facts: (a) g can be expressed as an increasing limit of bounded continuous
functions, and (b) if g is bounded and continuous, then 7 + (g) is continuous.

THEOREM 3.1. Let 8 € (04, 00). Then:

(a) Forall U € 4# and x € RY such that oy (x) < B, then
(3.25) hmsup IEU |:/ h(X;, Us)ds:| <ko(1+ B).
—>00

(b) 0« =0« = 0x-

(¢) For any B € (0«, 00), we have ﬂgM C UssM.-

(d) The set of invariant probability measures MP corresponding to controls in
L(gM satisfies

LA vt)n@o ko1 +4) Vi, e M.

In particular, ilgM is tight in P(RY).
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(e) There exists (V,9) € C2(RY) x Ry, with V inf-compact, such that
(3.26) min[L"V (x) + h(x,u)] = b.
uel

PROOF. Using Itd’s formula, it follows by (3.24) that
1 U
?(Ex [V(X1rze)] = V(X))

1 TATR
(3.27) <1- ?Ef{ UO h(Xs, U)lye (X, Us)ds]

1 U TATR
+ KL [ [0 F(Xs, Up)In(Xs, Us)dS]-

Since V is inf-compact, (3.27) together with (3.23) implies that

2 . |

— limsup = / h(X,, Ug)ds
kO T—o00 T 0

(3.28)

1 T
<2+ 2limsup Y U r(X;, Us)ds]
T—00 0

Part (a) then follows from (3.28).
Now fix U € (# and x € R? such that oy (x) < B. The inequality in (3.25)
implies that the set of mean empirical measures {g“fol :t > 1}, defined by

U 1 U !
¢y(A x B) = B fo T (Xs, Uy)ds

for any Borel sets A € R? and B C U, is tight. It is the case that any limit point of
the mean empirical measures in P(R? x U) is an ergodic occupation measure [1],
Lemma 3.4.6. Then in view of Remark 3.6 we obtain

(3.29) w(r) <limsup ;‘x[{l r)y<p
—00
for some ergodic occupation measure 7. Therefore, 0, < 0. Disintegrating the

measure 7w as 7 (dx, du) = v(du|x)u,(dx), we obtain the associated control v €
$lssm. From ergodic theory [33], we also know that

T
lim sup lE}; [/ r(Xs, v(Xy)) ds] =m,(7) for almost every x.
T—o00 T 0
It follows that g, < 0«, and since it is clear that 0, < 04, equality must hold among
the three quantities.
Ifve il’sM, then (3.28) implies that (3.29) holds with U = v and = = m,,. There-
fore, parts (c) and (d) follow.
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Existence of (\7, 0), satisfying (3.26)1 follows from Assumption 3.2 and [1],
Theorem 3.6.6. The inf-compactness of V follows from the stochastic representa-
tion of V in [1], Lemma 3.6.9. This proves (e). [

Existence of a stationary Markov control that is optimal is asserted by the fol-
lowing theorem.

THEOREM 3.2. Let G denote the set of ergodic occupation measures corre-

sponding to controls in Ussm, and GP those corresponding to controls in ﬂgM, for
B > 0«. Then:

(a) The set P is compact in P(R?) for any B > 0.
(b) There exists v € Mgy such that 0, = 0«.

PROOF. By Theorem 3.1(d), the set G# is tight for any 8 > 0. Let {r,,} C GP,
for some B > o4, be any convergent sequence in P(R?) such that 7, (r) — 0y as
n — oo and denote its limit by . Since G is closed, 7, € G, and since the map
mw — m(r) is lower semi-continuous, it follows that 7, (r) < o.. Therefore, Gh is
closed, and hence compact. Since 7 (r) > o, for all & € G, the equality 7, (r) = 0«
follows. Also v is obtained by disintegrating m,. [

REMARK 3.7. The reader might have noticed at this point that Assumption 3.1
may be weakened significantly. What is really required is the existence of an open
set H C R? x U and inf-compact functions V € C>(R?) and h € C(R¢ x U), satis-
fying

(H1) infy . eqyy r (X, u) lx:)()o 00.

(H2) L*V(x) <1 — h(x, Wy (x,u) +r(x, u)ly(x,u) Vix, u) € R? x U.

In (H1), we use the convention that the ‘inf” of the empty set is +00. Also note
that (H1) is equivalent to the statement that {(x, u):r(x,u) <c} N # is bounded
in RY x U for all ¢ € Ry. If (H1)-(H2) are met, we define H := HU {(x,u) €
R x U:r(x,u) > h(x,u)}, and following the proof of Lemma 3.3, we assert the
existence of an inf-compact h e C(R? x U) satisfying (3.23). In fact, throughout
the rest of the paper, Assumption 3.1 is not really invoked. We only use (3.24), the
inf-compact function / satisfying (3.23), and, naturally, Assumption 3.2.

3.5. The HJB equation. For ¢ > 0, let
re(x,u):=r(x,u)+ gﬁ(x, u).
By Theorem 3.1(d), for any 7 € Gh, B > 0+, we have the bound
(3.30) m(re) < B +eko(l + B).
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Therefore, since r, is near-monotone, that is,

liminfminrg(x, u) > inf 7 (rg),
|x| =00 uel 7e§

there exists 7, € argmin, g (7). Let w4 € G be as in the proof of Theorem 3.2.
The sub-optimality of m, relative to the running cost 7, and (3.30) imply that

e (r) < me(re)
(3.31) < 74 (re)
< 0+ +€ko(1 + 04) Ve > 0.

It follows from (3.31) and Theorem 3.1(d) that {rr, : € € (0, 1)} is tight. Since 7,
7. (r) is lower semi-continuous, if 7 is any limit point of 7, as ¢ \( 0, then taking
limits in (3.31), we obtain

(3.32) w(r) <limsupm.(r) < 0x.
e\0

Since G is closed, @7 € G, which implies that 7 (r) > o,. Therefore, equality must
hold in (3.32), or in other words, 7 is an optimal ergodic occupation measure.

THEOREM 3.3. There exists a unique function V¢ € C*(R?) with V¢(0) =0,
which is bounded below in R?, and solves the HIB

(3.33) min[L"V* () +re (v, 1)] = e,

where ¢ := infrcqm(re), or in other words, o is the optimal value of the er-
godic control problem with running cost r. Also a stationary Markov control v,
is optimal for the ergodic control problem relative to r¢ if and only if it satisfies

(3.34) H(x,VV®(x)) =b(x,ve(x)) - VVE(x) + re(x, ve(x)) ae. inRY,

where

(3.35) H.(x, p):= meiﬁr}[b(x, u) - p+re(x,u)].
u

Moreover:

(a) for every R > 0, there exists kg such that

(3.36) osc V& <kg;
Br

(b) if ve is a measurable a.e. selector from the minimizer of the Hamiltonian
in (3.35), that is, if it satisfies (3.33), then for any § > 0,

Ts
Ve 2 B [ (X v (X0) - 00) ds | int v
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(c) for any stationary control v € Ussm and for any & > 0,

VE(x) <EY [/Om(rs(Xs, v(Xy)) — 0¢)ds + Vf(X;S)],

where Ts is hifting time to the ball By.
THEOREM 3.4. Let V¢, o, and v, for € > 0, be as in Theorem 3.3. The

following hold:

(a) The function V¢ converges to some Vi € C2(RY), uniformly on compact
sets, and 9. — 0x, as € \( 0, and V, satisfies

(3.37) min[L" Vi (x) +r(x, u)] = 0.
uel
Also, any limit point v, (in the topology of Markov controls) as € \ 0 of the set
{ve} satisfies
L%V (x) 4+ r(x, ve(x)) = 0« ae. inRY,

(b) A stationary Markov control v is optimal for the ergodic control problem
relative to r if and only if it satisfies

(3.38) H(x,VVi(x)) =b(x,v(x)) - VVi(x) +r(x, v(x)) ae.inRY,

where
H(x, p) :=min[b(x,u) - p+r(x,u)].
uel

Moreover, for an optimal v € Ugn, we have

T—o0

1 T
lim ?Eﬁé[/ r(Xs,v(Xs))ds]zg* Vx e RY,
0

(c) The function V, has the stochastic representation

)
Vi(x) =lim inf E”[/ (F(XS,U(XS))_Q)dS}

¥ S\OUEUﬁ>0L{€M * 0 "
(3.39)

[
= lim B [ (X 0X0) - 02) s
for any v € Mgy that satisfies (3.38).

(d) If U is a convex set, u = {b(x,u) - p+r(x,u)}is strictly convex whenever
it is not constant, and u +— h(x, u) is strictly convex for all x, then any measur-
able minimizer of (3.33) converges pointwise, and thus in $sm, to the minimizer

of (3.37).
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Theorem 3.4 guarantees the existence of an optimal stable control, which is
made precise by (3.38), for the ergodic diffusion control problem with the running
cost function r. Moreover, under the convexity property in part (d), the optimal
stable control can be obtained as a pointwise limit from the minimizing selector
of (3.33). For instance, if we let

d
r(x,u):(e-x)"'Zhiu;”, m>1,
i=l

then by choosing /4 and h+ |u|? as in Proposition 3.1, we see that the approximate
value function V¢ and approximate control v, converge to the desired optimal
value function V, and optimal control v, respectively.

Concerning the uniqueness of the solution to the HIB equation in (3.37), re-
call that in the near-monotone case the existing uniqueness results are as follows:
there exists a unique solution pair (V, @) of (3.37) with V in the class of func-
tions C2(R?) which are bounded below in R?. Moreover, it satisfies V (0) = 0 and
0 < 04. If the restriction o < p, is removed, then in general, there are multiple
solutions. Since in our model r is not near-monotone in R, the function Vj is not,
in general, bounded below. However, as we show later in Lemma 3.10 the neg-
ative part of V, grows slower than V), that is, it holds that V. € o(V), with o(:)
as defined in Section 1.3. Therefore, the second part of the theorem that follows
may be viewed as an extension of the well-known uniqueness results that apply to
ergodic control problems with near-monotone running cost. The third part of the
theorem resembles the hypotheses of uniqueness that apply to problems under a
blanket stability hypothesis.

THEOREM 3.5. Let (V,d) be a solution of
(3.40) min[L“V (x) +r(x,u)] =
uel

such that V= € o(V) and V (0) = 0. Then the following hold:

(a) Any measurable selector U from the minimizer of the associated Hamilto-
nian in (3.38) is in MUssm and g5 < 0.
(b) IfQ < 0« then necessarlly 0 = 0« and V= V*

(© IfV € O(min,cy h( u)), then o = 04 and V= V.

Applying these results to the multi-class queueing diffusion model, we have the
following corollary.

COROLLARY 3.1. For the queueing diffusion model with controlled dynamics
given by (3.10), drift given by (3.9), and running cost as in (3.11), there exists
a unique solution V, satisfying V(0) = 0, to the associated HJB in the class of
functions C2(RY)NO(|x|™), whose negative part is in o(|x|™). This solution agrees
with Vi in Theorem 3.4.
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PROOF. Existence of a solution V follows by Theorem 3.4. Select V ~ |x|™ as
in the proof of Proposition 3.1. That the solution V is in the stated class then fol-
lows by Lemma 3.10 and Corollary 4.1 that appear later in Sections 3.6 and 4,
respectively. With & ~ |x|™ as in the proof of Proposition 3.1, it follows that
mingey A (x, u) € O(|x|™). Therefore, uniqueness follows by Theorem 3.5. [J

We can also obtain the HIB equation in (3.37) via the traditional vanishing
discount approach as the following theorem asserts. Similar results are shown for a
one-dimensional degenerate ergodic diffusion control problem in [29] and certain
multi-dimensional ergodic diffusion control problems (allowing degeneracy and
spatial periodicity) in [2].

THEOREM 3.6. Let V, and o, be as in Theorem 3.4. For a > 0, we define
o
Vy(x) := inf Eg [f e Yr(X,, U,)dt]
Ueldl 0

The function Vy, — V4 (0) converges, as o \ 0, to V.., uniformly on compact subsets
of R%. Moreover, aVy(0) — 04, as a \ 0.

The proofs of the Theorems 3.3-3.6 are given in Section 3.6. The following re-
sult, which follows directly from (3.31), provides a way to find e-optimal controls.

PROPOSITION 3.2. Let {v.} be the minimizing selector from Theorem 3.3 and

{1y, } be the corresponding invariant probability measures. Then almost surely for
all x e R4,

lim iIEl”S [/OTr(XS, Ve (X)) ds] = A;dr(x, Ve (X)) o, (dx)

Tooo T *

< 0« +eko(1 + 04).

3.6. Technical proofs. Recall that re(x,u) =r(x,u) + sﬁ(x, u), with h as in
Lemma 3.3. We need the following lemma.
For @ > 0 and ¢ > 0, we define

o
@3.41) Vi = inf BY| [ e, var.

where we set ro = r. Clearly, when ¢ = 0, we have Vo? =V,.
We quote the following result from [1], Theorem 3.5.6, Remark 3.5.8.

LEMMA 3.4. Provided ¢ > 0, then V. defined above is in C2(R?) and is the
minimal nonnegative solution of

miﬁrjl[L“ Ve(x) +re(x,u)] =aV;(x).
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The HJB in Lemma 3.4 is similar to the equation in [7], Theorem 3, which
concerns the characterization of the discounted control problem.

LEMMA 3.5. Let u be any precise Markov control and L" be the correspond-
ing generator. Let ¢ € C*(R?) be a nonnegative solution of

L' —ap=g,
where g € L1y, (RY). Let k : Ry — Ry be any nondecreasing function such that

llgllLoe(Bg) < kK (R) for all R > 0. Then for any R > 0 there exists a constant D(R)
which depends on k (4R), but not on u, or ¢, such that

oscy < D(R)(l +oinf go).
PROOF. Define g := a(g — 2«(4R)) and ¢ := 2« (4R) + a¢p. Then g <0 in
B4 and ¢ solves
L'9—ap=g in Byg.
Also
181l Lo (Byg) < @ (2 (4R) + I gll L (Bag))
< 3a(26(4R) — l|gllL>o(Byp))
=3 g:ll: 8]
< 31Barl ™ 1Z 1 L1 8-
Hence by [1], Theorem A.2.13, there exists a positive constant Cp such that

sup ¢(x>séHx;%f P(x),
3R

XEB3R

implying that

(3.42) @ sup <p(x)géH(2K(4R)+ inf a(p(x)).

XE€B3g

We next consider the solution of
L'y =0 in B3g, Y=g on 9 B3p.
Then
L' (p—y)=ap+g  inBsp.

If ¢(X) = infyep,, ¢(x), then applying the maximum principle ([1], Theo-
rem A.2.1, [18]) it follows from (3.42) that

(3.43) sup |¢ — | < C(1 4 ap(®)).

xX€B3p
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Again ¢ attains its minimum at the boundary ([1], Theorem A.2.3, [18]). There-
fore, ¥ — ¢(x) is a nonnegative function, and hence by the Harnack inequality,
there exists a constant Cy > 0 such that

V(@) —9@) < Cu(Y () — &) <CuC(l+ap(®))  Vx e Bag.
Thus, combining the above display with (3.43) we obtain

gscy < sup(p — ) +supy —p(§) = C(+ Cr)(1 + a9 ().

Brr Bor

This completes the proof. [

LEMMA 3.6. Let V; be as in Lemma 3.4. Then for any R > 0, there exists a
constant kg > 0 such that

osc Ve <kg foralla € (0, 1] and ¢ € [0, 1].
R

PROOF. Recall that u,, is the stationary probability distribution for the pro-
cess under the control uq € sy in Lemma 3.1. Since ug is sub-optimal for the
a-discounted criterion in (3.41), and V is nonnegative, then for any ball Bg, using
Fubini’s theorem, we obtain

g BRDEVE < [V (@)

< /ﬂ;d Ezo[/(; e_wrg(Xz,UO(Xt))dt}Muo(dx)

1
= _:uu()(ré‘)
o

1
< E(" + eko(1 + 1)),

where for the last inequality we used Lemma 3.2 and Theorem 3.1(a).
Therefore, we have the estimate
ko(1
winfve < 1A m
Bg Muo(BR)
The result then follows by Lemma 3.5. [

We continue with the proof of Theorem 3.3.

PROOF OF THEOREM 3.3. Consider the function ‘_/Of =V; = V;(0). In view
of Lemma 3.5 and Lemma 3.6, we see that \_/Of is locally bounded uniformly in
a € (0, 1] and ¢ € (0, 1]. Therefore, by standard elliptic theory, V(f and its first- and
second-order partial derivatives are uniformly bounded in L?(B), for any p > 1,
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in any bounded ball B C R, that is, for some constant Cp depending on B and
p, ||\7;||W2,p(3) < Cp ([18], Theorem 9.11, page 117). Therefore, we can extract
a subsequence along which \_/Of converges. Then the result follows from Theo-
rems 3.6.6, Lemma 3.6.9 and Theorem 3.6.10 in [1]. The proof of (3.36) follows
from Lemma 3.5 and Lemma 3.6. [

REMARK 3.8. In the proof of the following lemma, and elsewhere in the pa-
per, we use the fact that if I/ C $gsm is a any set of controls such that the corre-
sponding set {u,:v € U} C M of invariant probability measures is tight then the
map v +— 1, from the closure of U/ to P(R? x U) is continuous, and so is the map
v — y. In fact, the latter is continuous under the total variation norm topology
[1], Lemma 3.2.6. We also recall that § and M are closed and convex subsets of
PR x U) and P(R?). Therefore,{rr, : v € U} is compact in G. Note also that since
U is compact, tightness of a set of invariant probability measures is equivalent to
tightness of the corresponding set of ergodic occupation measures.

LEMMA 3.7. If {ve:e € (0, 11} is a collection of measurable selectors from
the minimizer of (3.33), then the corresponding invariant probability measures
{te 1€ € (0, 11} are tight. Moreover, if ve, — vy along some subsequence g, \ 0,
then the following hold:

(@) pe, = Mo, as en 0,
(b) vy is a stable Markov control,

(©) Jra 7 (x, ve(X)) fhy, (dx) = limen 0 0s = O

PROOF. By (3.25) and (3.31), the set of ergodic occupation measures corre-
sponding to {v,:e € (0, 1]} is tight. By Remark 3.8, the same applies to the set
{ie :e € (0, 1]}, and also part (a) holds. Part (b) follows from the equivalence of
the existence of an invariant probability measure for a controlled diffusion and the
stability of the associated stationary Markov control (see [1], Theorem 2.6.10).
Part (c) then follows since equality holds in (3.32). [J

We continue with the following lemma that asserts the continuity of the mean
hitting time of a ball with respect to the stable Markov controls.

LEMMA 3.8. Let {v,:n € N} C ilgM, for some B > 0, be a collection of
Markov controls such that v, — v in the topology of Markov controls as n — 0.
Let w,, i be the invariant probability measures corresponding to the con-
trols vy, v, respectively. Then for any 8 > 0, it holds that

Ey(f] — Eylfs]  Vx e By
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PROOF. Define H(x) := minueUfz(x,u). It is easy to see that H is inf-
compact and locally Lipschitz. Therefore, by Theorem 3.1(d) we have

sup un (H) < ko(1 + B),
neN

and since u, — (i, we also have L(H) < ko(1 4+ B). Then by [1], Lemma 3.3.4,
we obtain

'E(S N fa
(3.44) sup EY" U H(Xs)ds] +EY [/ H(Xy) dsi| < 0.
neN 0 0

Let R be a positive number greater than |x|. Then by (3.44), there exists a positive k
such that

K 1 Ts X
E; Uo ]I{H>R}(Xs)dsi| = 2B [/O H(XS)H{H>R}(XS)ds] <o

for v € {{v,}, 0}. From this assertion and (3.44), we see that
T5
sup [E} [/ ]I{H>R}(Xs)ds:| — 0.
vel{v,}. 5} 0 k=00

Therefore, in order to prove the lemma it is enough to show that, for any R > 0,
we have

# e
EE[/O ]I{HSR}(Xs)ds]”ngE}g[fo ]I{HSR}(XS)ds]

But this follows from [1], Lemma 2.6.13(ii). [

LEMMA 3.9. Let (V&, 0.) be as in Theorem 3.3, and v, satisfy (3.35). There
exists a subsequence &, \, 0, such that V& converges to some V, € C>(R?), uni-
formly on compact sets, and V. satisfies

(3.45) mi[[rjl[L” Vi(x) +r(x, u)] = 0x.

Also, any limit point v, (in the topology of Markov controls) of the set {v.}, as
e\ 0, satisfies

(3.46) L%V (x) +7(x, v4(x)) = 0« ae. inRY,
Moreover, V, admits the stochastic representation
T5
Vi(x) = inf , E} [/ (r(Xs, v(Xs)) — Q*) ds + V*(X;S)}
veUpo sy 0

(3.47) .
= E;* [/() (r(XSv v*(Xs)) - Q*) ds + V*(ng)i|-

It follows that Vy is the unique limit point of V¢ as € \ 0.
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PROOF. From (3.36), we see that the family {V¢:¢e € (0, 1]} is uniformly
locally bounded. Hence, applying the theory of elliptic PDE, it follows that
{Vé:e € (0, 1]} is uniformly bounded in lec;f (RY) for p > d. Consequently,
{V¢:e € (0, 1]} is uniformly bounded in Cllo’cy for some y > 0. Therefore, along
some subsequence &, \ 0, V¥ — V, € WP N CLY, as n — oo, uniformly on
compact sets. Also, limg\ 00s = 0« by Lemma 3.6(c). Therefore, passing to the
limit we obtain the HJB equation in (3.45). It is straightforward to verify that (3.46)
holds [1], Lemma 2.4.3.

By Theorem 3.3(c), taking limits as ¢ N\ 0, we obtain

(348) Vi(x) < inf E? [/‘m (r(Xs, v(Xy)) — 04) ds + V*(X;S)i|.
veUpso Uy 0
Also by Theorem 3.3(b) we have the bound
VE(x) > —0.E¥[Ts] + illslgf VE.
Using Lemma 3.8 and taking limits as &, N\ 0, we obtain the lower bound
(3.49) Vie(x) = _Q*E;* [Ts]+ illflgf V.

By Lemma 3.7(c) and Theorem 3.1(d), v, € HUssm, and 7y, (fz) <ko(1 + 04). De-
fine

(3.50) @(x) :=E% UOTS h(Xs, vie(X5)) ds].

For |x| > §, we have
Ts

E;* [H{rR<fg}§0(XrR)] = E;* |:H{tR<f5} / E(Xx, U*(Xs)) ds]-
T

Therefore, by the dominated convergence theorem and the fact that ¢(x) < oo we
obtain

RATs

Ey [go(XTR)]I{TR <f5}] R—> 0.

/o0
By (3.48) and (3.49), we have |V,| € O(p). Thus (3.49) and (3.50) imply that
1}@3@?* [Vi(Xp)zg <5y ] =0,

and thus
(3.51) l}en}ngz*[V*(XrRAfa)] :Ez*[V*(Xfa)].

Applying Itd’s formula to (3.46), we obtain

(3.52) V*<x)=E§*[/O ’ R(r(xs,v*ocs))—Q*)ds+v*<fo,R>]
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Taking limits as R — oo, and using the dominated convergence theorem, we ob-
tain (3.47) from (3.48). U

Recall the definition of o(-) from Section 1.3. We need the following lemma.
LEMMA 3.10. Let V, be as in Lemma 3.9. It holds that V. € o(V).

PROOF. Let v, be as in Lemma 3.9. Applying It6’s formula to (3.24) with
U = v, We obtain

EY+ [/ ® B, 0 (X)) e (X, v2(X,) ds}
(3.53)

<EY [ fo (X va (X)) T (X, 0 (X)) ds] FE[B] 4+ V().

Therefore, adding the term

E% [ [ 7 (v T (X X)) ds} — (1+20.)EV 3]

to both sides of (3.53) and using the stochastic representation of V, we obtain
T .
F(x):= 2kO_IIE§* [/0 h(Xs, ve(Xy)) ds} —2(1 + 0)E}[75]

(3.54)
< 2Vi(x) + V(&) — 2inf Vi
8

From the stochastic representation of V, we have V,” (x) < 0.E¥[7s] — infp, V.
For any R > §, we have

T . -
(3.55) E¥ |:/ h(Xs, v*(XS))ds] > ( inf h)E,[Tg] Vx € By.
0 B4 xU
It is also straightforward to show that limy|— IEEE:[[’T?]] = 1. Therefore, since / is
inf-compact, it follows by (3.54) and (3.55) that the map x — EV[7s] is in o(F),
which implies that V7 € o(F). On the other hand, by (3.54) we obtain F(x) <

V(x) — 2supp, Vi for all x such that Vi (x) <0, which implies that the restriction
of F to the support of V.~ is in O(V). It follows that V. e 0(V). [

We next prove Theorem 3.4.

PROOF OF THEOREM 3.4. Part (a) is contained in Lemma 3.9.
To prove part (b), let v be any control satisfying (3.38). By Lemma 3.10 the map
V + 2V, is inf-compact and by Theorem 3.4 and (3.24) it satisfies

L'V +2V)(x) <1420, — r(x, 9(x)) — h(x, 9(x))Iye (x, D(x))
<2420, —2ky ' h(x,0(x))  VxeR%
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This implies that v € Lgsm. Applying Itd’s formula, we obtain

1 17T~
(3.56) limsup —E? [/ h(Xs, (Xy)) ds] <ko(l+ 0x).
Tooo T 0
Therefore, (ﬁ) < 00. By (3.24), we have
t

EYV(X)] < V(x) + 1t +E? [/0 (X5, 9(Xy)) ds],

and since r < &, this implies by (3.56) that

1 -
(3.57) limsup —E{[V(X7)] < 1+ ko(1 +0.).

T—o0

Since V. € o(V), it follows by (3.57) that

1 -
lim sup ?E;[V*_(XT)] =0.

T— o0

Therefore, by Itd’s formula, we deduce from (3.37) that

1 1T
(3.58) limsup?E;[/ r(XS,t_J(XS))ds}SQ*.
0

T—o00

On the other hand, since the only limit point of the mean empirical measures
{f,,, as t — 0o, is my;, and m;(r) = 04, then in view of Remark 3.6, we obtain

liminf; o0 ¢ ,(r) > 0«. This proves that equality holds in (3.58) and that the

“limsup” may be replaced with “lim.”

Conversely, suppose v € gy is optimal but does not satisfy (3.38). Then there

exists R > 0 and a nontrivial nonnegative f € L°°(Bg) such that

fe(x) :=Tgg (x)(LPVE(x) 4+ re(x, v(x)) — 0¢)

converges to f, weakly in L'(Bg), along some subsequence ¢ \, 0. By applying

1t6’s formula to (3.33), we obtain

l(Ev[Vs(XT )] - VE) + lEv |:/TMR re(Xs, v(Xs)) dsi|
T X ATR T X 0 & S N

(3.59) | -
> 0s + - E; [/0 fe(Xs, v(Xs))ds]

Define, for some § > 0,

G(x):=E! |:/0is re(Xs, v(Xy)) ds:|.

Since V¢ is bounded from below, by Theorem 3.3(c) we have V¢ € O(G). Invok-

ing [1], Corollary 3.7.3, we obtain

1
lim —EY[V(X7)] =0,

T—o00
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and

lim E;[VE(XTATR)] = E;[Vg (XT)].

R—o0
Therefore, taking limits in (3.59), first as R 7 0o, and then as T — oo, we obtain
(3.60) Ty(re) > 0e + 7y (fe).

Taking limits as ¢ N\ 0 in (3.60), since 1, has a strictly positive density in Bg, we
obtain

y(r) = 05 + Ty (f) > 04,

which is a contradiction. This completes the proof of part (b).

The first equality (3.39) follows by Lemma 3.9, taking limits as § N\ 0. To show
that the second equality holds for any optimal control, suppose v satisfies (3.38).
By (3.24) we have, for § > 0 and |x| > §,

_ _[ [TRATs
EV[V(Xep)jegotyy] < V@) + sup V™ +EL [ /0 (14 r(Xs, 5(X,))) ds}.
Bs
It follows that (see [1], Lemma 3.3.4)
Hmsup B2 [V(X o) jrq<i5)] < 00,

R—o0

and since V,_ € 0()) we must have
limsup B2 [V, (X 1) [(rp<55)] =0
R— o0
By the first equality in (3.47), we obtain V*+ € O(p), with ¢ as defined in (3.50)
with v, replaced by v. Thus, in analogy to (3.51), we obtain

liminf EL[Va (Xeprs)] = By [Va(X3,)].

The rest follows as in the proof of Lemma 3.9 via (3.52).
We next prove part (d). We assume that U is a convex set and that

c(x,u, p):={bx,u) - p+r(x,u)}
is strictly convex in u if it is not identically a constant for fixed x and p. We fix
some point # € U. Define
B:={xe RY:¢(x, -, p) = c(x, i, p) for all r}.

It is easy to see that on B both b and r do not depend on u. It is also easy to
check that B is a closed set. Let (V, vy) be the limit of (V¥, v,), where V. is
the solution to (3.37) and v, is the corresponding limit of v.. We have already
shown that v, is a stable Markov control. We next show that it is, in fact, a precise
Markov control. By our assumption, v, is the unique minimizing selector in (3.34)
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and, moreover, v, is continuous in x. By the definition of r. it is clear that the
restriction of v, to B does not depend on ¢. Let v (x) = v'(x) on B. Using the
strict convexity property of c(x, -, VV,) it is easy to verify that v, converges to the
unique minimizer of (3.37) on B¢. In fact, since B¢ is open, then for any sequence
x% — x € B¢ it holds that v, (x®) — v (x). This follows from the definition of the
minimizer and the uniform convergence of VV?¢ to VV,. Therefore, we see that v,
is a precise Markov control, v, = v’ on B, and v, — v, pointwise as & — 0. It is
also easy to check that pointwise convergence implies convergence in the topology
of Markov controls. [

We now embark on the proof of Theorem 3.5.

PROOF OF THEOREM 3.5. The hypothesis that V= eo()) implies that the
map V + 2V is inf-compact. Also by (3.24) and (3.40), it satisfies

LYV 42V)(x) <1420 —r(x, 0(x)) — h(x, D(x))Ipe (x, D(x))
<2420 —2ky 'h(x,0(x))  VxeR9

Therefore, [ h(x, (x)) dm; < oo from which it follows that p; < co. This proves

part (a).
By (3.24), we have

~ n t
EV(X)] < V() +1+E UO F(X, 5(X,)) ds],
and since g; < 00, this implies that

) S
(3.61) lim sup ?E)’é [VX7)] <1+ o0;.

T— o0
Since V~ € o()), it follows by (3.61) that
P
lim sup ?Ez[V_(XT)] =0.

T— 00

Therefore, by Itd’s formula, we deduce from (3.40) that

| oo LT o .
llmsup(?E;[V+(XT)]+?E;|:/() r(XS,v(XS))ds:D:Q.

T—o00

This implies that o5 < ¢ and since by hypothesis ¢ < g, we must have ¢ = .
Again by (3.24), we have

R R TRATs
EY[V(Xep)jrp<s] < V() + sgp V™ +E} [/0 (14 r(Xs, 0(Xy))) ds].
§

It follows by [1], Lemma 3.3.4, that
limsupEg[V(XrR)]I{,R<f5}] < 00,

R—o00
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and since V~ € 0(V) we must have
(3.62) limsup E2[V ™ (X p)r5<5,] = 0.
R— o0

Using (3.62) and following the steps in the proof of the second equality in (3.47),
we obtain

N N A
V(x) = Ey [ / (r(Xs. 0(X5)) — 0x) ds] +inf V
0 )
> Vi(x) —sup Vi + inf V.
Bs Bs

Taking limits as 3\ 0, we have V, < V. Since Lf’(V* — ‘7) >0and V,(0) = \7(0),
we must have V = V,, on R?, and the proof of part (b) is complete. 3

To prove part (c) note that by part (a) we have p; < co. Therefore, [hdm; < oo
by Theorem 3.1(a), which implies that [ \4 du s < oo by the hypothesis. There-
fore, Eﬁ(W(X +)|) converges as t — oo by [23], Proposition 2.6, which of course
implies that %Eﬁ(l V(X +)|) tends to O as ¢+ — oo. Similarly, we deduce that

%E;*(H}(X,)l) as t — 0o. Applying It6’s formula to (3.40), with u = v,, we ob-
tain ¢ < 4. Another application with u = v results in ¢ = g;. Therefore, 0 = 0.
The result then follows by part (b). [J

We finish this section with the proof of Theorem 3.6.

PROOF OF THEOREM 3.6. We first show that limy\ gaVy(0) = 04. Let
f)(t,x) =e ¥V(x), and 1,(t) := 1, A t. Applying Itd’s formula to (3.24), we
obtain

~ () .
EY[V(tu (), X1,)] < V(x) —EY [ /O t aV(s, Xs)ds}
T, (1)
+E§’[/O t e (1 —h(xS,Us))HHc(XS,US)ds]

T (1)
+ E)lc] [/0 e_OlS(l +r(Xs, US))]I’H(XS, UY)dsiI

It follows that

T, (1)
E! [ / e h(Xs, Uy (X, Us) ds]
(3.63) 0

1 T (1)
= —+V(X)+Eg[/ e_asr(XSaUS)HH(XSaUS)dS]'
o 0

Taking limits first as n /" co and then as ¢ ' oo in (3.63), and evaluating U at
an optimal «-discounted control v}, relative to r we obtain the estimate, using
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also (3.23),

Y )y X st 2
(3.64) 2k, E,* [/ e " h(Xs, v;(Xs))ds} < — 4+ V) + 2V, (x).

0 o
By (3.23) and (3.64), it follows that
« [e'e)
Vo) = Vi) <BE| [ e (60 ds |
0

< Vo) + ekola™" +V(x) + Vu ().
Multiplying by « and taking limits as o N\ 0 we obtain

limsupa V, (0) < 0: < (14 ekp) limsupa Vy (0) 4 ekyp.
a\0 a0
The same inequalities hold for the “liminf.” Therefore, limy\ oo Vy (0) = 0«
Let
V= 1 (V — V4 (0)).

Ol

(Note that a similar result as Lemma 3.5 holds.) Then V satisfies

V(x)f(%i\r‘%Efc[/o (r(Xs,v(Xs))—Q*)ds} Yv e ngM

B>0

This can be obtained without the near-monotone assumption on the running cost;
see, for example, [1], Lemma 3.6.9 or Lemma 3.7.8. It follows from (3.39) that
V< V. On the other hand, since L”*(V Vi) >0, and V(O) V. (0), we must
have V =V, by the strong maximum principle. [

4. Approximation via spatial truncations. We introduce an approximation
technique which is in turn used to prove the asymptotic convergence results in
Section 5.

Let vy € Ussm be any control such that 7, (r) < 0o. We fix the control vy on the
complement of the ball B; and leave the parameter u free inside. In other words,
for each [ € N we define

b(x,u), if (x,u) e By x U,
bi(x,u) = .

b(x, v (x)), otherwise,

r(x,u), if (x,u) e B x U,
ri(x,u) = .

r(x, vo(x)), otherwise.

We consider the family of controlled diffusions, parameterized by / € N, given by

(41) dX[:b[(Xt,U[)dt‘l‘O'(Xt)dW[,
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with associated running costs r;(x, u). We denote by Usm(/, vo) the subset of sy
consisting of those controls v which agree with vg on Bf. Let 1o 1= my, (r). It is

2,p
loc

well known that there exists a nonnegative solution gg € W;"?(R%), for any p > d,

to the Poisson equation (see [1], Lemma 3.7.8(ii))

LY @o(x) =no — h(x, vo(x)) x e RY,
which is inf-compact, and satisfies, for all § > 0,
I
w00 =B | 7R w0(X)  m)ds +en(Xs) | VxR,

We recall the Lyapunov function V from Assumption 3.1. We have the following
theorem.

THEOREM 4.1. Let Assumptions 3.1 and 3.2 hold. Then for each | € N there
exists a solution V' in lec;f RY), for any p > d, with V1(0) = 0, of the HJB
equation

4.2) gleiur}[L;fv’ @)+ r(x, w)] =01,

where Ly is the elliptic differential operator corresponding to the diffusion in (4.1).
Moreover, the following hold:

(1) oy is nonincreasing in [;
(i1) there exists a constant Cq, independent of |, such that Vix) < Co+ 2¢0(x)
foralll eN;
(i) (VH™ € o(V + @o) uniformly over | € N;
(iv) the restriction of V!ion By isin C2.

PROOF. As earlier, we can show that
o0
l . : U —
Va(x) = (ljrg:J,Ex |:/(; € asrl(Xs, Ua)dsi|

is the minimal nonnegative solution to

(4.3) miurjl[L}‘ Vi) 4+ r(x, )] =a Vi),

and Voi € leof (Rd), p > d. Moreover, any measurable selector from the mini-
mizer in (4.3) is an optimal control. A similar estimate as in Lemma 3.5 holds

and, therefore, there exists a subsequence {«, }, along which Volln (x)— Volln (0) con-

verges to Vv!lin leo’f(Rd), p>d, and o Vol[” 0) — o7 as oy \( 0, and V!, o1)
satisfies (4.2) (see also [1], Lemma 3.7.8).

To show that 7 (r) = oy, vl is a minimizing selector in (4.2), we use the fol-
lowing argument. Since 7, (r) < 0o, we claim that there exists a nonnegative, inf-
compact function g € C (R?) such that Ty (g - (1 + 7)) < 0o. Indeed, this is true
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since integrability and uniform integrability of a function under any given mea-
sure are equivalent (see also the proof of [1], Lemma 3.7.2). Since every control in
Usm(l, vo) agrees with vg on By, then for any xo € B; the map

vis B [/Of’ e(X)(1+r(Xs., v(XS)))ds:|

is constant on sm(Z, vg). By the equivalence of (i) and (iii) in Lemma 3.3.4 of [1],
this implies that

sup  my(g-(1+7r)) <oo Vi eN,

vesm,vg)
and thus r is uniformly integrable with respect to the family {m, : v € Usm(l, vo)}
for any / € N. It then follows by [1], Theorem 3.7.11, that
4.4 = inf , [ eN.
(4.4) o= Ty (r)
This yields part (i). Moreover, in view of Lemmas 3.5 and 3.6, we deduce that
for any § > 0 it holds that supp, |V!| < ks, where ks is a constant independent of
[ € N. It is also evident by (4.4) that ¢ is decreasing in / and g; < ng forall/ € N.
Fix 8 such that min,cy 2 (x, u) > 2no on B§. Since ¢y is nonnegative, we obtain

(4.5) Ev [/OTS (h (X, vo(Xy)) — no) ds} <@o(x)  VxeR‘

Using an analogous argument as the one used in the proof of [1], Lemma 3.7.8, we
have

4.6) Vix) < EY ['/(;TB (ri(Xs, v(Xs)) — 01) ds] + K5 Yv € Usm(, vo).

Th}ls, by (4.5) and (4.6), and since by the choice of § > 0, it holds that r < h<
2(h — no) on Bj, we obtain

Vi(x) <EW [/Om 2(h (X5, v0(X5)) — n0) dS} + K
(4.7)
<Ks+2¢p(x) vx € R4,

This proves part (ii).

Now fix / € N. Let v/, be a minimizing selector of (4.3). Note then that v}, €
Usm(, vo). Therefore, vfx is a stable Markov control. Let vfxn — v/ in the topology
of Markov controls along the same subsequence as above. Then it is evident that
vl € tsm(l, vo). Also from Lemma 3.8, we have

op

!
E™ (%] e EV[%]  Vxe BS, V6> 0.
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Using [1], Lemma 3.7.8, we obtain the lower bound
I
(4.8) Vi(x) = —oiEY [#5] — k5.
By [1], Theorem 3.7.12(i) (see also (3.7.50) in [1]), it holds that

V(x) = EY [ [ (X v (X)) — o) ds + vl(st)]
4.9)

12)
> E;I [/ FI(XS, UI(XS)) ds:| — Q]E;l [Ts] — ks Vx € Blc.
0
By (3.23), we have
2k TG, g, w) < 147 (e, )z (x, u).
Therefore, using the preceding inequality and (4.9), we obtain

I
Vi) + (1 + on)EY [#5] + ks

(4.10) , ]
5 .
> k—IE;l [ /O h(Xs, v (X)) (X5, v (X)) ds].
0
By (3.24), (4.9) and the fact that V is nonnegative, we have
2 Ul f(; ~ 1 I vl v
oK | RO O e (X v (X0) ds | = Vi) = X T3]
T
@.11) <EY [/ r (X, v (X)) (X5 0! (X)) ds]
0

< V(@) + 0B [#5] + k.
Combining (4.7), (4.10) and (4.11), we obtain

o T l vhre
o [ R (Xs))ds] < ko(1 + o) EY [%5]

ko
+ EV(X) + 2k0((p0(x) + K,s)

for all / € N. As earlier, using the inf-compact property of h and the fact that
01 < no is bounded, we can choose § large enough such that

T5

@.12) noE %] <EY [ /0 R (X, 0 (X)) ds] < koV(x) + 4o (90 (x) + K3)

for all / € N. Since £ is inf-compact, part (iii) follows by (4.8) and (4.12).
Part (iv) is clear from regularity theory of elliptic PDE [18], Theorem 9.19,
page 243. [
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Similar to Theorem 3.3, we can show that oscillations of {V'} are uniformly
bounded on compacts. Therefore, if we let / — oo we obtain a HIB equation

a1 min[L" )+ (5, 0] = 0.

with V € C2(RY) and lim;_, o 01 = 0. By Theorem 4.1, we have the bound
(4.14) V(x) < Co+200(x),

for some positive constant Cyp. This of course, implies that \A/+(x) < Co+2¢p(x).
Moreover, it is straightforward to show that for any v € LUggy with g, < 00, we
have

1

limsup —EY[V(X,)] < oo.
t—oo I

Therefore, if in addition, we have

1
lim sup ;Efc [po(X1)] < o0,

t—00

then it follows by Theorem 4.1(iii) that

1A
4.15) limsup -V~ (X;) — 0.
t t—00

—00

THEOREM 4.2. Suppose that ¢g € O(minuemﬁ(-, u)). ThAen, under the as-
sumptions of Theorem 4.1, we have lim;_, 5, 0] = 0 = 0x, and V = V. Moreover,
Vi € O(90).

PROOF. Let {1;} be any sequence of measurable selectors from the minimizer
of (4.2) and {m;} the corresponding sequence of ergodic occupation measures.
Since by Theorem 3.1 {m;} is tight, then by Remark 3.8 if 0 is a limit point of
a subsequence {0;}, which we also denote by {v;}, then 7 = 7r; is the correspond-
ing limit point of {m;}. Therefore, by the lower semi-continuity of # — 7 (r) we
have

0 =1E)1207Tl(’”) > 7 (r) = 0p-
It also holds that
(4.16) LV(x) +r(x, 0(x)) =08,  as.
By (4.15), we have

liTrgioréf%Eﬁ[V(XT)] =0,

and hence applying It0’s rule on (4.16) we obtain o5 < @. On the other hand, if
vy 1S an optimal stationary Markov control, then by the hypothesis ¢g € O(h),
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the fact that m,, (ﬁ) < 00, (4.14) and [23], Proposition 2.6, we deduce that
IEQ*[VJF(X )] converges as t — oo, which of course together with (4.15) implies
that %Eﬁ[‘;'(X,)] tends to 0 as t+ — oco. Therefore, evaluating (4.13) at v, and
applying It6’s rule we obtain g,, > 0. Combining the two estimates, we have
04 < 0 < 0«, and thus equality must hold. Here, we have used the fact that there
exists an optimal Markov control for » by Theorem 3.4.

Next, we use the stochastic representation in (4.9)

4.17) V!(x)=E" U: (r (X5, 01(Xy)) — 0r) ds + V’(xfs)], x € B

Fix any x € B§. Since L(gi(}[ is compact, it follows that for each § and R with
0 <é < R, the map Fs5 g(v) :ilglv\‘)[ — R, defined by

Fs r(v) :=E? [/OW\TR r(Xs, v(Xy)) ds:|

is continuous. Therefore, the map Fs := limg oo Fs, g 1s lower semi-continuous.
It follows that

N . ) . Ts ~
(4.18) E;[/(; r(XS,v(XS))ds:|511_1)1210]]'3;’[/0 r(Xs,vl(Xs))ds].

On the other hand, since # is inf-compact, it follows by (4.12) that 75 is uni-

formly integrable with respect to the measures {IPy'}. Therefore, as also shown
in Lemma 3.8, we have

(4.19) Jim EY[%5] = EY[#].

Since V! — ‘7, uniformly on compact sets, and o; — 0%, as [ — 00, it follows by
(4.17)—(4.19) that

V(x)>E [/Om (r(Xs, D(Xy)) — 0%) ds + V(Xfa)}, x € BS.

Therefore, by Theorem 3.4(b), for any 6 > 0 and x € B§ we obtain

Vo(x) <E? [ /O (F(Xs, D(Xy)) — 04)ds + V*(Xi;):|
< V() +E[V*(Xy)] - EX[V(X3))],

and taking limitAs asé \A 0, using the fact that ‘7(0) = V«(0) =0, we obtain V, < v
onR?. Since L (V, — V) > 0, we must have V, = V. By Theorem 4.1(ii), we have
Vi € O(¢g). U
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REMARK 4.1. It can be seen from the proof of Theorem 4.2 that the assump-
tion ¢g € O(h) can be replaced by the weaker hypothesis that %E;* [epo(X7)]— 0
as T — oo.

REMARK 4.2. Itis easy to see that if one replaces r; by

1 _
”(X,M)+7f(u), for x € By,
ri(x,u) =

r(x, vo(x)) + ;f(vo(x)), otherwise,

for some positive valued continuous function f, the same conclusion of Theo-
rem 4.2 holds.

If we consider the controlled dynamics given by (3.20), with running cost as
in (3.11), then there exists a function V ~ |x|" satisfying (3.6). This fact is proved
in Proposition 3.1. There also exists a Lyapunov function Vy € O(|x|™), satisfy-
ing the assumption in Theorem 4.2, relative to any control vy with my,(h) < oo,
where 7 is selected as in Remark 3.5. Indeed, in order to construct Vy we recall the
function v in (3.21). Let Vy € C2(RY) be any function such that Vg = wm/ 2 on the
complement of the unit ball centered at the origin. Observe that for some positive
constants «; and « it holds that

2 2
K1lx]” < ¥ (x) < kalx]|”.

Then a straightforward calculation from (3.22) shows that (3.8) holds with the
above choice of V. By the stochastic representation of ¢y, it follows that ¢g €
O(Vy). We have proved the following corollary.

COROLLARY 4.1. For the queueing diffusion model with controlled dynamics
given by (3.20), and running cost given by (3.11), there exists a solution (up to an
additive constant) to the associated HIB in the class of functions in C*(R%) whose
positive part grows no faster than |x|™ and whose negative part is in o(|x|™).

We conclude this section with the following remark.

REMARK 4.3. Comparing the approximation technique introduced in this sec-
tion with that in Section 3, we see that the spatial truncation technique relies on
more restrictive assumption on the Lyapunov function V) and the running cost
function (Theorem 4.2). In fact, the growth of & also restricts the growth of r
by (3.23). Therefore, the class of ergodic diffusion control problems considered in
this section is more restrictive. For example, if the running cost r satisfies (3.11)
and & ~ |x|™, then it is not obvious that one can obtain a Lyapunov function V)
with growth at most of order |x|™. For instance, if the drift has strictly sub-linear
growth, then it is expected that the Lyapunov function should have growth larger
than |x|™. Therefore, the class of problems considered in Section 3 is larger than
those considered in this section.
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5. Asymptotic convergence. In this section, we prove that the value of the
ergodic control problem corresponding to the multi-class M /M /N + M queueing
network asymptotically converges to o, the value of the ergodic control for the
controlled diffusion. o A

Recall the diffusion-scaled processes X", Q" and Z" defined in (2.4), and from
(2.5) and (2.6) that

X{‘(t):Xf‘(O)—{—Z?t—,u?/ Z{’(s)ds—yi"/ Q7 (s)ds

0 0

5.1 R R R
+MZ,,-(t)—Mfé,,-(t)—M}%,,-(t),

where A;IZJ-(I), I\;Ig”i(t) and M;’e’i(t), i=1,...,d, as defined in (2.6), are square
integrable martingales w.r.t. the filtration {]'} with quadratic variations

n

~ A
(M} ;)(0) = 7’1’
(M3 ,)t) = i / t Z!(s)ds,

it o ="5 [ ororas.
5.1. The lower bound. In this section, we prove Theorem 2.1.

PROOF OF THEOREM 2.1. Recall the definition of V” in (2.10), and consider
a sequence such that sup,, yn ()A(” (0)) < 0. Let ¢ € C2(RY) be any function sat-
isfying ¢(x) := |x|™ for |x| > 1. As defined in Section 1.3, AX(¢) denotes the
jump of the process X at time ¢. Applying Itd’s formula on ¢ (see, e.g., [24], The-
orem 26.7), we obtain from (5.1) that

A A t A A A
Bl (170))] = Elp(£10)] + E| [ 0421 ). Z16))e/ (X152 s |
t
+E[‘/(; @g 10s), A ()" ( 'f(s))ds]

4 E2<A¢(ff'f<s>) — ¢/ (R1(s-)) - AR ()
s<t
1 . . .
- zso”(X”(s—))AX?(s)AX’f(s)),
where
O (x,2) =] —plz— J/]”(x —2),

piz+ oy —z))
Jn

1
2(x,2) = 5(#«1,01 +-L+
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Since {£/} is abounded sequence, it is easy to show that for all n there exist positive
constants «;, { = 1, 2, independent of n, such that

O (x, 2)¢"(x) < k1 (1 + [(e- x)T|™) — ka|x|™,

50, 29" (x) <k (14 [(e-x)T|™) + %le’",

provided that x —z < (e-x)™ and ﬁ < 1. We next compute the terms correspond-
ing to the jumps. For that, first we see that the jump size is of order ﬁ We can

also find a positive constant «3 such that

sup |o" )| <wk3(14+1xI"7%)  VxeR?
=zl

Using Taylor’s approximation, we obtain the inequality
. . . 1 . )
Ap(X1(9) — ¢/ (X)) - AXK{) =5 swp " OI[AR] )]
ly=X7](s—)I=1
Hence, combining the above facts we obtain

~ ~ ~ 1 ~ ~ ~
EZ(A@(X? () = @' (X{(s-) - AKX} (5) = 29" (X] (s—)) AKY (s)AX?(s))

s<t

<EY k(1 +|X16H)[" ) (AR ()

t ~ n n-n nn
=l [ (14 K1) (5L + A MO g

n

5.2)

<] [ (ks + 2RI +as((e- 276" ) as],

for some suitable positive constants k4 and ks, independent of n, where in the
second inequality we use the fact that the optional martingale [X] is the sum of

the squares of the jumps, and that [)A( 11—« X 1) is a martingale. Therefore, for some
positive constants C| and C» it holds that

0 <E[p(X] ()]
63 < Elp (110 + Cur — ZE[ [ |50 0
t An +\m
+ CZIE[/O ((e- X"()) ) ds].
By (2.8), we have

r(0"(s)) = ;—;((e SAD B
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which, combined with the assumption that sup,, vn ()A( "(0)) < oo, implies that

T A
sup lim sup %E[/O ((e- X"(s)) )" ds] < 00.

n T—oo

In turn, from (5.3) we obtain

. 1 i T on m 7
suphmsup?E/O | X7 ()™ ds | < o0.

n T—oo

Repeating the same argument for coordinates i =2, ..., d, we obtain
. 1 Ve O m i
(5.4) suplimsup —E / | X" (s)|™ ds | < o0.
n T—oo T LJo i

We introduce the process
X)) — 21 (1)
U= (e Xn@)+
ed, otherwise.

i=1,....d, if(e-X"(0))" >0,

Since Z" is work-conserving, it follows that U" takes values in &, and U/ (t)
represents the fraction of class i customers in queue. Define the mean empirical
measures

1 T N
@7 (A x B) := 7E[/0 Taxp(X"(s), U"(5)) ds}

for Borel sets A C R and B C S.

From (5.4), we see that the family {®%:7 > 0,n > 1} is tight. Hence, for
any sequence Ty — oo, there exists a subsequence, also denoted by 7%, such that
d>’%k — 7", as k — oo. It is evident that {w" :n > 1} is tight. Let #* — 7 along
some subsequence, with 7 € P(Rd x &§). Therefore, it is not hard to show that

nll)ngo\?”()A("(O)) E/Rd Uf(x,u)n(dx,du),

X

where, as defined earlier, 7(x,u) = r((e - x)*u). To complete the proof of the
theorem, we only need to show that 7 is an ergodic occupation measure for the
diffusion. For that, consider f € C2° (R%). Recall that [X & X?] =0fori # j [30],
Lemmas 9.2 and 9.3. Therefore, using It6’s formula and the definition of ®7%., we
obtain

FELF(R"T)]

= %E[f(ff”(o»]

d
(5.5) + /R | U(Z AP u) - fo () + B, 1) frx, (x>>d>’%(dx, du)
*P\i=1
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d
+ IE Z[Af (X"(5)) = > fu (X" (s—)) - AX}(s)

s<T i=1
- Z Fex; (X" (s— ))AX”(s)AX”(s)}
l ,j=1
where
Ao, u) =00 — pl (xi — (e -x)Vuy) — ' (e - x) Tui,

1 Al (= uDe - x)Tu;
B{’(x,u):=—<u,p,+ s i ﬁl ’>.

We first bound the last term in (5.5). Using Taylor’s formula, we see that

d
Af(X"(5)) = DV F(X"(s—)) - AX"(s)

i=1

- Z Fee; (X" (s2)) AXF () AX"Y(s5)

l]l

_ kil flles
T

for some positive constant k, where we use the fact that the jump size is f Hence,

Z |AX”(s)AX"(s)|

i,j=1

using the fact that independent Poisson processes do not have simultaneous jumps
w.p.1, using the identity Q7 = X' — Z', we obtain

d
—E > [Af (X"(5)) = Y_VF(X"(s=)) - AX"(s5)

s<T i=1

1
(5.6) - Z Frox; (X" (s— ))AX”(S)AX”(S)}

l_/]

k||f||c3 U (k" M?Z?(S)Jf"Q?(”)ds}.
n n

Therefore, first letting 7 — oo and using (5.2) and (5.4) we see that the expectation
on the right-hand side of (5.6) is bounded above. Therefore, as n — oo, the left-
hand side of (5.6) tends to 0. Thus, by (5.5) and the fact that f is compactly
supported, we obtain

/ L" f(x)m(dx, du) =0,
R4 xU
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where
L* f(x) = X0 f(x) + (€ — pi (xi — (e - ) Tui) — yile - x)Tui)d; f (x).
Therefore, 7 € G. O

5.2. The upper bound. The proof of the upper bound in Theorem 2.2 is a little
more involved than that of the lower bound. Generally, it is very helpful if one
has uniform stability across n € N (see, e.g., [12]). In [12], uniform stability is ob-
tained from the reflected dynamics with the Skorohod mapping. However, here we
establish the asymptotic upper bound by using the technique of spatial truncation
that we have introduced in Section 4. Let vs be any precise continuous control in
$Ussm satisfying vs(x) =up=(0,...,0,1) for |x| > K > 1.

First, we construct a work-conserving admissible policy for each n € N (see
[7]). Define a measurable map @ : {z € ]R‘jL re-ze€l}— Zi as follows: for z =
(z1,...,z4) €R?, let

d
()= (Lzu,..., lza—1] Lza) + D _(zi — inJ)).

i=1
Note that | (z) — z| < 2d. Define

up(x) ;= ((e-x —n)tos (")), xeRY,
n . [(XI—pIn Xg— pan
2 -:( )
Vn Vn

Ay = [x eRﬁ:sqp lxi — pin| < K\/E}
1

We define a state-dependent, work-conserving policy as follows:
X! —up(X™), if X" € A,
5.7 Z0[X"] = o
S /1X"] X! A <n — Z X;? , otherwise.
j=1

Therefore, whenever the state of the system is in Aj, the system works under
the fixed priority policy with the least priority given to class-d jobs. First, we
show that this is a well-defined policy for all large n. It is enough to show that
X! —up(X") >0 for all i when X" € A,. If not, then for some i, 1 <i <d, we
must have X — u,(X") <0and so X! < (e- X" —n)* +d. Since X" € A,, we
obtain

—K\/n+pin < X!
<(e-X”—n)++d
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= (i(xf’ - pm)>+ +d

i=1
<dKn+d.

But this cannot hold for large n. Hence, this policy is well defined for all large n.
Under the policy defined in (5.7), X" is a Markov process and its generator given
by

d d
Laf ()= A (fx+e)— f))+ Y ulZIx(f(x —e) — f(x))

i=1 i=1
d

+Y YO (x —e) — f(x)),  xeZi,
i=1

where Z"[x] is as above and Q" [x] := x — Z"[x]. It is easy to see that, for x ¢ A,,,

i—1 +q+
Q?[x]:|:x,~—<n—2x]'> :| .
j:]

LEMMA 5.1. Let X" be the Markov process corresponding to the above con-
trol. Let g be an even positive integer. Then there exists nog € N such that

1 r .

sup limsup —E|:f | X" ()] dsi| < 00,
nzny T—o00 T 0

where X" = (X",..., X Z)T is the diffusion-scaled process corresponding to the

process X", as defined in (2.4).

PROOF. The proof technique is inspired by [6], Lemma 3.1. Define

d
fax) =) Bi(xi — pin),

i=l

where 8;,i =1, ..., d, are positive constants to be determined later. We first show
that for a suitable choice of 8;, i = 1,...,d, there exist constants C;, i =1, 2,
independent of n > ng, such that

(5.8) Ly fu(¥) < Cin?? = Cafy(x),  xeZi.

Choose n large enough so that the policy is well defined. We define Y;" := x; — p;n.
Note that

(a+ 1) —a? =4qa-a?7? +0(al7?), aeR.
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Also, u Z?'[x] = i x; — ui QF[x]. Then
d
Lo f(x) = Zﬂi)‘?[qyﬂyﬂq_z + O(|Yin|q_2)]
i=1
d

= By YT oy )]
i=1

—Zﬁ, QM x[qy? Y] 72 + O[]

Bi (A1 + ulxi + |y — w01 [x1)O(|Y77?)

M&

(5.9) <
1

d
+ 5 Big VY ITR00 — wixi — (v — ) QIx))

i=1

<Y B+ (W + |y — wt ) + ein)O(|Y T3

e

Il
—_

d

+ 3 Big¥! YT 00 — i — (v — 1) QP Ix)),
i=1

where in the last inequality we use the fact that Q7 [x] < x; for x € fo_. Let

8= Al — ulpin = O(V/n).

The last estimate is due to the assumptions in (2.1) concerning the parameters in
the Halfin—Whitt regime. Then

d
Zﬁqu,‘”|Yin|q_2()\? — wixi = (v — ui) Q' [x])
i=1
1
(5.10) )

——qZﬂlul|Y"|"+Zﬂqu”|Y"»" 288 = (v — ) Q) x)).
i=1 i=1
If x € A, and n is large, then
Qllxl=up(x) =@ ((e-x —n)Tvs (%))
<(e-x—n)"+d<2dK./n.
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Let x € AS. We use the fact that for any a, b € R it holds that a™ — b = &[a — b]
for some & € [0, 1]. Also,

i—1 Tt
|:npl_(n_2nlo]> ] =0, i=1,...,d.

j=1

Thus, we obtain maps &, § ‘R — [0, 1]¢ such that

i—1 9+
-Q/'lx]= [npi - (n - an,~) } - 07[x]

Jj=1
i—1

=& @) (np; —xi) —&(x) Y (xj —npj),  x €A

j=1
Hence, from (5.10) we obtain

d
N BV YT — i — (y — w) Q7 [x])

i=1

d d
<Omg Y BV =g Y Bi (1 — &)l + & @)yl v

i=1 i=1

d i—1
+42ﬂiY,‘n|Yin‘q2(5? — (= uDE® Y an)

i=1 j=1

where we used the fact that on A,, we have

i—1 +q+
|:xi — (n — Zx,-) } =0(/n) Vi
Observe that there exists ¥ > 0, independent of # due to (2.1), such that

(1 —&@)uf + & @)y = min(uf, y") > 0

foralln e N,allx e R4, and all i =1, ..., d. As a result, we obtain

d
S BigVPYP T (M — i — (v — w) Q7 x])

i=1

d d
(5.11) <O(/mg Y BV —qo Y pilY! |
i=1 i=1

d i—1
La 3 By (s;‘ - E® Y Y,z)-

i=1 j=1



ERGODIC CONTROL IN THE HALFIN-WHITT REGIME 3565

We next estimate the last term on the right-hand side of (5.11). Let « :=

sup, ; ly{" — wj'l, and &1 := %. Using Young’s inequality, we obtain the estimate
izt i-1 |4
n|qg— j n|q n
Yo a2
j=1 & lj=1

Therefore,

d i—1
gy BY Y (—(Vi" — )& () Y Y7>

i=1 j=1
q)

. i—1
(81,31'|Yl'n|q+%dq_12|y;l|q>
&

1 j=1

, i—1
(lrere+ B ),
1

1 j=1

Bi

qg—1
1

IA

d
qKZ<8lﬁi|Yi”|q +
i=1
d
k)
i=1

i—1
2}
j=1

=q

q?v

8

oS

]

We choose 81 =1 and for i > 2, we define 8; by
R Y
Bi = 74 jr;lilill Bj-

With this choice of g; it follows from above that
d ~ 3 i-1 9 4
q ZﬁiYi”|Y[n|q 2(_()/;1 _ M?)gl(x) Z Y,{) < QT Zﬂi‘Yl_ﬂrl.
i=1 j=1 i=1
Using the preceding inequality in (5.11), we obtain
d
> B |V TP = i — (v — 1) O} )

(5.12) =1

d d
-1 3
<O(/ma AT = a9 3Bl
i=1 i=1

Combining (5.9) and (5.12), we obtain

d d
Lo f(@) < SOOIV 7Y + Y 0mo(y) | 7?)
i=1 i=1
(5.13)

3 d
_ ZCH}Z[&‘y[ﬂ"!
i=1
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By Young’s inequality, for any ¢ > 0, we have the bounds
OWmO(¥ ") = elo(vp = H]" D 4 P[],
OmO(|¥!["7%) = e[0(|¥7[77%)]7 47 + 19D om)] ",

Thus, choosing ¢ properly in (5.13) we obtain (5.8).

We proceed to complete the proof of the lemma by applying (5.8). First, we
observe that E[sup,¢(o 71| X" (s)|7] is finite for any p > 1 as this quantity is domi-
nated by the Poisson arrival process. Therefore, from (5.8) we see that

B[ f,(X"(1))] - £,(x"©) =E| [ "L fu(X7(9)) as|

T
< Cn?T — CQE[/O fn(X"(s))ds},

which implies that

T d . d R
CzE[ /O > Bi(X1 () ds} <CiT+ 3 B (X1 )7
i=1 i=1
Hence, the proof follows by dividing both sides by T and letting 7 — co. [

PROOF OF THEOREM 2.2. Let r be the given running cost with polynomial
growth with exponent m in (2.8). Let ¢ = 2(m + 1). Recall that 7(x, u) = r((e -
x)Tu) for (x, u) € R? x S. Then 7 is convex in u and satisfies (3.11) with the same
exponent m. For any § > 0, we choose vs € Lssm such that vs is a continuous
precise control with invariant probability measure us and

(5.14) |, Pl vsC0)ias (@) < 0.+,

We also want the control vs to have the property that vs(x) = (0, ..., 0, 1) outside
a large ball. To obtain such vs, we see that by Theorems 4.1, 4.2 and Remark 4.2
we can find v§ and a ball B; for [ large, such that v§ € Lssm, v5(x) = eq for [x| > 1,
vg is continuous in By, and

~ , , 8
[ e vpeonmsa@n - oo < 5.
where pu5 is the invariant probability measure corresponding to vs. We note that v
might not be continuous on d B;. Let {x" : n € N} be a sequence of cut-off functions
such that x" € [0, 1], it vanishes on Bf_(l/n), and it takes the value 1 on B;_(2/p).
Define the sequence vj (x) := x" (x)vg(x) + (1 — x"(x))eq. Then vj — vj, as
n — oo, and the convergence is uniform on the complement of any neighborhood
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of d B;. Also by Proposition 3.1 the corresponding invariant probability measures
us are exponentially tight. Thus,

‘/Rd?(x,vfs(X))MS(dx) _/Rdf(x’vg(x))ﬂg(dx) —0.

Combining the above two expressions, we can easily find vs which satisfies (5.14).
We construct a scheduling policy as in Lemma 5.1. By Lemma 5.1, we see that for
some constant K it holds that

1 T .
(5.15) sup limsup —E[/ |X”(s)|q ds] < Kj, qg=2m+1).
0

nznyg T—o00 T

Define
vp(x) =@ ((e- x —n) s (%)),
0n(&") := @ (Vn(e - £") Tvs (87)).
Since vs(x") = (0, ...,0, 1) when |x"| > K, it follows that
0"[X"] = X" — Z"[X"] = v(X")

for large n, provided that Z?:_ll X! < n. Define
d—1
D, = {xZ)?l” > pdﬁ}.
i=1
Then

A 1 A 1 On on n
r(Q (f))="<ﬁvh(x (t)))—i—r(X (-2 (t))ﬂ{f(n(r)eDn}

1 . =~
— r(ﬁvh (Xn(t))>ﬂ{}?"(l‘)€l)n}'
Define, for each n, the mean empirical measure W7 by
1 T A
U7 (A) = ?]E[/O ]IA(X”(t))dt].

By (5.15), the family {W7 : T > 0,n > 1} is tight. We next show that

1 r .
(5.16) nlgngolimsup ?E[/o r(Qn(t))dt} =/Rdr((e.x)+v5(x))/15(dx).

T—o00

For each n, select a sequence {7} : k € N} along which the “limsup” in (5.16) is
attained. By tightness, there exists a limit point V" of \I!;kn. Since W" has support

on a discrete lattice, we have

[ dr(%ah(x))w;;mx)kjgo Rd%%,;h(x))q,n(dx)'



3568 A. ARAPOSTATHIS, A. BISWAS AND G. PANG

Therefore,
. 1 T An 1 ~ n n
hTrrLs;lop?E[/o r(Q (t))dt}§/l;dr(ﬁvh(x))\ll (dx) £ &,
where
n : 1 T An 1 v
£ zllTnl)s:Op?E[/(; (r(Q (t))—}—r(ﬁvh(X (t)))>H{X"(z)eDn}dt]

By (5.15), the family {W":n > 1} is tight. Hence, it has a limit V. By definition,
we have

2
<—.
T Un

ﬁﬁh(x) —(e-x)Tvs(x)

Thus, using the continuity property of r and (2.8) it follows that

1 . n 4
/Rdr<ﬁvh(x))\ll (dx)njC))O/Rdr((e-x) vs (1)) W (dx),

along some subsequence. Therefore, in order to complete the proof of (5.16) we
need to show that

limsup " = 0.
n—oo
Since the policies are work-conserving, we observe that 0 < Xn—zn < (e- X mE,
and therefore for some positive constants x1 and k>, we have

1 % v 5 S m
r(ﬁf)h (X"(t))) VR0 = 2M0) <61+ (e K1)

Given € > 0 we can choose n so that for all n > ny,

. 1 r < +m
thUP;E[/O [(e- X"())"] H{|§n(s)|><pd/ﬁ)ﬁ1ds]5€’

T— o0

where we use (5.15). We observe that D,, C {|X"| > pg+/d/n}. Thus, (5.16) holds.
In order to complete the proof, we only need to show that W is the invariant prob-
ability measure corresponding to vs. This can be shown using the convergence of
generators as in the proof of Theorem 2.1. [

6. Conclusion. We have answered some of the most interesting questions for
the ergodic control problem of the Markovian multi-class many-server queueing
model. This current study has raised some more questions for future research. One
of the interesting questions is to consider nonpreemptive policies and try to estab-
lish asymptotic optimality in the class of nonpreemptive admissible polices [7]. It
will also be interesting to study a similar control problem when the system has
multiple heterogeneous agent pools with skill-based routing.

It has been observed that customers’ service requirements and patience times
are nonexponential [10] in some situations. It is therefore important and interesting
to address similar control problems under general assumptions on the service and
patience time distributions.
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